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Prediting �13 and the Neutrino Mass Sale fromQuark Lepton Mass HierarhiesW. Buhm�uller, V. Domke, and K. ShmitzDeutshes Elektronen-Synhrotron DESY, 22607 Hamburg, GermanyAbstratFlavour symmetries of Froggatt-Nielsen type an naturally reonile the largequark and harged lepton mass hierarhies and the small quark mixing angleswith the observed small neutrino mass hierarhies and their large mixing angles.We point out that suh a avour struture, together with the measured neutrinomass squared di�erenes and mixing angles, strongly onstrains yet undeterminedparameters of the neutrino setor. Treating unknownO(1) parameters as randomvariables, we obtain surprisingly aurate preditions for the smallest mixingangle, sin2 2�13 = 0:07+0:11�0:05, the smallest neutrino mass, m1 = 2:2+1:7�1:4 � 10�3 eV,and one Majorana phase, �21=� = 1:0+0:2�0:2.
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1 IntrodutionIt remains a theoretial hallenge to explain the observed pattern of quark and lep-ton masses and mixings, in partiular the striking di�erenes between the quark setorand the neutrino setor. Promising elements of a theory of avour are grand uni-�ation (GUT) based on the groups SU(5), SO(10) or E6, supersymmetry, the see-saw mehanism and additional avour symmetries [1℄. A suessful example is theFroggatt-Nielsen mehanism [2℄ based on spontaneously broken Abelian symmetries,whih parametrizes quark and lepton mass ratios and mixings by powers of a small`hierarhy parameter' �. The resulting struture of mass matries also arises in om-pati�ations of higher-dimensional �eld and string theories, where the parameter �is related to the loation of matter �elds in the ompat dimensions or to vauumexpetation values of moduli �elds (f. [3℄).In this artile we onsider a Froggatt-Nielsen symmetry whih ommutes with theGUT group SU(5), and whih naturally explains the large �� � �� mixing [4℄. Thissymmetry implies a partiular hierarhy pattern in the Majorana mass matrix for thelight neutrinos, m� / 0BB��2 � �� 1 1� 1 11CCA ; (1)whih an be regarded as a key element for our analysis. The predited Dira andMajorana neutrino mass matries are also onsistent with leptogenesis [5℄. Despite thesesuesses, the preditive power of the Froggatt-Nielsen mehanism is rather limited dueto unknown O(1) oeÆients in all entries of the mass matries. For example, theonsidered model [5℄ an aommodate both a small as well as a large `solar' mixingangle �12 [4, 6℄. To get an idea of the range of possible preditions for a given avourstruture, it is instrutive to treat the O(1) parameters as random variables [7℄.In the following we shall employ Monte-Carlo tehniques to study quantitatively thedependene of yet undetermined, but soon testable parameters of the neutrino setor onthe unknown O(1) fators of the mass matries. Using the already measured neutrinomasses and mixings as input, we �nd surprisingly sharp preditions whih indiate alarge value for the smallest mixing angle �13 in aordane with reent results fromT2K [8℄, Minos [9℄ and Double Chooz [10℄, a value for the lightest neutrino mass ofO(10�3) eV and one Majorana phase in the mixing matrix peaked at �21 = �.2



 i 103 102 101 5�3 5�2 5�1 13 12 11 Hu Hd SQi 0 1 2 a a a + 1 b  d 0 0 0Table 1: Froggatt-Nielsen harge assignments. From Ref. [5℄.2 Masses and mixings in the lepton setorAs far as orders of magnitude are onerned, the masses of quarks and harged leptonsapproximately satisfy the relationsmt : m : mu � 1 : �2 : �4 ;mb : ms : md � m� : m� : me � 1 : � : �3 ; (2)with �2 ' 1=300 for masses de�ned at the GUT sale. This mass hierarhy an bereprodued by a simple U(1) avour symmetry. Grouping the standard model leptonsand quarks into the SU(5) multiplets 10 = (qL; uR; eR) and 5� = (dR; lL), the Yukawainterations take the formLY = h(u)ij 10i10jHu + h(e)ij 5�i10jHd + h(�)ij 5�i1jHu + 12 h(n)i 1i1iS + :: ; (3)where 1 = �R denote the harge onjugates of right-handed neutrinos and i; j = 1 : : : 3are avour indies. Note that the Yukawa matrix h(n) for the right-handed neutrinosan always be hosen to be real and diagonal. Hu, Hd and S are the Higgs �eldsfor eletroweak and B � L symmetry breaking, i.e., their vauum expetation valuesgenerate the Dira masses of quarks and leptons and the Majorana masses for the right-handed neutrinos, respetively. In this setup, the Yukawa ouplings are determined upto omplex O(1) fators by assigning U(1) harges to the fermion and Higgs �elds inEq. (3), hij � �Qi+Qj : (4)With the harge assignment given in Tab. 1 the mass relations in Eq. (2) are re-produed. Additionally, perturbativity of the Yukawa ouplings and onstraints ontan � = hHui=hHdi require 0 � a � 1.
