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1 Introdu
tionParton Showers are an indispensable part in the simulation of hadroni
 
ollisions in today'shigh-energy 
olliders, like the now-running LHC at CERN. A pre
ise simulation of these
ollisions demands a 
oordinated interplay of su
h diverse elements as the 
al
ulation ofhard matrix elements, the simulation of parton showers, a mat
hing pro
edure to 
om-bine matrix elements and parton shower, the modeling of the underlying event and thehadronization and the simulation of the dete
tor response. The main task of parton show-ers in this framework is to des
ribe 
ollinear and soft emissions o� in
oming or outgoingpartons from the hard matrix element, thereby a�e
ting the jet substru
ture and possiblyin
reasing the number of resolved jets. The parton shower implementation most 
ommonlyused is the one in PYTHIA [1, 2℄. Alternatively, programs su
h as Herwig++ [3℄ and SHERPA[4℄ implement parton shower algorithms as 
omponents for their event generation frame-works. Moreover programs that are tailored ex
lusively to parton showers and work asplug-ins to event generators are available, the most prominent being Vin
ia [5℄.Re
ently it was shown that the formulation of parton showers 
an be reprodu
ed bythe soft-
ollinear e�e
tive �eld theory [6℄. This led to the formulation of so-
alled analyti
parton showers [7℄. In this work, we intend to use the analyti
 parton shower for eventgeneration. We extend the analyti
 �nal-state parton shower presented by Bauer et al. [8℄and develop a new analyti
 parton shower for initial-state radiation. During this work, weimplemented both these parton showers in the event generator WHIZARD [9℄. We su

eededin reprodu
ing event shape distributions simulated using PYTHIA's parton shower, as well asdistributions measured at LEP, Tevatron and LHC very well, given that very little tuningwas done.Se
tion 2 des
ribes the theory of the parton shower derived from the analyti
 approa
h,as well as the extensions and improvements implemented in the �nal-state parton showerand the newly implemented parton shower for the initial state. Se
tion 3 des
ribes the stepsto be taken for a 
omparison of the implementation of our algorithms to data and othershowers. These in
lude the implementation of a MLM-type mat
hing, des
ribed se
tion 3.1,an interfa
e to an external hadronization routine, in our 
ase PYTHIA, in se
tion 3.2 and thehandling of beam-remnants, des
ribed in se
tion 3.3. In se
tion 4, we show distributionsobtained using our shower or PYTHIA's shower for various event and jet shapes. Furthermorewe 
ompare those to the respe
tive measurements at LEP, Tevatron and LHC. Finally, inse
tion 5 we summarize our �ndings, 
on
lude and give an outlook on future developments.
{ 2 {



2 The Analyti
 Parton Shower - Introdu
tion and Algorithm2.1 Con
ept of Parton ShowersParton showers are 
ommonly formulated using bran
hings of one parti
le into two, whi
h
an either be 
onsidered as one parton splitting into two partons or one parton emittinga new parton1. The 
entral entity of the parton shower is the Sudakov form fa
tor � {originally des
ribed in [11℄ { its simplest form is given by�(t1; t2) = exp24 t2Zt1 dt z+Zz� dz �s2�tP (z)35 (2.1)giving the probability for a parton to evolve from s
ale t2 to t1 without emitting a furtherparton. Therein, the variable z des
ribes the relation of the two partons after the bran
hing,the most 
ommon 
hoi
e is to take z to be the ratio of one parton's energy after thebran
hing and the parton's energy prior to the bran
hing. The fun
tions P (z) are 
alledsplitting fun
tions. They des
ribe the probabilities for the respe
tive bran
hings and 
anbe inferred from approximate 
al
ulations of matrix elements. The variable t is 
alled thes
ale. There is a 
ertain ambiguity how to de�ne the s
ale in an implementation. Herewe use the virtuality that is de�ned as the square of the four-momentum t = p2. Thesimulation of the parton shower is an evolution in the s
ale. For �nal-state radiation, thebran
hings that o

ur after the hard intera
tion, the evolution is from a s
ale 
orrespondingto the hard intera
tion, t � ŝ, down to a 
ut-o� s
ale t = t
ut, that symbolizes thetransition to the non-perturbative physi
s en
apsulated in the hadronization. For initial-state radiation2, bran
hings that appear before the hard intera
tion, the evolution is from a
ut-o� t = �t
ut, representing the fa
torization s
ale and thus the parton density fun
tions,down to a s
ale 
orresponding to the negative of the 
enter of mass energy, t � �ŝ3. Inthe implementation, this evolution, that 
orresponds to an evolution in physi
al time,is repla
ed by an evolution starting at the hard intera
tion and ending at the 
ut-o�s
ale. This is the so-
alled ba
kwards evolution, originally des
ribed �rst in [12℄, its mostprominent 
onsequen
e being the appearan
e of parton density fun
tions in the Sudakovfa
tor.2.2 The Analyti
 Parton ShowerThe parton shower is a well-de�ned approximation to the full matrix element. Therefore itshould be preferable to be able to re
onstru
t the matrix element from the parton shower.1The ex
eption to this are the showers based on the dipole/antenna pi
ture and their formulation usingtwo to three splittings, originally developed in [10℄.2For now, only initial-state radiation for partons stemming from hadrons are 
onsidered.3This treatment is only 
orre
t for s-
hannel resonan
e de
ays, like the pro
esses 
onsidered in thispaper. For general pro
esses a more sophisti
ated ansatz will be implemented in the future.{ 3 {



In 
ommon parton shower algorithms, this ability is lost due to the formulation of theparton shower as a Markov 
hain in su
h a way, that bran
hings that fail to respe
t 
orre
tkinemati
s 
an be produ
ed and are subsequently reje
ted or manually modi�ed to respe
tmomentum 
onservation. It is these bran
hings that prevent the probability for a bran
hingto be 
al
ulated analyti
ally after the bran
hing is generated. Therefore in developing ananalyti
 parton shower, 
are was taken to avoid bran
hings that need to be reje
ted ormanually modi�ed, thereby preserving the ability to re
onstru
t the matrix element. Thetwo main 
hanges are the simultaneous simulation of the bran
hings of sisters and repla
ingthe splitting variable z, that normally is the ratio of the �rst daughter's energy or light-
onemomentum to the mothers' energy or light-
one momentum.The �rst modi�
ation is to repla
e the simulation of individual bran
hings by thesimulation of so-
alled double bran
hings. A double bran
hing 
onsists of the simultaneousbran
hing (or no-bran
hing) of the two daughter-partons of one parton (
f. �gure 1). Soinstead of taking one parton a and letting it bran
h into two partons, a! b
, an existingbran
hing a! b
 is repla
ed by the double bran
hing a! b
! defg with the new partonsd; e; f; g in 
ase both partons b and 
 bran
h. The 
orresponding situations where one orboth of the daughters do not bran
h are also taken into a

