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AbstratSingle sale quantities, as anomalous dimensions and hard sattering ross setions, inrenormalizable Quantum Field Theories are found to obey di�erene equations of �niteorder in Mellin spae. It is often easier to alulate �xed moments for these quantitiesompared to a diret attempt to derive them in terms of harmoni sums and their gen-eralizations involving the Mellin parameter N . Starting from a suÆiently large numberof given moments, we establish linear reurrene relations of lowest possible order withpolynomial oeÆients of usually high degree. Then these reurrene equations are solvedin terms of d'Alembertian solutions where the involved nested sums are represented in op-timal nested depth. Given this representation, it is then an easy task to express the resultin terms of harmoni sums. In this proess we ompatify the result suh that no algebrairelations our among the sums involved. We demonstrate the method for the QCD un-polarized anomalous dimensions and massless Wilson oeÆients to 3{loop order treatingthe ontributions for individual olor oeÆients. For the most ompliated subproblem5114 moments were needed in order to produe a reurrene of order 35 whose oeÆientshave degrees up to 938. About four months of CPU time were needed to establish andsolve the reurrenes for the anomalous dimensions and Wilson oeÆients on a 2 GHzmahine requiring less than 10 GB of memory. No algorithm is known yet to provide suha high number of moments for 3{loop quantities. Yet the method presented shows that itis possible to establish and solve reurrenes of rather large order and degree, ourring inphysis problems, uniquely, fast and reliably with omputer algebra.
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1 IntrodutionPreision preditions for observables in Elementary Partile Physis require the alulation ofthe orresponding Feynman diagrams, the number of whih grows fast with the order in theoupling onstant being onsidered. Aording to the relevant number of di�erent ratios ofLorentz invariants or sales involved one may group these observables into 0-sale, 1-sale, 2-sale et proesses. In renormalizable Quantum Field Theories the radiative orretions tothe ouplings, masses and external �elds are examples for 0-sale quantities [1℄. Anomalousdimensions and hard sattering ross setions, as the Wilson oeÆients for light and heavyavors (for Q2 � m2H) in deeply inelasti sattering, are single sale quantities, f. [2{6℄. Alsothe sub-system ross setions for the Drell-Yan proess and the ross setion for hadroni Higgs-boson prodution in the heavy mass limit for the top{quark belong to this lass. Mellin momentsfor single sale quantities f(x),M[f(x)℄(N) = Z 10 dx xN f(x) (1)are 0-sale quantities again for N 2 N [7{10℄. Here x usually denotes a fration of Lorentz-invariants the support of whih is or an be extended to [0; 1℄. In the lower order in perturbationtheory 0-sale quantities an be expressed as linear ombinations of spei� numbers over Qwhih are multiple �-values [11℄,�a1;:::;an = 1Xk=1 sign(a1)kkja1j Sa2;:::;an(k); ai 2 Z n f0gat the beginning, with possible extensions in higher orders, whih our in both massive andmassless alulations [12℄. The 1-sale quantities an be expressed in terms of �nite harmonisums [13, 14℄ Sa1;:::;an(N) = NXk=1 sign(a1)kkja1j Sa2;:::;an(k); S; = 1; ai 2 Z n f0gand rational funtions of the Mellin variable N at lower orders in perturbation theory. At higherorders one expets to �nd generalizations of harmoni sums. Muh less is known on the funtion-spaes spanning 2- and higher sale proesses. The Mellin-transformation (1) is empirially foundto yield onsiderable strutural simpli�ations of 1-sale proesses, f. [15℄. In massless proessesthis is partly due to the fatorization properties, but it seems to hold to an even wider extent.Corresponding diagonalizations for proesses with a higher number of sales depend on theirrespetive main symmetries, whih may not even be �xed by just the number of sales.In the present paper we study single sale proesses and represent them in Mellin spae. Inorder to apply our method under onsideration, we shall assume the ase that M[f(x)℄(N) anbe found as the solution of a linear reurrene equationa0(N)F (N) + a1(N)F (N + 1) + � � �+ al(N)F (N + l) = 0; (2)with polynomial oeÆients ak(N).There is no general proof that the k-loop ontributions to a 1-sale observable have to obeysuh a reurrene. On the other hand, it is known that all single sale proesses having been2



alulated so far do, f. [2{5, 15℄. This is due to the fat that the orresponding observables arefound as linear ombinations of nested harmoni sums. The single harmoni sums obeyF (N + 1)� F (N) = sign(a)N+1(N + 1)jaj :Exploiting holonomi losure properties [16℄ one obtains higher order di�erene equations forpolynomial expressions in terms of nested harmoni sums.If a suitably large number of moments M[f(x)℄(N) is known, then a reurrene of the form (2)an be found automatially, see Setion 2. One a reurrene of some order l is found, thisreurrene together with the �rst l moments spei�es uniquely all the moments M[f(x)℄(N)for nonnegative integers N . Finally, we ativate the summation pakage Sigma [17℄ and solvethe reurrene (2) in terms of generalized harmoni sums. In partiular, using the underlyingsummation theory of ��-di�erene �elds [18{20℄ or exploiting the algebrai relations [21℄, alosed form for M[f(x)℄(N) in terms of an algebraially independent basis of harmoni sumsan be omputed.We emphasize that Eq. (2) overs a muh wider lass in whih more general reurrent quanti-ties an represent the orresponding observables. In partiular, our general reurrene solver ford'Alembertian solutions [22{24℄ �nds any solution that an be expressed in terms of inde�nitenested sums and produts. In even higher order or massive alulations further funtions mayontribute, whih ould be only found in this way.The Mellin-moments of the unpolarized 3{loop splitting funtions and Wilson oeÆientsfor deep{inelasti sattering are more easily alulated [7{10℄ than the omplete expressions,f. [3{5℄. In the present paper we investigate whether the exat formulae up to the unpolarized3{loop anomalous dimensions and Wilson oeÆients [3{5℄ an be found establishing and solvingdi�erene equations (2) for the Mellin moments of these quantities, without further assumptions.1We onsider the various olor ontributions to these quantities separately and try to �nd theomplete result from a minimal number of moments. As input we apply the moments alulatedfrom the exat solution [3{5℄.The paper is organized as follows. In Setion 2 we desribe how the di�erene equations ofthe form (2) are found by just using a �nite number of starting points of F (N). In Setion 3 thealgorithms are outlined that an solve these reurrenes in the setting of di�erene �elds. Theylead diretly to the orresponding mathematial strutures. These are nested harmoni sumsin the present ase. In ourse of the solution we ompatify the results applying the algebrairelations to the harmoni sums [21℄. 2 The results are disussed in Setion 4. Our method appliesin the same way to all other single sale proesses of similar omplexity, f. [6, 15℄. Setion 5ontains the onlusions. In the appendix we present a ompati�ed form of the non-singlet3{loop anomalous dimensions, whih is automatially provided in the formalism by Sigma. Theorresponding expressions for the other anomalous dimensions and Wilson oeÆients to 3-looporder are presented in Mathematia and FORM odes attahed.1Approximate reonstrution methods based on speial ansatzes were disussed in the literature e.g. in [7,25℄to obtain �rst numerial estimates from a low number of moments, see also [26℄. We also remind that thedesription of QCD-evolution relating �xed integer moment information to orthogonal polynomials is an oldtopi [27℄; see also [28℄.2Further ompati�ations an be obtained using the strutural relations, f. [29, 30℄.
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2 Finding a Reurrene EquationSuppose we are given a �nite array of rational numbers,q1; q2; : : : ; qK ;whih are the �rst terms of a ertain in�nite sequene F (N), i.e., F (1) = q1, F (2) = q2, et. Letus assume that F (N) satis�es a reurrene of typelXk=0� dXi=0 i;kN i�F (N + k) = 0 ; (3)whih we would like to dedue from the given numbers qi (i = 1; : : : ; K). In a strit sense, thisis not possible without knowing how the sequene ontinues for N > K. One thing we an dois to determine the reurrene equations satis�ed by the data we are given. Any reurrene forF (N) must ertainly be among those.To �nd the reurrene equations of F (N) valid for the �rst terms, the simplest way toproeed is by making an ansatz with undetermined oeÆients. Let us �x an order l 2 N anda degree d 2 N and onsider the generi reurrene (3), where the i;k are indeterminates. Foreah spei� hoie N = 1; 2; : : : ; K � l, we an evaluate the ansatz, beause we know all thevalues of F (N +k) in this range, and we obtain a system of K� l homogeneous linear equationsfor (l + 1)(d+ 1) unknowns i;j.If K � l > (l + 1)(d + 1), this system is under-determined and is thus guaranteed to havenontrivial solutions. All these solutions will be valid reurrenes for F (N) for N = 1; : : : ; K � l,but they will most typially fail to hold beyond. If, on the other hand, K � l � (l + 1)(d + 1),then the system is overdetermined and nontrivial solutions are not to be expeted. But atleast reurrene equations valid for all N , if there are any, must appear among the solutions.We therefore expet in this ase that the solution set will preisely onsist of the reurrenesof F (N) of order l and degree d valid for all N .As an example, let us onsider the ontribution to the gluon splitting funtion / CA atleading order, P (0)gg (N). The �rst 20 terms, starting with N = 3, of the sequene F (N) are145 ; 215 ; 18135 ; 8314 ; 4129630 ; 31945 ; 261863465 ; 184212310 ; 75232790090 ; 712038190 ; 81163790090 ; 12891113860 ; 293211293063060 ;2508266255255 ; 29288626129099070 ; 7045513684684 ; 61125926958198140 ; 1561447145860 ; 4862237357446185740 ; 98880845589237148 :Making an ansatz for a reurrene of order 3 with polynomial oeÆients of degree 3 leads toan overdetermined homogeneous linear system with 16 unknowns and 17 equations. Despiteof being overdetermined and dense, this system has two linearly independent solutions. Usingbounds for the absolute value of determinants depending on the size of a matrix and the bitsize of its oeÆients, one an very roughly estimate the probability for this to happen \byoinidene" to about 10�65. And in fat, it did not happen by oinidene. The solutions tothe system orrespond to the two reurrene equations(7N3 + 113N2 + 494N + 592)F (N)� (12N3 + 233N2 + 1289N + 2156)F (N + 1)+ (3N3 + 118N2 + 1021N + 2476)F (N + 2) + (2N3 + 2N2 � 226N � 912)F (N + 3) = 0 (4)and(4N3 + 64N2 + 278N + 332)F (N)� (7N3 + 134N2 + 735N + 1222)F (N + 1)+ (2N3 + 71N2 + 595N + 1418)F (N + 2) + (N3 �N2 � 138N � 528)F (N + 3) = 0; (5)4