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MassesFrom Eq. (3) and Tab. 1 one obtains for the Dira neutrino mass matrix mD and theMajorana mass matrix of the right-handed neutrinos M ,mDvEW sin � = h(�)ij � �a0BB��d+1 �+1 �b+1�d � �b�d � �b 1CCA ; MvB�L = h(n)ij � 0BB��2d 0 00 �2 00 0 �2b1CCA ;(5)with the eletroweak and B � L symmetry breaking vauum expetation values vEW =phHui2 + hHdi2 and vB�L = hSi, respetively. In the seesaw formulam� = �mD 1MmTD ; (6)the dependene on the right-handed neutrino harges drops out, and one �nds for thelight neutrino mass matrix,m� � v2EW sin2 �vB�L �2a 0BB��2 � �� 1 1� 1 11CCA : (7)The harged lepton mass matrix is given bymevEW os � = h(e)ij � �a0BB��3 �2 ��2 � 1�2 � 11CCA : (8)Note that the seond and third row of the matrix me have the same hierarhy pattern.This is a onsequene of the same avour harge for the seond and third generation ofleptons, whih is the origin of the large neutrino mixing. Hene, diagonalizing me ana priori give a sizable ontribution to the mixing in the lepton setor.MixingThe lepton mass matries are diagonalized by bi-unitary and unitary transformations,respetively, V TL meVR = mdiage ; UTm�U = mdiag� ; (9)with V yLVL = V yRVR = U yU = 1. From VL and U one obtains the leptoni mixing matrixUPMNS = V yLU , whih is parametrized as [11℄UPMNS = 0BB� 1213 s1213ei�212 s13ei(�312 �Æ)�s1223 � 12s23s13eiÆ �1223 � s12s23s13eiÆ� ei�212 s2313ei�312s12s23 � 1223s13eiÆ ��12s23 � s1223s13eiÆ� ei�212 2313ei�312 1CCA ; (10)4



with ij = os �ij and sij = sin �ij. Sine the light neutrinos are Majorana fermions, allthree phases are physial.In the following we study the impat of the unspei�ed O(1) fators in the lep-ton mass matries on the various parameters of the neutrino setor by using a MonteCarlo method, taking present knowledge on neutrino masses and mixings into aount.Naively, one might expet large unertainties in the preditions for the observables ofthe neutrino setor obtained in this setup. For instane, the neutrino mass matrix isalulated by multiplying three matries, in whih eah entry omes with an unspei-�ed O(1) fator, f. Eq. (6). However, arrying out the analysis desribed below andalulating the 68% on�dene intervals, we �nd that in many ases our results aresharply peaked, yielding a higher preision than only an order-of-magnitude estimate.3 Random variablesMonte-Carlo studyThe unknown O(1) oeÆients of the Yukawa matries h(e), h(�) and h(n) are onstrainedby the experimental data on neutrino masses and mixings, with the 3� on�dene rangesgiven by [11℄: 2:07� 10�3 eV2 � j�m2atmj � 2:75� 10�3 eV2 ;7:05� 10�5 eV2 � �m2sol � 8:34� 10�5 eV2 ;0:75 � sin2(2�12) � 0:93 ;0:88 � sin2(2�23) � 1 : (11)
In the following we expliitly do not use the urrent bound on the smallest mixing angle(�13 < 0:21 at 3� [11℄). This allows us to demonstrate that nearly all values we obtainfor �13 automatially obey the experimental bound, f. Fig. 1.In a numerial Monte-Carlo study we generate random numbers to model the 39 realparameters of the three mass matries.1 The absolute values are taken to be uniformlydistributed in [10�1=2; 101=2℄ on a logarithmi sale. The phases in h(e) and h(�) are1Nine omplex O(1) fators in eah h(�) and h(e), as well as three real O(1) fators in h(n). Notethat here we are treating the low energy Yukawa ouplings as random variables, whih are related tothe ouplings at higher energy sales via renormalization group equations. However, we expet thatthe e�et of this renormalization group running an essentially be absorbed into a rede�nition of thee�etive sale �vB�L, hene leaving the results presented in the following unhanged.5



