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Integrability for the Full Spe
trum of Planar AdS/CFTNikolay Gromov,1 Vladimir Kazakov,2 and Pedro Vieira31DESY Theory, Hamburg, Germany & II. Institut f�ur Theoretis
he Physik Universit�at, Hamburg, Germany &St.Petersburg INP, St.Petersburg, Russia2E
ole Normale Superieure, LPT, 75231 Paris CEDEX-5, Fran
e & l'Universit�e Paris-VI, Paris, Fran
e;3Max-Plan
k-Institut f�ur Gravitationphysik, Albert-Einstein-Institut, 14476 Potsdam, Germany &Centro de F��si
a do Porto, Fa
uldade de Ciên
ias da Universidade do Porto, 4169-007 Porto, PortugalWe present a set of fun
tional equations de�ning the anomalous dimensions of arbitrary lo
alsingle tra
e operators in planar N = 4 SYM theory. It takes the form of a Y-system based onthe integrability of the dual superstring �-model on the AdS5 � S5 ba
kground. This Y-systempasses some very important tests: it in
orporates the full asymptoti
 Bethe ansatz at large lengthof operator L, in
luding the dressing fa
tor, and it 
on�rms all re
ently found wrapping 
orre
tions.The re
ently proposed AdS4=CFT3 duality is also treated in a similar fashion.PACS numbers:INTRODUCTIONIn the last few years, there has been an impres-sive progress in 
omputing the spe
trum of anomalousdimensions of planar N = 4 supersymmetri
 Yang-Mills (SYM) theory. A great deal of this su

ess wasbased on Malda
ena's AdS/CFT 
orresponden
e betweenthis 4D theory and type IIB superstring theory on theAdS5 � S5 ba
kground [1℄, and on the integrability dis-
overed and exploited on both sides of the 
orrespon-den
e [2, 3, 4, 5, 6, 7, 8, 9, 10℄. As an out
ome, a sys-tem of asymptoti
 Bethe ansatz (ABA) equations wasformulated in [11℄ whi
h made possible the 
omputationof anomalous dimensions of single tra
e operators 
on-sisting of an asymptoti
ally large number of elementary�elds of N = 4 SYM, at any value of the 'tHooft 
ou-pling � 16�2g2. This is a very important, though stilllimited, information on the non-perturbative behaviourof the theory.A far ri
her and instru
tive set of quantities to evaluatewould be the anomalous dimensions of \short" operatorssu
h as the famous Konishi operator. The Thermody-nami
 Bethe ansatz (TBA) approa
h to the superstringsigma model [12℄ has lead to a remarkable 
al
ulation ofwrapping e�e
ts at weak 
oupling. The 4-loop anomalousdimension of Konishi and similar operators have been
al
ulated [13℄, in 
omplete agreement with the dire
tperturbative 
omputations [15℄.Here we propose a set of equations, the so 
alled Y-system [16℄, de�ning the anomalous dimensions of anyphysi
al operator of planar N = 4 SYM at any 
ouplingg. Its integrability properties are those of the dis
rete
lassi
al Hirota dynami
s.The derivation of this Y-system from the bound statesof the ABA will be given in a future publi
ation [18℄.Here we will demonstrate the 
ru
ial test of its self
on-sisten
y: we will see that the Y-system in
orporates theABA equations of [11℄, in
luding the 
rossing relation
onstraining the dressing fa
tor S0 of the fa
torized s
at-
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Figure 1: T-shaped\fat hook" for Y- and T-systems [17℄. Themiddle double line separates the two subgroups with extendedSU(2j2)L and SU(2j2)R symmetries.tering. We also reprodu
