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Abstract

We argue, that the multi-particle scattering amplitudes in N = 4 SUSY at large N. and in
the multi-Regge kinematics for some physical regions have the high energy behavior appearing
from the contribution of the Mandelstam cuts in the corresponding ¢-channel partial waves. The
Mandelstam cuts correspond to gluon composite states in the adjoint representation of the gauge
group SU(N;). The hamiltonian for these states in the leading logarithmic approximation coin-
cides with the local hamiltonian of an integrable open spin chain. We construct the corresponding
wave functions using the integrals of motion and the Baxter-Sklyanin approach.

1 Introduction

At high energies s > —t in QCD the elastic scattering amplitude for the process AB — A’'B’ in the
leading logarithmic approximation (LLA)

aslns~1, a;, <1 (1)
has the Regge form [I]
Sl+w(t) >
Aoy = 295,\A,\A,T2AITQT§R Mprg > t=—¢ . (2)

Here T are the generators of the gauge group SU(N.), A\ are the particle helicities and j(t) = 1+w(t)
is the gluon Regge trajectory for the space-time dimension D =4 — 2¢
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In the framework of the dimensional regularization the parameter u is the renormalization point for
the ’t Hooft coupling constant and

ag N,

a= 220 (4me ) v = —p(1), (4)

where v = —1(1) is the Euler constant and ¢)(z) = (InI'(x))’. The gluon trajectory j(t) was calculated
also in the next-to-leading approximation in QCD [2] and in the SUSY gauge models [3].
In LLA gluons with momenta k, (r=1,..,n) are produced in the multi-Regge kinematics

s = (pA 'i'pB)2 > sy = (kr + kr71)2 > =t = q72~7 kr =qr+1 —4qr, (5)
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where the amplitude has the factorized form

w(—q7) w(=)  @(-Th)
A2%2+n =2s 6)\A)\Ar g T,ZlA' 1jgcru (q27 ql)e; (kl)nglcl 2 D ntzl g Tg’nBJr’l 6)‘/\3’ ' (6)
a1 a3 p+1

Here C,(g2,¢1) is the effective Reggeon-Reggeon-gluon vertex. In the case when the polarization
vector e, (k1) describes the gluon with a positive helicity in its c.m. system with the particle A’ one
can obtain [4]

€= Culesm) efk) = VAT, (7)

where the complex notation g = g, + g, for the two-dimensional transverse vectors ¢ was used.

The elastic scattering amplitude with vacuum quantum numbers in the ¢-channel is calculated in
terms of the production amplitude As_,o, with the use of the s-channel unitarity [I]. In this approach
the Pomeron appears as a composite state of two Reggeized gluons. It is convenient to present the gluon
transverse coordinates in the complex form together with their canonically conjugated momenta [4] [5]

0 0
= ) * = —1 =7— *:.—. 8
Pk =Tk + Wk, P =Tk — Wk, Dk Zapk y Pk Zapz ( )

In this case the homogeneous Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation for the Pomeron wave
function can be written as follows [I]

L L asNe .
E\I’(pbp?) = Hy» \Il(plaﬁ’?)a A=— o min Ea (9)

where A is the Pomeron intercept entering in the asymptotic expression for the total cross-section
ot ~ s2. The BFKL Hamiltonian has a rather simple operator representation [5]

Hiz = In |pipa]* + ! —(In |p12)?) p1p5 + *1 (In |p12]?) Pipa — 43h(1) (10)
p1p; P1p2

with p12 = p1 — p2. The kinetic energy is proportional to the sum of two gluon Regge trajectories

w(—|pi|?) (i =1,2). The potential energy ~ In |p;2|? is obtained by the Fourier transformation from

the product of two gluon production vertices C),. This Hamiltonian is invariant under the M&bius

transformation [6]

; (11)

where a,b,c and d are complex parameters. The eigenvalues of the corresponding Casimir operators
are expressed in terms of the conformal weights

1 n . 1 _ n
m—§+w+§,m—§+w—§, (12)

where v and n are respectively real and integer numbers for the principal series of unitary represen-
tations of the Mdbius group SL(2,C). The eigenvalues of Hi» depend on these parameters [6]

B =1(m) + (1 —m) +¢(m) + (1 —m) — 4(1) . (13)
The Pomeron intercept in LLA is positive

A=4%N, m2>0 (14)
™

and therefore the Froissart bound o; < ¢In® s for the total cross-section is violated [I]. To restore the
broken s-channel unitarity one should take into account the contributions of diagrams corresponding
to the t-channel exchange of an arbitrary number of reggeized gluons in the ¢-channel. The wave



function of the colorless state constructed from n reggeized gluons can be obtained in LLA as a
solution of the Bartels-Kwiecinski-Praszalowicz (BKP) equation [7]

SNC .
E\IJ:H(O)\I!,A:—aT min E (15)
m

In the N, — oo limit the color structure is simplified and the corresponding Hamiltonian has the
property of the holomorphic separability [8]

HO =35 Hypyr = h® + 1O 1O 004 =0, (16)
k=1

It is a consequence of the similar property for the pair BFKL hamiltonian Hy, (I0) and the energy

B [3).

The holomorphic Hamiltonian in the multi-color QCD can be written as follows (cf. (I0))
1 1
WO = s Y = In(ip) + - (0 pro) py - (I pro) o = 26(1), (17)
k

where ¢(z) = (InT'(z))". As a result, the wave function ¥ has the holomorphic factorization [§]

U :Zar77\117"(p1,...,pn)\IJF(pI,...,p;), (18)
T

which in the case of two-dimensional conformal field theories is a consequence of the infinite dimen-
sional Virasoro group. Moreover, the holomorphic hamiltonian A(® is invariant under the duality
transformation [9]

Di =+ Pii+1 — Dit1, (19)

combined with its transposition.
Further, there are integrals of motion ¢, commuting among themselves and with h(®) 5, [10]:

0 = Y PhikePhoks-Phoks-Phoks PkiPks--Phy » [, h] = 0. (20)
k1<ko<...<kr

The integrability of the BFKL dynamics in LLA was established in Ref. [I0]. This remarkable
property is related to the fact that h coincides with the local Hamiltonian of an integrable Heisenberg
spin model [11]. Eigenvalues and eigenfunctions of this hamiltonian were constructed in Refs. [12] [13]
in the framework of the Baxter-Sklyanin approach [14].

In the next-to-leading approximation the integral kernel for the BFKL equation was constructed
in Refs. [3, [15]. In QCD the eigenvalue of the kernel contains the Kroniker symbols 6,0 and dp 2
but in N = 4 SUSY it is an analytic function of the conformal spin and having the property of the
maximal transcendentality [3 [I6]. This extended supersymmetric theory appears in the framework
of the AdS/CFT correspondence [17, 18, [19]. It is important, that the one-loop anomalous dimension
for twist-2 operators in N = 4 SUSY is proportional to the expression (1) —(j — 1), which is related
to the integrability of evolution equations for the quasi-partonic operators in this model [20]. The
integrability persists also for some operators in QCD [2I]. The maximal transcendentality principle
suggested in Ref. [16] gave a possibility to extract the universal anomalous dimension up to three loops
in N = 4 SUSY [22] 23] from the corresponding QCD results [24]. The integrability of the N = 4
model was verified also for other operators, large coupling constants and in higher loops [25] 26} 27].
The asymptotic Bethe ansatz and integrability allowed to calculate the anomalous dimensions in four
loops [28]. The result is in an agreement with the next-to-leading BFKL predictions after taking into
account the wrapping effects [29]. The maximal transcendentality was helpful for finding a closed
integral equation for the cusp anomalous dimension in this model [30, 3] with the use of the 4-loop

result [32].