ount. The advantage is thatthe energy-
onservation4 pta � ptb +pt
 (2.2)
an be in
luded in the generation of the bran
hings, avoiding the produ
tion of 
ompli
atedinter
onne
tions between di�erent single bran
hings. The sequen
e of steps is then� Pi
k a bran
h with unpro
essed daughters b and 
.� Generate ftb; vbg and ft
; v
g for both daughters independently with the probabilitygiven by the single bran
hing probability. (vi stands for the values needed to des
ribethe bran
hing apart from the virtuality ti, like the opening angle 
os#, the azimuthalangle � and the type of the daughter parton.)� Keep the bran
h of the daughter with the higher s
ale tmax = max (tb; t
). Dis
ardthe bran
hing of the other daughter.� Determine new values for the other daughter with the maximum s
ale set to t� =min htmax; �pta �ptmax�2i.For the di�erent 
ases, the double bran
h probabilities 
an be 
onstru
ted from the singlebran
hing probabilities [7℄ Pbri (ti; vi) and Sudakov fa
tors �i(ta; t) for a bran
hing at the4The following equation 
an best be understood in the rest frame of the mother. Then pta is themother's mass and energy and trivially the sum of the daughters' masses ptb +pt
 has to be less.
{ 4 {



s
ale ti and the remaining values vi and the probability Pnbi for no bran
hing above the
ut-o�. The double bran
h probabilities for the 
ase in whi
h both daughters bran
h isPbr;br(tb; vb; t
; v
) = �(tb � t
)Pbrb (tb; vb)�
(ta; tb) (2.3)Pbr
 (t
; v
; ta = t�)+ �(t
 � tb)Pbr
 (t
; v
)�b(ta; t
)Pbrb (tb; vb; ta = t�);while in the 
ase that only one daughter bran
hesPbr;nb(tb; vb) = Pbrb (tb; vb)�
(ta; tb)�
(t�; t
ut) (2.4)Pnb;br(t
; v
) = Pbr
 (t
; v
)�b(ta; t
)�b(t�; t
ut); (2.5)and in the 
ase no parton bran
hesPnb;nb = �b(ta; t
ut)�
(ta; t
ut): (2.6)Taking all di�erent 
ombinations into a

ount, the double bran
h probability 
an be 
om-posed in the following wayP(tb; vb; t
; v
) = Pbr;br(tb; vb; t
; v
)+ Pbr;nb(tb; vb) Æ(t
)+ Pnb;br(t
; v
) Æ(tb)+ Pnb;nb Æ(tb)Æ(t
): (2.7)The se
ond step is repla
ing the kinemati
 ratio z with the angle 
os � in the mother'srest frame between the momentum of the �rst daughter and the boost axis. This leads tosimple phase spa
e limits �1 � 
os � � 1:There is a dire
t 
orresponden
e between the 
os � angle and the energy splitting z [7℄ asa fun
tion of the masses of the daughters tb and t
:z = 12 �1 + tbta � t
ta + �a 
os �a�(ta; tb; t
)� (2.8)with the boost �a and the phase spa
e fa
tor �:�a =s1� taE2a and �(ta; tb; t
) = 1tap(ta � tb � t
)2 � 4tbt
The important distin
tion between 
ommon and analyti
 parton showers is that in theanalyti
 parton shower every bran
hing is generated with a 
al
ulable probability. Everysour
e for vetoing bran
hings where the probability for the veto 
annot be 
al
ulated hastherefore been avoided. { 5 {



PSfrag repla
ements tata tb t
Figure 1: S
hemati
 view of a double bran
hing. Before the double bran
hing (left): A partonhas bran
hed at a s
ale ta into two on-shell daughter partons. After the simulation of the doublebran
hing the bran
hing s
ales tb; t
 for the daughter partons are known. In 
ase the daughtersbran
h themselves the needed values are generated as well. The 
ase in whi
h both daughtersbran
h, tb > t
ut; t
 > t
ut, is shown on the right. For the next step the double bran
hings of thetwo daughter partons will be simulated, the bran
hings at tb and t
, respe
tively, repla
e the partonbran
hing at ta on the left.2.3 Improved Analyti
 Final State Parton ShowerThe GenEvA framework [8, 13℄ is an event generation framework designed to 
ombine ma-trix elements and parton showers during event generation. It uses its parton shower todistribute events over phase spa
e, in order to reweight them to a 
orre
ted distributionlater. Therefore only a simpli�ed implementation of parton showers was in
luded in theframework, as the reweighting would later reintrodu
e the 
orre
t distributions. We, onthe other hand, will use the analyti
 parton shower to generate physi
al events and 
annotdefer anything to a reweighting pro
edure, we are therefore for
ed to implement the fulltheory of parton showers. The two main simpli�
ations made in the GenEvA framework arethe omission of the running of the 
oupling 
onstant and the omittan
e of 
olor 
oheren
e.Our extensions to the parton shower are as follows.The running of the 
oupling 
onstant �S(Q2) was implemented, the in
lusion is straight-forward. The 
oupling was 
hosen to be�S = �S �z(1 � z)Q2� = �S(z(�); Q2) (2.9)in agreement with most parton shower generators.As 
olor 
oheren
e is approximated by demanding that the angles of subsequent emis-sions de
rease { this is known as angular ordering { the resulting phase spa
e 
uts have tobe implemented in the parton shower. The opening angle5 
os# is given by
os# = 1� t2z(1� z)E2 (2.10)5not to be 
onfused with the angle 
os � used in the des
ription of bran
hings{ 6 {