whih both are valid for all N � 1. If we had found that the linear system did not have anontrivial solution, then we ould have onluded that the sequene F (N) would de�nitely (i.e.without any unertainty) not satisfy a reurrene of order 3 and degree 3. It might then stillhave satis�ed reurrenes with larger order or degree, but more terms of the sequene had to beknown for deteting those.The method of determining (potential) reurrene equations for sequenes as just desribedis not new. It is known to the experimental mathematis ommunity as automated guessingand is frequently applied in the study of ombinatorial sequenes. Standard software pakagesfor generating funtions suh as gfun [16℄ for Maple or GeneratingFuntions.m [31℄ for Mathe-matia provide funtions whih take as input a �nite array of numbers, thought of as the �rstterms of some in�nite sequene, and produe as output reurrene equations that are, with highprobability, satis�ed by the in�nite sequene.These pakages apply the method desribed above more or less literally, and this is perfetlysuÆient for small examples. But if thousands of terms of a sequene are needed, there is noway to get the linear systems solved using rational number arithmeti. Even worse, already formedium sized problems from our olletion, the size of the linear system exeeds by far typialmemory apaities of 16{64Gb. For the big problem C(3)2;q;C3F (N), it would require approximately11Tb of memory to represent the orresponding linear system expliitly. It is thus evidentthat omputations with rational numbers are not feasible. Instead, we use arithmeti in �nite�elds together with Chinese remaindering and rational reonstrution [32{34℄. Modulo a wordsize prime, the size of the biggest systems redues to a few Gb, a size whih easily �ts on ourarhiteture. And modulo a word size prime, suh a system an be solved within no more thana few hours of omputation time by Mathematia.The modular results for several distint primes p1; p2; : : : an be ombined by Chinese re-maindering to a modular result whose oeÆients are orret modulo the produt p1p2 : : : . Ifthe bit size of this produt exeeds twie the maximum bit size appearing in the rational solu-tion, then the exat rational number oeÆients an be reovered from the modular images byrational reonstrution [32{34℄. The number of primes needed (and thus the overall runtime) istherefore proportional to the bit size of the oeÆients in the �nal output.The �nal output is a reurrene equation for F (N). But the reurrene equation satis�edby a sequene F (N) is not unique: if a sequene satis�es a reurrene equation at all, thenit satis�es a variety of linearly independent reurrene equations. The bit size of the rationalnumber oeÆients in these reurrene equations may vary dramatially. In order to minimizethe number of primes needed for the omputation of the rational numbers in the reurrene, itseems preferable to ompute on a reurrene whose oeÆients are as small as possible in termsof bit size. Aording to our experiene, this reurrene happens to be the (unique) reurrenewhose order l is minimal among all the reurrene equations satis�ed by F (N). We have noexplanation for this, but it seems to be a general phenomenon, as it an also be observed inertain ombinatorial appliations [35℄.Also the number of unknowns for the linear system may vary dramatially among the possiblereurrene equations for F (N), and it seems preferable to ompute on a reurrene where thenumber of unknowns is as small as possible. Small linear systems are not only preferable beauseof eÆieny, but also beause the number of unknowns in the linear system determines thenumber of initial terms qi that have to be known a priori in order to detet the reurrene.Aording to our experiene, the size of the linear system is minimized when the order l and thedegree d are approximately balaned.Unfortunately, it seems that the reurrene with minimal (in terms of bit size) rational5



number oeÆients has themaximal number of unknowns in the orresponding linear system, andvie versa. But there is a way to ombine the advantages of both at a reasonable omputationalost. Consider the two reurrene equations (4) and (5) from the example of the gluon{gluonsplitting funtion at leading order, Pgg;0(N), quoted above. A reurrene of smaller order anbe obtained from these by multiplying (4) by (N2 � 9N � 66) and (5) by (2N2 � 14N � 114),and then subtrating the results. The hoie of the multipliers is suh that the oeÆient ofF (N + 3) in the di�erene anels: we obtain(N5 + 22N4 + 189N3 + 788N2 + 1592N + 1224)F (N)� (2N5 + 45N4 + 396N3 + 1701N2 + 3580N + 2988)F (N + 1)+ (N5 + 23N4 + 207N3 + 913N2 + 1988N + 1764)F (N + 2) = 0:The alulation just performed an be reognized as the �rst step in a di�erene operator ver-sion of the Eulidean algorithm [36℄. Applied to two reurrene equations satis�ed by a se-quene F (N), this algorithm yields their \greatest ommon (right) divisor", whih is, with highprobability, the minimal order reurrene satis�ed by F (N). In our example, the algorithmterminates in the next step, and indeed the sequene F (N) of Pgg;0(N) does not satisfy a reur-rene of order less than two. Note that the linear system for �nding the seond order reurrenediretly would have involved (5+1)(2+1) = 18 unknowns instead of the 16 unknowns we neededfor �nding the third order reurrenes. For the big problem C(3)2;q;C3F (N), a diret omputationwould require 33804 unknowns instead of the 5022 we atually used. We ombine the advantageof a small linear system with the advantage of small oeÆients in the output as follows. We�rst ompute for several word size primes the solutions of a small linear system, but then insteadof applying rational reonstrution to those, we ompute, for eah prime independently, theirgreatest ommon right divisor modulo this prime. We then apply rational reonstrution toreover the rational number oeÆients of those.In summary, we used the following proedure for �nding the reurrene equations.1. Choose a word size prime p.2. Choose some bounds l and d and make an ansatz for a reurrene of order l and degree d.The linear system is onstruted and solved modulo p only.3. If there are no solutions, repeat step 2 with inreased bounds l and d.4. If there are solutions modulo p, ompute their greatest ommon right divisor modulo p bythe Eulidean algorithm for di�erene operators.5. Repeat steps 1{4 until Chinese remaindering and rational reonstrution applied to thegreatest ommon right divisors for the various primes yields a reurrene that mathes thegiven data q1; q2; : : : ; qK.6. Return the reonstruted reurrene as the �nal result.For the big problem C(3)2;q;C3F (N), most of the omputation time (about 53%) was spent instep 4. Solving the modular linear systems onsumed about 28% of the time, and Chineseremaindering and rational reonstrution took about 18% of the time. The memory bottlenekis in step 2 where the linear system is onstruted. The memory requirements for the othersteps, if implemented well, are negligible. 6



For problems that are even bigger than those we onsidered, further improvements to theproedure are oneivable. First, there are asymptotially fast speial purpose algorithms forstep 2 available [37, 38℄. These algorithms outperform the naive linear system approah we aretaking for problem sizes where fast polynomial multipliation algorithms outperform lassialalgorithms. It is likely that their use would have already been bene�ial for some of our problems.Seond, a gain in eÆieny might result from running the proedure on a di�erent platform. Wehave done all our omputations within Mathematia 6, but we expet that in partiular step 4might onsiderably bene�t from a reimplementation in a omputer algebra system providinghigh-performane polynomial arithmeti. Mathematia's modular arithmeti, on the other hand,appears to be quite ompetitive. Third, it might be worthwhile to run parts of the proedure inparallel. In partiular, omputations for distint primes are ompletely independent from eahother and an be done on di�erent proessors without any ommuniation overhead. Observethat these steps dominate the runtime.3 Solving the Reurrene EquationsAfter having obtained di�erene equations of high order and degree we will now disuss general,eÆient algorithms by whih these equations an be solved. Given a reurrene relationa0(N)F (N) + a1(N)F (N + 1) + � � �+ al(N)F (N + l) = q(N) (6)of order l, �nd all its solutions that an be expressed in terms of inde�nite nested sums andproduts. Suh solutions are also alled d'Alembertian solutions [22{24℄, they form a sublassof Liouvillian solutions [39℄. Note that suh solutions over as speial ases, e.g., harmonisums [13, 14℄ or generalized nested harmoni sums [40℄.The solution to this problem onsists of two parts.1. First, ompute all d'Alembertian solutions by fatoring the reurrene as muh as possibleinto linear right fators. Then eah linear fator ontributes to one extra solution. To bemore preise, the ith fator yields a nested sum expression of depth i� 1.2. Seond, simplify these nested sum solutions to losed form expressions, e.g., in terms ofharmoni sums, that an be proessed further in pratial problem solving.In general, the pakage Sigma [17℄ an solve these problems in the setting of ��-di�erene�elds [18, 41℄. This means that the oeÆients a0(N); : : : ; al(N) and the inhomogeneous partq(N) of (6) an be given as polynomial expressions in terms of inde�nite nested sums andproduts.For simpliity, we restrit ourself to the situation that the given oeÆients a0(N); : : : ; al(N)are polynomials in N and that the inhomogeneous part q(N) is zero. In other words, we assumethat we are given a reurrene of the form (2) or (3) that is produed, e.g., by the methoddesribed in the previous setion.3.1 Finding all d'Alembertian solutionsSubsequently, we present algorithms that �nd all d'Alembertian solutions of (2). Equivalently,we an say that we look for all d'Alembertian sequenes whih are annihilated by the linearoperator L := a0(N) + a1(N)S + � � �+ al(N)Sl; (7)7



whih is understood to at on a sequene F (N) via(L � F )(N) := a0(N)F (N) + a1(N)F (N + 1) + � � �+ al(N)F (N + l):We start as follows.Step 1: Finding a produt solution. First, we look for a solution of (7) whih is of the formT0(N) = NYi=� r(i) (8)for some rational funtion r(i) in i. In Sigma this task an be arried out by exeuting ageneralized version of algorithm [42℄ that works in general ��-di�erene �elds; for an alternativealgorithm to �nd suh hypergeometri terms we refer to [43℄.If there does not exist suh a produt solution (8), then there is no d'Alembertian solutionat all; see, e.g. [24, Theorem 4.5.5℄. In this ase, we just stop. Otherwise, we look for additionalsolutions as follows.Step 2: Splitting o� a linear right fator. By dividing the operator (7) from the right with theoperator S� T0(N + 1)T0(N) = S� r(N + 1) (9)we arrive at an operator L0 := b0(N) + b1(N)S + � � �+ bl�1(N)Sl�1 (10)of order l � 1 suh thatL = L0(S� r(N + 1))= �r(N + 1)b0(N) + �b0(N)� r(N + 2)b1(N)�S + � � �+ �bl�1(N)� r(N + l)bl(N)�Sl;i.e., S� r(N + 1) is a linear right fator of L.Step 3: Reursion. Now we ontinue by reursion and look for all d'Alembertian solutions forthe operator L0 with order l � 1. Note that after at most l � 1 steps we end up at a reurreneof order 1 whose d'Alembertian solution an be read o� immediately.Step 4: Combining the solutions. If we do not �nd any d'Alembertian solution for L0, we justreturn the solution (8) for L.Otherwise, let t1(N); : : : ; tk(N) (11)with 1 � k < l be the solutions of L0 that we obtained after the reursion step. To this end, for1 � j � k de�ne Tj(N) := T0(N) NXi=� tj(i� 1)T0(i) (12)for some properly hosen � � 0 (i.e., T0(i) is nonzero for all i with i � �). Then the �nal outputof our algorithm is T0(N); T1(N); : : : ; Tk(N): (13)8



The following remarks are in plae. By onstrution all the elements from (13) are solutionsof (7): for eah 1 � j < k,(S�r(N + 1)) � Tj(N) = T0(N + 1) N+1Xi=� tj(i� 1)T0(i) � r(N + 1)T0(N) NXi=� tj(i� 1)T0(i)= r(N + 1)T0(N) NXi=� tj(i� 1)T0(i) + tj(N)T0(N + 1)!� r(N + 1)T0(N) NXi=� tj(i� 1)T0(i) = tj(N)and hene L � Tj(N) = L0 � tj(N) = 0:But even more holds. The derived solutions (13) are linearly independent. In partiular, anysolution of L in terms of inde�nite nested sums and produts an be expressed as a linearombination of (13); see [39, Theorem 5.1℄ or [24, Proposition 4.5.2℄.Summarizing, with the algorithm skethed above we an produe all d'Alembertian solutionsof L, i.e., all solutions that are expressible in terms of inde�nite nested sums and produts.We emphasize that the expensive part of the skethed method is the omputation of theprodut solutions (8). The following improvements were ruial in order to solve the reurrenesunder onsideration.Improvement 1. If one �nds several produt solutions, say P1(N); : : : ; Pu(N), one an produeimmediately a reurrene L0 like in (10), but with order l�u instead of order l�1. Moreover, givenall d'Alembertian solutions of this operator L0, one gets all the solutions of the reurrene (7)without any further omputations; see [24, Theorem 4.5.6℄.Improvement 2. For the problems under onsideration, it turns out that it suÆes to searh forprodut solutions (8) that an be written in the formT0(N) = p(N)q(N) or T0(N) = p(N)q(N) (�1)N (14)for polynomials p(N) and q(N). Therefore, we used optimized solvers [44℄ of Sigma whihgeneralize the algorithm presented in [45℄. In addition, arithmeti in �nite �elds is exploited inorder to determine the solutions (14) e�etively.Improvement 3. In our appliations, rather big fators from tj(i � 1) and T0(i) anel in thesummand tj(i�1)T0(i) of (12); in partiular, the usually irreduible fator p(i) from (14) (N substitutedwith i) anels. Hene it pays o� to ompute diretly the summand expression tj(i�1)T0(i) : Namely,instead of the operator (10) we ontinue with the operatorb0(N) + r(N)b1(N)S + � � �+ l�1Yi=1 r(N + i)! bl�1(N)Sl�1; (15)and look for all its d'Alembertian solutions t01(N); : : : ; t0k(N). Then by onstrution, the solutionsof (6) an be given diretly in the formTj(N) = T0(N) NXi=� t0j(i): (16)9



