
*∣
20
∣.
02
60
*

 DESY-11-255
 LU-TP-11-48
 MCnet-11-27

ar
X

iv
:1

20
1.

02
60

v1
  [

he
p-

ph
] 

 3
1 

D
ec

 2
01

1

DESY-11-255LU-TP-11-48MCnet-11-27
Subleading N
 improved Parton Showers
Simon Pl�atzer a and Malin Sj�odahl ba DESY,Notkestrasse 85, D-22607 Hamburg, Germanyb Dept. of Astronomy and Theoreti
al Physi
s, Lund University,S�olvegatan 14A, SE-223 62 Lund, SwedenAbstra
t:We des
ribe an algorithm for improving subsequent parton shower emis-sions by full SU(3) 
olor 
orrelations in the framework of a dipole-type shower. Asa proof of 
on
ept, we present results from the �rst implementation of su
h an algo-rithm for a �nal state shower. The 
orre
tions are found to be small for event shapesand jet rates but 
an be more signi�
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1. Introdu
tionParton showers and event generators are indispensable tools for predi
ting and un-derstanding 
ollider results [1{3℄. Considering their importan
e for interpreting LHCresults, it is essential to have a good understanding of their approximations and lim-itations.Signi�
ant progress has been made over the last years in the areas of matrixelement merging at leading order [4{9℄, and mat
hing at next to leading order [10{15℄,as well as improvements to shower algorithms using dipole-type evolution [16{20℄,partly generalizing ideas presented originally in [21℄. There has also been theoreti
alprogress in the dire
tion of treating full SU(3) at the level of shower evolution [22℄,and at the level of dealing with the 
olor spa
e [22{24℄.In dipole-type parton showers, only largeN
 
olor 
onne
ted partons1 
an radiate
oherently. The, typi
ally 1=N2
 suppressed, 
oherent emission from other non-
olorneighboring partons is negle
ted. However, as the number of perturbatively emittedpartons n in
reases, the number of possible 
ontributions from non 
olor neighborsgrows roughly like n2=2, while the number of possible 
oherent emissions from 
olorneighbors grows only like n. With the higher multipli
ities at high energy hadron
olliders, these 
olor suppressed 
ontributions may thus be
ome important, thoughthis 
ounting does not in
lude the dynami
s of multiple parton emission. A treatment1`Color 
onne
ted' here means that two partons share a 
ommon 
olor line as used in the doubleline notation. Note that the double line notation 
an be extended beyond the large N
 limit whenin
luding an appropriate singlet 
ontribution for the 
olor stru
ture of the ea
h gluon propagator.1