PSfrag repla
ements tbtb
ta; za t
(v
)Figure 2: S
hemati
 view of a double bran
hing in ISR: Before the double bran
hing (left): Atthe s
ale tb a parton b exists. For this parton, the s
ale ta of the bran
hing that produ
ed thisparton, the 
orresponding energy ratio za and the s
ale t
 where the emitted parton 
 bran
hes,and if ne
essary the remaining quantities (v
) are simulated (on the right).in the approximation for massless 
hildren. Using z(1 � z) � 14 this 
an be used to give a
ut on the s
ale of a next bran
hingt � E2 1� 
os#
ut2 (2.11)for the bran
hing to have an opening angle less than 
os#
ut. An additional 
ut on z [7℄ isne
essary ����z � 12 ���� � �2s1� t�2E2 1 + 
os#
ut1� 
os#
ut : (2.12)With these phase spa
e 
uts angular ordering is enfor
ed in the approximation of masslessdaughter partons. However the in
lusion of this 
onstraint demands keeping tra
k of theused energy E and the used angle 
os#
ut either by expli
itly storing their values for everybran
hing or by using a distin
t rule to 
al
ulate them for every bran
hing.As a minor extension we allow for parton masses, although these are only taken intoa

ount when distributing momenta, the splitting fun
tions are still taken for masslessdaughter partons.2.4 Introdu
ing the Analyti
 Initial State Parton ShowerFor physi
s at the LHC, a parton shower has to be able to des
ribe both, initial and�nal-state radiation. We therefore implement an initial-state parton shower satisfying therequirement of analyti
ity analogously to the parton shower for the �nal state.The 
hanges applied to the �nal-state shower 
annot be transferred to the initial-stateshower6. A di�erent set of 
hanges is needed to reformulate the initial-state parton shower6Due to the negative virtualities all momenta and energies would be imaginary in the mothers restframe.{ 7 {



in order to ful�ll the demand of analyti
ity. The known Sudakov fa
tor for initial-stateradiation is�ISRb (ta; tb) = exp264� jtbjZjtaj dt0 1Z0 dzz �S2�t0 Xa;
  Pa!b
(z) + Pa!
b(z)! fa �xbz ; t0�fb(xb; t0) 375 (2.13)with the splitting fun
tion Pa!b
(z) for a parton of type a bran
hing into two partons oftype b and 
 and the parton density fun
tions fa(x; t). The 
onservation of momentum 
anbe enfor
ed by expli
itly vetoing momentum 
onservation-violating bran
hings dire
tly inthe Sudakov fa
tor. To do this, the bran
hing of the mother parton and the bran
hingof the emitted parton have to be simulated simultaneously, 
f. �gure 2. The simulatedbran
hing therefore e�e
tively be
omes a 1 ! 2 (if the emitted parton does not bran
h)or a 1! 3 (if the emitted parton bran
hes) bran
hing. The Sudakov fa
tor that takes theemitted parton's bran
hing into a

ount 
an be written in the form�ISRb (ta; tb) = exp"� jtbjZjtaj dt0 1Z0 dzz �S2�t0 Xa;
 t0Z0 dt
 P
(t
j � t0; z)�� ��t0; tb; t
; za; Ea��Pa!b
(z) + Pa!
b(z)�fa �xbz ; t0�fb(xb; t0) # (2.14)with the veto fun
tion���ta; tb; t
; za; Ea� = ��j~pbj+ j~p
j � j~paj� ���j~paj � jj~pbj � j~p
jj�; (2.15)and the one parton bran
hing distribution fun
tion for the emitted parton 
P
(t
j � t0; z); (2.16)giving the probability distribution for the bran
hing of the emitted timelike parton asa fun
tion of the bran
hing this parton was produ
ed, des
ribed by �t0 and z. The vetofun
tion ensures that the three partons a; b; 
 
an be 
ombined in a bran
hing that 
onservesmomentum by enfor
ing the triangle inequality. By adding more terms it 
an also be usedto impose 
uts for angular ordering or a minimum energy for the emitted timelike parton. Ifthe emitted parton bran
hes, its �nal-state parton shower 
an now be simulated further bythe use of the known double bran
hing probabilities from the analyti
 �nal-state radiation.However there is a slight di�eren
e in the interpretation of the known one-bran
hingSudakov fa
tor as used for example in PYTHIA and the supplemented one in equation (2.14).In the former, the probability for a bran
hing is independent of the available allowedbran
hings of the emitted parton, while in the latter the probability for a bran
hing isredu
ed when the emitted parton has a restri
ted phase spa
e for bran
hings. Thereforethe supplemented Sudakov fa
tor rather resembles a 
onditional probability.{ 8 {



Using these pres
riptions, double bran
h probability distributions 
an be formulated,analogously to the ones formulated for �nal-state radiation. The probability for no earlierbran
hing, the parton being dire
tly emitted by the hadron and therefore being on-shell,ta ! m2a, 
onsists of the Sudakov fa
tor �ISRb (�t
ut; tb) and a Æ-distribution for
ing theparton to be on-shell and thus 
an be formulated in the formPnbb (ta; tb; t
ut) = �ISRb (�t
ut; tb)Æ �ta �m2a� : (2.17)In 
ase an earlier bran
hing is found, the 
ommon single bran
h probability would bePa!b
(ta; za; tb; t
ut) = �S2�ta 1zaPa!b
(za)fa (xa; ta)fb (xb; ta)� �ISRb (ta; tb)� (ta � tb)� (�ta � t
ut) (2.18)with the Sudakov fa
tor �ISRb (ta; tb), a relative weight, given by the ratio of parton densityfun
tions, fa(xa;ta)fb(xb;ta) , the probability for the bran
hing itself, �S2�ta 1zaPa!b
(za) and two stepfun
tions that for
e the parton to be in the 
orre
t range of virtuality.For the transition to analyti
 showers, a dependen
e on the s
ale of the emitted partont
 is introdu
ed. Thus two di�erent 
ases have to be 
onsidered. In the 
ase of the emittedparton not bran
hing further, the 
orresponding probability distribution is supplementedby the no-bran
hing-probability Pnb
 for the emitted parton 
 and the veto fun
tion ��. It
an be written in the wayPbr;nba!b
(ta; t
; za; tb; t
ut)= �S2�ta �� (ta; tb; t
; za; Ea) 1zaPa!b
(za)fa (xa; ta)fb (xb; ta)� �ISRb (ta; tb)� (ta � tb)� (�ta � t
ut)Pnb
 (t
; jtaj; t
ut) : (2.19)In the 
ase, the emitted parton undergoes another bran
hing, the distribution is supple-mented by the single bran
h probability for the emitted parton Pbr
!de and has the formPbr;bra!b
!bde(ta; t
; za; v
; tb; t
ut)= �S2�ta �� (ta; tb; t
; za; Ea) 1zaPa!b
(za)fa (xa; ta)fb (xb; ta)� �ISRb (ta; tb)� (ta � tb) � (�ta � t
ut)Pbr
!de (t
; v
; jtaj; t
ut) : (2.20)Using these expressions the probability distribution for the s
ale ta 
an therefore be
{ 9 {



