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onsider the resummation of soft gluon emission for squark-antisquarkpair-produ
tion at the LHC at next-to-next-to-leading-logarithmi
 (NNLL) a

ura
y inthe framework of the minimal supersymmetri
 standard model. We present the analyti
alingredients needed for the 
al
ulation and provide numeri
al predi
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1. Introdu
tionThe sear
h for supersymmetry (SUSY) [1,2℄ is a 
entral part of the experimental program atthe Large Hadron Collider (LHC). Models of weak-s
ale SUSY provide a promising solutionto the hierar
hy problem of the Standard Model (SM) and predi
t new supersymmetri
parti
les (sparti
les) with masses in the TeV range. If they exist, the 
oloured sparti
les,squarks (~q) and gluinos (~g), would be produ
ed 
opiously in hadroni
 
ollisions and thuso�er the strongest sensitivity for supersymmetry sear
hes at the LHC. In the 
ontext of theminimal supersymmetri
 extension of the Standard Model (MSSM) [3, 4℄, these parti
lesare produ
ed in pairs due to R-parity 
onservation.Sear
hes for squarks and gluinos at the proton-proton 
ollider LHC, whi
h has beenoperating at pS = 7 TeV in 2010 and 2011, have pla
ed lower limits on squark and gluinomasses around 1 TeV [5, 6℄. On
e the LHC rea
hes its design energy of pS = 14 TeV,SUSY parti
les with masses up to 3 TeV 
an be probed [7, 8℄.A

urate theoreti
al predi
tions for in
lusive squark and gluino 
ross se
tions areneeded both to set ex
lusion limits and, in 
ase SUSY is dis
overed, to determine SUSYparti
le masses and properties [9, 10℄. The in
lusion of higher-order SUSY-QCD 
orre
-tions signi�
antly redu
es the renormalization- and fa
torization-s
ale dependen
e of thepredi
tions. In general, the 
orre
tions also in
rease the size of the 
ross se
tion with re-spe
t to the leading-order predi
tion [11,12℄ if the renormalization and fa
torization s
ales{ 1 {



are 
hosen 
lose to the average mass of the produ
ed SUSY parti
les. Consequently, theSUSY-QCD 
orre
tions have a substantial impa
t on the determination of mass ex
lusionlimits and would lead to a signi�
ant redu
tion of the un
ertainties on SUSY mass or pa-rameter values in the 
ase of dis
overy. The squark-antisquark produ
tion pro
esses havebeen known for quite some time at next-to-leading order (NLO) in SUSY-QCD [13, 14℄.Ele
troweak 
orre
tions to the O(�2s ) tree-level pro
esses [15℄ and the ele
troweak Bornprodu
tion 
hannels of O(��s) and O(�2) [16℄ are in general signi�
ant for the pair pro-du
tion of SU(2)-doublet squarks ~qL and at large invariant masses, but they are moderatefor in
lusive 
ross se
tions.A signi�
ant part of the NLO QCD 
orre
tions 
an be attributed to the thresholdregion, where the partoni
 
entre-of-mass energy is 
lose to the kinemati
 produ
tionthreshold. In this region the NLO 
orre
tions are dominated by soft-gluon emission o�the 
oloured parti
les in the initial and �nal state and by the Coulomb 
orre
tions dueto the ex
hange of gluons between the slowly moving massive sparti
les in the �nal state.The soft-gluon 
orre
tions 
an be taken into a

ount to all orders in perturbation theoryby means of threshold resummation te
hniques [17, 18℄. The Coulomb 
orre
tions 
an besummed to all orders by either using a Sommerfeld fa
tor [19{22℄ or by employing the frame-work of non-relativisti
 QCD, where bound-state e�e
ts 
an be in
luded as well [22{27℄.In addition, a formalism has been developed in the framework of e�e
tive �eld theoriesthat allows for the 
ombined resummation of soft and Coulomb gluons in the produ
tionof 
oloured sparti
les [28, 29℄.Threshold resummation has been performed for all MSSM squark and gluino pro-du
tion pro
esses at next-to-leading-logarithmi
 (NLL) a

ura
y [30{34℄. For squark-antisquark produ
tion, in addition to soft-gluon resummation, the Coulomb 
orre
tionshave been resummed both by using a Sommerfeld fa
tor [31℄ and by employing the frame-work of e�e
tive �eld theories [29℄. Furthermore, the dominant next-to-next-to-leading or-der (NNLO) 
orre
tions, in
luding those 
oming from the resummed 
ross se
tion at next-to-next-to-leading-logarithmi
 (NNLL) level, have been 
al
ulated for squark-antisquarkpair-produ
tion [35℄.In this paper we 
onsider threshold resummation at NNLL a

ura
y for squark-anti-squark pair produ
tion at the LHC. Compared to the NLL 
al
ulation the new ingredientsare the one-loop mat
hing 
oeÆ
ients, whi
h 
ontain the NLO 
ross se
tion near threshold,and the two-loop soft anomalous dimensions. Studies for the pair produ
tion of top quarkssuggest that the e�e
t of the mat
hing 
oeÆ
ients 
an be signi�
ant [36℄ and that NNLLresummation 
an redu
e the s
ale dependen
e 
onsiderably [35,37{40℄. We will dis
uss theimpa
t of the 
orre
tions and provide an estimate of the theoreti
al un
ertainty due tos
ale variation. In addition we will study the impa
t of the Coulomb gluons on the 
rossse
tion. We ex
lude top squarks from the �nal state in view of potentially large mixinge�e
ts and mass splitting in the stop se
tor [41℄. The other squarks are 
onsidered as beingmass degenerate and all 
avours and 
hiralities are summed over.The stru
ture of the paper is as follows. In se
tion 2 we dis
uss the NNLL resumma-tion for squark-antisquark pair-produ
tion. In se
tion 3 we present the 
al
ulation of thehard mat
hing 
oeÆ
ients required for the NNLL resummation. The numeri
al results are{ 2 {



