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CAVENDISH-HEP-2012-01, LTH-937, DESY 11-233A novel tehnique for measuring masses of a pair of semi-invisibly deaying partilesL. A. Harland-Lang1, C. H. Kom1;2, K. Sakurai3, and W. J. Stirling11Cavendish Laboratory, J.J. Thomson Avenue, Cambridge CB3 0HE, United Kingdom2Department of Mathematial Sienes, University of Liverpool, Liverpool L69 7ZL, United Kingdom and3Deutshes Elektronen-Synhrotron DESY, 22603 Hamburg, GermanyMotivated by evidene for the existene of dark matter, many new physis models predit thepair prodution of new partiles, followed by the deays into two invisible partiles, leading to amomentum imbalane in the visible system. For the ases where all four omponents of the vetorsum of the two `missing' momenta are measured from the momentum imbalane, we present analytisolutions of the �nal state system in terms of measureable momenta, with the mass shell onstraintstaken into aount. We then introdue new variables whih allow the masses involved in the newphysis proess, inluding that of the dark matter partiles, to be extrated. These are omparedwith a seletion of variables in the literature, and possible appliations at lepton and hadron ollidersare disussed.PACS numbers: 12.60.Jv, 14.80.LyIntrodution.| If new physis (NP) is observed in ol-lider experiments, the mass of the NP partiles involvedwill be the �rst quantities to be measured. Motivated bythe astrophysial evidene of dark matter, many theoriesbeyond the Standard Model (SM) inlude a neutral darkmatter (DM) andidate as the lightest of the new parti-les. In many of these models, the stability of the DMagainst deays into SM partiles is enfored by a new(disrete) symmetry. Typially suh symmetry impliesthat NP partiles are pair produed in a ollider, whihsubsequently asade deay into a pair of DM partilesthat esape detetion. An example is the minimal super-symmetri extension of the SM (MSSM) with R-parity.A possible ollider proess is shown shematially inFig. 1. The NP partile X=X 0 deays via (a system of)visible partile(s) Y=Y 0 into the DM partile N=N 0. Themomenta of these partiles are denoted pi=X;X0;Y;Y 0;N;N 0 .If pN and pN 0 ould be measured diretly, the truemassesmtrue � (mN ;mX) for the partiles N=N 0 and X=X 0would show up as delta-funtion peaks in the invariantmass distributions of pN=pN 0 and pX=pX0 in the limit ofzero width and perfet detetor resolution. In reality, atbest the vetor sum p= = pN + pN 0 may be inferred fromthe 4-momentum imbalane between the initial state andobserved �nal state partiles. An observed event is thende�ned by the 4-momenta set p � fpY ; pY 0 ; p=g. Althoughmtrue annot be measured diretly, inluding mass shellonditions onsistent with the topology in Fig. 1 on-strains the mass hypothesis ~m � ( ~mN ; ~mX) onsistentwith p and improves the determination of mtrue. Sys-tematially inorporating these onstraints would henebe bene�ial.In this Letter, we desribe a method to determine allpossible ~m whih takes into aount the mass shell on-straints when p, in partiular all four omponents of p=, isknown, suh as at a future linear ollider, and in entralexlusive prodution proesses at the LHC with taggedforward protons. For eah ~m we obtain analyti solu-