There is another region of investigation, in which remarkable properties of the N=4 SUSY are also
found. Namely, Bern, Dixon and Smirnov (BDS) suggested a simple ansatz for the gluon scattering
amplitudes in this model [33]. This ansatz was verified for the elastic amplitude in the strong coupling
regime using the AdS/CFT correspondence [34]. But the BDS hypothesis does not agree in this regime
with the calculation of the multi-particle amplitude [35]. The property of the conformal invariance
of the BDS amplitudes in the momentum space was discussed in Ref. [36] and the relation with
the Wilson loop approach was suggested in Ref. [37] generalizing the results of the strong coupling
calculations of Ref. [34]. The BDS amplitudes A, for n > 6 in the multi-Regge kinematics do not
have correct analytic properties compatible with the Steinman relations [38]. It is a consequence of
the fact, that these amplitudes do not include the Mandelstam cuts [38]. This cut contribution was
obtained from the BFKL-like equation for the amplitude with the ¢-channel exchange in the adjoint
representation of the gauge group [38]. This equation was solved in LLA and the two-loop expression
for the 6-point scattering amplitude in the multi-Regge kinematics was derived [39]. Recently the
two-loop correction was calculated numerically for some values of external momenta in an agreement
with expectations based on the Wilson loop approach [40].

In this paper we demonstrate, that in the multi-color limit for the production amplitudes the
contributions of the Mandelstam cuts generated by the multi-Reggeon t-channel exchange can be
expressed in terms of the solution of the BKP-like equation for the composite states of several reggeized
gluons in the adjoint representation. It turns out, that in LLA the corresponding Hamiltonian coincides
with the local Hamiltonian of an integrable open Heisenberg spin chain. These results partly were
presented at the conferences [41] [42].

2 Mandelstam cuts

A planar amplitude for the production of two gluons in the multi-Regge kinematics s 3> |s1| ~ |s2| ~
|sg| > [t1| ~ |t2| ~ |t3]| has the multi-Regge form almost in all physical kinematical regions. But in the
physical region where sq, s3 < 0; s > 0, s > 0 the amplitude contains also the Mandelstam cut [43]
in the angular momentum plane j, of the crossing channel t, = —¢? [38] in the adjoint representation
of the color group. The cut appears as a result of the exchange of two reggeized gluons with the
momenta p; = k and p2 = q — k, respectively [39] (see Appendix A for more details). In the region
51,83 < 0; s2 > 0 the integrals over the Sudakov variables a = kpa/papp and 8 = kpp/papp do not
vanish as in other regions because the integrand contains singularities situated above and below the
corresponding integration contours in an accordance with the Mandelstam requirements [43]. These
singularities lead to simultaneous discontinuities of the amplitude in the invariants s» and s.

For the planar amplitude with six external particles only diagrams with two reggeons in the t»-
channel give a non-vanishing contribution because for a larger number of reggeons the Mandelstam
conditions for singularities in other Sudakov variables are not fulfilled. However in the case of a
larger number of external particles the exchange of several reggeons with momenta p; gives also a
non-vanishing contribution to the amplitude constructed from planar diagrams. For the Mandelstam
cut resulting from an exchange of n reggeons one needs at least k=2+42n external particles to have
simultaneous singularities in upper and lower complex semi-planes for the Sudakov parameters o}, §;
of the reggeon momenta p;, as it is demonstrated in Appendix A.

Let us discuss such composite state of n reggeized gluons in the adjoint representation (cf. a similar
approach for the simple case n = 4 in Ref. [39]). One can write the homogeneous BKP equation for
its wave function described by an amplitude with amputated propagators in the form (see Appendix
A)

2Nc
HY = EV, An:—“in. (21)

Here H is a redefined hamiltonian obtained after subtraction of the gluon Regge trajectory w(t)




containing infrared divergencies. Namely, the Regge trajectory of the composite state is [41], [42]

1 —t N ¢
wn(t) =a (E —In E) +A,, a= 987r20 (4me™7)" | (22)

where A,, is the infrared stable quantity expressed in terms of the energy F.
The hamiltonian H in the multi-color limit can be written in the holomorphically separable form
(see Appendix A) (cf. [39)])

n—1 n
H:h+h*,hzlnplqgn‘FZhim_;’_l,q:Zpra (23)
1

r=1

where the pair hamiltonian A, is transposed to the corresponding unamputated operator (I7)

1
hf«,r+1 = n(prpr+1) + pr1nprri1) p_ + pri1 In(pr,r41) +2v. (24)

r Pr+1
It is seen from eq. (23) that the holomorphic hamiltonian for the composite state in the adjoint repre-
sentation differs from the corresponding expression for the singlet case h(®) ([I7) after its transposition
only by the substitution

hni — In pqu" : (25)

which is related to the fact, that the planar Feynman diagrams have the topology of a strip and the
infrared divergencies in the Regge trajectories of the particles 1 and n are not compensated by the
contribution from the pair potential energy V;, 1.

It turns out, that the eigenvalues E do not depend on |g|*> due to the scale invariance of H, as it
will be demonstrated below. As a result, the ¢t-dependence of wy,(t) is the same as in the gluon Regge
trajectory.

The transposed holomorphic hamiltonian is related to the initial hamiltonian by the similarity

transformation .
h' = (H pr) h (H pr) ) (26)
r=1 r=1

which leads to the following hermicity property of the total hamiltonian H

HY = (H |pr|2> H (H |pr|2> . (27)

The last relation is compatible with the normalization condition for the wave function

n—1 n n
joi = [ TL e w Tl 20, S =a. (28)
r=1 s=1 s=1

Using the duality transformation (cf. [9])

.0 .
b1 =201, Pr=2r—1,r, 4= 20,0, Pror+1 = 16— =0y, (29)
Zr
the holomorphic hamiltonian can be rewritten as follows
2 2 n—1
h=In ==t N Rt (30)
%0,n r=1



where

1 1 1 1
hf‘,r+1 = 21n(67‘) +

— — + In(2p g1 2r—1,r) + 2. 31
Or Zr—1,r Or Zr41,r ( o ! ) 7 ( )

Here and later we neglect the pure imaginary contribution 21n(i) because it is cancelled in the total
hamiltonian H. Note, that for the colorless composite state and ¢ = zp,, = 0 the transformation (29)

is indeed reduced to the usual duality substitution of Ref. [9].
To simplify h one can use the relations [5] 9]

Ind=—-Inz+ %(1/1(3:6 +1) +¢(-20)),

In(z?9) =Inz + %(@Zj(ma) + (=20 + 1)),

11
Ind = In(z?0) — 21 == 32
n n(z*0) nz+ 57 (32)
Then AL, can be presented as follows
gy = ln(z$’r+16r) + ln(szl,rar) —Inzy,p1 —Inze g, +27y. (33)
Further, by regrouping its terms we can write the holomorphic hamiltonian in another form
n—2
h=—2Inz,+In(z3,01) +1n(22_; ,0n1) +27+ D iy, (34)
r=1
where
h;‘,r+1 = ln(Z?,mar) + ln(zg,qulaT‘-i-l) —2Inzpp41 + 2y
1 1
=In(0,) +n(0ry1) + = In2pp110r + =—— In2p o1 Opy1 + 2. (35)

Or

The pair hamiltonian h;.,,; coincides in fact after the substitution z. — p, with the corresponding
hamiltonian in the coordinate representation (I7) acting on the wave function with non-amputated
propagators.