presented in se
tion 4. We show predi
tions for the LHC with 
entre-of-mass energies ofpS = 7 TeV and pS = 14 TeV. We will 
on
lude in se
tion 5.2. Threshold resummation at NNLLIn this se
tion we brie
y review the formalism of threshold resummation for the produ
tionof a squark-antisquark pair. The in
lusive hadroprodu
tion 
ross se
tion �h1h2!~q�~q 
an bewritten in terms of its partoni
 version �ij!~q�~q as�h1h2!~q�~q��; fm2g� = Xi;j Z dx1dx2 d�̂ Æ��̂� �x1x2�� fi=h1(x1; �2) fj=h2(x2; �2)�ij!~q�~q��̂; fm2g; �2� ; (2.1)where fm2g denotes all masses entering the 
al
ulations, i; j are the initial parton 
avours,fi=h1 and fj=h2 the parton distribution fun
tions and � is the 
ommon fa
torization andrenormalization s
ale. The hadroni
 threshold for in
lusive produ
tion of two �nal-statesquarks with mass m~q 
orresponds to a hadroni
 
entre-of-mass energy squared that isequal to S = 4m2~q . Thus we de�ne the threshold variable �, measuring the distan
e fromthreshold in terms of energy fra
tion, as� = 4m2~qS :The partoni
 equivalent of this threshold variable is de�ned as �̂ = �=(x1x2), where x1;2are the momentum fra
tions of the partons.In the threshold region, the dominant 
ontributions to the higher-order QCD 
orre
-tions due to soft-gluon emission have the general form�ns logm�2 ; m � 2n with �2 � 1� �̂ = 1 � 4m2~qs ; (2.2)where s = x1x2S is the partoni
 
entre-of-mass energy squared. The resummation of thesoft-gluon 
ontributions is performed after taking a Mellin transform (indi
ated by a tilde)of the 
ross se
tion,~�h1h2!~q�~q�N; fm2g� � Z 10 d� �N�1 �h1h2!~q�~q��; fm2g�= Xi;j ~fi=h1(N + 1; �2) ~fj=h2(N + 1; �2) ~�ij!~q�~q�N; fm2g; �2� : (2.3)The logarithmi
ally enhan
ed terms are then of the form �ns logmN , m � 2n, with thethreshold limit � ! 0 
orresponding to N ! 1. The all-order summation of su
h loga-rithmi
 terms is a 
onsequen
e of the near-threshold fa
torization of the 
ross se
tions intofun
tions that ea
h 
apture the 
ontributions of 
lasses of radiation e�e
ts: hard, 
ollinear(in
luding soft-
ollinear), and wide-angle soft radiation [17, 18, 36, 42{44℄. Near thresholdthe resummed partoni
 
ross se
tion has the form:{ 3 {



~�(res)ij!~q�~q�N; fm2g;�2� =XI ~�(0)ij!~q�~q;I�N; fm2g; �2�Cij!~q�~q;I(N; fm2g; �2)� �i(N + 1; Q2; �2)�j(N + 1; Q2; �2)�(s)ij!~q�~q;I�Q=(N�); �2� ; (2.4)where we have introdu
ed the hard s
ale Q2 = 4m2~q . Before 
ommenting on the di�erentfun
tions in this equation, we re
all that soft radiation is 
oherently sensitive to the 
olourstru
ture of the hard pro
ess from whi
h it is emitted [36,42{46℄. At threshold, the resulting
olour matri
es be
ome diagonal to all orders by performing the 
al
ulation in an s-
hannel
olour basis [28,30,31℄. The di�erent 
ontributions then 
orrespond to di�erent irredu
iblerepresentations I. For the q�q ! ~q�~q pro
ess, the s-
hannel basis 
onsists of a singlet 1and an o
tet 8 representation, while for the gg ! ~q�~q pro
ess it 
ontains a singlet 1,an antisymmetri
 o
tet 8A and a symmetri
 o
tet 8S representation as presented in e.g.Ref. [28, 30, 31℄.In Eq. (2.4), ~�(0)ij!~q�~q;I are the 
olour-de
omposed leading-order (LO) 
ross se
tions inMellin-moment spa
e. The fun
tions �i and �j sum the e�e
ts of the (soft-)
ollinearradiation from the in
oming partons, while the fun
tion �(s)ij!~q�~q;I des
ribes the wide-anglesoft radiation. S
hemati
ally the exponentiation of soft-gluon radiation takes the form[17, 18℄ �i�j�(s)ij!~q�~q;I = exp hLg1(�sL) + g2(�sL) + �sg3(�sL) + : : : i : (2.5)This exponent 
aptures all dependen
e on the large logarithm L = logN . Keeping onlythe g1 term in Eq. (2.5) 
onstitutes the leading logarithmi
 (LL) approximation. In
ludingalso the g2 term is 
alled the NLL approximation. For the NNLL approximation also the g3term needs to be taken into a

ount. Expli
it expressions for the g3 term and its ingredientsare given in Refs. [47{49℄1 and are listed in appendix A.We also need the mat
hing 
oeÆ
ients C, whi
h 
ontain the Mellin moments ofthe higher-order 
ontributions without the log(N) terms. To NNLL a

ura
y, this non-logarithmi
 part of the higher-order 
ross se
tion near threshold fa
torizes into a part that
ontains the leading Coulomb 
orre
tion CCoul;(1) and a part that 
ontains the NLO hardmat
hing 
oeÆ
ients C(1) [29℄:CNNLL = �1 + �s� CCoul;(1)(N; fm2g; �2)� �1 + �s� C(1)(fm2g; �2)� (2.6)The 
al
ulation of the NLO hard mat
hing 
oeÆ
ients C(1) and the Coulomb 
ontribu-tion CCoul;(1) for the squark-antisquark produ
tion pro
esses will be dis
ussed in detail inse
tion 3.Having 
onstru
ted the NNLL 
ross-se
tion in Mellin-moment spa
e, the inverse Mellintransform has to be performed in order to re
over the hadroni
 
