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ITEP-LAT/2011-12DESY 11-176Fratal dimension of the topologial harge density distributionin SU(2) lattie gluodynamisP.V. Buividovih,1,2 T. Kalaydzhyan,3,2 and M.I. Polikarpov21JINR, Dubna, Mosow region, 141980 Russia2ITEP, B. Cheremushkinskaya 25, Mosow, 117218 Russia3DESY, Notkestrasse 85, 22607 Hamburg, Germany(Dated: Otober 23, 2012)We study the e�et of ooling on the spatial distribution of the topologial harge density inquenhed SU(2) lattie gauge theory with overlap fermions. We demonstrate that as the gauge�eld on�gurations are ooled, the Hausdor� dimension of regions where the topologial harge isloalized gradually hanges from d = 2�3 towards the total spae dimension. Therefore, the oolingproedure destroys some of the essential properties of the topologial harge distribution.PACS numbers: 11.30.Er; 11.30.Rd; 12.38.G;IntrodutionTopologial harge density is an important harateris-ti of the QCD vauum, reently involved in phenomeno-logial studies of many new hypothetial e�ets [1{6℄.However, the spatial struture of the topologial densitydistribution seems to be not well de�ned sine the rele-vant properties of the underlying vauum struture de-pend on the measuring proedure [7, 8℄. The lassialinstanton approah [9℄ assumes that the nonperturbativephysis is governed by the sale of �QCD, whih meansthat the dimensionful quantities like volumes oupiedby topologial fermion modes should depend on �QCDbut not on the lattie spaing. On the ontrary, the lat-tie measurements demonstrate that these volumes dodepend on the spaing (i.e. on the measurement resolu-tion) and shrink to zero in the ontinuum limit [10{14℄.It turns out that the ontinuum de�nition of the topo-logial harge densityq(x) = 132�2 ����� Tr �Ga�� Ga��� (1)annot be diretly applied to the lattie gauge theory,sine the disretized version of (1) is no longer a fullderivative. There are two widely used methods to studythe topology of gauge �elds on the lattie. First, one anapply a smearing proedure, whih makes the gauge �eldssmoother and thus loser to the lassial �elds. Seond,one an rely on the lattie version of the Atyah-Singertheorem and de�ne the total topologial harge of a gauge�eld on�guration as the number of zero modes of theoverlap Dira operator [15℄ on this on�guration. Theorresponding loal density of topologial harge an bede�ned, for example, as follows [16{18℄:q(x) = �Tr h5 �1� a2D(x; x)�i ; (2)where D(x; x) is the zero-mass Neuberger operator andthe trae is taken over spinor and olor indies. Anotherattrative property of this de�nition is that it allows usto measure a loal imbalane in the number of left- and