Example 1 As illustrative example we solve the di�erene equation for the CFN2F -term of theunpolarized 3-loop splitting funtion Pgq;2(N),F (N) = Pgq;2;N2FCF (N) :Using the methods from the previous setion, we generate the reurrene relationa0(N)F (N) + a1(N)F (N + 1) + a2(N)F (N + 2) + a3(N)F (N + 3) = 0 ; (17)witha0(N) = (1�N)N(N + 1)(N6 + 15N5 + 109N4 + 485N3 + 1358N2 + 2216N + 1616);a1(N) = N(N + 1)(3N7 + 48N6 + 366N5 + 1740N4 + 5527N3 + 11576N2 + 14652N + 8592);a2(N) = �(N + 1)(3N8 + 54N7 + 457N6 + 2441N5 + 9064N4 + 23613N3+ 41180N2 + 43172N + 20768);a3(N) = (N + 4)3(N6 + 9N5 + 49N4 + 179N3 + 422N2 + 588N + 368) :Given this reurrene, we produe its d'Alembertian solutions as follows. First, Sigma omputesa rational solution, namely T0(N) = N2 +N + 2(N � 1)N(N + 1) :Now we an divide (17) from the right by the operator S�T0(N+1)=T0(N) = S� (N�1)(N2+3N+4)(N+2)(N2+N+2) :Then the resulting reurrene of the operator (15) isb0(N)G(N) + b1(N)G(N + 1) + b2(N)G(N + 2) = 0 ; (18)withb0(N) = (N + 1)(N + 2)(N2 �N + 2)(N6 + 9N5 + 49N4 + 179N3 + 422N2 + 588N + 368);b1(N) = �(N + 2)(2N9 + 21N8 + 124N7 + 530N6 + 1690N5 + 3989N4 + 6712N3 + 7524N2+ 5232N + 2080);b2(N) = (N2 + 5N + 8)(N6 + 3N5 + 19N4 + 53N3 + 104N2 + 124N + 64)(N + 3)2 :Next, we proeed reursively and an ompute the rational solutionP 0(N) = N4 + 4N3 + 13N2 + 22N + 16(N � 1)N(N + 1)(N + 2) (N2 + 3N + 4)of (18). Thus we divide (18) by the fator S� P 0(N+1)P 0(N) whih leads to the �rst order reurrene0(N)H(N) + 1(N)H(N + 1) = 0 (19)with 0(N) = �(N + 1)(N2 +N + 2)(N4 � 4N3 + 13N2 � 14N + 8)� �N6 + 3N5 + 19N4 + 53N3 + 104N2 + 124N + 64� ;1(N) = (N + 2)(N2 �N + 2)(N4 + 4N3 + 13N2 + 22N + 16)� (N6 � 3N5 + 19N4 � 13N3 + 44N2 + 8N + 8):10



Here we an read o� diretly the solutionP 00(N) = (N2 �N + 2) (N6 � 3N5 + 19N4 � 13N3 + 44N2 + 8N + 8)(N + 1) (N4 + 7N2 + 4N + 4) (N4 � 4N3 + 13N2 � 14N + 8) :Going bak, we obtain besides t1(N) = P 0(N) the solutiont2(N) = P 0(N) NXj=1 P 00(j) = N4+7N2+4N+4(N+1)(N2�N+2)(N2+N+2) NXj=1 (j2�j+2)(j6�3j5+19j4�13j3+44j2+8j+8)(j+1)(j4+7j2+4j+4)(j4�4j3+13j2�14j+8)of (18). Hene by (16) we obtain, besides T0(N), the solutionsT1(N) =�N2 +N + 2� NXi=1 i4 + 7i2 + 4i+ 4(i+ 1) (i2 � i+ 2) (i2 + i + 2)(N � 1)N(N + 1) ;
T2(n) =�N2 +N + 2� NXi=1 �i4 + 7i2 + 4i+ 4� iXj=1 (j2�j+2)(j6�3j5+19j4�13j3+44j2+8j+8)(j+1)(j4+7j2+4j+4)(j4�4j3+13j2�14j+8)(i + 1) (i2 � i + 2) (i2 + i+ 2)(N � 1)N(N + 1) (20)

for (17). Sine all three solutions T0(N), T1(N) and T2(N) are linearly independent over, say,the omplex numbers, any solution F : N! C of (17) an be desribed as a linear ombinationF (N) = 1T0(N) + 2T1(N) + 3T2(N)for 1; 2; 3 2 C. The initial values F (3) = 1267648 ; F (4) = 5473140500 ; F (5) = 2072920250 implyPgq;2;N2FCF (N) = �329 T0(N) + 649 T1(N)� 83T2(N): (21)For our onrete problems all the reurrenes ould be fatored ompletely. Equivalently, fora reurrene of order d we found d linearly independent solutions T1(N); : : : ; Td(N) where thesolution Tk with 1 � k � d an be given in the formTk(N) = sN0 P0(N)Q0(N) NXi1=1 si11 P1(i1)Q1(i1) i1Xi2=1 si22 P2(i2)Q2(i2) � � � ik�1Xik=1 sikk Pk(ik)Qk(ik) (22)where for 1 � i � k the Pi and Qi are polynomials and si 2 f�1; 1g.Example 2 For the CACFNF -term of the 3-loop non-singlet splitting funtion P�NS;2 we founda reurrene of order 7 whih �lls around �ve pages. The 7 linearly independent solutions anbe omputed within 10 seonds; the largest solution �lls around three pages and has the formNXi=6 P1(i)Q1(i) iXj=1 P2(j)Q2(j) jXk=5 P3(k)Q3(k) kXl=1 P4(l)Q4(l) lXr=1 P5(r)Q5(r) rXs=2 P6(s)Q6(s) (23)where the irreduible polynomials P1; P2; : : : ; P6 have the respetive degrees 4, 8, 16, 28, 63, 69,and the denominators are of the formQ1(s) =(s� 1)3s(s+ 1)3; 11



Q2(r) = �r4 � 10r3 + 29r2 � 34r + 12� �r4 � 6r3 + 5r2 � 2r � 2� ;Q3(l) =�l8 � 24l7 + 215l6 � 1017l5 + 2866l4 � 4975l3 + 5146l2 � 2812l + 576�� �l8 � 16l7 + 75l6 � 175l5 + 236l4 � 165l3 � 4l2 + 64l � 24�;Q4(k) =(k � 4)(k � 3)2(k � 2)3(k � 1)3k2�k10 � 38k9 + 566k8 � 4628k7 + 23621k6 � 79466k5+ 178404k4 � 261580k3 + 235712k2 � 114624k + 21600��k10 � 28k9 + 269k8 � 1348k7+ 4091k6 � 7768k5 + 8451k4 � 3560k3 � 1612k2 + 1872k � 432�;Q5(j) =2j20 � 795j19 + 40760j18 � 1036641j17 + 16752826j16 � 191239786j15 + 1632641752j14� 10786299042j13 + 56334695030j12 � 235648109263j11 + 795075807544j10� 2168602473357j9 + 4771126881598j8 � 8409573468828j7 + 11731291260824j6� 12705852943232j5 + 10375981856560j4 � 6104512549760j3 + 2399836168064j2� 547585520256j + 51445094400;Q6(i) =(i� 5)(i � 1)i(i + 1)�16i33 � 7192i32 + 673840i31 � 33108234i30 + 1069628658i29+ � � � + 162245083333715039232i � 11706508031797555200��16i33 � 6664i32 + 452144i31� 15699130i30 + � � � + 6071537402380800i2 � 670382971978752i + 32623028121600�:Example 3 The solution of the reurrene for the C3F -ontribution to the unpolarized 3-loopWilson oeÆient for deeply inelasti sattering, C(3)2;q;C3F (N), onstituted the hardest problem tosolve. We obtained a reurrene of order 35. Then our solver ran 25 hours and used 3GB ofmemory to derive the 35 linearly independent solutions. In total, we needed only 478 insteadof P34i=0 i = 595 summation quanti�ers in order to represent those solutions. This is possibledue to the Improvement 1. For eah of the summands around 20MB of memory were used. Inpartiular, in the summands the denominators have irreduible fators up to degree 1000; theinteger oeÆients of the polynomials were up to 700 deimal digits long.3.2 Simpli�ation of d'Alembertian solutionsWe onsider the following problem: Given inde�nite nested sum and produt expressions, e.g.,expressions of the form (22), �nd an alternative sum representation with the following properties:1. All the involved sums are algebraially independent with eah other.2. The nested depth of the sum expressions is minimal.3. In the summands the degree of the denominators is minimal.4. The sums should be tuned in suh a way that algorithms an perform this simpli�ationas eÆiently as possible.In prinipal, this problem an be solved with Karr's summation algorithm [18℄ based on ��-di�erene �elds, if one knows expliitly the sum elements in whih, e.g., the expression (22) shouldbe expressed. For small examples suh optimal sums with properties 1{3 from above might beguessed. In partiular, if one has additional knowledge about the objets under onsideration,a good sum representation might be known a priory. But if suh additional knowledge is notavailable, Karr's algorithm is not appliable.In order to overome this restrition, the fourth named author has re�ned Karr's ��-theoryfor symboli summation [20,46℄. As a onsequene, we an determine ompletely automatiallysuh sum representations with the properties 1{4 from above; see [19, 47℄.12