ross se
tion �h1h2!~q�~q. Inorder to retain the information 
ontained in the 
omplete NLO 
ross se
tions [14℄, theNLO and NNLL results are 
ombined through a mat
hing pro
edure that avoids double1One has to 
orre
t for an extra minus sign in front of all DQ �Q terms in Eq. (A9) of [49℄.{ 4 {




ounting of the NLO terms:�(NLO+NNLL mat
hed)h1h2!~q�~q ��; fm2g; �2� = �(NLO)h1h2!~q�~q��; fm2g; �2� (2.7)+ Xi;j ZCT dN2�i ��N ~fi=h1(N + 1; �2) ~fj=h2(N + 1; �2)� h~�(res;NNLL)ij!~q�~q �N; fm2g; �2� � ~�(res;NNLL)ij!~q�~q �N; fm2g; �2� j(NLO) i :We adopt the \minimal pres
ription" of Ref. [50℄ for the 
ontour CT of the inverse Mellintransform in Eq. (2.7). In order to use standard parametrizations of parton distributionfun
tions in x-spa
e we employ the method introdu
ed in Ref. [51℄.3. Cal
ulation of the mat
hing 
oeÆ
ientsIn this se
tion we will dis
uss the 
al
ulation of the mat
hing 
oeÆ
ients C at one loop.As dis
ussed in equation (2.6), the NNLL mat
hing 
oeÆ
ient CNNLL fa
torizes into theCoulomb 
ontribution and the hard mat
hing 
oeÆ
ient. For NNLL resummation, bothterms are needed up to NLO a

ura
y.The terms in the NLO 
ross se
tion whi
h give rise to the Coulomb 
orre
tions CCoul;(1)in N -spa
e do not have the usual phase-spa
e suppression / �, in view of the Coulombi
1=� enhan
ement fa
tor. After performing an expansion of the NLO 
ross se
tion in �,the hard mat
hing 
oeÆ
ients C(1) are determined by the terms in the NLO 
ross se
tionthat are proportional to �, � log(�) and � log2(�). Terms that 
ontain higher powers of� are suppressed by powers of 1=N in Mellin-moment spa
e and do not 
ontribute to themat
hing 
oeÆ
ient C. In 
ontrast to the 
ase of top-pair produ
tion in Ref. [52℄, thereis no full analyti
 result for the real 
orre
tions to squark-antisquark produ
tion, so we
annot take the expli
it threshold limit. For the virtual 
orre
tions, whi
h also 
ontain theCoulomb 
ontribution, we will use the full analyti
 expressions, but for the real 
orre
tionswe need a di�erent approa
h.To obtain the virtual 
orre
tions for squark-antisquark produ
tion we start from thefull analyti
 
al
ulation as presented in Ref. [14℄. As des
ribed in detail in Ref. [14℄,the QCD 
oupling �s and the parton distribution fun
tions at NLO are de�ned in theMS s
heme with �ve a
tive 
avours, with a 
orre
tion for the SUSY breaking in the MSs
heme. The masses of squarks and gluinos are renormalized in the on-shell s
heme, andthe top quark and the SUSY parti
les are de
oupled from the running of �s.To obtain the virtual part of the hard mat
hing 
oeÆ
ients, we �rst need to 
olour-de
ompose the result and then expand it in �. For the �rst step we only need the 
olourde
omposition of the LO matrix element. Due to the orthogonality of the s-
hannel 
olourbasis, the full matrix element squared is then automati
ally 
olour-de
omposed:jMj2NLO;I = 2Re(MNLOM�LO;I):We are now left with an expression in terms of masses, Mandelstam variables and s
alarintegrals. Sin
e we need the 
ross se
tion to O(�), we have to expand jMj2 to zeroth order{ 5 {



in �. For the squark-antisquark produ
tion pro
esses the fa
tors that multiply the integralsdo not 
ontain negative powers of �, so we do not have to expand the s
alar integrals beyondzeroth order in �.The number of integrals that need to be expanded 
an be redu
ed. By using the fa
tthat the two outgoing momenta are equal at threshold, we 
an redu
e some of the three-and four-point integrals to two- and three-point integrals respe
tively. This pro
edure 
anbe used only for integrals that 
ontain both outgoing momenta. The result of the remainingintegrals is expli
itly expanded to zeroth order in �.Spe
ial attention has to be paid to the Coulomb integrals. First, in order to 
al
u-late the Coulomb 
orre
tions CCoul;(1) in N -spa
e, we need to know the Coulomb part ofthe NLO 
orre
tion in �-spa
e, 
orresponding to the leading terms in � of the Coulombintegrals. These leading terms are given by [19{22℄:�Coul;(1)ij!~q�~q;I = ��s� �22��ij!~q�~q;I�(0)ij!~q�~q;I (3.1)with � 
olour 
oeÆ
ients that depend on the pro
ess and the dimension of the representa-tion. For the q�q-initiated pro
ess they are given by [31℄:�q�q!~q�~q;1 = �43 and �q�q!~q�~q;8 = 16while for the gg-initiated pro
ess they are:�gg!~q�~q;1 = �43 ; �gg!~q�~q;8A = 16 and �gg!~q�~q;8S = 16 :The Mellin transform ~�Coul;(1) of Eq. (3.1) is presented in appendix B. The fun
tion CCoul;(1)
an be obtained by dividing ~�Coul;(1) by the Mellin transform of the LO 
ross se
tion, whi
h
an be found in Ref. [31℄.Se
ondly, the next term in the �-expansion of the Coulomb integrals 
ontributes tothe hard mat
hing 
oeÆ
ients. Due to their 1=� behaviour Coulomb integrals 
annot beredu
ed to lower-point integrals, so they need to be expanded expli
itly.To obtain the integrated real 
orre
tions at threshold, the key observation is thatthey are formally phase-spa
e suppressed near threshold unless the integrand 
ompensatesthis suppression. Therefore we 
an 
onstru
t the real 
orre
tions at threshold from thesingular behaviour of the matrix element squared, whi
h 
an be obtained using dipolesubtra
tion [53,54℄. We will brie
y review the pro
edure of dipole subtra
tion and spe
ifyhow only the singular 
ontributions survive in the threshold limit.Dipole subtra
tion makes use of the fa
t that the 
ross se
tion 
an be split into threeparts: a part with three-parti
le kinemati
s �f3g, one with two-parti
le kinemati
s �f2g,and a 
ollinear 
ounterterm �C that is needed for removing the initial-state 
ollinear sin-gularities. These parts are well-de�ned in n = 4 � 2� dimensions, but their 
onstituentsdiverge for �! 0. With the aid of an auxiliary 
ross se
tion �A, whi
h 
aptures all singu-lar behaviour, all parts are made �nite and integrable in four spa
e-time dimensions. This{ 6 {