In particular, for n = 2 one obtains (cf. [39])

a7"+1

h=-2Inzps +1In(z5, 01) +1In(z{,01) + 2v. (36)

It is important, that h (34) is invariant under the Mdbius transformations

Y s¥ e
and does not contain the derivatives dy and J,,. Therefore we can put
20=0, z, =00, (38)
which leads to the simplified expression for h
n—2
h—h =1n(2f01) + In(0n_1) + 27+ Y hipyy - (39)
r=1

To return to initial variables in the final expression for the wave function one should perform the
following substitution of z

k
Zk—20 _ Dy Pr

= % .
%k~ Zn q - Zr:l p’l"

Zr — (40)



According to the above representation ([B0) for h, its transposed part h! can be obtained from h
by the similarity transformation which can be written in terms of b’ as follows

n—2 -1 n—2
h't =2t (H Zr,r+1> h' 2 (H Z’r‘,r+1> ) (41)
r=1 r=1

which is compatible with the following normalization condition for the wave function in the full two-
dimensional space

Az, n2 a2z,
= [ 2t T ol (42)
r=1

|z1]2 r7r+1|2

On the other hand, from the expression ([39) for A’ we obtain another relation for h'?
n—1 n—1 -1
h't = (H a,) h' (H ar> : (43)
r=1 r=1

corresponding to the second normalization condition for ¥ compatible with the hermicity properties
of the total hamiltonian

n—1 n—1
|2 = / I] d2z v I] 1o, w. (44)
r=1 r=1

By comparing two above relations between h’ and h'? one can conclude (cf. [10]), that the operator
n—2 n—1

A=z [] zest2 [] 0 (45)
s=1 r=1

commutes with the holomorphic hamiltonian

(A W] =0. (46)

3 Integrable open spin chain

Let us verify, that the holomorphic hamiltonian A’ [9) also commutes with the differential operator
D(u) being the matrix element T5 of the monodromy matrix (cf. [10])

(AW B _
T = (20 P ) = L) Lo st ()

where the L-operator is defined by the relation

Lo(u) = < u +i2,.0; i0y ) . (48)

—i220, u—iz2.0,
To prove the commutativity of A’ and D(u) one can use the following relation
(L (u) Lis1 (u), by gy ] = =i (L (u) = Ly (u) (49)
valid due to the Mdbius symmetry of the pair hamiltonian
[Mipeyr, b ] = 0, Mgy = My + My (50)
and the commutation relation (see [9])

(P10 [Mlg,k+1a Nigi1ll = 4Ng jy1 s Nigrr = My — Miys . (51)



The last relation is a consequence of the fact, that the operator J\_kaHl has non-vanishing matrix
elements only between the states |myg 41 > and |my 1 £ 1 > in the representation, where the
Casimir operator of the Mdbius group is diagonal

M 1 [ sr >= Mgt (M gy — 1) mg e > (52)

In this representation the commutation relation (5I)) is reduced to the recurrent relation for the
eigenvalues €(my k+1) of the hamiltonian A} ,,, (53)

e(m+1) —e(m) =2/m, (53)
fulfilled due to the well known representation of €(m)
e(m) =y(m) + (1 —m)+2y. (54)
Relation ({@9) leads to the equality

n—2

[T(u), Y bl pin] = iLo(u) (). Loy (u) = iLy (w) Lo (w)... Lo (u) - (55)

r=1

On the other hand, one can easily verify, that

[TQQ(U),IH(Z%al) +Ind,—1]=(0, 1) [T(u),ln(zf@l) +1ndp_1] < ? )

= —i(0, 1) (Lo(u)L3(u)...Ly,—1 (u) — Ly (uw)Lo(u)...Ly,—o(u)) ( ? > , (56)

which proves that the differential operator D(u) = T»2(u) is an integral of motion
[D(u),h']=0. (57)
Thus, our hamiltonian is the local hamiltonian for an open integrable Heisenberg spin model with the

spins which are generators of the Mdbius grou.
With the use of the following decomposition of the L-operators

u 0 1 .
L,.(u) = ( 0 u ) + < s > (zp, 1) 0, (58)
one can construct the matrix element T5, = D(u) in an explicit way
n—1
D(w) = u"""" g, (59)
k=0

where

n—1
w=1,q=—iy 20. (60)
r=1

In a general case the integrals of motion ¢}, are given below

k—1 k
QG = — Z Zry H Zrs, st Hiam : (61)
t=1

0<r1<re<...<rp<n s=1

T thank L. D. Faddeev for the fruitful discussion in which he suggested, that the operator D(u) could be an integral
of motion for this open spin chain.



In particular, we obtain, that ¢/, is proportional to the integral of motion A’ (5]

n—2 n—1

! -n—1 -n—1 A/

Gy =—1"" 21 H Zs 541 I I Oy =—i"""A". (62)
s=1 t=1

Note, that one can parameterize the monodromy matrix in another form

_ ( Jo(u) +js(u) J+(u) N y
T(u) = ( 0 1 (u)3 i (u)-i-_ i) ) , j=(u) = j1(u) £ ija(u). (63)

In this case the Yang-Baxter equations for the currents j, have the Lorentz-invariant representation [9]

[ (), v ()] = % (17 ()7 (v) = 37 (v)5 (u)) . (64)
Here €., is the antisymmetric tensor in the four-dimensional Minkowski space and €1230 = 1, gy =
- ;nl ,p;:t,i;ulll.r, we obtain from the Yang-Baxter equations the relation
[o(u) = ja(u), jo(v) = js(v)] = [jo(v), js(w)] = [o(u), js(v)] = O (65)
and therefore the integrals of motion ¢;, are independent operators and commute each with others
gk @] = 0. (66)

4 Composite states of two and three gluons

In the case n = 2 we have only one non-trivial integral of motion

!