e the L�us
her formulae re
entlyused to 
ompute the SYM leading wrapping 
orre
tions.In parti
ular we re-derive all known wrapping 
orre
tionsfor twist two operators at weak 
oupling and present anexpli
it formula for su
h 
orre
tions for a generi
 singletra
e operator of planarN = 4. In the last se
tion we ap-ply our method to the study of the re
ently 
onje
turedAdS4=CFT3 duality [24℄ and �nd there a new wrapping
orre
tion.Our Y-systems opens a way to the systemati
 study ofanomalous dimensions of all operators. An even betterformulation would be a DdV-like integral equation, in thespirit of the one found in [19℄ for the O(4) sigma model.This problem is 
urrently under investigation.Y-SYSTEM FOR ADS/CFTWe will now propose the Y-system whi
h yields theexa
t planar spe
trum of AdS=CFT . The Y-system isa set of fun
tional equations for fun
tions Ya;s(u) of thespe
tral parameter u whose indi
es take values on thelatti
e represented in Fig.1. The equations take the usual
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2universal formY +a;sY �a;sYa+1;sYa�1;s = (1 + Ya;s+1)(1 + Ya;s�1)(1 + Ya+1;s)(1 + Ya�1;s) : (1)Throughout the paper we denote f� = f(u � i=2) andf [a℄ = f(u + ia=2). At the boundaries of the fat-hookwe have Y0;s = 1, Y2;jsj>2 = 1 and Ya>2;�2 = 0. Theprodu
t Y23Y32 should be �nite so that Y2;�2 are �nite.The anomalous dimension of a parti
ular operator (orthe energy of a string state in the AdS 
ontext) is de�nedthrough the 
orresponding solution of the Y-system andis given by the formula (E = �� J)E =Xj �1(u4;j) + 1Xa=1 Z 1�1 du2�i ���a�u log �1 + Y �a;0(u)� :(2)In terms of x(u) de�ned by u=g = x + 1=x, the energydispersion relation reads �a(u) = a+ 2igx[+a℄ � 2igx[�a℄ , evalu-ated in the physi
al kinemati
s i.e. for jx[�a℄j > 1, while��a(u) is given by the same expression evaluated in themirror kinemati
s where jx[s℄j > 1 for a � s � �a + 1and jx[�a℄j < 1 [13℄. Similarly the asterisk in Y �a;0 indi-
ates that this fun
tion should also be evaluated in mirrorkinemati
s. Finally, the Bethe roots are de�ned by the�nite L Bethe equationsY1;0(u4;j) = �1 ; (3)where this expression is evaluated at physi
al kinemati
s.The Y-system is equivalent to an integrable dis
retedynami
s on a T-shaped \fat hook" drawn in Fig.1 givenby Hirota equation [17℄T+a;sT�a;s = Ta+1;sTa�1;s + Ta;s+1Ta;s�1 ; (4)where Ya;s = Ta;s+1Ta;s�1Ta+1;sTa�1;s : (5)The non-zero Ta;s are represented by all visible 
ir
les inFig.1. Hirota equation is invariant w.r.t. the gauge trans-formations Ta;s ! g[a+s℄1 g[a�s℄2 g[s�a℄3 g[�a�s℄4 Ta;s. Choos-ing an appropriate gauge we 
an impose T0;s = 1.Both the Y and the T systems are in�nite sets of fun
-tional equations whi
h must still be supplied by 
ertainboundary 
onditions and analyti
ity properties. Alter-natively, we 
an identify the proper large L solutions tothese equations and �nd T and Y fun
tions at �nite Lby 
ontinuously deforming from this limit [19℄. Hopefullythis deformation is unique, as in [19℄. Su
h a numeri
s
an be done by means of an integral DdV-like equationor by some sort of trun
ation of the Y-system equations.LARGE L SOLUTIONS AND ABAWe expe
t the Y-fun
tions to be smooth and regularat large u: Ya;s6=0(u ! 1) ! 