auxiliary 
ross se
tion is subtra
ted from the real 
orre
tions �R at the integrand level toobtain �f3g and added to the virtual 
orre
tions �V, whi
h de�nes �f2g:�NLO = Z3 �d�R � d�A��=0 + Z2 �d�V + Z1 d�A��=0 + �C � �f3g + �f2g + �CWe will �rst argue that we 
an negle
t �f3g. Compared to the 
ase of two-parton kinemati
s,the phase spa
e of �f3g is limited by the energy of the third, radiated massless parti
le.Near the two-parti
le threshold, the maximum energy of the radiated parti
le, and thusthe available phase spa
e, equals Emax = ps � 2m~q / �2. Sin
e after subtra
ting �A nodivergen
es are left in the integrand of �f3g, the leading 
ontribution of �f3g is at mostproportional to �2 and 
an thus be negle
ted. This leaves us with:�NLO;thr = �f2g;thr + �C;thr = �V;thr + �C;thr + �A;thr;so at threshold the real radiation is indeed 
ompletely spe
i�ed by the singular behaviour
ontained in �A. In Ref. [54℄ the general form of �A is determined by summing over dipolesthat 
orrespond to pairs of ordered partons. These dipoles des
ribe the soft and 
ollinearradiation and reprodu
e the matrix element squared in the soft and 
ollinear limits. Toobtain the 
ross se
tion, the dipole fun
tions need to be integrated over phase spa
e and inparti
ular over the momentum fra
tion x that is left after radiation. In the threshold limitthe available phase spa
e sets the lower bound of the x-integral to 1� �2, while the upperbound equals 1. Therefore we 
annot get a result of O(�) unless the integrand diverges atx = 1, whi
h is the 
ase only for soft-gluon radiation. As a result we only need to take intoa

ount the dipoles that des
ribe gluon radiation.Spe
ial attention has to be paid to the massive �nal-state dipole fun
tion. In Ref. [54℄this dipole fun
tion has been rewritten in order to simplify the integration. Unfortunatelythis results in a deformation of the phase spa
e integration whi
h 
hanges exa
tly the �niteterms that we are looking for. Therefore the expression given in Eq. (5.16) of Ref. [54℄
annot be used for our 
al
ulation and we have to use the original dipole fun
tion instead.A more detailed argument 
an be found in appendix C. The divergent part of the dipolefun
tion is 
ompletely determined by the soft limit. Using the eikonal approximation weobtain the �nal-state dipole fun
tion that 
orre
tly reprodu
es the soft limit at threshold.Its behaviour is given by:hVgj;lijdiv /Xj 1pg � pj Xl 6=j  pj � plpg � pj + pg � pl � 12 m2jpg � pj!Tj � Tl ; (3.2)where pg is the gluon momentum and the sums run over �nal-state parti
les with momentapj;l, masses mj;l and 
olour 
harge operators Tj;l that are de�ned in Ref. [54℄. This ex-pression vanishes at threshold, so the �nal-state dipoles do not 
ontribute in the thresholdlimit. For the other dipole fun
tions and the 
ollinear 
ounterterm we 
an use the equationsin [54℄ and take the threshold limit.After 
ombining the real and the virtual 
orre
tions the hard mat
hing 
oeÆ
ients 
anbe obtained by taking the Mellin transform and omitting the Coulomb 
orre
tions and the{ 7 {



log(N) terms. The 
omplete expressions for the hard mat
hing 
oeÆ
ients of the squark-antisquark produ
tion pro
esses 
an be found in appendix D. Their behaviour for varyinggluino mass is shown in Fig. 1. For the gg ! ~q�~q pro
ess the antisymmetri
 o
tet 8A
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e of the 
olour-de
omposed NLO hard mat
hing 
oeÆ
ients forthe q�q initiated 
hannel (a) and the gg initiated 
hannel (b). The squark mass has been set tom~q = 1:2 TeV, while the 
ommon renormalization and fa
torization s
ale has been set equal to thesquark mass. The top quark mass is taken to be mt = 172:9 GeV.
ontribution to the 
ross se
tion vanishes be
ause it yields a p-wave 
ontribution, whi
hvanishes at threshold.These mat
hing 
oeÆ
ients have been 
he
ked numeri
ally using PROSPINO [14℄ andagree within the numeri
al a

ura
y of PROSPINO. They also agree with the a1 
oeÆ
ientspresented in Ref. [35℄ to the per
ent level.4. Numeri
al resultsIn this se
tion we present numeri
al results for the NNLL-resummed 
ross se
tions withand without the Coulomb 
ontributions. We show the results for squark-antisquark pair-produ
tion at the LHC for 
entre-of-mass energies of 7 TeV and 14 TeV. In order to evaluatehadroni
 
ross se
tions we use the 2008 NLOMSTW parton distribution fun
tions [55℄ withthe 
orresponding �s(M2Z) = 0:120. We have used a top quark mass ofmt = 172:9 GeV [56℄.The numeri
al results have been obtained with two independent 
omputer 
odes.It should be noted that the Coulomb e�e
ts 
an be s
reened by the width of the sparti-
les depending on the spe
i�
 SUSY s
enario. For 
onsisten
y we will sti
k to the approa
hadopted in the NLO 
al
ulations, where this s
reening is not taken into a