written analogously to equation (2.7) in the formPb(ta; tb; t
ut) = Pnbb (ta; tb; t
ut)+ Xa;
 Z dza Z dt
 Pbr;nba!b
(ta; t
; za; tb; t
ut)+ Xa;
 Z dza Z dt
 Pbr;nba!
b(ta; t
; za; tb; t
ut)+ Xa;
;d;eZ dza Z dt
 Z dv
 Pbr;bra!b
!bde(ta; t
; za; v
; tb; t
ut)+ Xa;
;d;eZ dza Z dt
 Z dv
 Pbr;bra!
b!deb(ta; t
; za; v
; tb; t
ut): (2.21)The probability distributions for the parton spe
ies and the energy fra
tions z follow di-re
tly from this equation.One aspe
t of initial-state parton showers that is a rather 
riti
al te
hni
al point, is theassignment of momenta for the �rst bran
hings in the initial state. By the �rst bran
hingswe mean the respe
tive bran
hings 
losest to the hard intera
tion for the two in
omingpartons in the matrix element. As these partons are on the mass-shell and often assumedto be massless, any bran
hing would be kinemati
ally forbidden. Therefore the partonshave to be set o�-shell in order to allow for kinemati
ally allowed bran
hings. This is doneby simultaneously s
aling the partons' momenta, until the four-momentum squared rea
hesthe s
ale of the �rst bran
hing,t = p2 = E2 � ~p2 = tfirst � 0:The distribution of tfirst is obtained by solving a Sudakov fa
tor similar to the one givenin equation (2.14), but with the terms 
orresponding to the emitted parton removed,�ISRb (tfirst; tb) = exp"� jtbjZjtaj dt0 1Z0 dzz �S2�t0 Xa;
�Pa!b
(z) + Pa!
b(z)�fa �xbz ; t0�fb(xb; t0) #: (2.22)Thus the initial-state parton shower is not started from the two partons in the initial stateof the matrix element, but from 
opies of them that have their momenta assigned in thefollowing way: t1 = tfirst 1 t2 = tfirst 2 (2.23)E1 = ŝ+ t1 � t24pŝ E2 = pŝ2 �E1 (2.24)j~p1j = j~p2j =qE21 � t1 ~p1 = �~p2 (2.25){ 10 {



By doing so, both partons are set o�-shell so that bran
hings are kinemati
ally allowed,while 
onserving the total energy and momentum. Another possibility would be to enlargethe three-momenta so that the s
ales are equal to the negative partoni
 
enter-of-massenergy, t! �ŝ2, and then start the shower from there, but this starting 
on�guration hasthe disadvantage that the three-momenta of the initial partons tend to be very large, sothat it be
omes very hard to �nd kinemati
ally allowed bran
hings.3 Prerequisites for a realisti
 des
riptionIn this se
tion we dis
uss the te
hni
al prerequisites for a realisti
 implementation of ouranalyti
 parton shower algorithm and the preparations needed to 
ompare results withresults from other parton showers and with experimental data. To do so, we 
hose to im-plement the shower algorithm within the event generator WHIZARD [9℄ whi
h 
ontains highlyoptimized (tree-level) matrix elements by the matrix-element generator O'Mega [14℄, a veryeÆ
ient phase-spa
e parametrization and a multi-
hannel adaptive Monte-Carlo integra-tion [15℄. WHIZARD has been developed and has found a wide range of appli
ation to lepton
ollider physi
s (
f. e.g. [16{18℄). The program has been 
ompletely re
ast for hadron 
ol-lider physi
s and been su

essfully applied to BSM and jet physi
s (
f. e.g. [19{23℄). Severalsteps to in
lude NLO 
orre
tions in a semi-automati
 way have been undertaken [24{27℄.To make 
onta
t with experimental distributions, one has to 
over the whole of phasespa
e to a

ess the high-energy tails of distributions. One possibility is using the so-
alledpower-shower 
on
ept where one arti�
ially opens up more phase spa
e than physi
allyavailable to generate hard and/or non-
ollinear jets from the parton shower. We de
idednot to use this 
on
ept, but to implement a mat
hing pro
edure of matrix elements withexpli
it additional jets with the showered Born pro
ess. This is done in the �rst part ofthis se
tion. In the se
ond part we dis
uss our treatment of hadronization to 
ompare arealisti
 event simulation with experimental data, while in the last se
tion we explain howbeam remnants are dealt with in our framework.The extensions presented in this se
tion will be
ome publi
ly available in all futurereleases from WHIZARD 2.1 on.3.1 Mat
hingA mat
hing pro
edure is a pro
edure to 
ombine the des
ription of up to a 
ertain numberof multiple, widely separated jets by the matrix element and the des
ription of possibleadditional jets and the substru
ture of the jets by a parton shower. The main approa
hes format
hing to leading order 
al
ulations are the CKKW [28℄, CKKW-L [29℄ and MLM [30, 31℄s
hemes, for a general overview see [32{34℄. In the pro
ess of implementing the analyti
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parton shower, we also implemented a mat
hing pro
edure a

ording to the prin
iples ofthe MLM approa
h in WHIZARD with the use of the KTCLUS 
lustering pa
kage [35℄.The steps as implemented in WHIZARD are:1. The 
ross-se
tions for the main pro
ess and pro
esses with up to N additional par-tons in the hard matrix-element are 
al
ulated. The phase spa
e has to satisfy theadditional 
uts enfor
ed by the mat
hing pro
edurepT > pT min; j�j < j�maxj; �Rjj > Rmin (3.1)with the transverse momentum pT , the pseudo-rapidity � and the � � �-distan
ebetween two jets �Rjj. The values pT min, �max and Rmin 
an be set in the WHIZARDinput �le.2. A

ording to the relative probability P (i) given by the relative size of the 
orrespond-ing 
ross-se
tions, P (i) = �iPj �j (3.2)a matrix-element event with i additional partons is generated.3. These events are then showered with the analyti
 shower7.4. After the shower evolution, a kT -
lustering jet algorithm [35℄ is applied to the show-ered, but not yet hadronized event, taking only 
olored partons with a pseudo-rapidityj�j < �max 
lus into a

ount. Jets are de�ned by a minimum jet-jet separation y
ut8�max 
lus = �
lusfa
tor � �max (3.3)y
ut = hpT min +max (ET
lusminE;ET 
lusfa
tor � pT min) i2 (3.4)The fa
tors and hen
e the 
lustering variables 
an be varied as part of the systemati
sassessment, the defaults for these fa
tors are 
hosen to be 1.5. If the jet algorithm in the mat
hing pro
edure undershoots the number of matrixelement jets the event is dis
arded. When the event after the jet merging overshootsthe number of matrix element jets, the event is reje
ted as well, unless the number ofmatrix element jets is equal to the maximum number of matrix element jets. In that
ase the s
ale y
ut is adapted su
h that the number of re
onstru
ted jets is redu
edto the number of matrix element jets, i.e. the jet resolution is lowered a

ordingly.7As an alternative, one 
ould also use the PYTHIA shower.8see se
tion A.2 for a short introdu
tion to jet 
lustering
{ 12 {