onst, whereas for the

bla
k, momentum 
arrying nodes in Fig.1, we impose theasymptoti
s Y �a�1;0 � �x[�a℄x[+a℄�L (6)for large L or u. As we will now show these asymptoti
sare 
onsistent with the Y-system (1). Indeed, when L islarge Ya;0 goes to zero and we 
an drop the denominatorin the r.h.s. of (1) at s = 0. Using 1+Ya;s = T+a;sT�a;sTa+1;sTa�1;sfollowing from (4)-(5), we haveY +a;0Y �a;0Ya�1;0Ya+1;0 '  T+a;1T�a;1Ta�1;1Ta+1;1! T+a;�1T�a;�1Ta�1;�1Ta+1;�1! ;(7)where in the equation for a = 1 one should repla
e Y0;0by 1 as 
an be seen from (1). From our study of the O(4)�-model [19℄ we expe
t that Ta;s�0 and Ta;s�0 
annot besimultaneously �nite as L ! 1. However, in this limitthe full T-system splits into two independent SU(2j2)R;Lsubsystems and, noti
ing that ea
h fa
tor in the r.h.s.is gauge invariant, we 
an always 
hoose �nite solutionsTRa;s�0 and TLa;s�0 and interpret them as one solution ofthe full T-system in two di�erent gauges (see [19℄ for moredetails). These are the transfer matri
es asso
iated to there
tangular representations of SU(2j2)R;L, des
ribed indetail in the next se
tion and in the appendix.The general solution of this dis
rete 2D Poisson equa-tion in z and a is thenYa;0(u) ' �x[�a℄x[+a℄�L �[�a℄�[+a℄ TLa;�1TRa;1 (8)where the �rst two fa
tors in the r.h.s. represent a zeromode of the dis
rete Lapla
e equation A+aA�aAa�1Aa+1 = 1 :Thus we obtained all Ya;0, des
ribing for a > 1 theAdS/CFT bound states [25℄, in terms of TL;Ra;s up to asingle, yet to be �xed, fun
tion �. We pulled out the�rst fa
tor in (8) from the zero mode to expli
itly mat
hthe asymptoti
s (6). The se
ond fa
tor will be
ome theprodu
t of fused AdS/CFT dressing fa
tors [6, 9, 11℄ aswe shall see below.ASYMPTOTIC TRANSFER MATRICESIn the large L limit Ya;0 are small and the whole Y -system splits into two SU(2j2)L;R fat hooks on Fig.1.The Hirota equation (4) also splits into two indepen-dent subsystems. For ea
h of these subsystems therealready exists a solution 
ompatible with the group the-oreti
al interpretation of Y and T-systems: TLa;�1 �TL1;�s�and TRa;1 �TR1;s� are the transfer matrix eigenvalues ofanti-symmetri
 (symmetri
) irreps of the SU(2j2)L andSU(2j2)R subgroups of the full PSU(2; 2j4) symmetry.It is known [20, 21℄ that these transfer-matri
es 
an be



3easily generated by the usual fusion pro
edure. Expli
itexpressions for Ta;s are given in the Appendix. E.g.,T1;1=R�(+)R�(�)�Q��2 Q+3Q2Q�3 �R�(�)Q+3R�(+)Q�3 +Q++2 Q�1Q2Q+1 �B+(+)Q�1B+(�)Q+1 �(9)where Ql(u) =QJlj=1(u� ul;j) = �Rl(u)Bl(u) andR(�)l (u) � KlYj=1 x(u)� x�l;j(x�l;j)1=2 ; B(�)l (u) � KlYj=1 1x(u) � x�l;j(x�l;j)1=2 :The index l = 1; 2; 3 
orresponds to the rootsx1;j ; x2;j ; x3;j (x7;j ; x6;j ; x5;j) for TL1;1 (TR1;1) in the nota-tions of [7℄. R(�) and B(�) with no subs
ript l 
orrespondto the roots x4;j of the middle node and Rl; Bl withoutsuper
ript (+) or (�) are de�ned with x�j repla
ed byxj . The 
hoi
e (9) is di
tated by the 
ondition that theasymptoti
 BAE's ought to be reprodu
ed from the ana-lyti
ity of T1;1 at the zeroes u1;j ; u2;j ; u3;j of the denom-inators. For Q-fun
tions of the left and right wings theABA's read:1=Q+2 B(�)Q�2 B(+) ����u1;k;�1=Q��2 Q+1 Q+3Q++2 Q�1 Q�3 ����u2;k;1=Q+2 R(�)Q�2 R(+) ����u3;k:(10)On