hosen to be uniformly distributed in [0; 2�). In the following, we shall refer to thosesets of oeÆients whih are onsistent with the experimental onstraints in Eq. (11)as hits.In a preliminary run, we onsider the neutrino mixing matrix U , with the e�etivesale �vB�L � ��2avB�L= sin2 � treated as random variable in the interval [10�1=2; 101=2℄�1015 GeV. We �nd that the perentage of hits strongly peaks at �vB�L ' 1� 1015 GeV.This is interesting for two reasons. Firstly, it implies that given 0 � a � 1, the highseesaw sale lies in the range 3� 1012 GeV . vB�L= sin2 � . 1� 1015 GeV. Note thatthe upper part of this mass range is lose the GUT sale, whih is important for reentwork on the onnetion of leptogenesis, gravitino dark matter and hybrid ination [12℄.Seondly, this result allows us to �x the parameter �vB�L in the following omputationswithout introduing a signi�ant bias.In the main run, for �xed �vB�L, we inlude the mixing matrix VL of the hargedleptons to ompute the full PMNS matrix. We require the mass ratios of the hargedleptons to ful�ll the experimental onstraints up to an auray of 5% and allow for1 � tan� � 60 to ahieve the orret normalization of the harged lepton mass spe-trum. Finally, imposing the 3� onstraints on the two large mixing angles of the fullPMNS matrix, we �nd parameter sets of O(1) fators whih yield mass matries ful�ll-ing the onstraints in Eq. (11). Our �nal results are based on roughly 20 000 suh hits.For eah hit we alulate the observables in the neutrino setor as well as parametersrelevant for leptogenesis. The resulting distributions are disussed below.Statistial analysisIn our theoretial setup the relative frequeny with whih we enounter a ertain valuefor an observable might indiate the probability that this value is atually realizedwithin the large lass of avour models under study. In the following we shall thereforetreat the distributions for the various observables as probability densities for ontinuousrandom variables. That is, our preditions for the respetive observables represent best-guess estimates aording to a probabilisti interpretation of the relative frequenies.For eah observable we would like to dedue measures for its entral tendeny andstatistial dispersion from the respetive probability distribution. Unfortunately, it isinfeasible to �t all obtained distributions with one ommon template distribution. Suha proedure would lak a lear statistial justi�ation, and it also appears impratialas the distributions that we obtain di�er substantially in their shapes. We thereforehoose a di�erent approah. We onsider the median of a distribution as its entre6



and we use the 68 % `on�dene' interval around it as a measure for its spread. Ofourse, this range of the on�dene interval is reminisent of the 1� range of a normaldistribution.More preisely, for an observable x with probability density f we will summarizeits entral tendeny and variability in the following form [13℄,x = x̂�+�� ; �� = x� � x̂ : (12)Here, x� and x+ denote the 16%- and 84%-quantiles with respet to the densityfuntion f . The entral value x̂ is the median of f and thus orresponds to its 50%-quantile. All three values of x an be alulated from the quantile funtion Q,Q(p) = inf fx 2 [xmin; xmax℄ : p � F (x)g ; F (x) = Z xxmin dt f(t) ; (13)where F stands for the umulative distribution funtion of x. We then have:x� = Q(0:16) ; x̂ = Q(0:50) ; x+ = Q(0:84) : (14)Intuitively, the intervals from xmin to x�, x̂, and x+ respetively orrespond to the xranges into whih 16%, 50% or 84% of all hits fall. This is also illustrated in thehistogram for sin2 2�13 in Fig. 1. Moreover, we have inluded vertial lines into eahplot to indiate the respetive positions of x�, x̂, and x+.In our ase the median is a partiularly useful measure of loation. First of all, it isresistant against outliers and hene an appropriate statisti for suh skewed distribu-tions as we observe them. But more importantly, the average absolute deviation fromthe median is minimal in omparison to any other referene point. The median is thusthe best guess for the outome of a measurement if one is interested in being as lose aspossible to the atual result, irrespetive of the sign of the error. On the tehnial sidethe de�nition of the median �ts niely together with our method of assessing statistialdispersion. The 68% on�dene interval as introdued above is just onstruted in suha way that equal numbers of hits lie in the intervals from x� to x̂ and from x̂ to x+,respetively. In this sense, our on�dene interval represents a symmetri error withrespet to the median.As a test of the robustness of our results, we heked the dependene of our distri-butions on the preise hoie of the experimental error intervals. The results presentedhere proved insensitive to these variations. For de�niteness, we therefore stik to the7