¢ = —iz1 0y . (67)
Taking into account the normalization condition for the eigenfunction in the two-dimensional space

d2Z1

212

1]* = B[, (68)

we find the orthonormalized and complete set of eigenfunctions

_lim _ 1 o1 .
VO = P T = i = i (69)

satisfying the single-valuedness requirement. Note, that using the substitution (#0]) one can reproduce
the wave functions of two gluon composite states in the momentum space (see [39]).
For the case n = 3 the operator D(u) is given below

Dg(u) =u? - Z"LL(Zl O + 22 62) + 21212 0105 . (70)
With taking into account the normalization condition

d2 Z1 d2 zZ9

v’ = | ——=
I N E

e, (71)
one can search the holomorphic eigenfunction of this operator in the form

B = Ty <@> . (72)



The function f(z) satisfies the equation

<m(1—m)82+(%+m)(1—w)8+)\>fZO,w:@, (73)

21

where A is the eigenvalue of the operator z;2; 20102. Two independent solutions of this equation can
be expressed in terms of the hypergeometric function F

fi(x) = Flay,a9;1 4 a1 + ag; ), fa(x) = 2979 F(=ag, —a1;1 - ay — az; 7), (74)
where the parameters a; and as are obtained from the set of equations
1
a1+a2:—§+m,a1a2:—/\. (75)
The solutions near the point x = 1 can be also expressed in terms of hypergeometric functions and

are expanded as follow

F(al) F(G,Q) fl (x)l _ 1

F(1+a1 +a2) - ai Qs

— (-1 (In(l—2) —¢(1) = 9(2) + (1 + a1) + (1 + az))

and

F(—al)F(—aQ) .
Ta—a —a) 2O = Gy

— (-1 (In(1-2) —¢(1) —¥(2) + ¥l —a1) + ¢(1 - az))

Analogously one can find the large-z behavior of the functions f; and fo

L(a1 +az + 1)l(az —aq)
F(a2) F(]. + ag)
'l —a; —az)l(ay — 'l —a; —a2)l(as —
h), . = (1 a1 —az)l'(ar —a2) (—a)= + (1—a1 —az)l(az —a1) (—a)=a .
F(—CLQ) F(l —CLQ) F(—al)F(l —al)

To construct the wave function ¥ with the property of the single-valuedness in the two-dimensional
subspaces ) and Z we should write a bilinear combination of the functions f;(z) and the corresponding
functions in the anti-holomorphic subspace f;(z*) taking into account that in the second pair of
functions one should perform the substitution

L(a1 + az + 1)l (a; — as)

fi@),.. = T(a))T(1 + ay)

(o)™ +

(_m)_a2 )

~ ~ . l-n
a1—>a1,a2—)a2,m—>m:T+w. (76)

Due to the single-valuedness of the wave function near = 0 we obtain for it the following expression

¥ = (2) 0@, U@ = i) Fle") + € falo) Fle”), (77)

2

where the constant C' should be fixed from the requirement, that the analytic continuation of ¥ in the
neighborhood of the points £ = 1 and = oo leads also to a single-valued expression. The condition,
that near x = 1 the terms proportional to |z — 1|>In(1 — x) In(1 — z*) are absent, gives the relation

Ilay +ax +1) T'(a1 +az +1) + I(l1—a —a) I(1—a —a)
[(a1)(az)  T(a1)T(az) ['(—a1) I'(=a2) I'(-a1) [(—az2)

- 0. (78)

Providing, that the constant C' is fixed by this equality, the behavior of the total wave function at
x — 1 is simplified

lim @, (F) ~ ((1+ a1) + (1 +az) = 9(—a1) = (=az)) [1 — 2 In(1 - 2)

z—1

10



+ @A+ a) + (1l +a) — (=) = P(=a2)) 1 — 2[* In(1 - z). (79)
Thus, the single-valuedness condition at x — 1 leads to the additional equation
cot(may) + cot(may) = cot(mway) + cot(mwasy) . (80)

A stronger constraint can be obtained from the single-valuedness condition for ¥ at z — oo.
Indeed, its consequence for the bilinear combinations

(—2)(=2")7 ", (—a) " (—2")™"
leads to the relations
a’l_d/l:Na17a2_d/2:Na2’ (81)

where N,,, N,, are integers. Further, the absence of the interference terms

(o)™ (=)™ (=)~ (")

is fulfilled due to the above relation ([7) for C'.
One can write the integral representation for the wave function satisfying the above constraints

o d2y ~ y— 1 a1 y* -1 ai VP
U ~ ai1taz (_*x\ai+az / —az(, ¥\ —az = — 82
ZQ (ZQ) |y|2 y (Z/ ) y —7r y* _ .Z'* ) T Zl ) ( )

where the integration is performed over the two-dimensional plane ¢/. Note, that the integrand has no
ambiguity in the points y = 0,1,z due to the derived relations between a1,a; and as,as. Moreover,
the function ¥ near the points x = 0, 1, oo can be presented in terms of the sum of products of above
hypergeometric functions.

There is another basis for the holomorphic solutions

¥4
\1]1(21’22) = Zla1 ZSQ F(a/la_a/271 + a; — a2; Z_l)a
2

z
Uy (21, 20) = 22 25" Flaz, —ai, 1+ az — ar; ) (83)

22
allowing to construct an equivalent representation for the total wave function ¥. Note, that these

functions can be written in terms of the Mellin-Barnes integrals

o0 F(al + S) F(_a2 + S) F(_S) a1+s as—s
Wi(or,) ~ [ T T (s () s,

ico T(as + s)T(—a1 + s) T(—s) aats ar—s
\IJQ(zl,@)N/_ioo o S (e () s, (84)

Here it is assumed, that the poles of I'(—s) are situated to the right from the integration contour
whereas all other poles lie to the left of it.

5 Hamiltonian and integrals of motion

The holomorphic hamiltonian for composite states of two reggeized gluons can be written as follows

h=1n(z281) + In(81) + 27 = ¥(21.01) + (—2101) + 2. (85)

Acting by & on the function 20 we obtain
hel = e(0) 27, €(6) = ¥(9) + (=0 +27. (86)
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In the case of wave function (69) satisfying the single-valuedness and orthonormality conditions in the
two-dimensional space one derives the following expression for the total energy [39]

1 1
Epin = €m + €, €m=¢(—§+m)+¢(§—m)+2% (87)

Note, that it does not coincide with the corresponding result (I3) for the Pomeron state.
The holomorphic hamiltonian for composite states of three gluons has the form

K =1In(2701) + In(02) + In(27 ,01) + In(27 ,02) — 2In 21 5 + 47. (88)

In the region
21 K 22 (89)

it is a sum of two independent pair hamiltonians
h' =1 (2101) + 1p(—2101) + V(2201) + Y(—2201) + 4. (90)
Because the limit z = 25/2; — oo in solution (72) corresponds to this kinematics, we obtain
e = ear) + e(as), (91)

where a; and ay are parameters of the three-gluon composite state (see ([{a)). The eigenvalues of the
integrals of motion are also expressed in terms of these parameters. Due to the normalizability condi-
tion these quantities together with the parameters ai, as of the wave function in the anti-holomorphic
space should be chosen as follows

a1 = ivg, +

2 2
~ . a ~ . Ng
a1 =g, — 71 , A2 = WWq, 22 ) (92)
where v, are real and n, are integer numbers.
Note, that ~
V=V4 +Vay, W="Nga +Nay, G102 = —A\, G162 = —A (93)

and the eigenvalues of two integrals of motion gj, can be obtained as coefficients of the polynomials
Po(u) = (u—iay)(u — iay), Py(u) = (u—idy)(u — idy) . (94)