Example 4 With Sigma we �nd the depth-optimal representation� 4 (N2 +N + 2)3(N � 1)N(N + 1)  NXi=1 1i!2 + 8 (8N3 + 13N2 + 27N + 16)9(N � 1)N(N + 1)2 NXi=1 1i�8 (4N4 + 4N3 + 23N2 + 25N + 8)9(N � 1)N(N + 1)3 � 4 (N2 +N + 2)3(N � 1)N(N + 1) NXi=1 1i2of (23) where the sums are given in (20). We an read o� the harmoni sum representation� 4 (N2 +N + 2)3(N � 1)N(N + 1)S1(N)2 + 8 (8N3 + 13N2 + 27N + 16)9(N � 1)N(N + 1)2 S1(N)� 8 (4N4 + 4N3 + 23N2 + 25N + 8)9(N � 1)N(N + 1)3 � 4 (N2 +N + 2)3(N � 1)N(N + 1)S2(N):Example 5 The sum expression for P�NS;2;CACFNF ontaining in partiular the 7-nested sum(21) an be simpli�ed with Sigma to the depth-optimal representationP�NS;2;CACFNF = �2 (1086N7 + 3258N6 + 2129N5 � 288N4 � 67N3 � 206N2 � 156N + 144)27N4(N + 1)332 (8N4 + 33N3 + 53N2 + 25N + 3)9N(N + 1)4 (�1)N + 163 NXi=1 1i4 + 323 NXi=1 (�1)ii4� 16 (10N2 + 10N + 3)9N(N + 1) NXi=1 (�1)ii3 + 133627 NXi=1 1i2 � 64 (8N2 + 8N + 3)9N(N + 1) NXi=1 (�1)ii+ 16 (4N6 + 88N5 + 314N4 + 412N3 + 201N2 + 16N � 12)9N2(N + 1)2(N + 2)2 NXi=1 (�1)ii2+ �8 (14N2 + 14N + 3)3N(N + 1) � 163 NXi=1 1i! NXi=1 1i3 + 643 NXi=1 Pij=1 1j3i + 32 NXi=1 Pij=1 (�1)jj2(i + 2)2� 32 (22N2 + 22N � 3)9N(N + 1) NXi=1 Pij=1 (�1)jj2i + 2 + NXi=1 1i! 32 (2N2 + 4N + 1)3(N + 1)3 (�1)N� 4 (65N6 + 195N5 + 195N4 + 137N3 + 36N2 + 36N + 18)27N3(N + 1)3 + 323 NXi=1 (�1)ii3 + 1283 NXi=1 (�1)ii+ 32 (2N3 + 2N2 � 3N � 2)3N(N + 1)(N + 2) NXi=1 (�1)ii2 � 643 NXi=1 Pij=1 (�1)jj2i+ 2 !
� 2563 NXi=1 (�1)iPij=1 1ji + 1283 NXi=1 �Pij=1 (�1)jj2 ��PNi=1 1j�i + 2 :Finally, we use J. Ablinger's HarmoniSums pakage [48℄ 3, whih transforms this expression to3The pakage refers to algorithms and methods from [14,21, 29, 30, 49, 50℄.13



the harmoni sum notation:64(�1)N (4N + 1)9(N + 1)4 � 2 �270N7 + 810N6 � 463N5 � 1392N4 � 211N3 � 206N2 � 156N + 144�27N4(N + 1)3+ 643 S�4(N) + S�3(N) 323 S1(N)� 16 �10N2 + 10N + 3�9N(N + 1) !+ 32 �10N2 + 10N � 3�9N(N + 1) S�2;1(N)+ S�2(N) 16 �16N2 + 10N � 3�9N2(N + 1)2 � 3209 S1(N) + 643 S2(N)!� 8 �14N2 + 14N + 3�3N(N + 1) S3(N)+ S1(N)��4 �209N6 + 627N5 + 627N4 + 281N3 + 36N2 + 36N + 18�27N3(N + 1)3 + 16S3(N) + 803 S4(N)+ 133627 S2(N) + 643 S�2;1(N)� 32(�1)N3(N + 1)3�� 323 S2;�2(N)� 643 S3;1(N)� 1283 S�2;1;1(N):We emphasize that the harmoni sums in this expression are algebraially independent. Thealgebrai independene ould be aomplished with the Sigma pakage; out of onveniene andeÆieny we used the HarmoniSums pakage whih ontains among various other features theharmoni sum relations of [21℄.Example 6 The derived sum expression of C(3)2;q;C3F from Example 3 ontains sums of theform (22) with depth k = 35. In around four days and 20 hours this expression ould be sim-pli�ed to an expression in terms of 65 sums that satisfy the properties 1{3 from above. Amongthem there are 47 sums with depth two; typial examples areNXk=1  kXj=1 (�1)jj2 ! kXj=1 1j!3k and NXk=1  kXj=1 1j2! kXj=1 (�1)jj2 ! kXj=1 1jk : (24)Only one sum of nested depth three has been used, namely
NXk=1  kXj=1 (�1)jj2 ! kXj=1 jXi=1 1i2jk :We emphasize that these sums are onstruted in suh a way that the di�erene �eld algo-rithms [20℄ work most eÆiently: The less nested the sums are, the more eÆient our algorithmswork. E.g., if we swith to harmoni sum notation with Ablinger's HarmoniSum pakage, the�rst sum in (24) an be rewritten asS�3(N)S3(N)� S�2;1(N)S3(N) + S�2(N)�14S1(N)4 � 34S2(N)2 � 32 S4(N)�+ S4;�2(N)� 3S�3;1;2(N)� 3S�3;2;1(N) + 3S�2(N)S2;1;1(N)� S3;1;�2(N)+ 6S�3;1;1;1(N) + 3S�2;1;1;2(N) + 3S�2;1;2;1(N)� 6S�2;1;1;1;1(N);the involved sums have nested depths up to �ve. With suh representations the algorithms inSigma work muh slower, or might even fail for our spei� input due to time and memorylimitations. 14



4 3-Loop Anomalous Dimensions andWilson CoeÆientsIn the following we apply the method desribed in the previous setion to unfold all the unpolar-ized QCD anomalous dimensions and Wilson oeÆients to 3-loop order from a series of Mellinmoments. This sequene is alulated using the relations given in [3{5℄ for the di�erent quanti-ties per olor fator and fators given by �-values. We will need rather high Mellin moments N .The orresponding harmoni sums annot be alulated by summer [14℄ diretly, but have to beevaluated reursively,Sa1;a2;:::ak(N + 1) = sign(a1)N+1(N + 1)ja1j Sa2;:::ak(N + 1) + Sa1;a2;:::ak(N) : (25)We used a Maple ode for this. The highest moment to be alulated is N = 5114 for the C3F{ontribution to the 3-loop Wilson oeÆient C2;q. Its reursive omputation requires roughly3 GB of memory and 270 min omputational time on a 2 GHz proessor. It is given by a frationwith 13888 numerator and 13881 denominator digits. The set of moments has a size of 69 MB.The determination of most of the other inputs sets requires far less resoures.In Tables 1{3 we summarize the run parameters for the individual olor- and �{ontributionsto the splitting funtions and in Tables 4{8 to the Wilson oeÆients in unpolarized deeplyinelasti sattering up to 3{loop order. We speify the number of moments needed on input andthe order, degree, and length of the reurrene derived. For the solution we ompare the numberof harmoni sums in Refs. [3{5℄ and in the present alulation. The omputation times neededto establish and to solve the reurrenes are also given.To give some example for the rise of omplexity for di�erent orders in the oupling onstant,we ompare the CkA ontributions to P (k)gg;Ck+1A . In ase of the anomalous dimensions the largestamount of moments needed is n = 19 for P (0)gg;CA(n), n = 181 for P (1)gg;C2A(n), and n = 1393 forP (2)gg;C3A(n). The order and degree of the reurrenes found are exatly, resp. nearly, the same forP (k);�NS (n). For the non-singlet anomalous dimensions and the singlet anomalous dimensions andP (k)gq;gg(n) order and degree of the di�erene equation are larger than in ase of P (k)qg (n). The totalomputation time needed for all anomalous dimensions amount to less than 18 h. The largestnumber of harmoni sums ontributing is 26. There are signi�ant redutions in their numberomparing to the representation given in the attahment to [3, 4℄.4 It amounts to a fator oftwo or larger, exept in ase of the very small reurrenes. In the non-singlet ase P (k);�NS;C3F (n)the number redues from 68 to 26. A large redution is obtained for P (k);�gg;C3A(n) from 130 to 21harmoni sums.For the Wilson oeÆients C(3)2;q;C3F (n); C(3)2;q;C2FCA(N) and C(3)2;q;CFC2A(n) four weeks of ompu-tation time is needed in eah ase requiring � 10Gb on a 2 GHz proessor. The number ofneessary harmoni sums is 60, reduing from 290 in [5℄ for C(3)2;q;C2FCA. This is the number ofall harmoni sums not ontaining the index f�1g up to weight w = 6 after algebrai redution,f. [30℄.If one ompares the number of harmoni sums obtained in the present alulation afterthe algebrai redution yields groups haraterized by lusters of 58-60, 26-29, 11-15 and aseswith a number of sums below 10, up to very few exeptions. As this pattern is the same4Here, the linear representation given in the text has been redued already, following an idea of one of thepresent authors. 15



for quite di�erent quantities, it may be related rather to the topology, but the olor- or �eld-struture of the respetive diagrams. This pattern is not seen ounting the harmoni sums inthe representation of Ref. [3{5℄.In ase of the smaller reurrenes the time needed for their derivation is usually shorter thanthat for its solution. Conversely, for the larger reurrenes the time required to establish themand the solution time behave roughly like 4(3):1. The total omputation time amounted to110.3 CPU days. Conerning the size of the di�erent problems to be dealt with a naive �vefoldparallelization was possible. Here we did not yet onsider parallelization w.r.t. the number ofprimes Np hosen, whih would signi�antly redue the omputational time, of the C3F term ofC(3)2;q , with Np = 140, disussed above and for other omparably large ontributions.In ourse of solving the reurrenes we redue the harmoni sums appearing algebraially, [21℄,and an express all results in terms of the following harmonis sums:S1S2; S�2S3; S�3S2;1; S1;�2S4; S�4S3;1; S�3;1; S2;�2S2;1;1; S�2;1;1S5; S�5S4;1; S�4;1; S3;�2; S3;2; S�3;2; S�3;�2S3;1;1; S�3;1;1; S2;2;1; S�2;1;�2; S2;1;�2; S�2;2;1S2;1;1;1; S�2;1;1;1S6; S�6S5;1; S�5;1; S4;2; S4;�2; S�4;2; S�4;�2; S�3;3S4;1;1; S�4;1;1; S3;2;1; S2;3;1; S�3;2;1; S�3;1;2; S�2;3;1; S3;1;�2; S�3;1;�2; S�3;�2;1; S�2;2;2; S2;�2;�2S3;1;1;1; S�3;1;1;1; S2;2;1;1; S�2;�2;1;1; S2;�2;1;1; S�2;2;1;1; S�2;1;1;2S2;1;1;1;1; S�2;1;1;1;1 :The 3-loop Wilson oeÆients require the omplete set of possible funtions up to w = 6. Thisrepresentation an be further redued using the strutural relations [29, 30℄ to:S1S2;1; S�2;1S�3;1S2;1;1; S�2;1;1S4;1; S�4;1S3;1;1; S�3;1;1; S2;2;1; S�2;1;�2; S2;1;�2; S�2;2;1S2;1;1;1; S�2;1;1;1S�5;1S4;1;1; S�4;1;1; S3;2;1; S2;3;1; S�3;2;1; S�3;1;2; S�2;3;1; S3;1;�2; S�3;1;�2; S�3;�2;1; S�2;2;2; S2;�2;�2S3;1;1;1; S�3;1;1;1; S2;2;1;1; S�2;�2;1;1; S2;�2;1;1; S�2;2;1;1; S�2;1;1;2S2;1;1;1;1; S�2;1;1;1;1 : 16