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Figure 1: Neutrino mixing angles �13 and �23. The vertial lines denote the position of the median (solidline) and the boundaries of the 68% on�dene region (dashed lines) of the respetive distribution.3� intervals. We also heked the e�et of taking the random O(1) fators to be dis-tributed uniformly on a linear instead of a logarithmi sale. Again, the results provedto be robust.4 Observables and resultsMass hierarhyAn important open question whih ould help unravel the avour struture of theneutrino setor is the mass hierarhy. Sine the sign of �m2atm is not yet known, weannot di�erentiate with urrent experimental data between a normal hierarhy withone heavy and two light neutrino mass eigenstates and an inverted hierarhy, whih hastwo heavy and one light neutrino mass eigenstate. Measuring the Mikheyev-Smirnov-Wolfenstein (MSW) e�et of the earth ould resolve this ambiguity.With the proedure desribed above, all hits math the struture of the normalhierarhy and there are no examples with inverted hierarhy. It is however notablethat imposing the struture of the neutrino mass matrix given by Eq. (7) alone doesnot exlude the inverted mass hierarhy. Only additionally imposing the measuredbounds on the mixing angles rejets this possibility.Mixing anglesThe mixing in the lepton setor is desribed by the matrix UPMNS given in Eq. (10).Of the three angles, two are only bounded from one side by experiment: for the largestmixing angle �23 there exists a lower bound, whereas the smallest mixing angle �138
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Figure 2: Lightest neutrino mass m1 and e�etive neutrino mass in tritium deay m� . Vertial linesand shadings as in Fig. 1.is so far only bounded from above. Reent results from T2K [8℄, Minos [9℄ and thepreliminary result of Double Chooz [10℄ point to a value of �13 just below the urrentexperimental bound. The respetive best �t points, assuming a normal hierarhy, aresin2 2�13 = 0:11 (T2K), 2 sin2 �23 sin2 2�13 = 0:041 (MINOS) and sin2 2�13 = 0:085(Double Chooz). The 90% and 68% on�dene regions respetively read0:03 < sin2 2�13 < 0:28 T2K, 90 % CL; ÆCP = 0;2 sin2 �23 sin2 2�13 < 0:12 MINOS, 90 % CL; ÆCP = 0; (15)0:01 < sin2 2�13 < 0:16 Double Chooz, 68 % CL:With the proedure desribed above, we �nd sharp preditions for the smallest andthe largest mixing angle within the urrent experimental bounds,sin2 2�13 = 0:07+0:11�0:05 ; sin2 2�23 = 0:97+0:03�0:05 ; (16)the orresponding distributions are shown in Fig. 1. These results are quite remarkable:the atmospheri mixing angle points to maximal mixing, while the rather large valuefor �13 is onsistent with the reent T2K, Minos and Double Chooz results.In our Monte-Carlo study we observe that the dominant ontribution to the strongmixing in the lepton setor is primarily due to the neutrino mass matrix m�. Thenumerial results are not muh a�eted by inluding the harged lepton mixing matrixVL. The PMNS matrix is thus approximately given by the matrix U whih diagonalizesthe light neutrino mass matrix m�. 9
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Figure 3: E�etive mass in neutrinoless double-beta deay m0��� and Majorana phase �21. Vertiallines and shadings as in Fig. 1.Absolute mass saleThe absolute neutrino mass sale is a ruial ingredient for the study of neutrinolessdouble-beta deay and leptogenesis. Although inaessible in neutrino osillation ex-periments, di�erent experimental setups have sueeded in onstraining this mass sale.Cosmologial observations of the utuations in the osmi mirowave bakground, ofthe density utuations in the galaxy distribution and of the Lyman-� forest yield aonstraint for the sum of the light neutrino masses, weighted by the number of spindegrees of freedom per Majorana neutrino, g� = 2, [11℄mtot =X� g�2 m� . 