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FIG. 1: The event topology. Y=Y 0 are visible, and their 4-momenta an be diretly observed. N=N 0 are dark matterandidates; only the vetor sum of their 4-momenta ould beinferred from the momentum imbalane between the initialand observed �nal state partiles.tions for the momenta pi. Using the fat that mtruelies within the boundary of ~m, we de�ne boundary vari-ables ~mmax � ( ~mmaxN ; ~mmaxX ) whih develop sharp edgesat mtrue without further input.To illustrate the use of these variables, we will use theexample of seletron pair prodution in the MSSM todemonstrate how they omplement existing `standard'mass measurement tehniques at future linear olliders,many of whih however do not inlude information fromthe mass shell onstraints. As the edges of ~mmax are in-dependent of the system entre of mass energy (ps), theyan be partiularly useful at the Large Hadron Collider(LHC). We will briey disuss how our methods an beused in entral exlusive proesses, and onnetions with`transverse' variables in inelasti proesses at the LHC.The alulation method.| Given a set of measurable4-momenta p, the 4-momenta of the partiles N;N 0; Xand X 0 in Fig. 1 an be parametrised aspN=N 0 = 1� a2 p=� b2pY � 2pY 0 � dP ; (1)pX=X0 = pN=N 0 + pY=Y 0 ; (2)
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2for dimensionless onstants a; b; ; d, whih inludes themissing momentum onstraint p= = pN+pN 0 by onstru-tion. In Eq. (1), the four basis momentum vetors aregiven by p and P , the latter of whih is a spae-like ve-tor de�ned by P� � �����p=�p�Y p�Y 0 . As we shall see, thespae-like nature of P allows onsistent solutions to belassi�ed using a simple riterion.The (equal) mass shell onstraints are given by~m2N = p2N = p2N 0 ; ~m2X = p2X = p2X0 ; (3)where ~m � ( ~mN ; ~mX) are test mass values whih neednot oinide with the true masses mtrue � (mN ;mX).Given ~m, the oeÆients (a; b; ; d) an be determinedby the four mass shell onditions. In fat, using P � p= =P �pY = P �pY 0 = 0, three equations linear in (a; b; ) butindependent of d an be obtained by onsidering the threesquared mass di�erenes (p2N � p2N 0 ; p2X � p2N ; p2X0 � p2N 0).De�ne the Lorentz invariants� � (�p=2 ; �p=pY ; �p=pY 0 ; �p2Y ; �p2Y 0 ) � (�; �; �0; �; �0) ; (4)where �pipj � pi � pj=pY � pY 0 and �p2i � p2i =pY � pY 0 . Thesolution for (a; b; ) is then given bya = 1M [��0(1 + �0)� �0�(1 + �)� ��0(� � �0)℄+��M [�(1 + �0)� �0(1 + �)℄ ; (5)b = 1M ��(1 + �0)(�02 � �0�) + �0(1 + �)(��0 � �)�+��M [�(1 + �0)� �0(� + �0)℄ + �0 ; (6) = 1M ��0(1 + �)(�2 � ��) + �(1 + �0)(��0 � �)�+��M [�(1 + �)� �(�0 + �)℄ + � ; (7)where �� � � ~m2X � � ~m2N , andM = 2��0 � �(1� ��0)� ��02 � �0�2 (8)is the determinant involved when inverting the systemof three linear equations. Inserting these solutions bakinto the mass shell onstraints leads to the equation� ~m2N = a4M�2� + b2M�� + 4M + d2�P 2 : (9)This is our main result, from whih all variables of inter-est that we disuss below an be derived. The oeÆientsare given bya = �(2 + �+ �0)� (� + �0)2 ; (10)b = (� + �0) [(� + �)�0 + (�0 + �0)�℄��[(� + �)(1 + �0) + (�0 + �0)(1 + �)℄ ; (11) = ��2(1� ��0)� [2��0 + ��0 + �0�℄2 + 4���0+� [�0(1 + �)(2� + �) + �(1 + �0)(2�0 + �0)℄ :(12)

A hypothesis ~m is onsistent if the orresponding ��and � ~m2N lead to d2 > 0 in Eq. (9). In this ase a twofold degenerate solution for pi with unique (a; b; ) andd = �pd2 is obtained.We have therefore found a simple riterion to deter-mine the onsisteny of ~m with a given p, and solve forpi expliitly in terms of the Lorentz invariants �. Moreobservations on the properties of the solutions an bemade. First, the sign of the energy omponent of thetwo solutions (for �pd2) must be the same, sine it isalways possible to boost to a frame where the energyomponent of the spae-like vetor P is zero, in whihase the two solutions have the same energies. Seond,sine the onsistent solutions