ount. In or-der to study the e�e
ts from the hard mat
hing 
oeÆ
ients and the Coulomb 
orre
tionsseparately, we will 
ompare several 
ross se
tions with the NLO result and dis
uss their
ontribution:� The NLL mat
hed 
ross se
tion is based on the 
al
ulations presented in [30{32℄ andwill be denoted as �NLO+NLL.� The NNLL mat
hed 
ross se
tion without Coulomb 
ontributions to the resumma-tion �NLO+NNLL w=o Coulomb 
ontains the soft-gluon resummation to NNLL a

ura
y{ 8 {



mat
hed to the full NLO result. The mat
hing is performed a

ording to Eq. (2.7).The Coulomb 
orre
tion to the resummation is not in
luded, so CCoul;(1) in Eq. (2.6)is set to zero.� The NNLL mat
hed 
ross se
tion �NLO+NNLL does in
lude the Coulomb 
ontributionCCoul;(1) from equation (2.6). Also in this 
ase Eq. (2.7) has been used to mat
h the
ross se
tion to the 
omplete NLO result.The NLO 
ross se
tions are 
al
ulated using the publi
ly available PROSPINO 
ode [57℄,based on the 
al
ulations presented in Ref. [14℄. The QCD 
oupling �s and the partondistribution fun
tions at NLO are de�ned in the MS s
heme with �ve a
tive 
avours. Themasses of squarks and gluinos are renormalized in the on-shell s
heme, and the SUSYparti
les are de
oupled from the running of �s and the parton distribution fun
tions. Notop-squark �nal states are 
onsidered. We sum over squarks with both 
hiralities (~qLand ~qR), whi
h are taken as mass degenerate. The renormalization and fa
torization s
ales� are taken to be equal.We �rst dis
uss the s
ale dependen
e of the 
ross se
tions. Figure 2 shows the squark-antisquark 
ross se
tion for m~q = m~g = 1:2 TeV as a fun
tion of the renormalization andfa
torization s
ale �. The value of � is varied around the 
entral s
ale �0 = m~q from� = �0=5 up to � = 5�0 and results are shown for the LHC at CM energies of 7 TeV (a)and 14 TeV (b).
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µ0 = mq̃ = mg̃ = 1200GeV

µ/µ0

5210.50.2

0.0020

0.0018

0.0016

0.0014

0.0012

0.0010

0.0008

0.0006

0.0004
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0.03Figure 2: The s
ale dependen
e of the LO, NLO, NLO+NLL and NLO+NNLL (both with theCoulomb part CCoul;(1) and without it) squark-antisquark 
ross se
tions for the LHC at 7 TeV (a)and 14 TeV (b). The squark and gluino masses have been set to m~q = m~g = 1:2 TeV.For both 
ollider energies we see the usual s
ale redu
tion going from LO to NLO. In-
luding the NLL 
orre
tion and the NNLL 
ontribution without the Coulomb part CCoul;(1)improves the behaviour for moderate values of �=�0, but a fairly strong s
ale dependen
efor small values of �=�0 remains. Upon in
lusion of the Coulomb 
orre
tions CCoul;(1) thes
ale dependen
e stabilises over the whole range.{ 9 {



Figure 3 shows the mass dependen
e of the s
ale un
ertainty for the NLO, NLO+NLLand NLO+NNLL 
ross se
tions at the LHC. The squark and gluino mass have been takenequal and the s
ale has been varied in the range m~q=2 � � � 2m~q. As was to be expe
tedfrom �gure 2, the s
ale un
ertainty redu
es as the a

ura
y of the predi
tions in
reases. Inthe range of squark masses 
onsidered here, the NNLL resummation without the Coulomb
orre
tions CCoul;(1) already redu
es the s
ale un
ertainty to at most 10% for the LHC at aCM energy of 7 TeV and to even lower values for a CM energy of 14 TeV. The in
lusion ofthe Coulomb term CCoul;(1) in the resummed NNLL predi
tion results in a s
ale un
ertaintyof only a few per
ent for both 
ollider energies. The e�e
t of the threshold resummation ismore pronoun
ed for a 
ollider energy of 7 TeV, whi
h is due to the fa
t that the sparti
lesare produ
ed 
loser to threshold in that 
ase.
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0.60Figure 3: The s
ale un
ertainty of the NLO, NLO+NLL and NLO+NNLL (both with the Coulombpart CCoul;(1) and without it) squark-antisquark 
ross se
tions for the LHC at 7 TeV (a) and14 TeV (b). The 
ommon renormalization and fa
torization s
ale has been varied in the rangem~q=2 � � � 2m~q and the squark and gluino masses have been taken equal.Finally we study the K-fa
tors with respe
t to the NLO 
ross se
tion:Kx = �x�NLO ;where x 
an be NLO+NLL, NLO+NNLL w/o Coulomb or NLO+NNLL. In �gure 4 westudy the mass dependen
e of the K-fa
tor for equal squark and gluino masses.At the 
entral s
ale � = m~q the K-fa
tor, and thus the theoreti
al predi
tion of the
ross se
tion, in
reases as more 
orre
tions are in
luded. Also, the e�e
t be
omes morepronoun
ed for higher masses. This was to be expe
ted, sin
e in that 
ase the parti
les areprodu
ed 
loser to threshold. As 
an be seen in �gure 4(a), the NNLL resummation withoutthe Coulomb 
orre
tions CCoul;(1) already results in a 25% in
rease of the 
ross se
tion withrespe
t to the NLO 
ross se
tion for squarks of 2 TeV and a CM energy of 7 TeV. The
ontribution from the Coulomb term to the resummed NLO+NNLL 
ross se
tion is largerthan the 
ontributions provided by the g3 term in the exponential and the hard mat
hing{ 10 {