of these 
olor suppressed 
ontributions within a full-
edged shower framework is thusne
essary.This paper reports on a �rst step in the dire
tion of in
orporating 
olor sup-pressed 
ontributions by iterative use of 
olor matrix element 
orre
tions. We outlinean algorithm to 
al
ulate these 
olor matrix element 
orre
tions to improve showeremissions by the full SU(3) 
olor 
orrelations and present a proof of 
on
ept imple-mentation based on the shower implementation des
ribed in [15,20℄. The �rst resultsare presented for e+e� ! jets.For the implementation, a C++ 
olor algebra pa
kage, ColorFull [25℄, has beendeveloped for keeping tra
k of the 
olor stru
ture and aiding 
al
ulation of highmultipli
ity matrix elements squared and 
olor 
orrelated matrix elements. It hasalso been ne
essary to 
onsider the treatment of negative weights in the 
ontext ofpartons showers, as there are negative 
ontributions to the radiation probability from
olor suppressed terms [26℄.This paper is organized as follows: in Se
. 2 we re
apitulate the dipole fa
tor-ization s
heme and the dipole shower evolution. In Se
. 3 we de�ne an algorithmfor the in
lusion of full 
olor 
orrelations for subsequent parton shower emissions.The details of the 
olor spa
e treatment are given in Se
. 4. In Se
. 5 we presentnumeri
al results from the implementation of a parton shower improved by full 
olor
orrelations. Se
. 6 draws some 
on
lusions and gives an outlook on future develop-ments.2. Dipole Fa
torization and Dipole Shower EvolutionDipole fa
torization, [27, 28℄, states that the behavior of QCD tree-level matrix ele-ments squared in any singly unresolved limit involving two partons i; j (i.e. wheneveri and j be
ome 
ollinear or one of them soft), 
an be 
ast into the formjMn+1(:::; pi; :::; pj; :::; pk; :::)j2 �Xk 6=i;j 12pi � pj hMn(:::; p ~ij; :::; p~k; :::)jVij;k(pi; pj; pk)jMn(:::; p ~ij; :::; p~k; :::)i ; (2.1)where jMni { whi
h is a ve
tor in the spa
e of heli
ity and 
olor 
on�gurations {denotes the amplitude for an n-parton �nal state. Here an emitter ~ij undergoessplitting to two partons i and j in the presen
e of a spe
tator ~k whi
h absorbs thelongitudinal re
oil of the splitting, ~k ! k, su
h as to keep the momenta both beforeand after emission on their mass shell while maintaining exa
t energy-momentum
onservation. Considering gluon emission only, this 
an be interpreted as a dipole~ij; ~k emitting a gluon of momentum pj. (However, g ! �qq splittings �t into thisframework without 
on
eptional 
hanges).2
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Figure 1: Sample diagrams 
ontributing to the dipole kernels Vij;k and Vkj;i in thesingular limits for gluon emission o� a quark or antiquark. Similar diagrams are presentfor gluon splittings.In general, the insertion operator V 
ontains both 
olor 
orrelations stemmingfrom soft gluon emissions and spin 
orrelations originating in the 
ollinear splittingof a gluon. We shall limit ourselves to massless quarks and 
olor 
orrelations only,using the spin averaged dipole splitting fun
tions presented in [28℄. In this 
aseVij;k(pi; pj; pk) = �8��sVij;k(pi; pj; pk)T ~ij �TkT2~ij (2.2)in terms of the 
olor 
harge operators Ti2. This notation is independent of the basis
onsidered for 
olor spa
e, though we shall sti
k to one parti
ular 
hoi
e of basis, tobe dis
ussed in Se
. 4.The kernel Vij;k only 
ontains a 
ollinear enhan
ement with respe
t to the split-ting ~ij ! i; j. It is 
onstru
ted by rearranging singular 
ontributions of sets ofdiagrams as depi
ted in Fig. 1 while making use of the fa
t that the amplitude is a
olor singlet, T2~ij = �Xk 6=~ijT ~ij �Tk : (2.3)For gluon emission o� a �nal-�nal dipole 
on�guration, the 
ase 
onsidered in thepresent paper, the kernels readVqg;k(pi; pj; pk) = CF � 2(1� z)(1� z)2 + p2?=sijk � (1 + z)� (2.4)Vgg;k(pi; pj; pk) = 2CA� 1� z(1� z)2 + p2?=sijk + zz2 + p2?=sijk � 2 + z(1� z)�(2.5)where we have introdu
ed the relative s
alar transverse momentum p? and longitu-dinal momentum fra
tion z of parton i as given by the Sudakov de
omposition2We use the 
onventions on the 
olor 
harge algebra as given in [28℄. Note that the Casimiroperators T2i = CF if i is an (anti-)quark, and T2i = CA if i is a gluon are in
luded in the de�nitionof the splitting kernels V ; thus the 
olor 
orrelations are normalized a

ordingly. This 
onventionis more transparent when 
omparing to parton showers in the large N
 limit to be dis
ussed below.3



pi = zp ~ij + p2?zsijk p~k + k? (2.6)pj = (1� z)p ~ij + p2?(1� z)sijk p~k � k? (2.7)pk = �1� p2?z(1� z)sijk� p~k ; (2.8)with p2~ij = p2~k = 0, a spa
e like transverse momentum k? with k2? = �p2? and k?�p ~ij =k? �p~k = 0. With this parametrization we also have sijk = (pi+pj+pk)2 = (p ~ij+p~k)2.Reinterpreting the dipole fa
torization in terms of emitting dipoles, parton 
as-
ades 
an be based on it and, after slight modi�
ations to initial state radiation, havebeen shown to exhibit the proper features in terms of 
oherent gluon emission andlogarithmi
 a

