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Predi
ting �13 and the Neutrino Mass S
ale fromQuark Lepton Mass Hierar
hiesW. Bu
hm�uller, V. Dom
ke, and K. S
hmitzDeuts
hes Elektronen-Syn
hrotron DESY, 22607 Hamburg, GermanyAbstra
tFlavour symmetries of Froggatt-Nielsen type 
an naturally re
on
ile the largequark and 
harged lepton mass hierar
hies and the small quark mixing angleswith the observed small neutrino mass hierar
hies and their large mixing angles.We point out that su
h a 
avour stru
ture, together with the measured neutrinomass squared di�eren
es and mixing angles, strongly 
onstrains yet undeterminedparameters of the neutrino se
tor. Treating unknownO(1) parameters as randomvariables, we obtain surprisingly a

urate predi
tions for the smallest mixingangle, sin2 2�13 = 0:07+0:11�0:05, the smallest neutrino mass, m1 = 2:2+1:7�1:4 � 10�3 eV,and one Majorana phase, �21=� = 1:0+0:2�0:2.
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1 Introdu
tionIt remains a theoreti
al 
hallenge to explain the observed pattern of quark and lep-ton masses and mixings, in parti
ular the striking di�eren
es between the quark se
torand the neutrino se
tor. Promising elements of a theory of 
avour are grand uni-�
ation (GUT) based on the groups SU(5), SO(10) or E6, supersymmetry, the see-saw me
hanism and additional 
avour symmetries [1℄. A su

essful example is theFroggatt-Nielsen me
hanism [2℄ based on spontaneously broken Abelian symmetries,whi
h parametrizes quark and lepton mass ratios and mixings by powers of a small`hierar
hy parameter' �. The resulting stru
ture of mass matri
es also arises in 
om-pa
ti�
ations of higher-dimensional �eld and string theories, where the parameter �is related to the lo
ation of matter �elds in the 
ompa
t dimensions or to va
uumexpe
tation values of moduli �elds (
f. [3℄).In this arti
le we 
onsider a Froggatt-Nielsen symmetry whi
h 
ommutes with theGUT group SU(5), and whi
h naturally explains the large �� � �� mixing [4℄. Thissymmetry implies a parti
ular hierar
hy pattern in the Majorana mass matrix for thelight neutrinos, m� / 0BB��2 � �� 1 1� 1 11CCA ; (1)whi
h 
an be regarded as a key element for our analysis. The predi
ted Dira
 andMajorana neutrino mass matri
es are also 
onsistent with leptogenesis [5℄. Despite thesesu

esses, the predi
tive power of the Froggatt-Nielsen me
hanism is rather limited dueto unknown O(1) 
oeÆ
ients in all entries of the mass matri
es. For example, the
onsidered model [5℄ 
an a

ommodate both a small as well as a large `solar' mixingangle �12 [4, 6℄. To get an idea of the range of possible predi
tions for a given 
avourstru
ture, it is instru
tive to treat the O(1) parameters as random variables [7℄.In the following we shall employ Monte-Carlo te
hniques to study quantitatively thedependen
e of yet undetermined, but soon testable parameters of the neutrino se
tor onthe unknown O(1) fa
tors of the mass matri
es. Using the already measured neutrinomasses and mixings as input, we �nd surprisingly sharp predi
tions whi
h indi
ate alarge value for the smallest mixing angle �13 in a

ordan
e with re
ent results fromT2K [8℄, Minos [9℄ and Double Chooz [10℄, a value for the lightest neutrino mass ofO(10�3) eV and one Majorana phase in the mixing matrix peaked at �21 = �.2