FIG. 1: Isosurfaes of the topologial harge densityq(x) = �10�4 for a �xed time slie, orresponding to the 164lattie in Table I. Colors represent positive (red) and negative(blue) values, respetively. For the animation, see [19℄.right-handed quarks (hirality), whih is important forlattie studies of the loal CP-violation in strong inter-ations [20℄. A typial result of the lattie simulation forthis quantity (without ooling) is shown in Fig. 1.At the moment there are many investigations relatedto the spatial struture of the topologial harge distri-bution [13, 14, 21{25℄, whih use both of the alternativede�nitions. The measurements whih rely on the ool-ing proedure mostly suggest an instanton-like pitureof the QCD vauum [26℄, while the de�nition (2) typ-ially shows that the topologial harge is loalized atlow-dimensional objets (defets) [13, 14, 24, 25℄ and hasa very-long-range struture of the distribution [25℄. Atthe qualitative level it is known that both de�nitions yieldthe topologial harge densities whih are strongly or-related [21, 27, 28℄. For an alternative �ltering methodbased on adjoint fermions see Ref. [29℄.The aim of this paper is to �ll the existing gap in theliterature and to demonstrate in what way the oolingproedure a�ets the dimensionality of regions where the
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2� a [fm℄ L3s � Lt V [fm4℄ # onf3.200 0.117 123 � 12 3.93 50�133.295 0.100 143 � 14 3.90 50�133.332 0.094 153 � 15 3.89 50�133.365 0.088 163 � 16 3.88 50�133.425 0.078 183 � 18 3.87 50�13TABLE I: Lattie parameters used in the alulation: ou-plings �, lattie spaings a, lattie sizes L3s � Lt, physialvolume V , and number of gauge �eld on�gurations.topologial harge density is loalized. We use the de�-nition (2) based on zero modes of overlap Dira operatorand show that as the gauge �eld on�gurations are ooledthe dimension of these regions gradually tends to 4, whihis the total spae dimension. The proedure makes thee�etive resolution of the measurement lower and thusprovides a result lose to the instanton piture. We ver-ify our result using several measures of the loalization[10, 12, 30℄. Tehnial detailsWe work in the quenhed SU(2) lattie gauge theorywith the tadpole-improved Wilson-Symanzik ation [31℄.Latties we used are listed in Table I. We also imple-ment the ooling proedure desribed in Ref. [22℄ withoeÆient  = 0:5 for the APE-smearing. For eah lat-tie spaing we onsider thirteen di�erent stages of theooling proedure: 0, 1, 2, 5 - 12, 20 and 50 iterationsof the algorithm. For valene quarks we use the Neu-berger's overlap Dira operator [15℄. Its eigenvalues andeigenfuntions are given by the following relationD � = � � : (3)The quantities we measure in the present work arefuntions of two basi ingredients: the \hiral onden-sate" omputed on a mode with eigenvalue �,��(x) =  ��� (x)  ��(x) (4)and \hirality" omputed on a mode with eigenvalue �[in agreement with the de�nition (2)℄,�5�(x) = �1� �2� ��� (x)5��  ��(x) : (5)Here we sum over spinor and (omitted) olor indies. Thetotal values of both hiral ondensate and hirality aregiven by an in�nite sum over all eigenvalues. Lattiestudies [32, 33℄ suggest that the long-distane propertiesof QCD an be treated with a �nite uto� of the fermionispetrum. We hereby restrit our onsideration to theIR part of the Dira spetrum onsisting of zero modes(� = 0) and few low-lying modes (� 6= 0).

Inverse partiipation ratio (IPR) for an arbitrary nor-malized distribution �(x) is usually de�ned in the follow-ing way IPR = (NXx �2(x) �����Xx �(x) = 1) ; (6)where N is the total number of lattie sites x. From thisde�nition one an learly see that IPR = N if �(x) isloalized on a single site and IPR = 1 if �(x) = onst, i.e.the distribution is unloalized. In general IPR is equalto the inverse fration of sites oupied by the support of�(x). Sine this fration of sites an be thought of as anumber of four-dimensional lattie hyperubes overingthe support, the Hausdor� dimension d of these regionsan be extrated from the asymptoti behavior of IPR atsmall lattie spaings aIPR(a) = ad ; (7)where  is a onstant. It is also useful to mention, thatin physial units IPR�1 is equal to the part of the totalvolume oupied by the distribution.In the following setions we will modify the standardde�nition (6) to adapt it to our partiular ases (i.e. un-normalized or non-normalizable distributions, et.). The�nal result will show an equivalene of the hosen de�ni-tions. Ordinary IPR for zero modes.In this setion we ompute the inverse partiipationratio for the fermioni zero modes aording to the onede�ned in Ref. [12℄:IPR0 = N 2666664 Xx (�0(x))2 Xx �0(x)!23777775�=0 ; (8)where the brakets [:::℄�=0 denote an averaging over allzero modes and further averaging over all gauge �eld on-�gurations. Results are presented in Fig. 2.The left-hand �gure shows how the loalization de-pends on the lattie spaing a - the �ner the lattie, thelarger the IPR. This �ts very well to the idea of vanish-ing total volume oupied by fermioni zero modes in theontinuum limit a! 0 (see Ref. [7℄ for a review). Usingthe �t (7) we reover the fratal (Hausdor�) dimensiond of the volume. Results for the �ts with �xed numbersof ooling steps are presented in the Table II. Here, tominimize errors, we also prepared an alternative sampleonsisting only of those on�gurations whih do not loseall the fermion zero modes during the ooling. We pikedthen the values with better (and also suÆient) statistialsigni�ane.
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FIG. 2: Ordinary IPR for zero modes (8).