ura
y [20℄. The present work is an extension to the implementationof a 
oherent dipole evolution, details of whi
h have been reported in [15℄. Besidesusing spin averaged dipole kernels { like any other parton shower implementationavailable so far { the Monte Carlo implementation in [15℄ treats the 
olor 
orrelationoperator for the shower in the large N
 limit i.e. when using the double line notationof 
olor �T ~ij �TkT2~ij ! 11 + Æ ~ij Æ( ~ij; k 
olor 
onne
ted) ; (2.9)where Æ ~ij = 1 if ~ij is a gluon, and vanishes otherwise. Here the initial assignment andfurther evolution of large N
 
olor 
harge 
ow is extensively dis
ussed in e.g. [15℄.Let us only re
all here that to ea
h of the two emitter-spe
tator partitions of a largeN
 
olor 
onne
ted pair of partons we 
onne
t an emission probability related to thedipole kernels Vij;k asdPij;k(p2?; z; p ~ij; p~k) = �s2� dp2?p2? dzJ (p2?; z; p ~ij; p~k)Vij;k(p2?; z; p ~ij; p~k) : (2.10)Here, J represents the Ja
obian for 
hanging variables from pi; pj; pk to p ~ij, p~k, p?,z and an azimuthal orientation, whi
h has been integrated over. For a �nal-�naldipole 
on�guration, J (p2?; z; p ~ij; p~k) = (1� p2?=z(1� z)sijk).In this paper we report on generalizing this pi
ture from large N
 
olor 
onne
teddipoles to all pairs of partons, taking into a

ount the exa
t evaluation of the 
olor
orrelations. Thus, the notion of dipole 
hains and their splittings does not applyanymore. Instead every pair of partons has to be 
onsidered 
ompeting for the nextemission. Details of the generalized algorithm are given in Se
. 3 below.4



3. Color Matrix Element Corre
tionsFollowing the arguments of how a parton 
as
ade is 
onstru
ted from the dipole fa
-torization formula (2.1), we may re
ast (2.10) to in
lude the exa
t 
olor 
orrelationsby assigning splitting ratesdPij;k(p2?; z; p ~ij; p~k) =�s2� dp2?p2? dzJ (p2?; z; p ~ij; p~k)Vij;k(p2?; z; p ~ij; p~k)� �1T2~ij hMnjT ~ij �TkjMnijMnj2 (3.1)to ea
h pair ~ij; ~k of partons to generate an emission j o� an n-parton system. Inthe large N
 limit the fa
tor after the times sign redu
es to (2.9) for 
olor 
onne
tedpairs of partons and zero otherwise. Here, by allowing any pair of partons to radiate,it a

ounts for 
orre
ting the emission to in
lude the exa
t 
olor 
orrelations. Owingto the similarity to so-
alled matrix element 
orre
tions present in parton showers,[29, 30℄, we refer to this improvement as 
olor matrix element 
orre
tions.At the level of the hard pro
ess, from whi
h the shower evolution is starting,the 
al
ulation of jMni is straightforward, but on
e the �rst emission is performed,the issue of how to des
ribe the evolved state has to be addressed. By pi
king aparti
ular basis for the 
olor stru
tures, we 
an map jMni to a 
omplex ve
torMn 2 C dn , where dn is the dimensionality of the basis for n partons,jMni = dnX�=1 
n;�j�ni $ Mn = (
n;1; :::; 
n;dn)T : (3.2)Then we have jMnj2 =MynSnMn = Tr �Sn �MnMyn� (3.3)with Sn being the s
alar produ
t matrix, (Sn)�� = h�nj�ni, for 
olor basis ve
torsj�ni and j�ni. Moreover, the 
olor 
orrelated matrix element for emission from ~ijand ~k 
an be written ashMnjT ~ij �T~kjMni = Tr�Sn+1 � T~k;nMnMynT y~ij;n� (3.4)in terms of matrix representations of T ~ij;T~k 2 C dn+1 ;dn. These matri
es des
ribethe 
olor spa
e e�e
t of emission from the partons ~ij and ~k by mapping a basistensor in n-parton spa
e to a linear 
ombination of basis tensors in n + 1-partonspa
e. In the "tra
e basis", whi
h is used here, (
.f. Se
. 4) the T ~ij matri
es arevery sparse [22, 23℄. The s
alar produ
t matri
es, Sn; Sn+1, are however dense, andthe 
al
ulations of these matri
es is a key ingredient for running a parton showerimproved by 
olor matrix element 
orre
tions.As we want to keep the full 
olor stru
ture the evolution is (analogous to [22℄)done keeping the amplitude information, using a matrix Mn, whi
h initially { for5