 i 103 102 101 5�3 5�2 5�1 13 12 11 Hu Hd SQi 0 1 2 a a a + 1 b 
 d 0 0 0Table 1: Froggatt-Nielsen 
harge assignments. From Ref. [5℄.2 Masses and mixings in the lepton se
torAs far as orders of magnitude are 
on
erned, the masses of quarks and 
harged leptonsapproximately satisfy the relationsmt : m
 : mu � 1 : �2 : �4 ;mb : ms : md � m� : m� : me � 1 : � : �3 ; (2)with �2 ' 1=300 for masses de�ned at the GUT s
ale. This mass hierar
hy 
an bereprodu
ed by a simple U(1) 
avour symmetry. Grouping the standard model leptonsand quarks into the SU(5) multiplets 10 = (qL; u
R; e
R) and 5� = (d
R; lL), the Yukawaintera
tions take the formLY = h(u)ij 10i10jHu + h(e)ij 5�i10jHd + h(�)ij 5�i1jHu + 12 h(n)i 1i1iS + 
:
: ; (3)where 1 = �
R denote the 
harge 
onjugates of right-handed neutrinos and i; j = 1 : : : 3are 
avour indi
es. Note that the Yukawa matrix h(n) for the right-handed neutrinos
an always be 
hosen to be real and diagonal. Hu, Hd and S are the Higgs �eldsfor ele
troweak and B � L symmetry breaking, i.e., their va
uum expe
tation valuesgenerate the Dira
 masses of quarks and leptons and the Majorana masses for the right-handed neutrinos, respe
tively. In this setup, the Yukawa 
ouplings are determined upto 
omplex O(1) fa
tors by assigning U(1) 
harges to the fermion and Higgs �elds inEq. (3), hij � �Qi+Qj : (4)With the 
harge assignment given in Tab. 1 the mass relations in Eq. (2) are re-produ
ed. Additionally, perturbativity of the Yukawa 
ouplings and 
onstraints ontan � = hHui=hHdi require 0 � a � 1.
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MassesFrom Eq. (3) and Tab. 1 one obtains for the Dira
 neutrino mass matrix mD and theMajorana mass matrix of the right-handed neutrinos M ,mDvEW sin � = h(�)ij � �a0BB��d+1 �
+1 �b+1�d �
 �b�d �
 �b 1CCA ; MvB�L = h(n)ij � 0BB��2d 0 00 �2
 00 0 �2b1CCA ;(5)with the ele
troweak and B � L symmetry breaking va
uum expe
tation values vEW =phHui2 + hHdi2 and vB�L = hSi, respe
tively. In the seesaw formulam� = �mD 1MmTD ; (6)the dependen
e on the right-handed neutrino 
harges drops out, and one �nds for thelight neutrino mass matrix,m� � v2EW sin2 �vB�L �2a 0BB��2 � �� 1 1� 1 11CCA : (7)The 
harged lepton mass matrix is given bymevEW 
os � = h(e)ij � �a0BB��3 �2 ��2 � 1�2 � 11CCA : (8)Note that the se
ond and third row of the matrix me have the same hierar
hy pattern.This is a 
onsequen
e of the same 
avour 
harge for the se
ond and third generation ofleptons, whi
h is the origin of the large neutrino mixing. Hen
e, diagonalizing me 
ana priori give a sizable 
ontribution to the mixing in the lepton se
tor.MixingThe lepton mass matri
es are diagonalized by bi-unitary and unitary transformations,respe
tively, V TL meVR = mdiage ; UTm�U = mdiag� ; (9)with V yLVL = V yRVR = U yU = 1. From VL and U one obtains the leptoni
 mixing matrixUPMNS = V yLU , whi
h is parametrized as [11℄UPMNS = 0BB� 
12
13 s12
13ei�212 s13ei(�312 �Æ)�s12
23 � 
12s23s13eiÆ �
12
23 � s12s23s13eiÆ� ei�212 s23
13ei�312s12s23 � 
12
23s13eiÆ ��
12s23 � s12
23s13eiÆ� ei�212 
23
13ei�312 1CCA ; (10)4



with 
ij = 
os �ij and sij = sin �ij. Sin
e the light neutrinos are Majorana fermions, allthree phases are physi
al.In the following we study the impa
t of the unspe
i�ed O(1) fa
tors in the lep-ton mass matri
es on the various parameters of the neutrino se
tor by using a MonteCarlo method, taking present knowledge on neutrino masses and mixings into a