Generally for the composite state of n reggeized gluons the situation is similar. Namely, the
holomorphic wave function in the region

21 K2 K23 Ko K 21 (95)
is factorized
n—1
Wai,a0,an-1 = H Z - (96)
r=1
The energy for this solution is the sum of the particle energies
n—1
€= Z eay). (97)
r=1

The eigenvalues of integrals of motion ¢ can be expressed in terms of the coefficients of the

polynomial
n—1

Po(u) = [J (u—ia,). (98)

r=1

12



Due to the condition of the normalizability the parameters should have the form

) n

ar = iv, + é , (99)
where v, is real and n, is an integer number. The energies and eigenvalues of the integrals of motion
in the anti-holomorphic space are given by the same expressions with the corresponding substitution

of parameters
Ny

7 .
The holomorphic wave function satisfies a set of differential equations following from the eigenvalue
equation for the operator D(u)

Qp = Qp = 1Vp — (100)

n—1
D(u) Yoy 05,0001 = H (u—iar) Yo, 00,.c.0n—1 - (101)
r=1

This equation can be solved with the use of the Taylor expansion

n—1 [o%e} So oo Sn—1
z Zn—
Topooan s =[] 20 Y (?l) Yy ( 2) (S25 e Sn1) (102)
r=1

Zn—
s2=0 Sn—1 n—1

where the coefficients ¢(sa, ..., sp,—1) are calculated in a recurrent way. The recurrent relations obtained
from the eigenvalue equations for different operators ¢/. are compatible due to their commutativity. The
obtained solution has the singularities at zy; = 0. But, if we consider (n — 1)! functions Vo ai,_,
obtained by all possible permutations of parameters a, and multiply them on the corresponding
functions in the anti-holomorphic subspace, it is possible to construct the wave function having the
single-valuedness property in two-dimensional spaces 2

- - j :
‘I’(Zl, R Zn—l) - C{il,...,infl} ‘I’ail,ai27...7ain71 ‘I’Eil,aiz,...,ain_l - (103)
{i1,i2,0yin—1}

For this purpose one should adjust the coefficients Cy;, . ;.1 in an appropriate way presumably
without additional constraints on the parameters a, and a,. The composite state of n — 1 gluons has
the following total energy

n—1 n—1
E=c+€, e=) ela), €= e@). (104)
r=1 r=1

6 Baxter-Sklyanin approach

To find a solution of the Yang-Baxter equation for the open spin chain one can use the Bethe ansatz.
For this purpose it is convenient to work in the transposed representation for the monodromy matrix

ey 96(u) + gh(u) 7 (u) _ 7t t t
T (u) = ( 0 it (u)3 jé(u)+— it(w) ) = Li(u)Ly(u)...L;, _{(u), (105)

where the L-operator can be chosen as follows

Lt (u) = < U+ i0p2, i0y ) . (106)

—i0p22  u—1i0.z,
The pseudo-vacuum state is defined as a solution of the equation

35 (w)®o =0. (107)
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It can be written in the form [IT]
n—1
¥ =[]=7 (108)
r=1

Note, that the function |¥y|? does not belong to the principal series of the unitary representations.
As a result, the states constructed in the framework of the Bethe ansatz by applying the product of
the operators 5% (u,) to ¥

k

v, =[] 44 (ur) o (109)

r=1

are non-physical. Nevertheless, these states are eigenfunctions of the integral of motion
D' ()@}, = (jo(u) — js(u)) ¥}, = A(u) ¥} (110)
providing that

k . .
A = iy [T = i €50 (111)

11 Q)

is a polynomial, which leads to a quantization condition for the Bethe roots u;. If we parameterize

this polynomial as follows
n—1

Aw) =[] (u—ia), (112)

=1

the above defined Baxter function @(u) can be calculated

Q) = ¢(u) [] w (113)

Here for generality we included the factor ¢(u) which is an arbitrary periodic function

b(u) = d(u+i). (114)

In the case of a finite number of the multipliers j% (u,) in the Bethe ansatz for the wave function
U, the expression ()(u) is also a polynomial

k
Qu) = [J(u—ur). (115)
r=1
For such solutions the parameters a; = —k; — 1 are negative integer numbers satisfying the condition
n—1
> ki=k. (116)
=1

The corresponding Baxter functions can be written as follows

n—1 k; max; k¢
Qu)=[[[[w+it)y= [[ w+in), (117)
=1 t=1 p=1

where 7, is the number of k; satisfying the condition k; > p.

As it was mentioned above, the polynomial solutions for (u) are non-physical, because the cor-
responding wave functions ¥ do not belong to the principal series of unitary representations of the
Mobius group. We should find a set of non-polynomial solutions @s(u) satisfying this physical re-
quirement.

14



According to E. Sklyanin [14] the correct variables in which the dynamics of the Heisenberg spin
model is drastically simplified are the zeroes b, of the operator B(u) = j (u) entering in the mon-
odromy matrix

n—2 n—1
B(U):Pn,1 H(U_i)r)apnflzizar; (118)
k=1 r=1

where the operators ET and P,,_1 commute each with others
by, bs] = [by, Pa_1] = 0. (119)

It is convenient to pass from the coordinate representation Z to the Baxter-Sklyanin representa-
tion [12], in which the currents j% (u) and (% (u))* (together with the operators by, b* and P,_1, P* )
are diagonal. We denote the eigenvalues of the Sklyanin operators by b,,b:. The kernel of the uni-
tary transformation to the Baxter-Sklyanin representation is known explicitly for the cases n = 2,
n = 3 and n = 4 [I2]. For general n this integral operator can be presented as a multi-dimensional
integral [13].

In the Baxter-Sklyanin representation the wave function in the holomorphic subspace can be
expressed as a product of the pseudo-vacuum state in this representation ¥o(Py,—1,b1, b2, ..., by—2)
and the Baxter functions @ (u¢)

n—2
U (Po1sbi,osbna) = P 2" [ Q) Wo(Pac1, b1, ., bns), (120)
k=1

where the power-like behavior in the variable P,,_; is in an agreement with the normalization condition.
The analogous representation is valid for the total wave function

n—2

— - - _n=1_ . " _n-1l_ 5 - - — —

U (B 1;byyenbn2) =P, 7 " (Piy) " ™[] Q) ¥o(Paib1, i bn2) (121)
k=1

with the use of the generalized Baxter function (%) being a bilinear combination of the usual Baxter

functions in the holomorphic and anti-holomorphic subspaces

Qi) = dyey Qulu) Qu(u”). (122)

Here @4(u) are different solutions of the Baxter equation with the same eigenvalue A(u). The coeffi-
cients d, ; are chosen from the requirement, that the function (i) satisfies the normalization condition
everywhere including the points where the functions Q(u) and Q(u*) have the poles [12] [13]. For
the periodic spin chain this condition leads to the quantization of the eigenvalue of the operator
A(u) + B(u) although a simpler method of quantization is based on the requirement, that all Baxter
functions corresponding to the same eigenvalue should have the same holomorphic energy [12]. In the
case of the open Heisenberg spin model the situation is simpler and will be discussed below.