are ontinuous funtions of~mN and ~mX , the energies of all onsistent solutions musthave the same sign. The energies must then be positivebeause mtrue is a onsistent solution.It an be shown that a=4M < 0 in Eq. (9). SineP is spae-like, we have �P 2 < 0 and so on the ( ~m2X �~m2N ; ~m2N) plane, the onsistent mass region is boundedfrom above by Eq. (9) with d2 = 0. Also, it is boundedfrom below by ~m2N > 0. This onsistent mass regionan be transformed into a orresponding region in the~m spae, whih will be di�erent for eah event but willalways inludemtrue in the absene of detetor smearinge�ets. A density plot for onsistent mass hypothesis,whih in priniple inludes all kinemati information, willdevelop a peaking struture around mtrue when a suÆ-ient number of events are aumulated.Sine all solutions pi onsistent with p an now be ob-tained for eah event, our method provides a departurepoint for further analysis of the hard proess. The sim-ple onsistent mass boundary also allows new kinemativariables haraterising the mass sales of the system tobe onstruted without additional input suh as mN . Inpartiular, the fat that the �nite onsistent mass regionis haraterised by the quadrati urve Eq. (9) impliesthat the maximum onsistent values of ~m, denoted by~mmax = ( ~mmaxN ; ~mmaxX ), an be alulated unambiguouslyfor eah event. These quantities are given by( ~mmaxN )2 = pY � pY 04M � � 2ba � ; (13)( ~mmaxX )2 = pY � pY 04M � � (b + 2M)2a � : (14)By onstrution, they are greater than the true masses.Other variables de�ned on the boundary an also beonstruted. For example, if partiular values of ~mNare assumed, the extremal values of ~mX , denoted~mmin;maxX ( ~mN ), an be obtained using Eq. (9). For~mN = mN , ~mmin(max)X (mN ) is smaller (larger) than mXby onstrution, with mX being the upper (lower) end-point of the distributions. The relationship of these quan-tities in a `typial' event is displayed in Fig. 2. Notethat ~mminX (mN ) orresponds to the quantity disussed in
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FIG. 2: Consistent ( ~mN ; ~mX) region for a `typial event',de�ned by the 4-momenta (pY ; pY 0 ; p=). The region d2 > 0 isonsistent. It inludes the true mass point (mN ;mX). ~mmaxN;Xare the maximum ~mN/ ~mX values, while ~mmin;maxX (mN ) is theminimal/maximal value of ~mX given mN .Ref. [1℄. Sine its funtional form is di�erent from ~mmax,it ontains in priniple omplementary information.Although not onsidered in this Letter, the methodsfor �nding onsistent ~m and ~mmax should be valid evenwhen the equal mass onstraints, Eq. (3), are relaxed. Inthis ase Eq. (9) beomes a quadrati funtion of two orthree independent mass di�erenes, for the ase of one orno pairs of equal-mass partiles, respetively. A unique~mmax, now ontaining three or four elements, an againbe obtained analytially for eah p.Note that ~mmax depends only on p, and so while theshape of the distributions is sensitive to detailed dynam-is and ps, the position of the edges are not. This shouldbe ompared with other linear ollider mass measurementtehniques whih depend on ps being ontrollable/�xed,without inluding mass shell onstraints. For example,by varying ps, the threshold sanning method [2℄ is sen-sitive to the prodution threshold sale 2mX , while di-retly measuring 2mN will be hallenging sine N=N 0 areinvisible. In addition, the distribution of EY=Y 0 , the en-ergy of Y and Y 0, have endpoints [1, 3℄Emax;minY=Y 0 = ps4 �1� m2Nm2X �"1�r1� 4m2Xs # (15)when radiation and detetor smearing e�ets are ne-gleted. The true massmtrue an then be obtained if theendpoints and ps are aurately determined. Depend-ing on the values of mtrue and ps, our method ouldhave statistial advantages in the endpoint determina-tion. Furthermore, the fat that the ~mmax are boundedfrom below bymtrue implies that these variables ould bepartiularly e�etive in separating the signal events from(the SM) bakground when used simultaneously. Moreinterestingly, the ps independene and Lorentz invari-ane of ~mmax leads to the possibility of utilising these