the hard pro
ess the shower starts with { is given by Mn = MnMyn. After havingperformed an emission with momentum pj o� an n-parton 
on�guration, this quan-tity for the n+ 1 parton 
on�guration 
an then be obtained from the spin-averageddipole kernel asMn+1 = �Xi 6=j Xk 6=i;j 4��spi � pj Vij;k(pi; pj; pk)T2~ij T~k;nMnT y~ij;n : (3.5)Matrix elements squared and 
olor 
orrelated matrix elements for ea
h subsequent
olor matrix element 
orre
tion are then 
al
ulated as in (3.3) and (3.4) upon re-pla
ing MnMyn !Mn. One property of the 
olor matrix element 
orre
tion weightis that it is not ne
essarily positive de�nite for subleading-N
 
ontributions. Theauthors have shown in [26℄, that this does not pose a problem for a Monte Carloimplementation. In parti
ular, from the very de�nition of the dipole fa
torizationas an approximation to a tree-level matrix element squared, the sum of the splittingprobabilities in
luding all pairs i; k is stri
tly positive de�nite. Thus we 
an imme-diately apply the interleaved 
ompetition/veto algorithm [26℄ to generate kinemati
variables with the desired density.More pre
isely we sele
t a set of 
andidate emissions ~ij; ~k ! i; j; k at s
alesp?; ~ij;k (when starting from a s
ale Q2? asso
iated with the dipole ~ij; ~k) a

ording tothe Sudakov form fa
tor� ln�ij;k(p2?;ij;kjQ2?) = �s2� Z Q2?p2?;ij;k dq2?q2? Z z+(q2?;Q2?)z�(q2?;Q2?) dz Pij;k(q2?; z; p ~ij; p~k) ; (3.6)if Pij;k is positive. Here, in a

ordan
e with (3.1),Pij;k(p2?; z; p ~ij; p~k) = J (p2?; z; p ~ij; p~k)Vij;k(p2?; z; p ~ij; p~k)� �1T2~ij hMnjT ~ij �TkjMnijMnj2 (3.7)and z�(p2?; Q2?) = (1 �p1� p2?=Q2?)=2. Amongst the 
andidate splittings of ~ij; ~k,we pi
k the one with largest p2?; ~ij;k = p2? and a

ept the 
orresponding splitting withprobability P ~ijP~k 6=~ij Pij;k(p2?; z; p ~ij; p~k)P ~ijP~k 6=~ij Pij;k(p2?; z; p ~ij; p~k)�(Pij;k(p2?; z; p ~ij; p~k)) : (3.8)Upon reje
tion, the sele
tion is repeated, setting Q? = p?, until the next p? isa

epted or eventually p? is found at the infrared 
uto� � = O(1 GeV). Upona

epting the 
andidate splitting with s
ale p?, the dipole ~ij; ~k is 
hosen to de�nethe Sudakov de
omposition of the emission kinemati
s. The generated emission isthen inserted into the event re
ord, and Mn+1 is determined using the generatedkinemati
s a