In [29,30℄ we applied a slightly di�erent basis referring to S�2;2;�2 instead of S2;�2;�2 and to S2;�3;1instead of S�3;1;2, whih is algebraially equivalent. These 38 funtions an be represented by 35basi Mellin transforms.The ab-initio alulation of moments for the quantities onsidered in the present paper anbe performed by odes like miner and MATAD [51℄ available for physis alulations. Both theomputational time and memory requests rise drastially going to higher values of N . In aseof miner both parameters inrease by a fator of � 5 enlarging N ! N + 2. Comparable, butslightly larger fators are obtained for MATAD. In the well{known leading order ase, enoughmoments may be provided for our proedure. Already for some olor projetions of the next-to-leading order orretions, this is no longer the ase, [53℄, sine around 150 initial values areneeded. For the 3-loop anomalous dimensions and Wilson oeÆients N = 16 an be reahedwith omputation times of the order of 0.5{1 CPU year, f. [9℄. The odes [51℄ still may beimproved. However, the power{growth going to higher moments will basially remain due to thealgorithms used. The method presented in this paper an therefore not be applied to whole olor-fator ontributions for the anomalous dimensions and Wilson oeÆients at the 3{loop level.They may, however, be useful in solving medium-size problems. In view of onstruting generalmethods suitable to evaluate single sale quantities, methods to evaluate the �xed moments forthese quantities at far lower expenses have to be developed.To illustrate the results of the present alulation, the non-singlet anomalous dimensions toO(a3s) are given as an example in the appendix. The relations for all unpolarized anomalousdimensions and Wilson oeÆients, separated aording to the orresponding olor- and �-valueterms, are attahed to this paper in FORM- and Mathematia �les. The FORM-odes provide ahek of our relations with the moments alulated in Ref. [7, 8℄.5 ConlusionsWe established a general algorithm to alulate the exat expression for single sale quantitiesfrom a �nite, suitably large number of moments, whih are zero sale quantities. The latterones are muh more easily alulable than single sale quantities. We applied the method tothe anomalous dimensions and Wilson oeÆients up to 3-loop order. Hereby we ompati�edtheir representation exploiting all algebrai relations between the harmoni sums. The 3-loopWilson oeÆients require the whole set of basi harmoni sums in the sub-algebra spanned bythe index set to w = 6 without i = �1. A further ompati�ation an be obtained using thestrutural relations between the harmoni sums. After algebrai redution the number of theharmoni sums ontributing lusters in several lasses mainly determined by the topology of thegraphs and widely independent of the olor- and �eld struture of the respetive ontributions.The CPU time for the whole problem amounted to about four months using 2 GHz proessorsand <� 10 GB of memory were needed. The problem an be naively parallelized �vefold. Thereal omputational time needed to establish the reurrenes an be shortened further runningChinese remaindering in parallel.To solve 3-loop problems for whole olor fator ontributions is not possible at present, sinethe number of required moments is too large for the methods available. Methods to evaluate the�xed moments for these quantities to high order at far lower expenses have still to be developed.We established and solved the reurrenes for all olor resp. �-projetions at one, whihforms a rather voluminous problem. Yet we showed that rather large di�erene equations [order35; degree � 1000℄, whih our for the most advaned problems in Quantum Field Theory, an17
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Table 1: Run parameters for the unfolding of the non-singlet anomalous dimensionsnumber of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄PNS;0 14 2 3 0.05 0.087 1 [1℄ 0.55P�NS;1;C2F 142 5 31 3.32 4.666 6 [10℄ 7.45P�NS;1;CACF 109 4 24 1.91 2.834 6 [7℄ 6.28P�NS;1;CFNF 24 2 7 0.13 0.271 2 [2℄ 0.92P+NS;1;C2F 142 5 31 3.35 4.707 6 [10℄ 7.45P+NS;1;CACF 109 4 23 1.88 2.703 6 [7℄ 6.23P+NS;1;CFNF 24 2 7 0.09 0.271 2 [2℄ 0.89P�NS;2;C3F 1079 16 192 3152.19 529.802 26 [68℄ 1194.41P�NS;2;C3F �3 48 3 11 0.49 0.643 1 [1℄ 1.56P�NS;2;CAC2F 974 15 181 1736.08 450.919 26 [62℄ 1194.41P�NS;2;CAC2F �3 48 3 11 0.53 0.643 1 [1℄ 1.53P�NS;2;C2ACF 749 12 147 1004.12 242.892 26 [62℄ 1100.88P�NS;2;C2ACF �3 48 3 11 0.56 0.643 1 [1℄ 1.56P�NS;2;CFN2F 39 2 11 0.31 0.369 3 [3℄ 1.20P�NS;2;C2FNF 377 8 68 76.34 33.946 11 [24℄ 72.22P�NS;2;C2FNF �3 14 2 3 0.12 0.101 1 [1℄ 0.53P�NS;2;CACFNF 356 7 62 65.25 23.830 11 [20℄ 52.67P�NS;2;CACFNF �3 14 2 3 0.12 0.101 1 [1℄ 0.55P+NS;2;C3F 1079 16 192 4713.27 527.094 26[68℄ 1165.22P+NS;2;C3F �3 48 3 11 0.55 0.643 1[1℄ 1.562P+NS;2;CAC2F 974 15 178 1715.03 442.031 26[62℄ 889.047P+NS;2;CAC2F �3 48 3 11 0.61 0.643 1[1℄ 1.531P+NS;2;C2ACF 749 12 146 991.22 240.325 26[50℄ 516.812P+NS;2;C2ACF �3 48 3 11 0.61 0.643 1[1℄ 1.593P+NS;2;C2FNF 377 8 69 111.38 33.872 11[24℄ 71.235P+NS;2;C2FNF �3 14 2 3 0.15 0.101 1[1℄ 0.531P+NS;2;CACFNF 307 7 61 48.62 23.808 11[24℄ 71.235P+NS;2;CACFNF �3 14 2 3 0.15 0.101 1[1℄ 0.547P+NS;2;CFN2F 39 2 11 0.40 0.369 3[3℄ 1.172P�NS;2;NFdab 459 7 87 239.62 0.369 5 [20℄ 32.5
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Table 2: Run parameters for the unfolding of the singlet anomalous dimensionsnumber of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄PPS1;NFCF 24 1 8 0.19 0.204 0[0℄ 0.244PPS2;N2FCF 109 3 26 6.32 1.891 2[8℄ 2.812PPS2;NFCACF 566 9 115 425.44 100.414 7 [40℄ 111.52PPS2;NFCACF �3 19 1 6 0.42 0.117 0[0℄ 0.204PPS2;NFC2F 237 5 50 32.75 0.117 4[24℄ 14.601PPS2;NFC2F �3 19 1 6 0.41 12.163 0[0℄ 0.200Pqg;0 11 1 3 0.02 0.061 0 [0℄ 0.16Pqg;1;NFCA 120 4 29 3.31 3.769 3[8℄ 4.872Pqg;1;NFCF 63 3 16 0.68 0.951 2[9℄ 2.008Pqg;2;N2FCA 239 6 54 45.30 17.403 6[24℄ 21.993Pqg;2;N2FCF 194 5 41 27.75 7.911 3[15℄ 8.021Pqg;2;NFC2A 1088 15 201 3321.46 557.535 13 [88℄ 848.85Pqg;2;NFC2A�3 39 2 11 0.86 0.408 1[3℄ 0.932Pqg;2;NFCACF 1049 15 194 3963.62 552.100 12 [84℄ 714.45Pqg;2;NFCACF �3 39 2 11 1.02 0.409 1 [3℄ 0.93Pqg;2;NFC2F 849 12 143 1337.36 261.804 13 [66℄ 387.6Pqg;2;NFC2F �3 17 1 5 0.29 0.093 0 [0℄ 0.15Pgq;0 11 1 3 0.03 0.062 0 [0℄ 0.15Pgq;1;C2F 63 3 16 0.72 0.869 2[6℄ 1.924Pgq;1;CFCA 125 4 31 4.55 4.059 3[12℄ 5.068Pgq;1;NFCF 24 2 6 0.18 0.192 1[3℄ 0.588Pgq;2;C3F 703 11 114 927.82 162.320 13[59℄ 245.53Pgq;2;C3F �3 35 2 9 0.79 0.281 1[3℄ 0.776Pgq;2;C2ACF 1088 15 203 3327.32 633.346 12 [93℄ 830.2Pgq;2;C2ACF �3 35 2 9 0.81 0.281 1[3℄ 0.776Pgq;2;CAC2F 1087 15 193 3184.13 528.827 14 [75℄ 853.31Pgq;2;CAC2F �3 35 2 9 0.86 0.281 1[3℄ 0.776Pgq;2;NFC2F 339 7 69 106.93 30.626 5[25℄ 33.586Pgq;2;NFC2F �3 11 1 3 0.24 0.062 0[0℄ 0.152Pgq;2;NFCACF 1087 15 194 3201.52 58.943 17[87℄ 714.51Pgq;2;NFCACF �3 11 1 3 0.21 0.062 0[0℄ 0.156Pgq;2;N2FCF 41 3 9 1.04 0.445 2[6℄ 1.216Pgg;0 19 2 5 0.04 0.166 1 [1℄ 0.65Pgg;1;C2A 181 5 45 12.07 9.053 6 [17℄ 11.62Pgg;1;NFCA 29 2 9 0.23 0.395 1[1℄ 0.856Pgg;1;NFCF 31 1 11 0.23 0.228 0[0℄ 0.24020