6. Then it is tested if the re
onstru
ted jets mat
h the matrix element partons. Thisis done in an iterative way: The 
lustering is reapplied to a set 
onsisting of there
onstru
ted jets and one matrix element parton. If this additional parton leadsto an additional jet above the s
ale y
ut, the parton is assumed not to be mat
hedto any of the re
onstru
ted jets and the event is dis
arded. Otherwise the mat
hedre
onstru
ted jet is removed from the set and this step is repeated for the next matrixelement parton. If and only ifall matrix element partons 
an be mat
hed in this way,the event is a

epted.7. The remaining steps of event generation, like multiple intera
tions, hadronization,and pile-up, 
an then be applied.3.2 HadronizationHadronization of the generated events was delegated to PYTHIA. An interfa
e betweenWHIZARD and PYTHIA was written for this purpose. A detailed des
ription of the interfa
ewill be given in the WHIZARD manual on
e the analyti
 parton shower is released as anoÆ
ial part of the WHIZARD pa
kage.3.3 Handling of beam remnantsWe implemented a very rudimentary treatment of beam remnants, with the main purposeof being able to provide a 
olor-neutral input to the hadronization. In dependen
e ofthe emitted parti
le the beam remnant is assumed to 
onsist of one or two partons, thepro
edure for determining these partons' 
avours and momenta is given below.The given pro
edure obviously only applies in the 
ase of only one emitted partonper proton, that is in the 
ase of only one hard intera
tion. As an implementation of aninterleaved multiple intera
tions/initial-state radiation evolution along the lines of the In-terleaved Evolution approa
h [36℄ is in preparation, this simple treatment of beam-remnantswill be
ome inappli
able. Thus a more sophisti
ated treatment will be implemented in thefuture.3.3.1 FlavoursThe 
avours of the beam remnant are 
hosen a

ording to a simpli�ed version of PYTHIA'spro
edure [1, se
tion 11.1.1℄. Depending on the 
avour of the emitted parton the 
avoursof the beam remnant are 
hosen (These rules apply for protons as the initial hadrons, withobvious substitutions for antiprotons.):
{ 13 {



� A valen
e quark of the hadron is assumed to leave behind a diquark beam remnant.A ud-diquark9 is assumed to be a ud1 in 25% and a ud0 in 75% of the 
ases, while auu-diquark is always a uu1.� A gluon is assumed to leave behind a 
olour o
tet state, that is divided into a 
olourtriplet quark and an anti-
olour triplet antiquark. The division into u + ud1 for 1=6of the 
ases, into u + ud0 for 1=2 and into d + uu1 for 1=3 of the 
ases.� A sea quark, for example a s, leaves behind an uud�s state, that is subdivided into ameson and a diquark. The relative probabilities are 1=6 into u�s + ud1, 1=2 into u�s+ ud0 and 1=3 into d�s + uu1.� An antiquark �q leaves behind a uudq state, that is divided into a baryon and a quark.Sin
e mostly the q�q pair 
omes from an emission of a gluon, the subdivision uud +q is not allowed as it would 
orrespond to a 
olor singlet gluon. The subdivision istherefore in 2=3 of the 
ases into udq + u and in 1=3 of the 
ases into uuq + d. Thethree quark state uuq or udq is then repla
ed by the 
orresponding baryon of lowestspin.3.3.2 MomentaThe total momentum of the beam remnant is given by the remaining momentum of thehadron after the emitted parti
le has been removed. In 
ase the beam remnant 
onsistsof only one parton, this parton is assigned the 
omplete momentum, if the beam remnant
onsists of a diquark and a quark the momentum is distributed in equal parts to both the
onstituents. If the beam remnant 
onsists of two 
onstituents with one of them being ameson or baryon, the energy is distributed in equal parts but the three-momentum is dis-tributed so that the hadron is on-shell and the quark is assigned the remaining momentum.This pro
edure generates on-shell 
olorless parti
les and o�-shell 
oloured parti
les so thatthe 
oloured parti
les o�-shellness is absorbed in the hadronization.4 Results and ValidationWe 
ompared the predi
tions for the pro
ess e+e� ! hadrons at LEP with an energy ofps = 133GeV and for Z produ
tion, p�p=pp! Z+X, at the Tevatron and the LHC at en-ergies of ps = 1:96TeV and ps = 7TeV, respe
tively. All event sets were generated usingWHIZARD, whi
h means the hard intera
tion was simulated by WHIZARD/O'Mega, the partonshower was either simulated using PYTHIA's virtuality-ordered shower or WHIZARD's own9Diquarks are given in the notation qqS, where the q are the building quarks and S is the total spin.
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analyti
 shower, denoted in the plots by either PYTHIA PS or WHIZARD PS. For WHIZARD'sparton shower we used a �rst-order running �S in the MS-s
heme, given by�S �Q2� = 4��11� 23nf� log (Q2=�2) ; (4.1)taking nf and � as 
onstants, negle
ting the in
uen
e of 
avor thresholds for the moment.For PYTHIA's parton shower we used the same � and nf values for a �rst-oder running�S , but with threshold e�e
ts enabled. If not stated otherwise, the values for � were
hosen to be � = 0:19GeV for WHIZARD's parton shower and � = 0:29GeV for PYTHIA'sparton shower. The � value for WHIZARD was 
hosen by hand to improve agreement withPYTHIA's distributions. The hadronization, if a
tivated, was simulated using PYTHIA withthe hadronization tune from [37, table 10, De
. 93℄. This tune was of 
ourse made usingPYTHIA's parton shower, but will be used in here together with WHIZARD's parton showeras well. As the hadronization tune depends on the parton shower, using a tuning obtainedwith a di�erent parton shower 
an lead to unsubstantial deviations in the results. As thereis no tune with WHIZARD's parton shower available, we 
annot give an estimate for thedeviations. The possible tuning of our shower is beyond the s
ope of the present paper,presenting merely the algorithm, and will be left for future work. Given the fa
t that notuning has been done, the shower already des
ribes data in a QCD environment reasonablywell.The de�nitions of all observables are given in se
tion A in the appendix.4.1 Final State Radiation at parton levelFigures 3 to 6 show a 
omparison of distributions of event shapes at parton level. For bothparton shower programs the events were showered with a 
ut-o� virtuality Q2min = 1GeV,hadronization was disabled. The plots for thrust, thrust major and thrust minor show thatWHIZARD's parton shower generates more spheri
al events 
ompared to PYTHIA's partonshower. Nonetheless, they show a satisfa
tory agreement as WHIZARD's parton shower wasnot tuned at all for these plots. However, it is un
lear if the dis
repan
ies 
an be tunedaway. Moreover, as distributions at parton level are not observable in an experiment, it isdoubtful if they need to be.4.2 Final State Radiation at hadron level4.2.1 Event shapesFor hadronized events, we 
an 
ompare the generated distributions with experimentaldata. We 
ompared the distributions for several event shapes with data from the DELPHI
ollaboration [38℄. The measurement was performed using e+e� 
ollisions at 
enter-of-massenergies of ps = 130GeV and 136GeV. The simulated hard intera
tion was 
hosen to bee+e� ! u�u at a 
enter-of-mass energy of ps = 133GeV.{ 15 {
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Figure 3: Plots for thrust T and thrust major Tmajor (without hadronization). Thedashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.The results are shown in �gures 7 to 10. Both parton showers show good agreement,espe
ially if one takes into a