7 Baxter-Sklyanin representation for two and three gluon states

Let us consider the composite states constructed from two and three reggeons in the framework of
the Baxter-Sklyanin approach. In the case n = 2 we have the following integral of motion in the
transposed space

D'(u) = jo — js = u— i1 21 (123)
and its eigenstates in accordance with the Sklyanin approach are given by the expression
1 _3
Tl P "~ 2 ztm (124)
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The corresponding transposed hamiltonian is presented below
ht =1n(0,27) +In By + 2. (125)
Its eigenvalue calculated on the above eigenfunction ¥ is
m = (g +m) + (5 —m) +27. (126)

For the states composed from three reggeized gluons the transposed integral of motion in the
holomorphic subspace is

Dé(’u,) =u’ - zu(al z1 + 0y ZQ) + 010 Z121,2 (127)

and the operator j! is given below

JL = iu(d + 0) — 0102212 = i(0) + 0s) (u — b), (128)
where
by = —i a?ng 212 (129)
The operator ji is easily diagonalized after a transition to the momentum representation, where
101 fp1,po = P1 for,ps s 102 fpypo = D2 for s - (130)

In this case the eigenvalue equation for j¢ has the form

0 0

(U(p1 +p2) — Z'101102(6—1)1 - 3_1?2)) f=m +p2)(u—"01)f, (131)

where b, is the eigenvalue of ?)1. Its solution is given below

—iby
f=x(p1 +p2,b1) (12) ) (132)
D2

where y is an arbitrary function of p; + p» and b;. The dependence of ¥! from p; + p» is fixed by the
normalization condition
U~ (p1+po) "M% (133)

On the other hand, the eigenvalue equation for the integral of motion in the momentum space can
be written in the form

1711?28%)1 <ain - 8%)1) ¥ (p1,p2) = a1a2¥ (p1,p2) - (134)
Using the anzatz
U(p1,p2) = (pr+p2) " " 0y), y= Z—f : (135)
we obtain the following equation for the function n(y)
(y20° + (a1 + az + 1)y 0 — araz) n(y) = (—y* 6* — 2y*9) n(y) . (136)

There are two independent solutions of this equation

_ T(k —ay)T(k —ap) (1) 1y k _
m(y) = ; Tk + DT(E)T(1 — a)T(1 — as) =

k=1
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1 1o Dla —ax)y™ I e
;F(l_alal_a’2727_§)_F(l_a2)l—\(1+al) F( a’lﬂl a171+a'2 ai; y)
[laz —a1)y= ,
+F(1—a1)F(1+a2) F(_0271—G2,1+01—(127_y) (137)
and P
_ 1 — L(k—a)T(k—ay) (=) 1y~
W) = o 2 Tk + DTRT( — an)T(1 = agy 2y +ewlar, az))
I'(— T
- r((1 Cj:)@ —(_Jer)) y " F(=ai, 1= a1+ a2 — a3 —y), (138)
where
cr(ar,az) = (k) + ok +1) —p(k —ar) — (1 =k +az). (139)

One can construct the bilinear combination of these solutions having the single-valuedness property
at ¥ = o0 _
n(@) ~m @) (™) +n2y) M y™) + Cmy) m(y") - (140)

On the other hand let us use the above expression for 7 (y) and 72(y) expressed in terms of the
hypergeometric function regular at y = 0. To cancel the interference terms violating the single-
valuedness condition at y — 0 in the above bilinear combination for n(%) we should fix C' as follows

& _ _sin(am) sinazm) _ _sin(@ir) sin(aam) (141)

wsin((a1 — az)m) wsin((a; — az)m)

Finally with the use of the integral representation for the hypergeometric function the wave function
¥t in the momentum space can be written as follows

(B, 52) = (pr +p2) ™ (pi +p5) " 8(7), (142)

where ¢(y) is given below

_ /d% (i + 1) (% + 1) (1= )02~ (1 — )7t (143)

and satisfies the single valuedness condition in the g-space due to the quantization conditions ([@2)).
The transition to the Baxter-Sklyanin representation (u,u) corresponds to the Mellin-type trans-
formation of ¢(%)

- d? ; ~
o) = [ Sy G0 = [ - 0n T 1= 0P ), (144)
where N N
—iu:iuu+7u,—iﬂ:iuu—7u. (145)
Here v, is a real number and N, = 0,£1,+£2,.... The function y is given below

7zu * —iu 1 “ 1 “ iu gk \ iU
x(@) = ||2 EH t*y*+1 = (") ¢ . (146)

The corresponding integrals can be calculated explicitly

- F(l+a) T@u)I(—iu—ay)
I(—a;) T(1—in)T(1+iu+a)’

c1 =
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T(az) T(1+iu)(—iu—az)
(1 — ay) T(—iu) D(1 + it + @)

d>t ~ .
— 1— as 1— *\ @2 giw (VU
o= [ TS A= @ ) =

Therefore we obtain for ¢(u, ) the following expression

o, ) = L1+ a1)T(az) T@uw)T(1+iu)  T(—iu—ay) D(—iu — ay)
) = P e T(1 = @) T(—iu) T(1 — i) T(1+ it - a)0(L + i + Ga)

(147)

The inverse transformation corresponds to the Baxter-Sklyanin representation for the wave function
o n —iu p* —iu
T (P, 7o) = (p1 +p2) " 72 (p} +p5) 171 /d2“ ¢(u, ) <p_> (p_l> 1
2 2

where
_Zu:“/u-i-T,—ZU:ZI/u—T, /du:/oodl/uNZ . (].4:9)
W =—00

One can interpret the wave function ¢(u, @) in the Baxter-Sklyanin representation as a product of
the pseudo-vacuum state uw and the total Baxter function

(b(uaﬂ) = uﬂQ(u,ﬂ) ) (150)
where
L (iu)T (iw) [(—iu — a1) T'(—iu — a2)
[(1—iu)T(1—du) T(1+iu+a)T(1 +iu+as)

This expression for Q(u, @) is symmetric to the substitution

Q(ua a) ~

(151)

(uaalaa'?) < (17761752) (152)

and can be written in the factorized form

Q(U,ﬂ) ~ Q(u7a17a2) Q(ﬂa 61762) l} (153)

where . -
Qi = M=) s
B(u) = \/sin(ﬂ'(—iu —S$2)2j;7fii7;(—iu — ay)) . (155)

The expression Q(u, a;,as) differs from the Baxter function in the holomorphic space

[(—iu — a1)T'(—iu — a)

Q) = T2(1 — iu)

(156)

only by the periodic function ®(u) and therefore it can be considered also as a Baxter function. Note,
however, that the function ®(u) contains a square root singularity and, as a result, the recurrence
relation for the function Q(u,u) differs from the similar relation for Q(u) by a sign in its right hand
side

(u —ia1)(u — iaz)

Qlu+i,u)=— OFE

Q(u, ). (157)
To overcome this problem we can write Q(u,u) as follows
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where the function ® is given below

__sin(w(itt +a1)) sin(7(iu + az))
(u, ) = sin(imu) sin(imw) ' (159)

This additional factor ®(u, %) can be included in the definition of a new pseudo-vacuum state
Uy =®(u,u)ud. (160)

Really this pseudo-vacuum state can be considered as the additional factor for the wave function
in the Baxter-Sklyanin representation providing correct hermicity properties of the hamiltonian and
integrals of motion in this representation (see also Ref. [13]). We shall return to this problem in our
future publications.