Table 3: Run parameters for the unfolding of the singlet anomalous dimensions (ontinued)number of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄Pgg;2;C3A 1393 16 277 12432.80 1087.615 21 [130℄ 2419.04Pgg;2;NFC2F 439 8 88 237.82 57.291 7 [35℄ 55.52Pgg;2;NFC2F �3 15 1 4 0.31 0.073 0[0℄ 0.156Pgg;2;NFC2A 782 11 148 1638.62 205.980 6 [31℄ 160.89Pgg;2;NFC2A�3 29 2 9 0.66 0.308 1[1℄ 0.796Pgg;2NFCACF 749 10 127 1169.37 146.921 7 [40℄ 128.37Pgg;2NFCACF �3 29 2 9 0.72 0.305 1[1℄ 0.828Pgg;2;N2FCA 55 2 17 4.53 0.979 1[4℄ 1.092Pgg;2;N2FCF 109 3 26 6.74 2.483 2[12℄ 2.668
Table 4: Run parameters for the unfolding of the unpolarized pure-singlet Wilson CoeÆientsnumber of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄C(2)2;PS;CFNF 209 5 42 20.85 8.422 3[16℄ 7.70C(3)2;PS;C2FNF 1847 19 334 41001.00 1989.043 14 [122℄ 2701.04C(3)2;PS;C2FNF �3 65 2 20 0.69 1.124 1 [6℄ 0.92C(3)2;PS;C2FNF �4 19 1 6 0.08 0.117 0 [0℄ 0.14C(3)2;PS;CFCANF 2023 20 368 54873.80 2670.459 14 [126℄ 4589.31C(3)2;PS;CFCANF �3 71 2 21 0.82 1.429 1 [6℄ 0.97C(3)2;PS;CFCANF �4 19 1 6 0.08 0.117 0 [0℄ 0.14C(3)2;PS;CFN2F 479 8 103 629.05 75.646 5 [34℄ 53.28C(3)2;PS;CFN2F �3 19 1 6 0.09 0.122 0 [0℄ 0.14C(2)L;PS;CFNF 41 2 11 0.20 0.384 1[4℄ 0.88C(3)L;PS;C2FNF 869 11 162 4411.20 250.352 8 [62℄ 163.17C(3)L;PS;C2FNF �3 35 2 10 0.17 0.406 1 [5℄ 0.63C(3)L;PS;CFCANF 840 11 153 2005.44 231.837 8 [64℄ 153.99C(3)L;PS;CFCANF �3 35 2 10 0.17 0.403 1 [5℄ 0.59C(3)L;PS;CFN2F 224 5 52 72.64 12.440 3 [13℄ 9.87
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Table 5: Run parameters for the unfolding of the unpolarized quarkoni Wilson CoeÆients for thestruture funtion F2(x;Q2).number of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄C(1)2;q;CF 31 3 6 0.26 0.429 2[3℄ 1.47C(2)2;q;C2F 689 11 137 1134.10 177.806 13[39℄ 258.24C(2)2;q;C2F �3 15 2 3 0.27 0.100 1[1℄ 0.54C(2)2;q;CACF 545 10 121 413.33 127.893 12[35℄ 178.73C2;q;CACF �3 15 2 3 0.27 0.112 1[1℄ 0.55C2;q;NFCF 71 4 16 2.68 1.655 4[10℄ 3.95C(3)2;q;C3F 5114 35 938 1.79 �106 30394.173 58[289℄ 509242C(3)2;q;C3F �3 284 8 64 31.02 32.363 6 [18℄ 27.60C(3)2;q;C3F �4 65 3 11 2.62 0.163 1 [1℄ 1.47C(3)2;q;C3F �5 19 2 5 0.08 0.163 1 [1℄ 0.47C(3)2;q;C2FCA 5059 35 930 1.69 �106 30122.380 60 [290℄ 0.478 �106C(3)2;q;C2FCA�3 284 8 64 34.00 33.400 7 [18℄ 28.53C(3)2;q;C2FCA�4 48 3 11 0.32 0.643 1[1℄ 1.01C(3)2;q;C2FCA�5 19 2 5 0.08 0.167 1 [1℄ 0.42C(3)2;q;CFC2A 4564 33 863 1.39 �106 24567.518 60 [258℄ 0.349 �106C(3)2;q;CFC2A�3 284 8 63 26.83 29.918 7 [17℄ 30.46C(3)2;q;CFC2A�4 48 3 11 0.32 0.643 1 [1℄ 1.01C(3)2;q;CFC2A�5 19 2 5 0.08 0.175 1 [1℄ 0.42C(3)2;q;C2FNF 1762 20 348 40237.45 2339.516 28 [107℄ 7548.56C(3)2;q;C2FNF �3 87 4 21 1.94 2.354 3 [5℄ 2.83C(3)2;q;C2FNF �4 15 2 3 0.07 0.101 1 [1℄ 0.34C(3)2;q;CFCANF 1847 20 360 47661.64 2507.362 28 [111℄ 7525.89C(3)2;q;CFCANF �3 89 4 24 2.47 2.935 3 [8℄ 3.19C(3)2;q;CFCANF �4 15 2 3 0.06 0.101 1 [1℄ 0.34C(3)2;q;CFN2F 131 5 30 58.00 5.347 7 [22℄ 12.22C(3)2;q;CFN2F �3 15 2 3 0.06 0.101 1 [1℄ 0.38C(3)2;q;dab 1199 14 242 6583.27 738.498 15 [62℄ 841.24C(3)2;q;dab�3 109 4 25 2.33 3.164 2[7℄ 2.40C(3)2;q;dab�5 8 1 2 0.03 0.041 0[0℄ 0.10
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Table 6: Run parameters for the unfolding of the unpolarized quarkoni Wilson CoeÆients for thestruture funtion FL(x;Q2).number of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄C(1)L;q;CF 5 1 1 0.02 0.033 0[0℄ 0.12C(2)L;q;C2F 203 5 51 7.86 12.381 6[11℄ 17.21C(2)L;q;C2F �3 5 1 1 0.02 0.033 0[0℄ 0/13C(2)L;q;CACF 159 4 43 4.32 7.624 5[8℄ 11.43C(2)L;q;CACF �3 5 1 1 0.02 0.033 0[0℄ 0.12C(2)L;q;CFNF 19 2 4 0.05 0.134 1[6℄ 5.30C(3)L;q;C3F 2419 22 472 110504.41 4555.679 27 [142℄ 19060.10C(3)L;q;C3F �3 131 5 34 3.52 6.257 3 [10℄ 7.40C(3)L;q;C3F �5 11 1 3 0.05 0.069 0 [0℄ 0.14C(3)L;q;C2FCA 2551 23 486 124064.39 5176.054 27 [144℄ 24614.00C(3)L;q;C2FCA�3 131 5 34 4.51 6.807 3 [10℄ 7.39C(3)L;q;C2FCA�5 11 1 3 0.05 0.069 0 [0℄ 0.14C(3)L;q;CFC2A 1803 18 344 42500.82 2064.227 27 [109℄ 6269.33C(3)L;q;CFC2A�3 131 5 31 3.50 5.463 2 [10℄ 6.32C(3)L;q;CFC2A�5 11 1 3 0.05 0.069 0 [0℄ 0.15C(3)L;q;CFCANF 1014 14 203 4041.82 539.901 13 [58℄ 896.70C(3)L;q;CFCANF �3 41 2 12 0.19 0.518 1 [5℄ 0.92C(3)L;q;C2FNF 959 13 188 3507.92 400.784 13 [51℄ 769.90C(3)L;q;C2FNF �3 29 2 8 0.15 6.257 1 [1℄ 0.85C(3)L;q;CFN2F 47 3 10 1.58 0.498 2 [4℄ 1.45C(3)L;q;dabNF 989 12 184 3536.04 371.269 15[60℄ 384.00C(3)L;q;dabNF �3 89 4 18 1.90 2.034 2 [7℄ 2.68C(3)L;q;dabNF �5 5 1 1 0.02 0.033 0 [0℄ 0.12
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Table 7: Run parameters for the unfolding of the unpolarized gluoni Wilson CoeÆients for thestruture funtion F2(x;Q2).number of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄C(1)2;g;NF 24 2 6 0.14 0.191 1[3℄ 0.72C(2)2;g;NFCA 459 9 93 202.96 73.022 7[35℄ 70.77C(2)2;g;NFCA�3 8 1 2 0.11 0.038 0[0℄ 0.14C(2)2;g;NFCF 419 8 91 207.98 63.468 7[32℄ 59.78C(2)2;g;NFCF �3 8 1 2 0.14 0.038 0[0℄ 0.14C(3)2;g;C2FNF 3464 28 658 542132.00 11742.788 29 [228℄ 65721.40C(3)2;g;C2FNF �3 181 6 42 25.30 12.171 3 [14℄ 7.67C(3)2;g;C2FNF �4 17 1 5 0.23 0.093 0 [0℄ 0.12C(3)2;g;C2FNF �5 11 1 3 0.20 0.067 0 [0℄ 0.15C(3)2;g;C2ANF 4014 30 739 869580.00 16320.095 28 [261℄ 97289.30C(3)2;g;C2ANF �3 194 6 44 42.39 13.263 3 [15℄ 8.01C(3)2;g;C2ANF �4 39 2 11 0.74 0.408 1 [3℄ 0.67C(3)2;g;C2ANF �5 11 1 3 0.17 0.063 0 [0℄ 0.13C(3)2;g;CFCANF 4014 30 747 889246.00 16640.997 29 [264℄ 100830.00C(3)2;g;CFCANF �3 194 6 43 41.81 12.999 3 [15℄ 7.90C(3)2;g;CFCANF �4 39 2 11 0.61 0.409 1 [3℄ 0.66C(3)2;g;CFCANF �5 11 1 3 0.17 0.068 0 [0℄ 0.11C(3)2;g;CFN2F 1553 16 285 22235.00 1181.805 13 [101℄ 1506.79C(3)2;g;CFN2F �3 55 2 16 2.81 0.962 1 [3℄ 0.70C(3)2;g;CAN2F 1329 17 259 10692.80 1033.138 13 [96℄ 1162.99C(3)2;g;CAN2F �3 39 2 11 2.48 0.666 1 [3℄ 0.70C(3)2;g;dabNF 1403 15 282 13951.90 1048.336 19 [81℄ 2668.66C(3)2;g;dabNf�3 142 5 37 8.54 7.177 2 [12℄ 6.74C(3)2;g;dabNF �5 19 1 7 0.30 0.139 0 [0℄ 0.14
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Table 8: Run parameters for the unfolding of the unpolarized gluoni Wilson CoeÆients for thestruture funtion FL(x;Q2).number of order of degree of total time length of number of solutionterms reurrene reurrene [se℄ reurrene harm. sums time [se℄needed [kbyte℄ a [b℄C(1)L;g 5 1 1 0.02 0.033 0[0℄ 0.13C(2)L;g;CFNF 153 4 38 4.15 5.941 2[6℄ 5.30C(2)L;g;CANF 109 4 25 1.31 2.731 3[10℄ 4.22C(3)L;g;C2FNF 1679 17 314 48496.50 1498.918 16 [100℄ 2019.46C(3)L;g;C2FNF �3 120 4 28 3.64 3.967 2 [8℄ 3.23C(3)L;g;C2FNF �5 5 1 1 0.02 0.033 0 [0℄ 0.09C(3)L;g;C2ANF 1671 17 302 29219.30 1392.205 16 [112℄ 2012.38C(3)L;g;C2ANF �3 109 4 24 2.46 3.007 2[8℄ 2.836C(3)L;g;C2ANF �5 5 1 1 0.03 0.033 0 [0℄ 0.11C(3)L;g;CFCANF 1935 18 351 44671.90 2036.550 16 [116℄ 3510.31C(3)L;g;CFCANF �3 120 4 28 4.43 4.154 2 [8℄ 3.10C(3)L;g;CFCANF �5 5 1 1 0.03 0.033 0 [0℄ 0.11C(3)L;g;CFN2F 699 9 140 1350.09 140.949 6 [35℄ 108.69C(3)L;g;CFN2F �3 15 1 4 0.06 0.074 0 [0℄ 0.17C(3)L;g;CAN2F 419 8 90 526.25 57.569 6 [30℄ 47.40C(3)L;g;CAN2F �3 5 1 1 0.02 0.033 0 [0℄ 0.08C(3)L;g;dabNF 1109 13 231 10155.40 618.402 18 [75℄ 1714.70C(3)L;g;dabNF �3 129 5 27 2.18 3.858 2 [11℄ 4.09C(3)L;g;dabNF �5 11 2 2 0.06 0.074 0 [0℄ 0.12
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6 Appendix: The non-singlet anomalous dimensionsThe non-singlet anomalous dimensions P (0)qq and P k;�qq (n)jk=1;2 are given byP 0qq(n) = CF �4S1 � 3n2 + 3n+ 2n(n + 1) � (26)P 1;�qq (n) = C2F"�3n6 + 9n5 + 9n4 � 5n3 � 24n2 � 32n� 242n3(n+ 1)3 � 16S�3+S�2� 16n(n + 1) � 32S1� + S1� 8(2n+ 1)n2(n+ 1)2 � 16S2�+ 4 (3n2 + 3n+ 2)n(n+ 1) S2�16S3 + 32S�2;1 + 16(�1)n(n+ 1)3#+ CACF"�51n5 + 102n4 + 655n3 + 484n2 + 12n+ 14418n3(n + 1)2 + 8S�3 + 2689 S1+S�2�16S1 � 8n(n + 1)�� 443 S2 + 8S3 � 16S�2;1 � 8(�1)n(n+ 1)3#+ CFNF"3n4 + 6n3 + 47n2 + 20n� 129n2(n + 1)2 � 409 S1 + 83S2# (27)P 1;+qq (n) = C2F"�3n6 + 9n5 + 9n4 + 59n3 + 40n2 + 32n+ 82n3(n+ 1)3 � 16S�3+S�2� 16n(n + 1) � 32S1� + S1� 8(2n+ 1)n2(n+ 1)2 � 16S2�+4 (3n2 + 3n+ 2)n(n + 1) S2 � 16S3 + 32S�2;1 + 16(�1)n(n+ 1)3#+ CACF"�51n5 + 153n4 + 757n3 + 851n2 + 208n� 13218n2(n+ 1)3 + 8S�3 + 2689 S1+S�2�16S1 � 8n(n + 1)�� 443 S2 + 8S3 � 16S�2;1 � 8(�1)n(n+ 1)3#+ CFNF"3n4 + 6n3 + 47n2 + 20n� 129n2(n + 1)2 � 409 S1 + 83S2# (28)P 2;�qq (n) = C3F(� 64n(n + 1) � 128S1�S2�2 + 16 (3n6 + 9n5 + 9n4 + 17n3 + 6n2 + 8n+ 2)n3(n+ 1)3+ S1�64 (3n2 � n+ 1)n2(n+ 1)2 � 1408S2�� 64 (3n2 + 3n� 11)S2n(n + 1) + 1536S3 + 128S�2;1� 2304S2;1!S�2 � 16 (3n2 + 3n+ 2)S22n(n + 1) � P1(n)2n5(n+ 1)5 � 576S�526