0:5 eV : (17)The Plank satellite is expeted to be sensitive to values of mtot as low as roughly0:1 eV [14℄. A further onstraint arises from measuring the �-spetrum in tritiumdeay experiments. The urrent bound [11℄ ism2� =Xi j(UPMNS)eij2m2i < 4 eV2 : (18)By omparison, the KATRIN experiment, whih will start taking data soon, aims atreahing a sensitivity of 0:04 eV2 [15℄. Finally, the neutrino mass sale an also beprobed by neutrinoless double-beta deay. The relevant e�etive mass ism0��� = jXi (UPMNS)2eimij : (19)Here, Ref. [16℄ laims a value of 0:11 � 0:56 eV. Dediated experiments, suh asGERDA [17℄ with a design sensitivity of 0:09 � 0:20 eV, are on the way. Note that10
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Figure 4: E�etive neutrino mass of the �rst generation em1 and CP violation parameter "1. Vertiallines and shadings as in Fig. 1.m0��� does not only depend on the absolute neutrino mass sale and the mixing angles,but also on the phases (�31 � 2Æ) and �21 in the PMNS matrix.We �nd sharp preditions for the neutrino mass parameters disussed above. Thelightest neutrino, �1, is found to be quite light, f. Fig. 2,m1 = 2:2+1:7�1:4 � 10�3 eV ; (20)hene favouring a relatively low neutrino mass sale beyond the reah of urrent andupoming experiments. More preisely, we �nd for the neutrino mass parameters dis-ussed above:mtot = 6:0+0:3�0:3� 10�2 eV; m� = 8:6+3:3�2:2� 10�3 eV; m0��� = 1:5+0:9�0:8� 10�3 eV: (21)CP-violating phasesThe small value of the mass parameter measured in neutrinoless double-beta deay,m0���, is due to the relative minus sign between the m1 and m2 terms in Eq. (19),aused by a strong peak of the value for the Majorana phase �21 at �,�21� = 1:0+0:2�0:2 : (22)This is depited in Fig. 3. An analyti analysis of how this phenomena arises from thestruture of the neutrino mass matrix, f. Eq. (7), is presented in Appendix A. For theother Majorana phase �31 and the Dira phase Æ we �nd no suh distint behaviourbut approximately at distributions. 11



Leptogenesis parametersFinally, leptogenesis [18℄ links the low energy neutrino physis to the high energy physisof the early universe. The parameters that apture this onnetion are the e�etiveneutrino mass of the �rst generation em1 and the CP violation parameter "1 [19℄,em1 = (myDmD)11M1 ; "1 = �Xj=2;3 Im �(h(�) yh(�))1j�28�(h(�) yh(�))11 F �M2jM21 � ; (23)with F (x) = px �ln1+xx + 2x�1� and Mj denoting the masses of the heavy neutrinos.Here, em1 determines the oupling strength of the lightest of the heavy neutrinos tothe thermal bath and thus ontrols the signi�ane of wash-out e�ets. It is boundedfrom below by the lightest neutrino mass m1. The absolute value of the CP violationparameter "1 is bounded from above by [20℄"max = 38� j�m2atmj1=2M1v2EW sin2 � ' 2:1� 10�6 � 1sin2 ��� M11010GeV� : (24)With the proedure desribed above, we �ndem1 = 4:0+3:1�2:0 � 10�2 eV ; "1"max = 0:25+0:28�0:18 ; (25)and hene a lear preferene for the strong wash-out regime [19℄. Notie that theretypially is a hierarhy between em1 and m1 of about one order of magnitude. Therelative frequeny of the CP violation parameter "1 peaks lose to the upper bound"max, with the majority of the hits lying within one order of magnitude or less below"max, f. Fig. 4. This justi�es the use of "max when estimating the produed leptonasymmetry in leptogenesis. Here, in the disussion of "1, we assumed hierarhialheavy neutrinos, M2;3 �M1.Theoretial versus experimental inputThe results of this setion are obtained by ombining two oneptually di�erent inputs,on the one hand the hierarhy struture of the neutrino mass matrixm� given by Eq. (1)and on the other hand the experimentally measured onstraints listed in Eq. (11). Ingeneral, the distributions presented above really arise from the interplay between bothof these ingredients. For example, the hierarhy struture alone does not favour a largesolar mixing angle �12 and the ratio �m2sol=�m2atm tends to be too large (f. [21, 22℄).This disrepany is eased by generating the random oeÆients in Eq. (1) via theseesaw mehanism. Imposing the experimental onstraints �nally singles out the subset12