ording to (3.5). 6
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(b)Figure 2: Examples of 
olor stru
tures. (a): An open quark line with 6 gluons 
or-responding to the 
olor stru
ture tg1qq1tg2q1q2tg3q2q3tg4q3q4tg5q4q5tg6q5�q. This is the only type of 
olorstru
ture needed for e+e� ! qq ! qq + Ng gluons at leading order. (b) A 
losed quarkline 
orresponding to the 
olor stru
ture tg1q6q1tg2q1q2tg3q2q3tg4q3q4tg5q4q5tg6q5q6 = Tr [tg1tg2tg3tg4tg5tg6 ℄.4. Color Basis TreatmentThroughout this paper we use the basis obtained by �rst 
onne
ting all qq-pairs inall possible ways (for one qq-pair only one way), and then atta
hing gluons to thequark-lines in all possible ways (Ng! ways for one qq-pair), see Fig. 2a. This basis issuÆ
ient as long as only leading order QCD pro
esses are 
onsidered. In the presen
eof (QCD) virtual 
orre
tions, or pro
esses mediated by ele
troweak (or other 
olorsinglet) ex
hanges, we would also have to 
onsider basis ve
tors obtained from dire
tprodu
ts of open and 
losed quark-lines, as depi
ted in Fig. 2.Due to the relationifab
 = 1TR (Tr[tatbt
℄� Tr[tbtat
℄) = 1TR (taq1q2tbq2q3t
q3q1 � tbq1q2taq2q3t
q3q1) (4.1)where TR = Tr[tata℄ (no sum) is taken to be 1=2, the e�e
t of gluon emission andgluon ex
hange is trivial in this basis [22, 23℄. Graphi
ally the emission pro
ess 
anbe exempli�ed as in Fig. 3. Using the notationjfq g1 g2:::gm qgi = tg1q;q1tg2q1;q2:::tgmqm�1;q (4.2)we may in general write for the emission of gluon gn+1 from the gluon at pla
e ijfq g1:::~gi:::gm qgi ! jfq g1:::gi gm+1 :::gm qgi � jfq g1:::gm+1 gi:::gm qgi (4.3)where the overall sign depends on the sign 
onvention for the triple gluon vertex,and thus has to be mat
hed with the 
onvention for the momentum dependent part.Here we 
hoose the triple gluon vertex fa
tor to be if~g;g;gm+1 where ~g denotes theemitters 
olor index before emission, g denotes the emitters 
olor after emission, andgm+1 denotes the 
olor index of the emitted gluon. For quarks and anti-quarks thee�e
ts of gluon emission are similarlyjfq g1:::gm qgi ! jfq gm+1 g1:::gm qgi for q (4.4)jfq g1:::gm qgi ! �jfq g1:::gm gm+1 qgi for q: (4.5)
7
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Figure 3: The graphi
al representation of (4.3)for i = 2.
of basis { obtained by 
onne
tingpartons in all possible ways { is thatit is orthogonal only in the N
 !1limit, and that it is over
ompletefor �nite N
. For N
 = 3 the low-est number of partons for whi
h thiskind of basis is over
omplete is fourgluons (in
oming plus outgoing).We note that there are two 
om-putational steps whi
h naively s
ale as (Ng!)2. The �rst step is the step of 
al
ulatingall the s
alar produ
ts between the Ng! basis ve
tors. The se
ond is the step of iden-tifying the new basis ve
tors when a given parton in a given basis ve
tor has emitteda new gluon; the number of basis ve
tors in the initial basis s
ales as (Ng�1)! (start-ing from Ng � 1 gluons), and the number of basis ve
tors in the �nal basis as Ng!.This would give an overall s
aling behavior of (Ng�1)!(Ng+1)Ng! � (Ng!)2, as thereare (Ng + 1) possible emitters.However, enumerating the basis states in a unique way, it is possible to 
al
ulatethe numbers of the new basis ve
tors when a gluon has been emitted from a givenparton in a given basis ve
tor. As there is no need to 
ompare the result afteremission to all basis ve
tors in the Ng-basis, this redu
es the 
omputational e�ort tos
ale rather as (Ng � 1)!(Ng + 1) in the step of identifying all new 
olor states whenstarting in (Ng�1)! possible basis ve
tors and emitting from Ng+1 possible emitters.This is 
learly mu
h better than the (Ng!)2 s
aling for 
al
ulating the s
alar produ
ts,whi
h thus is the major bottlene
k for suÆ
iently many partons. Fortunately these
al
ulations need only be performed on
e, and 
an then be stored numeri
ally foruse in the 
olor matrix element 
orre
tions.The s
alar produ
t matri
es have been 
he
ked to agree with s
alar produ
tmatri
es 
al
ulated by the Mathemati
a 
ode published along with [24℄ for up to4 gluons, and against a new (yet unpublished) Mathemati
a pa
kage. Similarly thematri
es representing T ~ij �T~k have been 
he
ked to agree for up to 3 gluons 
omparedto the old Mathemati
a 
ode, and for up to 4 gluons 
ompared to the new.5. ResultsWe here dis
uss �rst results from a subleading N
 improved �nal state shower, origi-nating from e+e� ! q�q at 91 GeV 
enter of mass energy. We 
onsider gluon emissiononly, as there is no soft enhan
ement present for a g ! q�q splitting. The strong 
ou-pling 
onstant is taken to be �xed, �s = 0:112. The subsequent gluon emissions areperformed as des
ribed in Se
. 3 using one of three options for the 
olor stru
ture:8