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0FIG. 3: Satter plot for ~mmax = ( ~mmaxN ; ~mmaxX ) for the SMleptoni W+W� events (blak), and pair prodution of se-letrons (mX = 150 GeV) in MSSM, followed by deays intoneutralinos (mN = 100 GeV) and eletrons (red) at a 3 TeVe+e� ollider. 10,000 events for eah proess are displayed.No uts, detetor smearing and radiation e�ets are inluded.SM MSSM(mN ;mX) [GeV℄ (0, 80.4) (100, 150)�total [fb℄ 7 68TABLE I: Total ross setions for e+e� + p= events for theSM W+W� and MSSM seletron pair prodution, followedby deays into eletrons and neutralinos at a 3 TeV e+e�ollider. The W ! e�e branhing ratio is taken as 0.108.variables in hadron-hadron ollisions at the LHC, wherethe partoni ps annot be ontrolled diretly. We shallillustrate these points with the examples below.Examples.| Our �rst example is based on a e+e� ol-lider with ps = 3 TeV, the proposed CLIC energy [4℄.We use Herwig++ v2.5.0 [5℄ to simulate pair produtionof right handed seletrons (~eR) in MSSM, followed by de-ay into a pair of eletrons and two lightest neutralino(~�), assumed to be the superpartner of the SM U(1)Ygauge boson, and whih is stable and esape detetion:e+e� ! ~e+R~e�R ! e+e� ~�~� : (16)The mass of ~eR (mX ) and ~� (mN ) are hosen to be150 and 100 GeV respetively. The small eletron massmeans that �; �0 in Eq. (4) an be safely negleted, leadingto muh simpli�ed analyti expressions. For omparison,the irreduible SM W+W� bakground:e+e� ! W+W� ! e+e���� ; (17)is also simulated. The ross setions for the two proessesare displayed in Table I.In Fig. 3, we show a satter plot of ~mmax for the MSSM(red) and SM (blak) proesses at parton level, i.e. with-out initial and �nal state photon radiation. While theross setion for the MSSM signal proess is already an
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FIG. 4: ~mmaxN (blue/green), ~mmaxX (red/blak) and EY=Y 0 dis-tributions for pair prodution of seletrons (mX = 150 GeV)in MSSM, followed by deays into eletrons and neutralinos(mN = 100 GeV) at a 3 TeV e+e� ollider. Simulationsboth with and without the inlusion of QED radiation aredisplayed. No uts and detetor smearing e�ets are inluded.order of magnitude larger than the SM bakground, it isinstrutive to see that the two proesses are leanly sepa-rated before applying additional seletion uts. Given thesimple mass dependene, we expet similar satter plotsto be also useful in separating di�erent NP proesses.Next we present the ~mmaxN , ~mmaxX and eletron energyEY=Y 0 distributions for the MSSM sample in Fig. 4. Inthis partiular sample, we see that at parton level thereis a statistial gain of a fator of 2 to 3 near the endpointof ~mmaxN and ~mmaxX over that of the EY=Y 0 distribution.While the large di�erene between ps and ~mmax resultsin the long tails for the ~mmax distributions, the tails fallo� suÆiently quikly and sharp edge strutures remainat mtrue. Note that the at EY=Y 0 distribution is due tothe spin-0 nature of the seletrons, and di�erent spin as-signments an lead to di�erent (endpoint) distributions.Also, the small 4m2X=s ratio means that EminY=Y 0 is