of parameter sets used for the distributions presented above. As another example,onsider the smallest mixing angle �13 and the lightest neutrino mass eigenstate m1. Inthese ases, the hierarhy struture of the neutrino mass matrix automatially impliessmall values, similar to those shown in the distributions above. However, the exatdistributions inluding the preise position of the peaks only arise after implementingthe experimental onstraints. A notable exeption to this sheme is the Majorana phase�21. Here the peak at �21 = � is a result of the hierarhy struture of the neutrinomatrix m� alone, as demonstrated in Appendix A.5 Disussion and outlookIn summary, we �nd that starting from a avour symmetry whih aounts for themeasured quark and lepton mass hierarhies and large neutrino mixing, the presentknowledge of neutrino parameters strongly onstrains the yet unknown observables, inpartiular the smallest mixing angle �13, the smallest neutrino mass m1, and the Majo-rana phase �21. This statement is based on a Monte-Carlo study: Treating unspei�edO(1) parameters of the onsidered Froggatt-Nielsen model as random variables, theobservables of interest are sharply peaked around ertain entral values.We expet that these results hold beyond Froggatt-Nielsen avour models. Anobvious example are extradimensional models whih lead to the same type of light neu-trino mass matrix (f. [23℄). On the other hand, quark-lepton mass hierarhies and thepresently known neutrino observables annot determine the remaining observables ina model-independent way. This is illustrated by the fat that our present knowledgeabout quark and lepton masses and mixings is still onsistent with �13 ' 0 as well aswith an inverted neutrino mass hierarhy (f. [24℄). As a onsequene, further measure-ments of neutrino parameters will be able to falsify ertain patterns of avour mixingand thereby provide valuable guidane for the theoretial origin of quark and leptonmass matries.AknowledgementsThe authors thank G. Altarelli, F. Br�ummer, G. Ross, D. Wark, W. Winter andT. Yanagida for helpful disussions and omments. This work has been supported bythe German Siene Foundation (DFG) within the Collaborative Researh Center 676\Partiles, Strings and the Early Universe".13



A Analyti derivation of the Majorana phase �21The omplex phases of the O(1) oeÆients in the neutrino mass matrix m� and thelepton mass matrix me are randomly distributed. One would thus naively expet thatalso the Majorana phases �21 and �31 in the PMNS matrix an take arbitrary values.By ontrast, the distribution of values for �21 that we obtain from our numerial Monte-Carlo study, f. Fig. 3, learly features a prominent peak at �21 = �. In this appendixwe shall demonstrate by means of a simpli�ed example how the struture of the neutrinomass matrix m� may partly �x the phases of the orresponding mixing matrix U .Consider the following simpli�ed Majorana mass matrix m� for the light neutrinos,m� = v0BB� �2 �ei' ��ei' 1 1� 1 11CCA ; v = v2EW�vB�L ; (26)where ' is an arbitrary omplex phase between 0 and 2�. For simpliity, let us negletany e�ets on the mixing matrix U from the diagonalization of me. That is, we de�neU suh that UTm�U = diag (mi), with m2i denoting the eigenvalues of my�m�,m21;2v2 = �2 sin2 ('=2) h2� � (5 + 3 os ('))1=2i +O ��4� ; (27)m23v2 = 4 �1 + �2 �1� sin2 ('=2)��+O ��4� :Notie that the �rst two mass eigenvalues are nearly degenerate. This is a onsequeneof the partiular hierarhy pattern of the matrix m� whih originally stems from theequal avour harges of the 5�2 and 5�3 multiplets. The relative sign of the O (�3)ontributions to m21 and m22 eventually shows up again in entries of U , for instane,U11;12 = �2 (5 + 3 os ('))1=23 + ei' exp�� i2Arg [�z℄�+O (�) : (28)with z = 1�os (')�2i sin (') : The phase �21 = 2 (Arg [U12=U11℄ mod �) in the matrixU represents the analog of the Majorana phase �21 in the PMNS matrix, f. Eq. (10).Aording to our expliit results for U11 and U12 it is independent of the arbitrary phase' to leading order in �,�21 ' 2�Arg �� exp�� i2Arg [+z℄ + i2Arg [�z℄�� mod �� = � : (29)14
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