1. Full 
olor stru
ture; the full SU(3) 
olor stru
ture with splitting kernels as in(3.1) is used with emissions generated as in Se
. 3.2. Shower 
olor; the 
olor matrix element 
orre
tion is evaluated in the large N
limit, though the 
olor fa
tor CF entering q ! qg splittings is kept at its exa
tvalue CF = 4=3. This resembles 
urrent parton shower implementations.3. Stri
t large N
, all N
 suppressed terms are dropped, implying CF = 3=2.Before turning to the numeri
al results it is instru
tive to study the expe
ted e�e
tsalready at an analyti
al level, and to 
larify how the shower limit maps to the stan-dard shower implementation. We therefore 
onsider the 
orre
tion weights for up tothree emissions, labelling ea
h intermediate state with Ng = n� 2 additional gluonsas q1�q2g3:::gn. The gluon gn, is always 
onsidered to be the one emitted in the lasttransition, and the weight asso
iated to a dipole i; k in an ensemble with n partonsis denoted by 1T2i 4��spi � pnVin;k(pi; pn; pk) � V nik : (5.1)The 
olor matrix element 
orre
tion for emission o� a dipole i; k in an n-partonensemble is denoted� 1T2i hMnjTi �TkjMnijMnj2 = � 1T2i Tr�Sn+1 � Ti;nMnT yk;n�Tr (Sn �Mn) � wnik (5.2)for brevity. Keeping the full 
orrelations we �nd the 
orre
tions for the �rst twoemissions to be given by w212 = w221 = 1 (5.3)w313 = w323 = 98w331 = w332 = 12w312 = w321 = �18 :The negative 
ontribution from the q�q dipole in the q�qg system has already beennoted in [31℄. Note that, e.g. w312 + w313 = 1 as di
tated by 
olor 
onservation. Inthe shower approximation we havew212 = w221 = 1 (5.4)w313 = w323 = 1w331 = w332 = 12w312 = w321 = 09



mat
hing pre
isely the naive expe
tations on the subleading N
 
ontributions, thatthere is no radiation o� the q�q dipole in a q�qg system. For the �rst emission there is nodi�eren
e between the two approximations re
e
ting the triviality of the 
olor basisin that 
ase. Also, gluon splittings in a q�qg system do not exhibit any subleading N

orre
tion.More non-trivial dynami
s are present for the fourth emission. Introdu
ing therelative magnitudes of dipole kernels en
ountered in the four parton system withrespe
t to the q(�q)g dipoles, rik = V 3ik + V 3kiV 313 + V 331 + V 323 + V 332 (5.5)we �nd for the exa
t 
orrelationsw413 = w424 = 98 r23 � 19r121� 19r12 (5.6)w414 = w423 = 98 r13 � 19r121� 19r12w431 = w442 = 12 r23 � 19r121� 19r12w441 = w432 = 12 r13 � 19r121� 19r12w434 = w443 = 12 11� 19r12w412 = w421 = �18 1� 109 r121� 19r12 :We note that the 
orre
tion weights only depend on the quantities rij. Conversely,in the large N
 limit we �nd w413 = w424 = r23 (5.7)w414 = w423 = r13w431 = w442 = 12 r23w441 = w432 = 12 r13w434 = w443 = 12w412 = w421 = 0 :Again, there is no radiation o� the q�q dipole, the gg dipole pre
isely mat
hes thestandard shower implementation. The di�erent 
ombinations of q(�q)g dipoles resem-ble the standard shower implementation only in the 
ase that { in the three parton10



system { the splitting fun
tions of one dipole had been mu
h larger than the split-ting fun
tions of the other dipole. In this 
ase the weights pre
isely mat
h up thedistribution of radiation generated by the shower on
e it has de
ided whi
h dipolewas to radiate { this history is of 
ourse 
losely linked to the hierar
hy of splittingkernel values en
ountered. Indeed, the deviations between the shower approximationand the standard shower implementation have been found to be negligible.The shower is terminated when either the Ng:th gluon (we here 
onsider up toNg = 4; 5; 6 gluon emissions) is emitted, or when the infrared 
ut-o�, taken to be1 GeV, is rea
hed. Only about 1% of all events radiate up to 6 gluons.As, due to 
omputational limita-
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Figure 4: The normalized distribution of thenumber of emissions above the infrared 
uto�
omparing the di�erent levels of approximation.