ount.Naively, one might expe
t large un
ertainties in the predi
tions for the observables ofthe neutrino se
tor obtained in this setup. For instan
e, the neutrino mass matrix is
al
ulated by multiplying three matri
es, in whi
h ea
h entry 
omes with an unspe
i-�ed O(1) fa
tor, 
f. Eq. (6). However, 
arrying out the analysis des
ribed below and
al
ulating the 68% 
on�den
e intervals, we �nd that in many 
ases our results aresharply peaked, yielding a higher pre
ision than only an order-of-magnitude estimate.3 Random variablesMonte-Carlo studyThe unknown O(1) 
oeÆ
ients of the Yukawa matri
es h(e), h(�) and h(n) are 
onstrainedby the experimental data on neutrino masses and mixings, with the 3� 
on�den
e rangesgiven by [11℄: 2:07� 10�3 eV2 � j�m2atmj � 2:75� 10�3 eV2 ;7:05� 10�5 eV2 � �m2sol � 8:34� 10�5 eV2 ;0:75 � sin2(2�12) � 0:93 ;0:88 � sin2(2�23) � 1 : (11)
In the following we expli
itly do not use the 
urrent bound on the smallest mixing angle(�13 < 0:21 at 3� [11℄). This allows us to demonstrate that nearly all values we obtainfor �13 automati
ally obey the experimental bound, 
f. Fig. 1.In a numeri
al Monte-Carlo study we generate random numbers to model the 39 realparameters of the three mass matri
es.1 The absolute values are taken to be uniformlydistributed in [10�1=2; 101=2℄ on a logarithmi
 s
ale. The phases in h(e) and h(�) are1Nine 
omplex O(1) fa
tors in ea
h h(�) and h(e), as well as three real O(1) fa
tors in h(n). Notethat here we are treating the low energy Yukawa 
ouplings as random variables, whi
h are related tothe 
ouplings at higher energy s
ales via renormalization group equations. However, we expe
t thatthe e�e
t of this renormalization group running 
an essentially be absorbed into a rede�nition of thee�e
tive s
ale �vB�L, hen
e leaving the results presented in the following un
hanged.5




hosen to be uniformly distributed in [0; 2�). In the following, we shall refer to thosesets of 
oeÆ
ients whi
h are 
onsistent with the experimental 
onstraints in Eq. (11)as hits.In a preliminary run, we 
onsider the neutrino mixing matrix U , with the e�e
tives
ale �vB�L � ��2avB�L= sin2 � treated as random variable in the interval [10�1=2; 101=2℄�1015 GeV. We �nd that the per
entage of hits strongly peaks at �vB�L ' 1� 1015 GeV.This is interesting for two reasons. Firstly, it implies that given 0 � a � 1, the highseesaw s
ale lies in the range 3� 1012 GeV . vB�L= sin2 � . 1� 1015 GeV. Note thatthe upper part of this mass range is 
lose the GUT s
ale, whi
h is important for re
entwork on the 
onne
tion of leptogenesis, gravitino dark matter and hybrid in
ation [12℄.Se
ondly, this result allows us to �x the parameter �vB�L in the following 
omputationswithout introdu
ing a signi�
ant bias.In the main run, for �xed �vB�L, we in
lude the mixing matrix VL of the 
hargedleptons to 
ompute the full PMNS matrix. We require the mass ratios of the 
hargedleptons to ful�ll the experimental 
onstraints up to an a

ura
y of 5% and allow for1 � tan� � 60 to a
hieve the 
orre
t normalization of the 
harged lepton mass spe
-trum. Finally, imposing the 3� 
onstraints on the two large mixing angles of the fullPMNS matrix, we �nd parameter sets of O(1) fa
tors whi
h yield mass matri
es ful�ll-ing the 
onstraints in Eq. (11). Our �nal results are based on roughly 20 000 su
h hits.For ea
h hit we 
al
ulate the observables in the neutrino se
tor as well as parametersrelevant for leptogenesis. The resulting distributions are dis
ussed below.Statisti
al analysisIn our theoreti
al setup the relative frequen
y with whi
h we en
ounter a 
ertain valuefor an observable might indi
ate the probability that this value is a
tually realizedwithin the large 
lass of 
avour models under study. In the following we shall thereforetreat the distributions for the various observables as probability densities for 
ontinuousrandom variables. That is, our predi
tions for the respe
tive observables represent best-guess estimates a

ording to a probabilisti
 interpretation of the relative frequen
ies.For ea
h observable we would like to dedu
e measures for its 
entral tenden
y andstatisti
al dispersion from the respe
tive probability distribution. Unfortunately, it isinfeasible to �t all obtained distributions with one 
ommon template distribution. Su
ha pro
edure would la
k a 
lear statisti
al justi�
ation, and it also appears impra
ti
alas the distributions that we obtain di�er substantially in their shapes. We therefore
hoose a di�erent approa
h. We 
onsider the median of a distribution as its 
entre6