 5

 10

 15

 20

 25

 30

 35

 0.075  0.08  0.085  0.09  0.095  0.1  0.105  0.11  0.115  0.12

ch
ira

l I
P

R

Lattice spacing (fm)

0 steps
2 steps
7 steps
9 steps

10 steps
20 steps
50 steps

 5

 10

 15

 20

 25

 30

 35

 40

 1  10

ch
ira

l I
P

R

Number of cooling steps

124

144

154

164

184

FIG. 3: Chiral IPR for zero modes. First de�nition, Eq. (9).
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FIG. 4: Chiral IPR for the lowest nonzero modes. First de�nition, Eq. (10).
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FIG. 5: Chiral IPR for zero modes. Seond de�nition, Eq. (11).



4Number of Fratal Standard P-valueooling steps dimension error0 2.84 � 0.44 15% 0.0081 2.66 � 0.66 25% 0.0272 2.49 � 0.46 18% 0.0135 2.17 � 0.49 23% 0.0216 2.75 � 0.66 24% 0.0257 3.17 � 0.51 16% 0.0099 3.71 � 0.34 9% 0.00112 3.88 � 0.23 6% 4 � 10�4TABLE II: Fratal dimension of the fermioni zero modes and,equivalently, of the topologial harge distribution.Chiral IPR for low-lying modes. First de�nition.In this setion we modify the IPR to measure loal-ization properties of the topologial harge distribution.The average hirality "Xx �5�(x)#� is zero, therefore wehave to use either the absolute value j�5�(x)j or the square��5�(x)�2. Here we stik to the de�nition from [30℄, whihin our terms has the following form
IPR50 = N 2666664 Xx ��50(x)�2 Xx �0(x)!23777775�=0 : (9)

Results are presented in Fig. 3. From the plots weonlude that the topologial harge distribution behavessimilar to the zero modes, tending to oupy a vanishingvolume in the ontinuum limit. We an also ompute thehiral IPR for small but nonzero eigenvalues (in our asewe pik �rst 7 eigenvalues, � . 200MeV),
IPR5� 6=0 = N 2666664 Xx ��5�(x)�2 Xx ��(x)!23777775� 6=0 : (10)

Chiral IPR for these modes is small (Fig. 4) and thusthe topologial harge distribution at this part of thespetrum is deloalized.
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FIG. 6: Fratal dimensions at various ooling stages. Thesolid line is shown to guide the eye.Chiral IPR for zero modes. Seond de�nition.Finally we onsider a seond de�nition of the hiralIPR aording to [10℄:IPR50 = N 2666664 Xx ���50(x)��2 Xx j�50(x)j!23777775�=0 ; (11)where, as before, �50(x) denotes the hirality on a zeromode (2). Results are presented in Fig. 5. As an be seenfrom Figs. 2, 3, and 5 the IPR for the zero modes andfor the topologial harge density on these modes are thesame up to negligible deviations. Results of the �ttingproedure oinide for these three ases and are shown inTable II. The oinidene is not aidental, beause forthe zero modes [D; 5℄ = 0 and 5j 0i = �j 0i. Thismeans that on a given mode �0(x) and �50(x) are equalto eah other up to a sign.Fratal dimension. Results and onlusions.To onlude, we demonstrate that the topologialharge is loalized on low-dimensional fratal strutures,whose fratal (Hausdor�) dimension depends on thenumber of ooling steps. The obtained dimension isabout d = 2 � 3 for a few (n < 6) steps of the ool-ing, while it grows to d = 4 with further iterations (seeFig. 6). For a long ooling (n & 20) the result beomesinsigni�ant, beause the proedure leads to a deloal-ization of the distributions as an be seen in Figs. 2{5(otherwise IPR remains onsistent with a onstant withinerror bars). We suppose that it an be aused by the an-nihilation of the instanton/anti-instanton pairs. Indeed,omparing the mean ation evolution (Fig. 7) with the
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FIG. 7: Mean ation at various ooling stages.one from e.g. Ref. [34℄ we see that the annihilation phasein our ase ould start already from n � 20. In Ref. [22℄,where the same ooling algorithm is used, the annihila-tion takes plae even at a smaller number of steps.The main onlusions of our paper are the following:(1) Fermioni zero modes and hirality are loalized onstrutures with fratal dimension d = 2� 3, whihis an argument in favor of the vortex/domain-wallnature of the loalization [35, 36℄.(2) A long sequene of iterations of the ooling proe-dure provides a result lose to the instanton piture,i.e. destroys the low-dimensional struture of theQCD vauum.Finally, let us briey mention a possible phenomeno-