tions, we only 
onsider a limited num-ber of emissions, we have, for theobservables 
onsidered here, 
he
kedthat the predi
tion stabilizes when go-ing up to six emissions. The distri-bution of the number of emissions isshown in Fig. 4 for the various approx-imations 
onsidered. We �nd thattaking the stri
t large N
 limit risesthe probability for many gluon emis-sions by more than 40%. This 
anin part be attributed to the fa
t thatCF = TR(N2
 � 1)=N
, whi
h equals4=3 (using TR = 1=2) is repla
ed byits leading part 3=2 also for 
ollinearemissions. The buildup of this in-
reased radiation probability a

ounts entirely for the di�eren
e between the "stri
tlarge N
" and the "shower" treatments. Apart from this e�e
t, there is another e�e
twhi
h makes both the stri
t large N
 and the shower treatments of 
olor, result inmore radiation, 
ompared to keeping the full 
olor stru
ture. This may be attributedto the fa
t that the interferen
e between 
olor stru
tures, where two gluons 
ross ea
hother, as depi
ted in in Fig. 5(b), 
omes with negative sign. These terms { whi
hare not present in standard parton showers { thus seem to lower the probability forradiation. For a large number of emissions, 
olor stru
tures where gluons 
rossea
h other in more 
ompli
ated ways dominate the 
olor suppressed 
ontributions.Starting from two qq-pairs there are terms whi
h are only suppressed by one power ofN
. We thus 
aution that the e�e
ts of 
olor suppressed terms may be signi�
antlylarger at the LHC.For the LEP-like setting 
onsidered here, we have investigated a set of stan-dard observables, event shapes and jet rates. In all 
ases we �nd the deviations ofthe shower approximation to be small, up to a few per
ent, when 
ompared to the11



(a) (b) (c)Figure 5: With diagrammati
 te
hniques an amplitude square, as in (a) 
an easily beevaluated to N
CNgF . The type of interferen
e depi
ted in (b), where 2 gluons 
ross atone point 
ontributes negatively to the radiation probability with �TRCNg�1F , whereas theinterferen
e depi
ted in (
) 
ontributes positively with T 2RCNg�2F (N2
 + 1)=N .
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Figure 6: The distribution of one minus thrust, � = 1 � T . The left panel 
omparesdi�erent approximations of the 
olor stru
ture. The right panel 
ompares predi
tions de-pending on the number of emissions using the full 
olor stru
ture. The predi
tion stabilizesfrom �ve emissions onward, as is the 
ase for the other observables 
onsidered.full 
olor treatment. The di�eren
es between the stri
t large N
 and the "shower"treatment option are often larger, in the 
ases of thrust, T , and spheri
ity up toroughly 10%. In Fig. 6 we show the � = 1 � T distributions for the three optionsof 
olor stru
ture (left), and { using the full 
olor stru
ture { depending on howmany emissions we allow (right). The right plot shows that the predi
tion stabilizesfrom �ve emissions onward. We note that there is not mu
h di�eren
e between thefull and the shower-like treatment of the 
olor stru
ture, whereas the stri
t large N
treatment results in less pen
il like events. This 
an be understood by noting thatthere are more emissions in this 
ase, as indi
ated in Fig. 4.We now turn our attention to di�erential Durham n-jet rates, Fig. 7, showingthe distribution of the resolutions s
ale, y = 2min(E2i ; E2j )(1 � 
os �ij)=s, at whi
han n+1-jet event 
hanges to an n-jet event. We note that for the two-jet rate, thereis almost no di�eren
e between the full and "shower" option whereas, in
reasing12
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Figure 7: Durham di�erential n-jet rates for transition from three to two (left), and sixto �ve jets (right).the number of jets, we may see a few per
ent di�eren
e, although this di�eren
emay be just a statisti
al 
u
tuation. For the two jet rate the small di�eren
e 
anbe understood by 
onsidering that the transition from a three to a two-jet eventis only sensitive to the emission of a gluon from a quark-line, i.e. to CF , whi
h is
orre
tly des
ribed in standard showers, as well as for the 
ase that no non-trivial
olor 
orrelations are present for the �rst emission. Nevertheless, the di�eren
ebetween shower and full remains very small, at most a few per
ent, for the di�erentialn-jet observables.In general we �nd that the di�eren
es between the shower approximation and full
orrelations are small for event shapes and jet rates 
onsidered here. The explanationfor this is likely that these observables either are mainly sensitive to the 
ollinearsingularity { whi
h is treated with the 
orre
t 
olor fa
tor in standard parton showers{ or are mainly sensitive to the �rst hard emission, in 
ase of whi
h there are no non-trivial 
orrelations present.The next 
andidates to 
he
k for larger e�e
ts are four-jet 
orrelations, whi
hhave been studied at LEP, mainly to investigate the non-abelian nature of QCD, i.e.these are all very sensitive to g ! gg splittings. An example, the distribution of the
osine of the angle between the softest two jets in four-jet events at a Durham-jetresolution of y = 0:008 are shown in Fig. 8. No large deviations are observed betweenthe di�erent approximations. A 
loser 
onsideration of the 
olor spa
e for a q�q pairand two gluons reveals that this may a
tually be expe
ted. Note that there is almostno di�eren
e between the shower and stri
t large N
 approximations, whi
h 
an beattributed to the fa
t that these observables mainly probe gluon splitting whi
h isnot sensitive to the di�eren
e between these approximations.
13
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Figure 9: The average transverse momentum and rapidity of partons four onward w.r.t.the thrust axis de�ned by the three hardest partons.To investigate the e�e
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oherent emissions, we have thereforealso studied the average transverse mo-mentum and rapidity of parton fouronward with respe
t to the thrust axisde�ned by the three hardest partons.The result is shown in Fig. 9. Herethe e�e
ts are mu
h larger. We �ndthat the average transverse momentumis harder if the full 
olor stru
ture iskept, for large hp?i up to 20%. We alsosee that the stri
t large N
 approxima-tion is somewhat 
loser to the predi
-tion in
luding the full 
orrelations. Weleave a more detailed study of this 
lassof observables as future work, in
lud-ing an operational de�nition in termsof anti-k?-type jets to build up a referen
e system from hard, 
ollinear jets whilebeing able to look at the orientation of soft radiation relative to this system.6. Con
lusions and OutlookIn this paper the �rst results from a subleading N
 parton shower were presented. Wehave 
onsidered �nal state gluon emissions using iterative matrix element 
orre
tions14