(a)
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1.00Figure 4: The K-fa
tor with respe
t to the NLO 
ross se
tion of the NLO+NLL and NLO+NNLL(both with the Coulomb part CCoul;(1) and without it) squark-antisquark 
ross se
tions for the LHCat 7 TeV (a) and 14 TeV (b). The squark and gluino masses have been taken equal and the 
ommonrenormalization and fa
torization s
ale has been set equal to the squark mass.
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0.80Figure 5: The K-fa
tor with respe
t to the NLO 
ross se
tion of the NLO+NNLL squark-antisquark 
ross se
tions with and without the Coulomb 
ontributions CCoul;(1) for the LHC at7 TeV. Di�erent ratios of the squark and gluino mass are shown, while the 
ommon renormaliza-tion and fa
torization s
ale has been set equal to the squark mass.
oeÆ
ient C(1), yielding a total K-fa
tor of 1.45. For the 
ase of a CM energy of 14 TeV,whi
h is shown in �gure 4(b), the size of the NNLL 
ontributions is smaller, sin
e thesparti
les are produ
ed further away from threshold. However, for masses of 3 TeV, theK-fa
tor for the NNLL 
ontribution without the Coulomb 
orre
tion CCoul;(1) still yields1.13, whereas the in
lusion of the Coulomb 
orre
tions in
reases this to 1.25. Although thee�e
t from the Coulomb 
orre
tions 
ould be somewhat smaller in reality due to the �nite{ 11 {



lifetime of the squarks, �gure 4 suggests that the NNLL 
ontribution will remain large.Figure 4 only 
ontains the numbers for equal squark and gluino masses, but the e�e
tof the gluino mass is small, as 
an be seen in �gure 5. In �gure 5 the mass ratio r = m~g=m~qhas been varied. Although some e�e
t 
an be seen, it is negligible 
ompared to the sizeof the NNLL 
orre
tions. It turns out that this 
on
lusion also holds for a 
ollider energyof 14 TeV. Consequently the NNLL-resummed results are relatively independent of therelation between squark and gluino masses.The s
ale dependen
e of the 
ross se
tion shows the best stability after in
luding boththe hard mat
hing 
oeÆ
ients C(1) and the Coulomb 
ontributions CCoul;(1). This indi
atesthat all these 
ontributions should be taken into a

ount to a
hieve the observed 
an
el-lation, see also �gure 9 in [29℄. However, the observed redu
tion in the s
ale dependen
emight be modi�ed somewhat by the in
lusion of the width of the parti
les or by mat
h-ing to the full NNLO result, whi
h is not available. In this 
ontext we note that, as a
onsequen
e of the NNLL a

ura
y of resummation, our mat
hed 
ross se
tion re
eives ad-ditional non-logarithmi
 NNLO 
ontributions, whi
h would have been 
onsistently treatedif mat
hing to NNLO had been possible. A very 
onservative estimate of the s
ale un-
ertainty is provided by the NLO+NNLL w/o Coulomb results, whi
h do not in
lude theCoulomb 
orre
tions.5. Con
lusionsWe have performed the NNLL resummation of threshold 
orre
tions for squark-antisquarkhadroprodu
tion. In parti
ular, the previously unknown hard mat
hing 
oeÆ
ient C(1),needed at this level of a

ura
y, has been 
al
ulated analyti
ally. We have also numeri
allyevaluated the NNLL resummed 
ross se
tion, mat
hed to the NLO �xed-order expression,for squark-antisquark produ
tion at the LHC with CM energies of 7 and 14 TeV. Atboth 
ollider energies the total 
ross se
tion in
reases at the 
entral s
ale. At 7 TeV
ollision energy and for a squark mass of 2 TeV, the NLO+NNLL squark-antisquark 
rossse
tion is larger than the 
orresponding NLO 
ross se
tion by as mu
h as 45%. The
orre
tion is redu
ed to 25% if the 
ontributions due to Coulombi
 intera
tions are nottaken into a

ount. In addition, the s
ale dependen
e is redu
ed signi�
antly, parti
ularlyafter in
lusion of the Coulomb 
orre
tions. This information should be used to improve
urrent limits on SUSY masses or, in the 
ase that SUSY is found, to more a

uratelydetermine the masses of the sparti
les.A
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ision Cal
ulations for Physi
s Dis
overiesat Colliders".A. The NNLL fun
tionsIn the following we list the expli
it expression for the NNLL fun
tion g(3)ij!~q�~q;I , 
f. Refs. [47,49℄. Expressions for the LL and NLL fun
tions 
an be found in Refs. [31, 36℄.The NNLL fun
tions g(3)q�q!~q�~q;I and g(3)gg!~q�~q;I readg(3)ij!~q�~q;I ��; 4m2~q ; �2� = A(1)i b21�b40 11� 2� �2�2 + 2� log(1� 2�) + 12 log2(1� 2�)� (A.1)+A(1)i b2�b30 �2�+ log(1� 2�) + 2�21� 2���2A(1)i b1
E�b20 [2�+ log(1� 2�)℄1� 2� + 4A(1)i� ��(2) + 
2E� �1� 2��A(2)i b1�2b30 11� 2� [2�(� + 1) + log(1� 2�)℄+4A(2)i 
E�2b0 �1� 2� + 2A(3)i�3b20 �21� 2� � D(2)i�2b0 �1� 2�+D(1)ij!~q�~q;I b12�b20 [2�+ log(1� 2�)℄1� 2� � 2D(1)ij!~q�~q;I 
E� �1� 2��D(2)ij!~q�~q;I�2b0 �1� 2�+"A(1)i b1�b20 2�+ log(1� 2�)1� 2� � 4A(1)i 
E� �1� 2�# log 4m2~q�2 !+A(1)i� �1� 2� log2 4m2~q�2 !� 2A(2)i�2b0 �1� 2� log 4m2~q�2 !+D(1)ij!~q�~q;I� �1� 2� log 4m2~q�2 !with � = b0�s(�2) log(N), � the 
ommon renormalization and fa
torization s
ale, and 
EEuler's 
onstant. The 
oeÆ
ients of the QCD beta fun
tion are denoted by bn and the �rstthree 
oeÆ
ients are given by [59, 60℄b0 = 11CA � 2nl12� ; (A.2)b1 = 17C2A � 5CAnl � 3CFnl24�2 ;b2 = 1(4�)3 �285754 C3A � 141554 C2Anl � 20518 CACFnl + C2Fnl + 7954CAn2l + 119 CFn2l � ;
{ 13 {