ount that the events showered with WHIZARD's parton showerwhere hadronized with the PYTHIA hadronization tuned to data using events showered withPYTHIA. As for the unhadronized samples, events showered with WHIZARD tend to populatethe regions 
orresponding to more spheri
al 
on�gurations 
ompared to events generatedusing the PYTHIA shower. The plot for thrust major Tmaj shows a slight undershooting ofthe WHIZARD 
urve with respe
t to the data in the two bins from 0.04 to 0.08. However,
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Figure 4: Plots for thrust minor Tminor and Oblateness O (without hadronization). Thedashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.both distributions are mostly 
onsistent with the data.4.2.2 Jet ratesA 
omparison of the Monte Carlo results for the pro
ess e+e� ) q�q at ps = 91GeV withmeasurements from the JADE and OPAL 
ollaborations given in [39℄ is shown in �gures11 and 12. Shown are di�erential jet rates as a fun
tion of the resolution parameter inthe kT -
lustering algorithm yi i+1, where the event turns from being a i+ 1-jet event into
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Figure 5: Plots for jet broadenings Bmax and Bmin (without hadronization). Thedashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.a i-jet event. The de�nition of the 
lustering variable is given in equation (A.1) in theappendix. The 
omparison is equivalent to the one in [40, 41℄, where a tuning of someparton shower and hadronization parameters was performed. The only tuning applied tothe parton shower in the 
omparison was a by-hand adjustment of �S , setting �QCD to avalue of 0:15GeV. In general, the plots 
on�rm the tenden
y of WHIZARD's parton showerto generate more spheri
al events 
ompared to PYTHIA as the bins with higher values ofyi i+1 are populated more. Note that small values of yi i+1 
orrespond to small invariant
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Figure 6: Plots for jet broadenings Bsum and Bdiff (without hadronization). Thedashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.masses and that these regions are des
ribed by the hadronization model and not the partonshower. So the di�eren
es in the left parts of the plots 
an stem from two sour
es. Theymight be 
aused by normalization e�e
ts due to over-estimation in the right parts. Anyremaining di�eren
e would show that the hadronization tune obtained with PYTHIA is notsuitable to des
ribe these regions when used with WHIZARD's shower.
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Figure 7: Plots for thrust T and thrust major Tmajor (with hadronization, data from [38℄). Thedashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.4.3 Initial State RadiationA plot for the transverse momentum of a Z-Boson produ
ed in p�p-
ollisions at ps =1:96TeV is given in �gure 13. The simulation with PYTHIA was done using Ri
k Field's CDFTune D6 with CTEQ6L1 parton distribution fun
tions. The simulation using WHIZARD'sparton shower was done using the same PDFs, multiple intera
tions were disregarded inboth simulations. The data obtained from WHIZARD's initial-state parton shower shows twodistin
t features: �rst of all, the 
urve in the low-pT region shows a slight deviation with
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Figure 8: Plots for thrust minor Tminor and Oblateness O (with hadronization, data from [38℄).The dashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.respe
t to the 
orresponding PYTHIA 
urve. However, as we will see later, this is still inagreement with data. Se
ond of all, it shows the known phase spa
e 
ut at pT . mZ [42℄.For 
omparison, the plot is supplemented by a pT -histogram for the unshowered pro
essu�u! Zg. PYTHIA's des
ription uses the power-shower and mat
hing and 
losely resemblesthe result for the partoni
 pro
ess.Our approa
h to solve the short
omings of WHIZARD's parton shower was not to in
ludethe power shower ansatz, but instead a