+ S�4��16 (9n2 + 9n� 26)n(n + 1) � 832S1� (29)+ S�3�640S21 � 32 (3n2 + 3n+ 20)S1n(n + 1) + 16 (21n2 + 17n+ 20)n2(n+ 1)2 � 320S�2 � 2240S2�+ (�1)n �48 (2n2 � n + 1)(n + 1)5 + 128S�2(n + 1)3 + 96(5n+ 3)S1(n+ 1)4 � 64S2(n + 1)3!+ 4 (13n4 + 26n3 + 13n2 � 16n� 20)S3n2(n+ 1)2 � 16 (15n2 + 15n+ 2)S4n(n+ 1) � 192S5 � 832S�4;1+ 896S�3;1n(n + 1) + 1152S�3;2 + S21 ��32 (3n2 + 3n+ 1)n3(n+ 1)3 � 768S�2;1�� 32 (15n2 + 11n+ 16)S�2;1n2(n+ 1)2+ S2�2 (3n6 + 9n5 + 9n4 + 19n3 + 12n2 � 4n� 16)n3(n + 1)3 + 64S3 + 2176S�2;1�+ 32 (3n2 + 3n� 26)S2;�2n(n + 1) � 1472S3;�2 + 64 (3n2 + 3n� 2)S3;1n(n + 1) + 192S3;2 + 192S4;1+ 2304S�3;1;1 + 512S�2;1;�2 + 384 (n2 + n� 4)S�2;1;1n(n+ 1) + S1 64S22 � 64(2n+ 1)S2n2(n + 1)2+ 4 (22n6 + 186n5 + 167n4 � 40n3 � 115n2 � 120n� 44)n4(n+ 1)4 � 192S3 + 64S4 � 1792S�3;1� 192 (n2 + n� 4)S�2;1n(n + 1) + 1664S2;�2 + 256S3;1 + 3072S�2;1;1!+ 2304S�2;2;1 + 2304S2;1;�2� 384S3;1;1 � 4608S�2;1;1;1+ �C3F � 32C2FCA� �3"�24 (5n4 + 10n3 + 9n2 + 4n+ 4)n2(n + 1)2 � 192S�2#)+ CAC2F(�256S1 � 16 (3n2 + 3n + 8)n(n + 1) �S2�2+ "�8 (81n6 + 243n5 � 229n4 � 389n3 � 130n2 + 228n+ 72)9n3(n + 1)3 + 32 (31n2 + 31n� 81)S23n(n+ 1)+ S1�1728S2 � 32 (134n4 + 268n3 + 215n2 + 45n+ 54)9n2(n+ 1)2 �� 1792S3 � 192S�2;1 + 2688S2;1#S�2+ 1763 S22 � P2(n)36n5(n+ 1)5 + 672S�5 + S�4�8 (97n2 + 97n� 210)3n(n+ 1) + 1120S1�+ S�3 �576S21 + 16 (31n2 + 31n+ 108)S13n(n+ 1) � 8 (268n4 + 536n3 + 811n2 + 507n+ 450)9n2(n+ 1)2+ 480S�2 + 2656S2!+ (�1)n 8 (382n2 + 41n� 161)9(n+ 1)5 � 256S�2(n+ 1)3 � 16(127n+ 121)S13(n+ 1)4+ 32S2(n + 1)3!� 8 (385n4 + 770n3 + 427n2 + 6n� 126)S39n2(n+ 1)2 + 8 (151n2 + 151n� 30)S43n(n+ 1)+ 384S5 + 864S�4;1 � 960S�3;1n(n+ 1) � 1344S�3;227



+ S2�2 (453n5 + 906n4 + 1325n3 + 488n2 � 120n+ 144)9n3(n + 1)2 � 32S3 � 2624S�2;1�+ 16 (268n4 + 536n3 + 625n2 + 321n+ 414)S�2;19n2(n+ 1)2 + S21(128S3 + 896S�2;1)� 16 (31n2 + 31n� 174)S2;�23n(n+ 1) + 1824S3;�2 � 32 (29n2 + 29n� 24)S3;13n(n + 1) � 384S3;2 � 384S4;1� 2688S�3;1;1 � 768S�2;1;�2 + S1 �8 (135n6 + 731n5 + 245n4 � 617n3 � 395n2 � 309n� 144)9n4(n + 1)4� 21449 S2 + 32 (31n2 + 31n� 12)S33n(n + 1) + 160S4 + 1920S�3;1 + 32 (31n2 + 31n� 84)S�2;13n(n+ 1)� 1856S2;�2 � 512S3;1 � 3584S�2;1;1!� 64 (31n2 + 31n� 84)S�2;1;13n(n + 1) � 2688S�2;2;1 � 2688S2;1;�2+ 768S3;1;1 + 5376S�2;1;1;1)+ C2ACF"�24 (n2 + n+ 2)n(n + 1) � 96S1�S2�2 + 8 (27n6 + 81n5 � 155n4 � 271n3 � 92n2 + 78n+ 27)9n3(n+ 1)3+ S1�16 (134n4 + 268n3 + 188n2 + 54n+ 45)9n2(n+ 1)2 � 512S2�� 32 (11n2 + 11n� 24)S23n(n+ 1) + 512S3+ 64S�2;1 � 768S2;1!S�2 + P3(n)108n5(n+ 1)5 � 192S�5 + S�4��8 (35n2 + 35n� 66)3n(n + 1) � 352S1�+ (�1)n��16 (82n2 + 17n� 47)9(n+ 1)5 + 96S�2(n+ 1)3 + 16(41n+ 47)S13(n+ 1)4 �+ S�3 128S21 � 16 (11n2 + 11n+ 24)S13n(n + 1) + 8 (134n4 + 268n3 + 311n2 + 177n+ 135)9n2(n + 1)2� 160S�2 � 768S2!+ 4 (389n4 + 778n3 + 398n2 + 9n� 81)S39n2(n+ 1)2 � 8 (55n2 + 55n� 24)S43n(n + 1)� 160S5 � 224S�4;1 + 256S�3;1n(n+ 1) + 384S�3;2 + S21(�64S3 � 256S�2;1)� 16 (134n4 + 268n3 + 245n2 + 111n+ 135)S�2;19n2(n+ 1)2 + S2�768S�2;1 � 417227 �+ 16 (11n2 + 11n� 48)S2;�23n(n+ 1) � 544S3;�2 + 32 (11n2 + 11n� 12)S3;13n(n+ 1)+ 192S3;2 + 192S4;1 + 768S�3;1;1 + 256S�2;1;�2 + 64 (11n2 + 11n� 24)S�2;1;13n(n+ 1)+ S1 2 (245n8 + 980n7 + 1542n6 + 1524n5 + 851n4 + 100n3 + 36n2 + 22n� 6)3n4(n + 1)4� 8 (11n2 + 11n� 8)S3n(n + 1) � 128S4 � 512S�3;1 � 32 (11n2 + 11n� 24)S�2;13n(n+ 1)+ 512S2;�2 + 256S3;1 + 1024S�2;1;1!+ 768S�2;2;1 + 768S2;1;�2; � 384S3;1;128



� 1536S�2;1;1;1#+ C2ACF �3"�12 (5n4 + 10n3 + 9n2 � 4n� 4)n2(n+ 1)2 � 96S�2#+ CFN2F"51n6 + 153n5 + 57n4 + 35n3 + 96n2 + 16n� 2427n3(n+ 1)3 � 1627S1 � 8027S2 + 169 S3#+ C2FNF"� 323 S22 � 4 (15n4 + 30n3 + 79n2 + 16n� 24)S29n2(n+ 1)2+ 207n8 + 828n7 + 1443n6 + 1123n5 � 38n4 � 779n3 � 632n2 + 1209n4(n + 1)4 � 1283 S�4+ S�3�32 (10n2 + 10n+ 3)9n(n+ 1) � 643 S1�+ (�1)n� 64S13(n+ 1)3 � 128(4n+ 1)9(n+ 1)4 �+ S�2��32 (16n2 + 10n� 3)9n2(n + 1)2 + 6409 S1 � 1283 S2�+ 16 (29n2 + 29n+ 12)S39n(n + 1) � 1283 S4+ S1��2 (165n5 + 330n4 + 165n3 + 160n2 � 16n� 96)9n3(n+ 1)2 + 3209 S2 � 1283 S3 � 1283 S�2;1�� 64 (10n2 + 10n� 3)S�2;19n(n+ 1) + 643 S2;�2 + 643 S3;1 + 2563 S�2;1;1#+ �C2F � CFCA�NF �3"32S1 � 8 (3n2 + 3n+ 2)n(n + 1) #
+ CACFNF"�2 (270 n7 + 810n6 � 463n5 � 1392n4 � 211n3 � 206n2 � 156n+ 144)27n4(n+ 1)3+ 643 S�4 + S�3�323 S1 � 16 (10n2 + 10n+ 3)9n(n+ 1) �+ (�1)n�64(4n+ 1)9(n+ 1)4 � 32S13(n+ 1)3�+ 133627 S2 + S�2�16 (16n2 + 10n� 3)9n2(n+ 1)2 � 3209 S1 + 643 S2�� 8 (14n2 + 14n+ 3)S33n(n+ 1) + 803 S4+ 32 (10n2 + 10n� 3)S�2;19n(n+ 1) + S1 �4 (209n6 + 627n5 + 627n4 + 281n3 + 36n2 + 36n+ 18)27n3(n+ 1)3+ 16S3 + 643 S�2;1!� 323 S2;�2 � 643 S3;1 � 1283 S�2;1;1# (30)P 2;+qq = C3F"� 64n(n+ 1) � 128S1�S2�2 + 16 (3n6 + 9n5 + 9n4 + n3 + 2n2 + 4n+ 2)n3(n + 1)3+ S1��64 (3n2 + 7n + 5)n2(n+ 1)2 � 1408S2�� 64 (3n2 + 3n� 11)S2n(n + 1) + 1536S3 + 128S�2;1
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� 2304S2;1!S�2 � 16 (3n2 + 3n+ 2)S22n(n + 1) � P4(n)2n5(n + 1)5 � 576S�5+ S�4��16 (9n2 + 9n� 26)n(n + 1) � 832S1�+ S�3 640S21 � 32 (3n2 + 3n+ 20)S1n(n+ 1)+ 16 (9n2 + 5n+ 8)n2(n + 1)2 � 320S�2 � 2240S2!+ (�1)n 16 (2n2 + 11n+ 1)(n+ 1)5 + 128S�2(n+ 1)3+ 96(5n+ 3)S1(n+ 1)4 � 64S2(n+ 1)3!+ 4 (13n4 + 26n3 + 13n2 � 16n� 20)S3n2(n+ 1)2� 16 (15n2 + 15n+ 2)S4n(n+ 1) � 192S5 � 832S�4;1 + 896S�3;1n(n + 1) + 1152S�3;2+ S21 ��32 (3n2 + 3n+ 1)n3(n+ 1)3 � 768S�2;1�� 32 (3n2 � n + 4)S�2;1n2(n + 1)2+ S2�2 (3n6 + 9n5 + 9n4 + 83n3 + 76n2 + 60n+ 16)n3(n+ 1)3 + 64S3 + 2176S�2;1�+ 32 (3n2 + 3n� 26)S2;�2n(n + 1) � 1472S3;�2 + 64 (3n2 + 3n� 2)S3;1n(n + 1) + 192S3;2 + 192S4;1+ 2304S�3;1;1 + 512S�2;1;�2 + 384 (n2 + n� 4)S�2;1;1n(n+ 1) + S1 64S22 � 64(2n+ 1)S2n2(n + 1)2+ 4 (22n6 � 54n5 + 23n4 + 88n3 + 197n2 + 160n+ 52)n4(n + 1)4 � 192S3 + 64S4 � 1792S�3;1� 192 (n2 + n� 4)S�2;1n(n + 1) + 1664S2;�2 + 256S3;1 + 3072S�2;1;1!+ 2304S�2;2;1+ 2304S2;1;�2 � 384S3;1;1 � 4608S�2;1;1;1#+ C3F �3"�24 (5n4 + 10n3 + n2 � 4n� 4)n2(n+ 1)2 � 192S�2#+ CAC2F(�256S1 � 16 (3n2 + 3n + 8)n(n + 1) �S2�2+  �8 (81n5 + 243n4 � 337n3 � 1181n2 � 526n� 60)9n2(n+ 1)3 + 32 (31n2 + 31n� 81)S23n(n+ 1)+ S1�1728S2 � 32 (134n4 + 268n3 + 89n2 � 81n� 72)9n2(n + 1)2 �� 1792S3 � 192S�2;1 + 2688S2;1!S�2+ 1763 S22 � P5(n)36n4(n+ 1)4 + 672S�5 + S�4�8 (97n2 + 97n� 210)3n(n+ 1) + 1120S1�+ S�3 �576S21 + 16 (31n2 + 31n+ 108)S13n(n+ 1) � 8 (268n4 + 536n3 + 487n2 + 183n+ 126)9n2(n+ 1)230