and we use the 68 % `
on�den
e' interval around it as a measure for its spread. Of
ourse, this range of the 
on�den
e interval is reminis
ent of the 1� range of a normaldistribution.More pre
isely, for an observable x with probability density f we will summarizeits 
entral tenden
y and variability in the following form [13℄,x = x̂�+�� ; �� = x� � x̂ : (12)Here, x� and x+ denote the 16%- and 84%-quantiles with respe
t to the densityfun
tion f . The 
entral value x̂ is the median of f and thus 
orresponds to its 50%-quantile. All three values of x 
an be 
al
ulated from the quantile fun
tion Q,Q(p) = inf fx 2 [xmin; xmax℄ : p � F (x)g ; F (x) = Z xxmin dt f(t) ; (13)where F stands for the 
umulative distribution fun
tion of x. We then have:x� = Q(0:16) ; x̂ = Q(0:50) ; x+ = Q(0:84) : (14)Intuitively, the intervals from xmin to x�, x̂, and x+ respe
tively 
orrespond to the xranges into whi
h 16%, 50% or 84% of all hits fall. This is also illustrated in thehistogram for sin2 2�13 in Fig. 1. Moreover, we have in
luded verti
al lines into ea
hplot to indi
ate the respe
tive positions of x�, x̂, and x+.In our 
ase the median is a parti
ularly useful measure of lo
ation. First of all, it isresistant against outliers and hen
e an appropriate statisti
 for su
h skewed distribu-tions as we observe them. But more importantly, the average absolute deviation fromthe median is minimal in 
omparison to any other referen
e point. The median is thusthe best guess for the out
ome of a measurement if one is interested in being as 
lose aspossible to the a
tual result, irrespe
tive of the sign of the error. On the te
hni
al sidethe de�nition of the median �ts ni
ely together with our method of assessing statisti
aldispersion. The 68% 
on�den
e interval as introdu
ed above is just 
onstru
ted in su
ha way that equal numbers of hits lie in the intervals from x� to x̂ and from x̂ to x+,respe
tively. In this sense, our 
on�den
e interval represents a symmetri
 error withrespe
t to the median.As a test of the robustness of our results, we 
he
ked the dependen
e of our distri-butions on the pre
ise 
hoi
e of the experimental error intervals. The results presentedhere proved insensitive to these variations. For de�niteness, we therefore sti
k to the7
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Figure 1: Neutrino mixing angles �13 and �23. The verti
al lines denote the position of the median (solidline) and the boundaries of the 68% 
on�den
e region (dashed lines) of the respe
tive distribution.3� intervals. We also 
he
ked the e�e
t of taking the random O(1) fa
tors to be dis-tributed uniformly on a linear instead of a logarithmi
 s
ale. Again, the results provedto be robust.4 Observables and resultsMass hierar
hyAn important open question whi
h 
ould help unravel the 
avour stru
ture of theneutrino se
tor is the mass hierar
hy. Sin
e the sign of �m2atm is not yet known, we
annot di�erentiate with 
urrent experimental data between a normal hierar
hy withone heavy and two light neutrino mass eigenstates and an inverted hierar
hy, whi
h hastwo heavy and one light neutrino mass eigenstate. Measuring the Mikheyev-Smirnov-Wolfenstein (MSW) e�e
t of the earth 
ould resolve this ambiguity.With the pro
edure des
ribed above, all hits mat
h the stru
ture of the normalhierar
hy and there are no examples with inverted hierar
hy. It is however notablethat imposing the stru
ture of the neutrino mass matrix given by Eq. (7) alone doesnot ex
lude the inverted mass hierar
hy. Only additionally imposing the measuredbounds on the mixing angles reje
ts this possibility.Mixing anglesThe mixing in the lepton se
tor is des
ribed by the matrix UPMNS given in Eq. (10).Of the three angles, two are only bounded from one side by experiment: for the largestmixing angle �23 there exists a lower bound, whereas the smallest mixing angle �138
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Figure 2: Lightest neutrino mass m1 and e�e
tive neutrino mass in tritium de
ay m� . Verti
al linesand shadings as in Fig. 1.is so far only bounded from above. Re
ent results from T2K [8℄, Minos [9℄ and thepreliminary result of Double Chooz [10℄ point to a value of �13 just below the 
urrentexperimental bound. The respe
tive best �t points, assuming a normal hierar
hy, aresin2 2�13 = 0:11 (T2K), 2 sin2 �23 sin2 2�13 = 0:041 (MINOS) and sin2 2�13 = 0:085(Double Chooz). The 90% and 68% 
on�den
e regions respe
tively read0:03 < sin2 2�13 < 0:28 T2K, 90 % CL; ÆCP = 0;2 sin2 �23 sin2 2�13 < 0:12 MINOS, 90 % CL; ÆCP = 0; (15)0:01 < sin2 2�13 < 0:16 Double Chooz, 68 % CL:With the pro
edure des
ribed above, we �nd sharp predi
tions for the smallest andthe largest mixing angle within the 
urrent experimental bounds,sin2 2�13 = 0:07+0:11�0:05 ; sin2 2�23 = 0:97+0:03�0:05 ; (16)the 
orresponding distributions are shown in Fig. 1. These results are quite remarkable:the atmospheri
 mixing angle points to maximal mixing, while the rather large valuefor �13 is 
onsistent with the re
ent T2K, Minos and Double Chooz results.In our Monte-Carlo study we observe that the dominant 
ontribution to the strongmixing in the lepton se
tor is primarily due to the neutrino mass matrix m�. Thenumeri
al results are not mu
h a�e
ted by in
luding the 
harged lepton mixing matrixVL. The PMNS matrix is thus approximately given by the matrix U whi
h diagonalizesthe light neutrino mass matrix m�. 9
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Figure 3: E�e
tive mass in neutrinoless double-beta de
ay m0��� and Majorana phase �21. Verti
allines and shadings as in Fig. 1.Absolute mass s
aleThe absolute neutrino mass s
ale is a 
ru
ial ingredient for the study of neutrinolessdouble-beta de
ay and leptogenesis. Although ina