ept this as a de�
ien
y of the parton shower and
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Figure 9: Plots for jet broadenings Bmax and Bmin (with hadronization, data from [38℄). Thedashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.delegate the task of des
ribing the high-pT region to a mat
hing algorithm.4.4 Mat
hed Final State RadiationPlots for results obtained with the MLM mat
hing for the �nal-state parton shower areshown in �gures 14 and 15 for events showered with WHIZARD's parton shower and �gures16 and 17 for PYTHIA. The pro
ess under 
onsideration is e+e� ! u�u at a 
enter ofmass energy of 91GeV, hadronization was swit
hed o�. The pro
ess was simulated in
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Figure 10: Plots for jet broadenings Bsum and Bdiff (with hadronization, data from [38℄). Thedashed/green/bright line is WHIZARD, the dotted/blue/dark line is PYTHIA.�ve di�erent ways, �rst without any mat
hing at all and then with a variable number ofadditional jets from zero to three, where ea
h additional jet 
ould be a gluon or a u,d,sor 
 quark. For the unmat
hed 
ase and for ea
h jet multipli
ity an event set 
onsistingof 150000 events was simulated. The plots show normalized distributions for event shapesobtained from these samples.The plots show some 
ommon features. The line for the (moot) 
ase of no additionaljets 
losely resembles the line for the unmat
hed event sample, ex
ept in the region of low
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Figure 11: Plots for di�erential jet rates y23 and y34. The dashed/green/bright line is WHIZARD,the dotted/blue/dark line is PYTHIA.thrust (right part of the upper image in �gures 14 and 15). The missing events are eventswhere the parton shower splits a hard jet into two separated jets, so that the mat
hingpro
edure 
an not 
luster any of the two jets to the original parton and therefore reje
tsthe event.The lines for one, two and three additional jets lie on top of ea
h other so that it 
anbe 
on
luded that for these observables, the in
lusion of one additional jet is suÆ
ient.
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Figure 12: Plots for di�erential jet rates y45 and y56. The dashed/green/bright line is WHIZARD,the dotted/blue/dark line is PYTHIA.The deviations between the unmat
hed and the mat
hed event samples exhibit di�erentbehaviour: for PYTHIA the number of spheri
al events is larger for the mat
hed sample,stemming from the better des
ription of large angle emissions. For WHIZARD the deviationsare opposite, the number of more pen
il-like events are enhan
ed, while espe
ially thenumber of events with medium values of 1�T and Tmaj is de
reased. This 
an be regardedas 
orre
ting the tenden
y to favour more spheri
al events mentioned in se
tion 4.2. The
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Figure 13: Transverse momentum of a Z-Boson in various s
hemes. The normalization for eventsfrom WHIZARD's matrix element was 
hosen manually to �t PYTHIA's PS result in the range 10GeV <pT < 20GeV.di�eren
es between the distributions for mat
hed and unmat
hed event samples have to betaken into a

ount when tuning the 
ombination of shower and mat
hing to data. Thereforethis 
an be seen as an example for an observable whi
h is sensitive to regions enri
hed byhard jet emission, and not so mu
h dominated by universal logarithmi
 terms. For su
han observable, a tuning obtained without mat
hing 
annot be reliably used to generatemat
hed samples.We also did a 
omparison to data 
orresponding to the 
omparison for the unmat
hedshowers in �gure 7. We used the 
urve for the e+e� ! 5jets as the sample for themat
hed shower. The plot is shown in �gure 18. The 
urve for thrust T is slightly altered,most prominent di�eren
es to �gure 7 is a less pronoun
ed peak with both showers andan in
rease for the PYTHIA 
urve for values 1 � T > 0:1. The 
urves for Thrust majorTmaj show similar behaviour to the unmat
hed 
urves. Both reprodu
e the data, ex
eptfor WHIZARD's parton shower's tenden
y to more spheri
al 
on�gurations and the smallnumber of events in the lower Tmaj-bins. Both these de�
ien
ies have already been visiblein the unmat
hed event samples.4.5 Mat
hed Initial State RadiationTo test the mat
hing pro
edure for the initial state we simulated the pro
ess q�q ! Z and theadditional 
orre
tions j j ! Z j (j) for one (two) additional jets, j = u; �u; d; �d; s; �d; 
; �
; g.The resulting distributions for the Z boson transverse momentum are given in �gure 19 for
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Figure 14: Plots for thrust T and thrust major Tmajor (WHIZARD ME + WHIZARD PS with mat
h-ing).WHIZARD and �gure 20 for PYTHIA. For 
omparison the measured distribution from D0 [43℄was in
luded. Note that all simulated distributions were obtained with disabled primordialkT . As expe
ted, the results for PYTHIA do not depend mu
h on the appli
ation of mat
h-ing as its power shower approa
h already generates a pT -distribution 
lose to the 
orre
tdistribution [42℄10. The plot for WHIZARD shows the expe
ted addition of high-pT events,10PYTHIA's own mat
hing was disabled during this simulation.
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Figure 15: Plots for thrust minor Tminor and Oblateness O (WHIZARD ME + WHIZARD PS withmat
hing).the 
on
avity is weakend. Adding a se
ond jet des
ribed by the matrix element does 
hangethe distribution only marginally for both showers.Figure 21 shows the dependen
e of the pT -spe
trum on the MLM-mat
hing parameterpT min. The distribution should be independent of pT min, however a small di�eren
e isvisible in the range 10GeV . pT . 80GeV. The high-pT -tail remains stable when 
hangingpT min, the shape at the peak does not 
hange as well. The di�eren
es are within theexpe
ted dependen
e on the mat
hing parameters.
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Figure 16: Plots for thrust T and thrust major Tmajor (WHIZARDME + PYTHIA PS with mat
hing).As a further test, we 
ompared the Z-Boson pT at the LHC. We used the re
entlypublished measurement by CMS [44℄. Ex
ept for the 
hange from proton-antiproton beamsto proton-proton beams and the in
reased 
enter of mass energy ps = 7TeV, all othersettings were the same as for the Tevatron simulation. This holds parti
ularly for the
hosen PYTHIA tune, that was obtained from measurements at Tevatron and usage at theLHC 
annot be regarded as trustworthy. Nevertheless, the data 
an be reprodu
ed verywell, ex
ept for an overshoot in the lowest bins. As for WHIZARD there are no available tunesyet, so the dependen
y on a parti
ular tune is not an issue. Note that the simulation was
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Figure 17: Plots for thrust minor Tminor and Oblateness O (WHIZARD ME + PYTHIA PS withmat
hing).done with primordial kT disabled, so that the lowest bins are expe
ted to be overpopulated.Apart from this di�eren
e, the simulation using WHIZARD's hard intera
tion, parton showerand mat
hing pro
edure reprodu
es the data as good as the simulation performed usingWHIZARD's hard intera
tion and mat
hing, but PYTHIA's parton shower.
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Figure 18: Comparison of the predi
tions for parton showers mat
hed to the pro
ess e+e� !u�u+ 3jets.5 Con
lusion and OutlookIn this paper, we presented an algorithm for an analyti
 parton shower for both initialand �nal-state radiation. While this parton shower algorithm for the �nal state has beenknown for quite some time, the extension to the initial state had not been done up to now.Analyti
 parton showers are espe
ially interesting for 
on
eptual development in atheoreti
al des
ription of QCD in a hadron (but also hadroni
 �nal state lepton) 
olliderenvironment, as they allow to determine the 
orresponding shower weights from the 
om-{ 31 {
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Figure 19: Z-Boson transverse momentum, simulated with WHIZARDME and PS without and withmat
hing.
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Figure 20: Z-Boson transverse momentum, simulated with WHIZARD ME and PYTHIA PS withoutand with mat
hing for one and two additional jets.plete shower histories. As there are also veto me
hanism for probabilisti
 showers, su
ha task is not viable there. The knowledge of 
omplete shower histories and weights en-ables one to e.g. 
hange the hard s
attering matrix element or the PDFs and reweight theshowered events to the new hard s
attering pro
ess. Furthermore, analyti
 parton show-
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Figure 21: The \NoMat
hing" 
urve and the \Mat
hing (1jet)"(
f. �gure 20) 
urve for threedi�erent values of pT min, 5GeV, 10GeV and 20GeV.
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Figure 22: Z-Boson transverse momentum, simulated with WHIZARDME and PS and WHIZARDME+ PYTHIA PS. A similar �gure with the same data appeared in [44℄. The dashed/green/bright lineis WHIZARD, the dotted/blue/dark line is PYTHIA.ers might o�er the possibility to determine systemati
 un
ertainties from a parton showerapproximation in a reliable and theoreti
ally well-de�ned way1111A 
omplementary approa
h has re
ently been presented in [45℄. There the probability for an event is
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Also, it might be a
hievable { using analyti
 parton showers { to systemati
ally 
on-stru
t higher-order 
orre
tions to the parton shower approximation.The important point for a su