e the unknown fun
tion � is �xed to be���+ = S2B+(+)R�(�)B�(�)R+(+) B+1LB�3LB�1LB+3L B+1RB�3RB�1RB+3R (11)the Bethe equation (3) yields the middle node equationfor the full AdS/CFT ABA of [7℄ at u = u4;k�1=�x�x+�L�Q++4Q��4 B�1LR�3LB+1LR+3L B�1RR�3RB+1RR+3R���B+(+)B�(�)�1��S2;(12)where � = �1 in the present 
ase and the dressing fa
toris S(u) = Qj �(x(u); x4;j ). The subs
ripts L;R refer tothe wings. We will see in the next se
tion that with thefa
tor (11) Ya0 exhibits 
rossing invarian
e and that this
hoi
e of the fa
tor allows to reprodu
e all known resultsfor the �rst wrapping 
orre
tion of various operators.SCALAR FACTOR FROM CROSSINGWe will nowsee that the Y -system 
onstrains the dress-ing fa
tor by the 
rossing invarian
e 
ondition of [9℄. TheS-matrix Ŝ(1; 2) of Beisert [8℄ admits Janik's 
rossing re-lation whi
h relates the S-matrix with one argument re-pla
ed by x� ! 1=x� (parti
le!anti-parti
le) to the ini-tial one. Sin
e the transfer matri
es 
an be 
onstru
tedas a tra
e of the produ
t of S-matri
es we expe
t Ya;0to respe
t this symmetry. Indeed, we noti
e that underthe transformation x� ! 1=x� (denoted by ?) and 
om-plex 
onjugation, T1;1 transforms as T ?1;1 = Q+1 Q�3Q�1 Q+3 	T1;1,

where 	 � R�(�)B+(�)R�(+)B+(+) . By demanding the 
ombinationST1;1B+1 B�3B�1 B+3 to be invariant under that transformation weget S? = S	 . This renders, using R�(+)B+(�) = R+(�)B�(+) , the re-lation SS? = R�(+)B�(�)R+(+)B+(�) whi
h is in fa
t nothing but the
rossing relation for the s
alar fa
tor [9℄�12��12 = x�2x+2 x�1 � x�2x+1 � x�2 1=x�1 � x+21=x+1 � x+2 : (13)Note that 
rossing does not simply mean x� ! 1=x�,but it is also a

ompanied by an analyti
al 
ontinuation,so one should be 
areful with the way the 
ontinuation isdone be
ause the dressing fa
tor is a multi-valued fun
-tion of (x�1 ; x�2 ). Thus we see that the invarian
e of Y1;0imposes the 
rossing transformation rule of the dressingfa
tor. The same invarian
e property holds for all Ya;0.We 
on
lude that Janik's 
rossing relation �ts ni
elywith our Y-system. The dressing fa
tor is en
oded in theY-system, as for relativisti
 models (see [19℄).WEAK COUPLING WRAPPING CORRECTIONSHere we will reprodu
e from our Y-system the resultsof [13, 15℄ in a rather eÆ
ient way and explain how togeneralize them to any operator of N = 4 SYM. No-ti
e that the large L solution is now 
ompletely �xed by(8),(11) with the transfer matri
es for ea
h SU(2j2) winggenerated from W as explained in the Appendix.To 
ompute the leading wrapping 
orre
tions asso
i-ated to any single tra
e operator it suÆ
es to plug theBethe roots obtained from the ABA into Ya;0 [23℄. Nextwe expand this expression for g ! 0 and substitute it intothe sum (2). This ought to be 
ontrasted with the 
om-putations in [13℄,[14℄ whi
h relied on the expli
it form ofthe S-matrix elements and whi
h are therefore very hardto generalize to generi
 states.For example, for the 
ase of two roots u4;1 = �u4;2 andL = 2, satisfying the SL(2) ABA (u4;1 = 12p3 +O(g2)),we �ndY �a;0 = g8�3 27 3a3 + 12au2 � 4a(a2 + 4u2)2 �2 1ya(u)y�a(u) (14)where ya(u) = 9a4 � 36a3 + 72u2a2 + 60a2 � 144u2a �48a + 144u4 + 48u2 + 16. Plugging this expression into(2) we obtain (324 + 864�3 � 1440�5)g8, 