8 Conclusion

In this paper we established, that the gluon production amplitudes in the planar approximation could
have the Mandelstam cut contributions in the multi-regge kinematics at some physical regions. For
the cut corresponding to the composite states of n reggeized gluons the number of external particles
should be k& > 2 4+ 2n. The wave functions of these states in the adjoint representation satisfy the
BFKL-like equation integrable in LLA and have the property of the holomorphic factorization. The
corresponding holomorphic hamiltonian coincides with the local hamiltonian for an integrable open
Heisenberg spin model. The Baxter equation for this model is reduced to a simple recurrent relation
and can be solved in terms of the product of the I'-functions. We constructed the wave functions of
composite states of 2 and 3 gluons explicitly.

I thank L. Faddeev, F. Smirnov, M. Staudacher, J. Bartels and A. Sabio Vera for helpful discussions.

A Mandelstam cuts in planar diagrams

Here we discuss an appearance of the Mandelstam cuts [43] in the crossing channels having adjoint
representations of the color group SU(N,) for the planar Feynman diagrams in the t’Hooft limit
a K1, a.N. ~ 1 and calculate the impact factors corresponding to the multi-reggeon exchange. To
begin with, let us consider the elastic amplitude A(s,t) for the gluon-gluon scattering in the Regge
kinematics. It is well known, that in the leading logarithmic approximation the corresponding t-
channel partial wave contains only one reggeized gluon pole. The contribution from the Pomeron
exchange with color singlet quantum numbers is suppressed at large N.. The BFKL Pomeron appears
as a composite state of two reggeized gluons and corresponds to the Mandelstam cut in the j-plane
of the crossing channel. For the elastic amplitude the cuts in the adjoint representation appear in
non-planar diagrams and are also suppressed at large V.. Indeed, according to S. Mandelstam these
contributions should have the following form

d2k | (_S)j(—ﬁz) (_S)j(—(q*—IW)

A(s,t) ~ — = by (ky1,q) Pa(ki,q), Al

o0~ [ G Bk k) (A1)

where j(t) are the Regge trajectories. The impact factors @, are the integrals from the particle-

reggeon scattering amplitudes f, (including the reggeon residues) over the invariants s, in the direct
channel

dsy
@, (ki,q1) :/ >

27T7:f7‘(p7‘7k7q)7 S1 = (pA - k)27 S2 = (pB + k)2 . (AQ)
L

21 thank Prof. F. Smirnov for discussions related to this important interpretation of the pseudo-vacuum state.
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Here the integration contour L goes along the real axis above the right singularities of f,. and below
left ones according to the Feynman prescription. Only when the amplitude f, is constructed from
the diagrams having both these singularities simultaneously the result of the integration is non-zero
because in an opposite case we can shift the contour L from the real axis to infinity with a vanishing
result. The Mandelstam cuts are absent also for the planar amplitude with five external particles.

However, in the case of the six point amplitude there are planar diagrams in which the Mandelstam
cuts are present. Let us denote the momenta of initial gluons by pa,pp and the momenta of final
particles by pa, k1, ks, pp: in an accordance with the order of multiplication of the corresponding
color matrices T).. Then this cut appears in the physical region, where

s=(Ppa+pp)’> >0, s1=(pa +k)> <0, s5= (k1 +k2)* >0, s3= (ks +pp)* <0. (A3)

This region corresponds to the transition of four particles with their momenta p4, —ki, —ko and
pp to the two particles with the momenta p4 and ppr. In the multi-Regge kinematics, where the
corresponding Sudakov parameters are strongly ordered 1 > —f8; > —f, —a; € —ay < 1, the
integrands in the impact factors @,

sdf

e sda e
(bl(ka 17Q27):/ —-fl(pAakakh(D)a (I>2(ka 2,Q2,):/ 2— 2
L L 4Tt

k,k A4
o (pB, 2,Q2) ( )

in the simplest case have only the poles in the integration variables a & 2kpa/s and 8 ~ 2kpg/s.

1 1 1 1
fi= ORI s = S s —,
(pa — k)? +ie (k1 +q2 — k) +ie  _sq — k2 +ie —saf — (k1 + @ — k)% + ie

1 1 1 1
fa= SR, T = = = — . (A.5)
(pB +k)? +ie (k2 —q2+k)> +ie  s8— k2 +ie sanff — (ke — @2 + k)% + ie
These poles are situated above and below the integration contours L due to the inequalities f; <
0, as < 0 valid in the considered kinematical region where s; < 0, s3 < 0. Therefore the integrals are
non-zero and can be calculated by residues

1

- 1 > o 1
(} (k’, 1, 2) = = L 750 @2(19, Q,q_é) = = L, 7. (AG)
(k1 + @ —k)? (k2 — @ + k)?

In the case of production of two gluons with the same helicity at the multi-Regge kinematics in
the physical region where s; < 0, s5 > 0, s3 < 0 the amplitude is proportional to the Born expression

1 1 1.
Aoy = fosa 25 9T 4 e 9C(q2,q1) T, BF 9C(g3,q2) T2, WgTBéB, (A7)

where the Reggeon-Reggeon gluon vertex C'is given above (see (7). In the lowest order approximation
the corresponding proportionality factor fro for the Mandelstam cut contribution in the t5-channel
contains some additional multipliers from the effective vertices C in comparison with the above result
(see [4, [39])

2N P22 (—s)d J(—k*-1 (_32)3'(*(!1“2*13)2)*1 ~ ~
= d, P A.
fro=1 / (2712 k|2 g2 — kP2 192, (A.8)
where (g5 — k%)
T * * * 7T = q1\q2 —
Py =qi (k1 + g2 — k) (g5 — k7) 1 (K, 1,Q2):ma (A.9)
. > o L g —k)
By = q3(qs — k3 — k) (@2 — k) Dok, ko, o) = P (A.10)
—ky —
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In the weak coupling limit 7 = 1 and at € — 0 the amplitude fro is

-2 1 2. .
lim fro =mia [ In % —=],a= 2l 5 (471' e*”’) , (A.11)
j—1 (k1 + kz) € 8

which coincides in this limit with the logarithm of the factor C introduced in Ref. [38]. This factor
violates the Regge factorization of the BDS amplitude in the considered kinematical region due to the
presence of the Mandelstam cut [3§].