essful algorithm for an analyti
 initial-state partonshower is the s
ale 
hoi
e, spe
i�
ally the starting 
ondition of the ba
kward shower evolu-tion, together with the pres
riptions for energy and momentum proje
tions in the splittings.We also improved on the original algorithm for the �nal-state shower, where e.g. run-ning 
ouplings 
onstants within the shower evolution had not been taken into a

ount.For the des
ription of 
omplete kinemati
al distributions at hadron 
olliders, in
luding thehigh-energy tails, we refrained from the power-shower 
on
ept, where also hard and/ornon-
ollinear jets are being produ
ed by means of the shower. Instead we use an MLM-type mat
hing of the analyti
 parton shower with matrix elements 
ontaining one or moreadditional hard jets expli
itly.Together with the development of the algorithm, we made a thorough 
omparison,where for now we restri
ted ourselves to the parton shower from PYTHIA. We also madean extended validation of our parton shower algorithm with jet and event shape data fromthe LEP experiments, from the Tevatron Run II measurements as well as �rst results fromthe 2010/11 LHC run. For this task we integrated an implementation of our parton showeralgorithm into the event generator WHIZARD, while hadronization needed for the 
omparison,is performed by means of external pa
kages. Our setup allows for a dire
t 
omparison ofthe PYTHIA and our own parton shower using the same hard matrix elements within theframework of the WHIZARD generator.Without performing an overly sophisti
ated tuning of the shower, we reprodu
ed thegross features of a big number of jet and event shape variables at lepton and hadron 
ollidersand found in all 
ases good agreement.This paper serves as a proof of 
on
ept that an analyti
 parton shower for the ini-tial state is viable to des
ribe QCD in a realisti
 
ollider environment. Future lines ofdevelopments will 
ontain a more extensive tuning and validation of the shower as wellas the mat
hing and merging pres
ription. We will also be investigating a possible ex-
hange of the evolution variable for the transverse momentum, pT , whi
h would guaranteeangular ordering and 
olor 
oheren
e right from the beginning, whi
h might simplify oreven improve on the parton shower des
ription given in our algorithm. A development ofan interleaved multiple intera
tion algorithm 
onne
ted with a properly 
olor-
onne
tedanalyti
 initial-state parton shower together with its implementation is in preparation andwill be part of a future publi
ation.not 
al
ulated analyti
ally. Instead a veto algorithm is used that keeps tra
k of all a

epted and vetoedbran
hings. For an event generated with unit weight in one setup, its weight in a di�erent setup is givenby the ratio of the joint probabilities to a

ept all a

epted bran
hings while vetoing all vetoed bran
hings.
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A De�nitions of ObservablesA.1 Event shapesThe summations are always over all �nal state partons.� Thrust T : T = max~n Pi j~pi � ~njPi j~pij ;� Thrust major Tmajor: Tmajor = max~n;~n�~nT=0Pi j~pi � ~njPi j~pij ;with the thrust axis ~nT .� Thrust minor Tminor: Tminor = Pi j~pi � ~njPi j~pij ;with ~n perpendi
ular to the thrust axis ~nT and the thrust major axis ~nTmajor .� Oblateness O: O = Tmajor � Tminor� Hemisphere broadenings B:B� = P�~pi�~nThrust>0 j~pi � ~nThrustj2Pi j~pijBmax = max(B+; B�) Bmin = min(B+; B�)Bsum = B+ +B� Bdiff = jB+ �B�jA.2 Jet ratesJet algorithms are tools to organize the plethora of parti
les produ
ed in a 
ollision. Thisis done by grouping \similar" parti
les into one pseudo-parti
le 
alled jet. The 
riteria 
anbe the 
loseness in the geometry of the dete
tor, leading to 
one-jet algorithms, where allparti
les within a 
one of \radius" R are assumed to be one jet. The measure R is given byR =p(��)2 + (��)2 with the pseudo-rapidity � and the azimuthal angle �. For a furtherdis
ussion of the problems arising from this approa
h see e.g. SISCone [46℄. A di�erentapproa
h is to sequentially remove one parti
le after another. The pro
edure is to �nd theminimum value of the jet separations yij; yib where i and j denote the parti
les and then, ifthe smallest value is a yij both parti
les are removed and repla
ed by a 
ombination of the
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two parti
les. If the smallest value is yib, the parti
le i is removed and impli
itly 
lusteredto the beam axis. The values yij; yib are given byyij = 2min (Ei; Ej)2 (1� 
os �ij) :yib = 2E2i (1� 
os �i beam) : (A.1)For hadroni
 
ollisions another popular de�nition isyij = (�Rij)2min �p2? i; p2? j�yib = p2? i: (A.2)By 
onse
utively applying this pres
ription, every event 
an be gradually 
lustered to a2 ! 2 pro
ess. For ea
h step of the 
lustering, the y value of the last 
lustering gives thejet separation for the 
orresponding number of jets. These pres
riptions for the distan
e-measures 
ompose the so-
alled kT -algorithm [35℄. The algorithm 
an be varied by repla
ingthe 2 in the exponent of (�Rij) in equation (A.1). Other values that have been studiedare 0 and �2, 
hanging to 0 leads to the Cambridge-Aa
hen algorithm, while 
hanging to�2 produ
es the anti-kT -algorithm.
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