oin
iding withthe wrapping 
orre
tion to the anomalous dimension ofKonishi operator tr(ZD2Z �DZDZ) of [13, 15℄.The Konishi state 
ould also be represented as theoperator tr [Z;X ℄2 in SU(2) se
tor. To get the ABAequations for the SU(2) grading we make the follow-ing repla
ement T su(2)a;s = T sl(2)s;a . The s
alar fa
tor (11)be
omes ���+ = S2 Q++4Q��4 B�1LB+3LB+1LB�3L B�1RB+3RB+1RB�3R as we 
an see by



4
Figure 2: \Fat hook" for AdS4=CFT3. The OSp(2; 2j6) sym-metry of the ABJM theory, with two momentum 
arryingnodes, and the SU(2j2) subgroup is manifest in the diagram.mat
hing with the ABA equations (12) for � = 1. Re-peating the same 
omputation for two magnons, nowwith L = 4, we �nd pre
isely the same result for wrap-ping 
orre
tion. This is yet another important 
onsis-ten
y 
he
k of our Y-system.Another important set of operators are the so 
alledtwist two operators for whi
h L = 2 (in the SL(2) grad-ing) and the Bethe roots are in a symmetri
 
on�gura-tion, u4;2j�1 = �u4;2j with j = 1; : : : ;M=2. Pluggingsu
h 
on�guration into the transfer matri
es in the ap-pendix and 
onstru
ting the 
orresponding Ya;0 from (8)we �nd a perfe
t mat
h with the results of [14℄.AdS4=CFT3 CORRESPONDENCEThe re
ently 
onje
tured [24℄ AdS4=CFT3 
orrespon-den
e with the ABA formulated in [26℄, following [27,28℄, 
an be treated similarly to the AdS5=CFT4 
ase.The 
orresponding Y-system is represented in Fig.2.There are now two sequen
es of momentum 
arryingbound-states and the 
orresponding Y -fun
tions are de-noted by Y 4a;0 and Y �4a;0. At large L we �nd Y 4a;0 '�x[�a℄x[+a℄�L �[�a℄4�[+a℄4 T su(2)a;1 , Y �4a;0 ' �x[�a℄x[+a℄ �L �[�a℄�4�[+a℄�4 T su(2)a;1 where��4�+4 = �S4S�4 Q++4Q��4 B�1 B+3B+1 B�3 and ��4 is given by the sameexpression with Q4 ! Q�4. Ta;1 
an be found fromthe generating fun
tional W in the appendix repla
ingR(+)!R(+)4 R(+)�4 et
. Finally �a(u) = a2 + ihx[+a℄ � ihx[�a℄ ,and in all formulae we should repla
e g by the interpo-lating fun
tion h(�) = � + O(�2). The energy is then
omputed from an expression analogous to (2) whi
h toleading order at small � yieldsE =Xj �1(u4;j)+Xj �1(u�4;j)� 1Xa=1Z 1�1 du2� �Y 4�a;0 + Y �4�a;0�Thus, as before we 
an very easily 
ompute the leadingwrapping 
orre
tions to any operator of the theory. E.g.,for the simplest unprote
ted length four operator (L = 2)

(irrep 20, see [27℄ for details) we �nd E = 8h2(�)�32�4+Ewrapping�4 +O(�6) where Ewrapping = 32� 16�(2).APPENDIX: TRANSFER MATRICESThe SU(2j2) transfer matri
es for symmetri
 (T1;s) andantisymmetri
 (Ta;1) representations 
an be found fromthe expansion of the generating fun
tional [20, 21℄W =�1�Q�1 B+(+)R�(+)Q+1 B+(�)R�(�)D��1�Q�1 Q++2 R�(+)Q+1 Q2R�(�) D��1 �� �1�Q��2 Q+3 R�(+)Q2Q�3 R�(�) D��1�1�Q+3Q�3 D� ; D = e�i�uas W = 1Xs=0 T [1�s℄1;s Ds ; W�1 = 1Xa=0(�1)aT [1�a℄a;1 Da :(15)It 
an be 
he
ked that the transfer matri
es Ta;1are fun
tions of x[�a℄ alone (T1;s depend on all x[b℄,b = �a;�a+ 2; : : : ; a ). The transfer matri
es for otherrepresentations 
an be obtained from these by use of theBazhanov-Reshitikhin formula [22℄.A
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