One can take into account the gluon reggeization in the channels #; and ¢3 using the following
substitution in the above expressions

1 . 1
— —(sa — ie) (1) 72

—_— , ———— — —(—sB —ie)t8) =2 A.12
—sa — k2 +ie sf — k% +ie (=8 ) ( )

It would lead to the multiplication of the integrand with the real factor
- > o\ J(t1)—1 - = o\ J(ts)—1
—(k1 + @ — k)? —(ky — @2 + k)? i(t1)— i(t3)—
R:<J;%£_L> (Jg:gil> ~ (=5 T (a7 (A1)
1 2

We can include also the diagrams with the reggeized gluon scattering in the crossing channel. It leads
to the following expression for the Mandelstam contribution in LLA

Mand g N 26d2 26k' H26d2 26](?’ 1 1 = oo o o~
iR GUR ', G In(—52)) &) & A4
LLA / (2m)1=2¢  (2m)12¢ |k |q2 — k| (k, k', q2;1n(—s2)) 1 @2, ( )

where G is the Green function satisfying the BFKL-like equation for the octet quantum numbers in
ts-channel

O G, dsin(=s2) = KGR R, @i In(—s))

Oln s

N 2 1—-2e¢
G(k,kl,(jé,()) = L

272k — k). (A.15)
Here the operator K in LLA can be expressed in terms of the Hamiltonian H which does not contain
infrared divergencies

2N, 1 —t
K:w(tg)—%H, w(t):a(;—ln;) ,

|p1 |2|p2|2

1
H =2ln——=— +pip; In|pr2|* —
|g2 | p1py

1
In [py]? ) (A.16)
pl 2

where p; =k, po = q — k.

Let us consider now the Mandelstam cuts constructed from several reggeons. The non-vanishing
contribution from the exchange of r 4+ 1 reggeons appears in the planar diagrams only if the number
of the external lines is n > 2r + 4. For the inelastic transition 2 — 2 + 2r with the initial and final
momenta pa,pp and par, ki, ko, ..., kor, ppr, respectively, the cut exists in the crossing channel with
the momentum

r 2r r+1
q=pa—pa— Y ki=pp—pp+ » k=Y dq, (A.17)
=1 l=r+1 =1

where g; are momenta of reggeons forming the composite state. The corresponding amplitude has the
form

r d2 ' r+1 —q l)
A(pAapA’akla "'7k2rapB’7pB) ~ /H I s H |q |2 l(q_’lﬂ "'7q_:lr'+1)(1)2(qllﬂ "'7q_:lr'+l) . (AIS)
t— l
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The impact factors ®;, are given in terms of the integrals over the Sudakov parameters o =
2q;pa/s, B] = 2q;pr/s from the reggeon-particle scattering amplitudes fi »

sda; = sdf]
H/ Lf, & = 11;[1/ 5 fa (A.19)

In QCD the tree expressions for f; » appearing in the planar diagrams are given below

f 7 1 1 1 1
1=14 r r— r r— )
(Pa —a1)? (pa — ko — q1)° (pa — Zl:1 qll - 21:02 ki)? (pa — 21:1 qll - 1:01 ki)?
1 1 1 1
f2 = I2 )

(P +@1)” (PB = kar1 + 1) (pp + Y a) — i s k) (0B + X @ — Sty Kr)?

where ko = par, kar+1 = pp'. The additional factors I; » contain effective reggeon vertices for the
production and scattering of the gluons with the same helicity. They can be written in the multi-Regge
kinematics (@) as follows (cf. [4])

-1
ql+1 (Q - Et L0 = Doy Kit)
—H = 16

1% =1 g%
—2ut=1 % — k) =1

* 1 * -1 5 r
H G Q7+ Dy @ = 2=y Ko i) o (4.20)
B l+1 -1 T .
=1 Q + Z I Zt:l kQ’I"—t—‘rl) 1=1

where Q = pa — pa, @ = pp — pp' and the Sudakov variables of the produced particles oy =
2kipa/s, B = 2kipp/s are strongly ordered

1> |B1] > Bl > |Barl, |an| < az| < ..|ook| < 1. (A.21)

In these variables the functions f; » are given below

P 1 1 1

t=a —sal +ie —spial —|Q — ¢||? +ie —sPial +ie —sBaaly — |Q —q) — qh — k1 |> +ie
1 1 1 1

fa=1

5BY +1€ 50,8} — |Q + 1|2 + i€ 50208 + i€ 505 18 — |Q + ¢, + ) — ko2 +i€
where we took into account, that in the essential region of integration
2 |2
ap ~ |Q| , B~ |Q| . (A.22)
B 502r 141

In the physical region, where the signs of the Sudakov parameters of momenta k; alternate with the
index [
B, azp <05 Ba, azp_1 > 05 B3, azp—2 <0;..., (A.23)

which is equivalent to the following constraints on the invariants
51 < 0,52 <0,...,8, < 0,841 > 0,842 <0,8.43 <0, ..., 52041 < 0,5 >0, (A.24)

the integrands in expressions for ®; » contain poles above and below the integration contours L over
all variables a;, Bl’ . Therefore ®; » are non-zero and can be calculated by taking residues from the
poles in f172

U
(@) = [ [ : — : — (A.25)
o (QF =Y = k) (@ = i g - YT k)
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r !
141
Oo(q, - @) = [[ = - — - } . (A.26)
- 1 -1
=1 (Q + Zs:l q,ls - Zs:l k2r—s+1) (Q + Et 1 qé Et:l k?r—t+1)

In the case of the production of 27 gluons with the same helicity the amplitude in NV = 4 SUSY is
proportional to the Born expression containing the effective Reggeon-Reggeon-gluon vertices C' ().
The proportionality factor fa_,a42, for the Mandelstam cut constructed from r + 1 reggeized gluons
can be written as follow

2N, 2e j2—2¢ 0 "1 . i(=lg1*)—1 r
20242 (z 9 ) 0" Q/H ped g (—=5r11) ®, B, Hkt*kw—t- (A.27)
t=1

ir @mi 1l 42

In the leading logarithmic approximation the proportionality factor has the form

2—242r
LLA

r+1 T
g2 N. p2ed?=2ep; p2ed?—2e ; 1 5 .
_< 471' > Q Q/H 1 2¢ 271')1 ¢ l:H1 |pl|2 G(p7p787"+1)q)1 ¢2 tznlk'tk?r—t) (A‘28)

where we introduce the new notation p; for the reggeon momenta ¢;. The Green function satisfies the
equation

o . . . r 2 1 —2€
G5 5 500n) = K G5 50s1) , G3,3730) = T[] B2 —

Olnspyq 112¢ 8> (pr —pp) - (A.29)
! =1

Here the operator K in LLA can be expressed in terms of the Hamiltonian H which does not contain
infrared divergencies

2
g°N, 1 —t 5
K=uw((t) — H t) = — —In— t=—|q|7,
N Y T e e R
7 2 |Ip|z+1| . Z Hip, (A.30)
where
* * 1
Hygp =Inp® + In|pa | + piopfes Inprisa]? +pf vt Infpra|? — . (A.31)
1 D1 Py Di+1
Note, that the above hamiltonian has the property of the holomorphic separability
r
H=h+h", h=m 2P 0 S (A.32)
q
=1
where 1 1
higvr =Inpr+1nprys +prInpri — + pry Inprg ——. (A.33)
Y Pbr+1

One can take into account also the enhanced contributions in the impact factors leading to the Regge-
type dependence of the amplitude from other invariants s; (i # r + 1).
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