logial onsequene of our study. One of the most promis-ing e�ets appearing due to the nontrivial topology ofthe QCD vauum is the so-alled \hiral magneti e�et"(CME) [1℄, whih states the generation of an eletri ur-rent in parallel to an external magneti �eld. Topologialharge density in this ase an be understood as an imbal-ane in the number of left- and right-handed light quarksindued by a nontrivial gluoni bakground. This e�etis expeted to explain harge asymmetries observed atRHIC [20, 37℄. Some evidenes of the CME on the lattieas well as numerial estimates for the values of the loaltopologial harge were also obtained in Refs. [38{42℄. Atthe urrent level of analyti studies CME is onsideredas an e�et on the bakground of spatially homogeneousaxial �elds [43℄, while the lattie simulations predit anirregular struture of the would-be axial �eld (see Fig. 1).This spatial inhomogeneity an be treated within a hi-ral superuid model [6℄, where the hirality is arried byan e�etive axion-like �eld. Knowledge of the nature ofthe topologial harge loalization an help us to trans-late lattie Eulidean properties of the hirality to thelanguage of an e�etive Minkowski �eld theory [44℄.AknowledgementsThis work was supported by the grant for Leading Si-enti� Shools NSh-6260.2010.2 and RFBR 11-02-01227-a, Federal Speial-Purpose Programme \Cadres" of theRussian Ministry of Siene and Eduation. P. Buivi-dovih was supported by the postdotoral fellowship ofthe FAIR-Russia Researh Center. The numerial alu-lations were performed at the GSI bath farm. Authorsthank V.I. Zakharov, I. Horv�ath, and P. de Forrand foruseful disussions.[1℄ K. Fukushima, D. E. Kharzeev, H. J. Warringa, Phys.Rev. D78 (2008) 074033. [arXiv:0808.3382 [hep-ph℄℄.[2℄ D. E. Kharzeev, D. T. Son, Phys. Rev. Lett. 106 (2011)062301. [arXiv:1010.0038 [hep-ph℄℄.[3℄ D. E. Kharzeev, H. -U. Yee, Phys. Rev. D83 (2011)085007. [arXiv:1012.6026 [hep-th℄℄.[4℄ D. E. Kharzeev, H. -U. Yee, Phys. Rev. D84 (2011)045025. [arXiv:1105.6360 [hep-th℄℄.[5℄ Y. Neiman, Y. Oz, JHEP 1109 (2011) 011.[arXiv:1106.3576 [hep-th℄℄.[6℄ T. Kalaydzhyan, arXiv:1208.0012 [hep-ph℄.[7℄ V. I. Zakharov, [hep-ph/0602141℄.V. I. Zakharov, [hep-ph/0612341℄.[8℄ P. de Forrand, AIP Conf. Pro. 892 (2007) 29 [hep-lat/0611034℄.[9℄ G. 't Hooft, Phys. Rev. D14 (1976) 3432-3450.[10℄ C. Aubin et al. [ MILC Collaboration ℄, Nul. Phys. Pro.Suppl. 140 (2005) 626-628. [hep-lat/0410024℄.[11℄ C. Bernard, P. .de Forrand, S. Gottlieb, L. Levkova,U. M. Heller, J. E. Hetrik, O. Jahn and F. Maresa etal., PoSLAT 2005 (2006) 299 [hep-lat/0510025℄.[12℄ F. V. Gubarev, S. M. Morozov, M. I. Polikarpov and
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