where nl denotes the number of light quark 
avours, CA = N
 and CF = N2
�12N
 with N
 thenumber of 
olours. The universal, pro
ess independent 
oeÆ
ients up to NNLL a

ura
yare given by [47℄A(1)i = Ci ; (A.3)A(2)i = 12Ci ��6718 � �(2)�CA � 59nl� ;A(3)i = 14Ci �C2A�24524 � 679 �(2) + 116 �(3) + 115 �(2)2�+ CFnl��5524 + 2�(3)�+CAnl ��209108 + 109 �(2)� 73�(3)�� n2l27� ;and [42, 61, 62℄D(2)i = Ci �CA��10127 + 113 �(2) + 72�(3)�+ nl�1427 � 23�(2)�� ; (A.4)with the 
olour fa
tor Ci = CF for i = q; �q and Ci = CA for i = g. The pro
ess dependent
oeÆ
ients read [36℄D(1)q�q(gg)!~q�~q;1 = 0 ; D(1)q�q(gg)!~q�~q;8(8A;8S) = �CA ; (A.5)and [29, 48℄D(2)q�q(gg)!~q�~q;1 = 0 ; (A.6)D(2)q�q(gg)!~q�~q;8(8A;8S) = �CA�12 ��6718 � �(2)�CA � 59nl�+ CA2 (�(3)� 1) + 2�b0� :B. Mellin transforms of the Coulomb 
orre
tionsIn this appendix we present the analyti
al results for the Mellin transforms of the Coulomb
orre
tions in terms of the Euler beta fun
tion �, the digamma fun
tion 	 and the hy-pergeometri
 fun
tions 2F1 and 3F2. For the subpro
ess qi�qj ! ~q�~q the expressions for the
olour-de
omposed Coulomb part in N -spa
e are given by~�Coul;(1)qi�qj!~q�~q ;1(N) = � 4�3s�2243m2~q " 4N + 1 � 4hN + 2 2F1 (1; N + 2; N + 3; h) (B.1)+ 4 IN (r) + 2(r2 � 1) IN+1(r)# ;~�Coul;(1)qi�qj!~q�~q ;8(N) = � �3s�22592m2~q Æij" 8nlN2 + 3N + 2 + 8N + 1 + (r2 � 1) 4N + 2 (B.2)+ 4 r2 IN+1(r) + (r2 � 1)2 IN+2(r)# � 164 ~�Coul;(1)qi�qj!~q�~q ;1(N) ;
{ 14 {



whereas for the subpro
ess gg ! ~q�~q they read~�Coul;(1)gg!~q�~q ;1(N) = �3s�2nl288m2~q " 2N + 1 + 2N + 2 + 2 IN+1(1)� IN+2(1)# ; (B.3)~�Coul;(1)gg!~q�~q ;8A(N) = � �3s�2nl1536m2~q " 2N + 1 + 16N + 2 + 6 IN+1(1) + 3 IN+2(1)# ; (B.4)~�Coul;(1)gg!~q�~q ;8S(N) = � 516 ~�Coul;(1)gg!~q�~q ;1(N) : (B.5)Here r = m~g=m~q and nl = 5 denotes the number of light quark 
avours. The fun
tionIN (r) is given byIN (r) � 2pdN + 1 + 2BN log�r2 + 12r �+BN [	(N + 3=2) �	(N + 1)℄ (B.6)+h N + 1N + 3=2 BN 3F2(1; 1; N + 2; 2; N + 5=2; h)� d2(N + 3=2)BN 3F2(1; 1; 3=2; 2; N + 5=2; d)+ 2 d3=23 (N + 1) (N + 2) 3F2(1; 3=2; 2; 5=2; N + 3; d)� 2N+2(N + 1)2 3F2(�N;N + 1; N + 1; N + 2; N + 2; 1=2) ;with h = �(r2 � 1)24r2 ; and d = (r2 � 1)2(r2 + 1)2 : (B.7)The Euler beta fun
tion �(N + 1; 1=2) is abbreviated byBN � �(N + 1; 1=2): (B.8)C. How velo
ity fa
tors 
an deform the phase spa
e integrationAs mentioned in se
tion 3 the dipole fun
tion given in Ref. [54℄ has been modi�ed, whi
hmakes it unsuitable for our 
al
ulation. We will expli
itly show the e�e
t of this modi�
a-tion by 
onsidering the 
hange in the se
ond term of Eq. (3.2), whi
h is denoted as I
ollgQ;Qin Eq. (5.23) of Ref. [54℄. In Ref. [54℄ �nite pie
es of the integrand are taken into a

ountas well, but sin
e we showed in se
tion 3 that the only 
ontribution at threshold 
omesfrom the singular part of the integrand, we will omit these terms.The singular term of the integrand yields a 1=�-pole and a �nite pie
e. The pole 
an
elsthe pole of the �rst term of the dipole fun
tion (3.2), while the �nite pie
e 
ontributes to{ 15 {