+ 480S�2 + 2656S2!+ (�1)n�8(346n� 125)9(n+ 1)4 � 256S�2(n+ 1)3 � 16(103n+ 73)S13(n+ 1)4 + 32S2(n+ 1)3�� 8 (385n4 + 770n3 + 427n2 + 6n� 126)S39n2(n+ 1)2 + 8 (151n2 + 151n� 30)S43n(n+ 1) + 384S5+ 864S�4;1 � 960S�3;1n(n+ 1) � 1344S�3;2 + S2 2 (453n5 + 1359n4 + 2231n3 + 1525n2 + 80n� 264)9n2(n + 1)3� 32S3 � 2624S�2;1!+ 16 (268n4 + 536n3 + 301n2 � 3n+ 90)S�2;19n2(n+ 1)2 + S21(128S3 + 896S�2;1)� 16 (31n2 + 31n� 174)S2;�23n(n+ 1) + 1824S3;�2 � 32 (29n2 + 29n� 24)S3;13n(n + 1) � 384S3;2 � 384S4;1� 2688S�3;1;1 � 768S�2;1;�2 + S1 �8 (135n6 � 649n5 � 1039n4 � 569n3 + 487n2 + 621n+ 216)9n4(n+ 1)4� 21449 S2 + 32 (31n2 + 31n� 12)S33n(n + 1) + 160S4 + 1920S�3;1 + 32 (31n2 + 31n� 84)S�2;13n(n+ 1)� 1856S2;�2 � 512S3;1 � 3584S�2;1;1!� 64 (31n2 + 31n� 84)S�2;1;1;n3n(n+ 1) � 2688S�2;2;1� 2688S2;1;�2 + 768S3;1;1 + 5376S�2;1;1;1#+ CAC2F �3"36 (5n4 + 10n3 + n2 � 4n� 4)n2(n+ 1)2 + 288S�2#+ C2ACF �24 (n2 + n+ 2)n(n + 1) � 96S1�S2�2 + 8 (27n6 + 81n5 � 209n4 � 595n3 � 272n2 � 48n� 9)9n3(n+ 1)3+ S1�16 (134n4 + 268n3 + 116n2 � 18n� 27)9n2(n + 1)2 � 512S2�� 32 (11n2 + 11n� 24)S23n(n+ 1) + 512S3+ 64S�2;1 � 768S2;1!S�2 + P6(N)108n3(n+ 1)5 � 192S�5 + S�4��8 (35n2 + 35n� 66)3n(n + 1) � 352S1�+ (�1)n��16 (91n2 + 80n� 29)9(n+ 1)5 + 96S�2(n+ 1)3 + 16(29n+ 23)S13(n+ 1)4 �+ S�3 128S21 � 16 (11n2 + 11n+ 24)S13n(n + 1) + 8 (134n4 + 268n3 + 203n2 + 69n+ 27)9n2(n+ 1)2� 160S�2 � 768S2!+ 4 (389n4 + 778n3 + 398n2 + 9n� 81)S39n2(n+ 1)2 � 8 (55n2 + 55n� 24)S43n(n + 1)� 160S5 � 224S�4;1 + 256S�3;1n(n+ 1) + 384S�3;2 + S21(�64S3 � 256S�2;1)� 16 (134n4 + 268n3 + 137n2 + 3n+ 27)S�2;19n2(n+ 1)2 + S2�768S�2;1 � 417227 �+ 16 (11n2 + 11n� 48)S2;�23n(n+ 1) � 544S3;�2 + 32 (11n2 + 11n� 12)S3;13n(n+ 1) + 192S3;231



+ 192S4;1 + 768S�3;1;1 + 256S�2;1;�2 + 64 (11n2 + 11n� 24)S�2;1;13n(n+ 1)+ S1 2 (245n8 + 980n7 + 1542n6 + 964n5 + 211n4 � 60n3 + 156n2 + 222n+ 90)3n4(n+ 1)4� 8 (11n2 + 11n� 8)S3n(n + 1) � 128S4 � 512S�3;1� 32 (11n2 + 11n� 24)S�2;13n(n+ 1) + 512S2;�2 + 256S3;1 + 1024S�2;1;1!+ 768S�2;2;1+ 768S2;1;�2 � 384S3;1;1 � 1536S�2;1;1;1)+ C2ACF �3"�12 (5n4 + 10n3 + n2 � 4n� 4)n2(n + 1)2 � 96S�2#+ C2FNF(�323 S22 � 4 (15n4 + 30n3 + 79n2 + 16n� 24)S29n2(n+ 1)2 + P7(n)9n4(n+ 1)4 � 1283 S�4+ S�3�32 (10n2 + 10n+ 3)9n(n+ 1) � 643 S1� + (�1)n� 64S13(n+ 1)3 � 128(4n+ 1)9(n+ 1)4 �+ S�2��32 (16n2 + 10n� 3)9n2(n+ 1)2 + 6409 S1 � 1283 S2� + 16 (29n2 + 29n+ 12)S39n(n+ 1) � 1283 S4+ S1��2 (165n5 + 495n4 + 495n3 + 517n2 + 336n+ 80)9n2(n + 1)3 + 3209 S2 � 1283 S3 � 1283 S�2;1�� 64 (10n2 + 10n� 3)S�2;19n(n + 1) + 643 S2;�2 + 643 S3;1 + 2563 S�2;1;1)+ C2FNF �3"32S1 � 8 (3n2 + 3n + 2)n(n+ 1) #
+ CFN2F"51n6 + 153n5 + 57n4 + 35n3 + 96n2 + 16n� 2427n3(n + 1)3 � 1627S1 � 8027S2 + 169 S3#+ CACFNF"�2 (270n7 + 1080n6 + 383n5 � 979n4 � 571n3 + 507n2 + 106n� 132)27n3(n+ 1)4+ 643 S�4 + S�3�323 S1 � 16 (10n2 + 10n+ 3)9n(n + 1) � + (�1)n�64(4n+ 1)9(n+ 1)4 � 32S13(n+ 1)3�+ 133627 S2 + S�2�16 (16n2 + 10n� 3)9n2(n+ 1)2 � 3209 S1 + 643 S2�� 8 (14n2 + 14n+ 3)S33n(n + 1) + 803 S4+ 32 (10n2 + 10n� 3)S�2;19n(n + 1) + S1 �4 (209n6 + 627n5 + 627n4 + 137n3 � 108n2 � 108n� 54)27n3(n+ 1)3+ 16S3 + 643 S�2;1!� 323 S2;�2 � 643 S3; 1� 1283 S�2;1;1#+ CACFNF �3"8 (3n2 + 3n + 2)n(n+ 1) � 32S1# 32



P 2;�;dabqq = dabdabN NF"� P8(n)3n5(n+ 1)5(n + 2)3 + 4 (n2 + n+ 2)S�3n2(n+ 1)2 � P9(n)S13n4(n+ 1)4(n+ 2)3+ S�2 � 8S1 (n2 + n + 2)2(n� 1)n2(n+ 1)2(n+ 2) � 4 (n6 + 3n5 � 8n4 � 21n3 � 23n2 � 12n� 4)(n� 1)n3(n+ 1)3(n + 2) !
+ (�1)n 16 (5n6 + 29n5 + 78n4 + 118n3 + 114n2 + 72n+ 16)S13(n� 1)n2(n+ 1)3(n+ 2)3� 4 (13n8 + 74n7 + 179n6 + 314n5 + 644n4 + 1000n3 + 816n2 + 352n+ 64)3(n� 1)n3(n+ 1)4(n + 2)3 !
� 2 (n2 + n+ 2)S3n2(n+ 1)2 � 8 (n2 + n+ 2)S�2;1n2(n+ 1)2 # (31)For brevity we abbreviated S~a(n) � S~a. Here, CA = N; CF = (N2 � 1)=(2N) are SU(N) olorfators, NF denotes the number of quark avors and N is the number of olors, with N = 3 forQuantum Chromodynamis. We have aounted for the olor fator TR = 1=2 expliitly, whihis the same for all groups SU(N). dab denotes a SU(N) struture onstant and the Einsteinonvention is applied alulating dabdab.The funtions Pi(n) whih appear in Eqs. (26{31) are given byP1(n) = 29n10 + 145n9 + 130n8 � 146n7 � 479n6 � 11n5 � 464n4 � 1748n3 � 1600n2�752n� 16 (32)P2(n) = 1359n10 + 6795n9 + 15246n8 + 15646n7 + 3851n6 � 35089n5 � 34648n4+12280n3 + 32592n2 + 17616n+ 3456 (33)P3(n) = 4971n10 + 24855n9 + 11770n8 � 86322n7 � 150929n6 � 135893n5 � 85692n4+ �18992n3 + 22824n2 + 15840n+ 259 (34)P4(n) = 29n10 + 145n9 + 226n8 + 110n7 + 353n6 + 501n5 + 976n4 + 940n3 + 576n2+208n+ 32 (35)P5(n) = 1359n8 + 5436n7 + 8274n6 + 24524n5 + 11103n4 + 12528n3 + 4120n2�2560n� 1584 (36)P6(n) = 4971n8 + 24855n7 + 10762n6 � 57138n5 � 92033n4 � 40901n3 + 10692n2+1216n� 2904 (37)P7(n) = 207n8 + 828n7 + 1491n6 + 2291n5 + 1338n4 + 453n3 � 8n2 � 160n� 72 (38)P8(n) = 4�13n10 + 97n9 + 326n8 + 720n7 + 1399n6 + 2416n5 + 3017n4 + 2412n3+1184n2 + 336n+ 48� (39)P9(n) = 2�9n9 + 41n8 � 3n7 � 505n6 � 1719n5 � 2951n4 � 3092n3 � 2032n2�768n� 144� (40)
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