to treat the full SU(3) stru
ture for ea
h subsequent emission.A major 
on
lusion is that standard LEP-observables, in
luding event shapesand jet rates, are only a�e
ted by at most a few per
ent. For a 
lass of observablesdividing the event into a hard referen
e system and a

ompanying radiation weexpe
t larger di�eren
es. This is indeed seen for tailored observables like the averagetransverse momentum with respe
t to a thrust axis determined by a system of threehardest partons, in 
ase of whi
h we see deviations as large as 20%.The small di�eren
es 
an, in the 
ase of the standard observables, largely beexplained by the fa
t that these observables are either sensitive to 
ollinear radiation,or to the �rst hard emissions.Another 
ontributing fa
tor is that the 
olor suppressed terms 
an be seen to bequite small from 
onsiderations of 
olor spa
e alone, when starting from a qq-pair.This is not the 
ase if the hard s
attering pro
ess is e.g. QCD 2! 2. In this 
ase wemay see more striking di�eren
es between the approximations 
onsidered, though we
annot yet make a de�nite statement. The simulation framework is general enoughto 
ope with this 
ase and we leave a detailed dis
ussion of subleading N
 e�e
ts athadron 
olliders to future work.In addition to what is presented here, there are several other e�e
ts whi
h shouldbe in
luded before it 
an be 
laimed that a parton shower fully simulates SU(3)physi
s. Apart from in
luding a running 
oupling 
onstant and the g ! qq split-ting kernel, we like to in
lude virtual 
olor rearranging gluon ex
hanges. We viewthis work as a proof of 
on
ept, and a �rst step towards quantifying the impa
t ofsubleading N
 
ontributions.Finally, the parton shower out
ome should be hadronized. While this is in itselfan interesting task, it is mu
h beyond the s
ope of the present paper. In an ordinaryparton shower, where the shower out
ome 
orresponds to a well de�ned probabilisti

olor line arrangement, this 
olor stru
ture is fed into the hadronization model.Here, the state after showering 
ontains amplitude level information, and 
an thusnot simply be input into existing hadronization models. While studying the in
uen
eof the hadronization on the parton shower out
ome is an interesting task, we thusrefrain from it at this stage.A
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