the hard mat
hing 
oeÆ
ient. In its unmodi�ed form, the �nite pie
e is given byI
oll;un
hangedgQ;Q ����n = 2Z y+0 dy "1y � �2p[2�2 + (1� 2�2)(1 � y)℄2 � 4�2y(�2 + y(1� 2�2))p1� 4�2 #� 2Z 2(1�2�)0 dyp1� 4�2 �p(1� y=2)2 � 4�2yp1� 4�2 (C.1)with y = pg � pjpg � pj + pg � pl + pj � pl ; y+ = 1� 2�1� 2�2 and � = m=ps :The approximation in the se
ond line of Eq. (C.1) is suitable near threshold, where � � 1=2.Exa
tly at threshold the �nite part equals 4�4 log(2) and exa
tly 
an
els the 
ontributionfrom the �rst term of Eq. (3.2).In Ref. [54℄, the integrand in I
ollgQ;Q has been multiplied by velo
ity fa
tors in order tosimplify the integration:~vgQ;QvgQ;Q = (1� y)p1� 4�2p[2�2 + (1� 2�2)(1 � y)℄2 � 4�2 � p1� 4�2p(1� y=2)2 � 4�2 ;where the approximation in the se
ond step holds near threshold. The velo
ity fa
tore�e
tively repla
esp1� 4�2 in the denominator of Eq. (C.1) byp(1� y=2)2 � 4�2, whi
hamounts to a shift 
omparable in size to the value of the numerator. In the stri
t soft limity vanishes and the velo
ity fa
tors have no e�e
t. However, we are integrating over gluonsthat are not soft 
ompared to the energy above threshold ps � 2m, so we also need the
orre
t behaviour away from the stri
t soft limit. In fa
t, if the velo
ity fa
tors are in
ludedthe integral I
ollgQ;Q vanishes at threshold, so it does no longer 
an
el the 
ontribution fromthe �rst term of Eq. (3.2).Usually the velo
ity fa
tors do not pose a problem in 
al
ulations using dipole sub-tra
tion, sin
e the terms are subtra
ted from the real part and added to the virtual part.Therefore it does not matter if a dipole fun
tion is deformed, as long as the pole is re-produ
ed. Finite 
ontributions 
an always be moved between �f2g and �f3g. However,we argued that �f3g vanishes at threshold due to phase-spa
e suppression, whi
h is nottrue if the phase spa
e integration is deformed by velo
ity fa
tors. Therefore we need theun
hanged dipole fun
tion for this parti
ular 
al
ulation.D. The hard mat
hing 
oeÆ
ients for squark-antisquark produ
tionHere we present the exa
t expressions for the hard mat
hing 
oeÆ
ients C(1) for the squark-antisquark produ
tion pro
esses as de�ned in Eq. (2.6). We sum over squarks with both
hiralities (~qL and ~qR). No top-squark �nal states are 
onsidered and all squarks are
onsidered to be mass-degenerate with mass m~q. Top squarks are taken into a

ount in theloops, where they are taken to be mass-degenerate with the other squarks. The 
al
ulationis outlined in se
tion 3 and was done with FORM [58℄. We �rst de�ne:�12(q2) =s1� 4m1m2q2 � (m1 �m2)2 ; x12(q2) = �12(q2)� 1�12(q2) + 1
{ 16 {



and m2� = m2~g �m2~q ; m2+ = m2~g +m2~q;where m~g is the gluino mass. Denoting the number of light 
avours by nl = 5, the totalnumber of 
avours by nf = 6 and the number of 
olours by N
 = 3, we also de�ne:
q = 32CF CF = N2
 � 12N

g = 116 CA � 13nl CA = N
 :We denote the fa
torization s
ale by �F , the renormalization s
ale by �R and Euler's
onstant by 
E . For the q�q ! ~q�~q pro
ess both the singlet 1 and the o
tet 8 representation
ontribute:C(1)q�q!~q�~q;I = Re(2CF3 �2 + 
g log��2Rm2~q�� 
q log��2Fm2~q�+ F0(m~q;m~g;mt) + 19N
24+ 238N
 + 1� 3N2
N
 log�m2+m2~q �� 2N
 log (2) +�7N
6 + 2m2~gm2+ CF� log�m2~gm2~q�� m2~gm2~q�m2�m2~q log�m2�m2~g �+ 1�CF + m2~g2m2��m2~gm2� log�m2~gm2~q�� 1�CF� 12N
�m2~gm2~q � 3�F1 (m~q;m~g) +�m2+2m2~qCF + 1N
�F2 (m~q;m~g)+ 2CF�
2E � 2
E log(2) + 
E log��2Fm2~q��+ �� �24 + log�m2+m2~q �� log (2)� m2~gm2+ log�m2~gm2~q�+ 2 + 
E� 14�m2~gm2~q � 3� (F1 (m~q;m~g) + F2 (m~q;m~g)) �C2(I)):In this equation the last two lines are proportional to the quadrati
 Casimir invariant ofthe representation, whi
h is zero for the singlet and N
 for the o
tet representation. We{ 17 {



have de�ned the fun
tions:F0(m~q;m~g;mt) = m2t2m2~g ��1 + m2~q2m2~g�nf +� m6�2m2+m4~g log�m2�m2~q �+ 4m2~qm2+ log (2)�nl+� m4t2m2~qm2~g � (m2~q �m2t )24m4~g + m2~q �m2tm2~g � 112� log�m2tm2~q�� m2��m2~g � (m~q �mt)2��m2~g �m2~q +m2t �2m4~gm2+ �~qt(m2~g) log �x~qt(m2~g)�+ m4t � 2m~qm3t + 4m3~qmt � 4m4~qm2~qm2+ �~qt(�m2~q) log �x~qt(�m2~q)�F1(m~q;m~g) = Li2�m2�2m2~g�+ Li2�1� m2�2m2~q�+ �212 + log�m2�2m2~g� log�m2+2m2~q�+ 12 log2�m2~gm2~q�F2(m~q;m~g) = Li2�m2~qm2~g�� Li2�� m2~qm2~g�+ log�m2+m2�� log�m2~gm2~q� :For the gg ! ~q�~q pro
ess the antisymmetri
 o
tet 8A vanishes be
ause it yields a p-wave
ontribution, whi
h vanishes at threshold. The hard mat
hing 
oeÆ
ients for the singlet 1and the symmetri
 o
tet 8S do 
ontribute:C(1)gg!~q�~q;8A = 0C(1)gg!~q�~q;I = Re(�2�5N
12 � CF4 �+ 
g log��2R�2F �� m2~gN
2m2~q log2 �x~g~g(4m2~q)�+CF�m2+m2�2m4~q log�m2+m2��� m2~gm2~q � 3�+ m2+N
2m2~q �Li2��m2~qm2~g�� Li2�m2~qm2~g��+ 2CA�
2E � 2
E log(2) + 
E log��2Fm2~q��+ ��28 � 12Li2��m2~qm2~g�+ 12Li2�m2~qm2~g�+ m2~g4m2~q log2�x~g~g(4m2~q)�+ 2 + 
E�C2(I))where in the se
ond equation the representation I 
an be the 1 or the 8S and the last lineis proportional to the quadrati
 Casimir invariant of the representation.Referen
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