verylose to zero, so this endpoint might not be measured ifadditional energy/momentum uts were imposed.When bremsstrahlung e�ets are inluded, all distribu-tions are distorted. Now p= annot be fully determined,in part due to initial state radiation down the beam pipe.The p= values needed for the more realisti distributionsin Fig. 4 are obtained from the momentum imbalane be-tween the �nal state and the initial state e+e� systems,assuming no bremsstrahlung e�ets for the latter. Initialstate radiation is alulable in perturbative QED, and itse�et on the parton ~mmax distributions may be inorpo-rated in a more sophistiated treatment, whih is beyondthe sope of the present study. In our simple estimate,the ~mmax distributions still display sharp edge struturesaround mtrue despite the radiation e�ets.Next we turn to possible appliations at the LHC. Forentral exlusive prodution (CEP) proesses (see Ref. [6℄and referenes therein for more details), for example two-

photon prodution of a pair of harged partiles (X=X 0)pp ! p +  + p ! X(�)X 0(�) ; (18)followed by deays as depited in Fig. 1, all four ompo-nents of p= an be determined when the two �nal stateprotons are measured, whih ould be ahieved by in-stalling proton tagging detetors far from the interationpoint [7℄. In the �rst equation of Eq. (18), the `+' signsrepresent the presene of rapidity gaps. Contrary to e+e�proesses, ps is di�ererent for eah CEP event. Thismeans that the EY=Y 0 endpoint method annot be di-retly used, while the ~mmax method an. The invariantmass/energy of  and p=, whih have lower endpointsat 2mX and 2mN respetively, have been proposed tomeasure mtrue in CEP [8℄. Sine ~mmax takes the massshell onstraints into aount, they are expeted to havesharper distributions over the other variables. A om-parison between these observables, and the preision onmtrue that an be ahieved at the LHC using ~mmax willbe disussed in a separate artile [9℄.Finally, for inelasti proesses at the LHC, only thetransverse omponents of p=, i.e. p=T , might be measured.If only the short deay hain in Fig. 1 is observed, mea-suringmtrue will be hallenging. In priniple,mtrue ouldbe measured from the kink struture of mmaxT2 ( ~mN ) [10{12℄. However, the kink resides at the tail of themT2( ~mN )distribution and so an aurate measurement will be dif-�ult. In this ase, the mass measurement in CEP ouldbe ruial. It was shown in Ref. [13℄ that mT2( ~mN ) isa boundary of the mass region onsistent with the massshell onstraints. We have heked numerially that thisorresponds to ~mminX ( ~mN ) over all physial p= on�gura-tions, given p=T . How solutions other than ~mminX ( ~mN )an be utilised (as disriminating variables), and extend-ing the methods presented to other event topologies aresubjets of on-going studies.This work has been supported in part by the UK Si-ene and Tehnology Failities Counil. WJS and LHLaknowledge support from an IPPP Assoiateship.[1℄ J. L. Feng, D. E. Finnell, Phys. Rev. D49 (1994) 2369-2381.[2℄ J. A. Aguilar-Saavedra et al. [ ECFA/DESY LC PhysisWorking Group Collaboration ℄.[hep-ph/0106315℄.[3℄ H. -U. Martyn and G. A. Blair, In *2nd ECFA/DESYStudy 1998-2001* 743-747. [hep-ph/9910416℄.[4℄ http://projet-li-dr.web.ern.h/projet-CLIC-CDR/[5℄ M. Bahr et al. Eur. Phys. J. C58 (2008) 639-707.[6℄ M. G. Albrow, T. D. Coughlin, J. R. Forshaw, Prog. Part.Nul. Phys. 65 (2010) 149-184.[7℄ M. G. Albrow et al. [ FP420 R and D Collaboration ℄,JINST 4 (2009) T10001.[8℄ N. Shul, K. Piotrzkowski, Nul. Phys. Pro. Suppl. 179-180 (2008) 289-297.
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