essible in neutrino os
illation ex-periments, di�erent experimental setups have su

eeded in 
onstraining this mass s
ale.Cosmologi
al observations of the 
u
tuations in the 
osmi
 mi
rowave ba
kground, ofthe density 
u
tuations in the galaxy distribution and of the Lyman-� forest yield a
onstraint for the sum of the light neutrino masses, weighted by the number of spindegrees of freedom per Majorana neutrino, g� = 2, [11℄mtot =X� g�2 m� . 0:5 eV : (17)The Plan
k satellite is expe
ted to be sensitive to values of mtot as low as roughly0:1 eV [14℄. A further 
onstraint arises from measuring the �-spe
trum in tritiumde
ay experiments. The 
urrent bound [11℄ ism2� =Xi j(UPMNS)eij2m2i < 4 eV2 : (18)By 
omparison, the KATRIN experiment, whi
h will start taking data soon, aims atrea
hing a sensitivity of 0:04 eV2 [15℄. Finally, the neutrino mass s
ale 
an also beprobed by neutrinoless double-beta de
ay. The relevant e�e
tive mass ism0��� = jXi (UPMNS)2eimij : (19)Here, Ref. [16℄ 
laims a value of 0:11 � 0:56 eV. Dedi
ated experiments, su
h asGERDA [17℄ with a design sensitivity of 0:09 � 0:20 eV, are on the way. Note that10
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Figure 4: E�e
tive neutrino mass of the �rst generation em1 and CP violation parameter "1. Verti
allines and shadings as in Fig. 1.m0��� does not only depend on the absolute neutrino mass s
ale and the mixing angles,but also on the phases (�31 � 2Æ) and �21 in the PMNS matrix.We �nd sharp predi
tions for the neutrino mass parameters dis
ussed above. Thelightest neutrino, �1, is found to be quite light, 
f. Fig. 2,m1 = 2:2+1:7�1:4 � 10�3 eV ; (20)hen
e favouring a relatively low neutrino mass s
ale beyond the rea
h of 
urrent andup
oming experiments. More pre
isely, we �nd for the neutrino mass parameters dis-
ussed above:mtot = 6:0+0:3�0:3� 10�2 eV; m� = 8:6+3:3�2:2� 10�3 eV; m0��� = 1:5+0:9�0:8� 10�3 eV: (21)CP-violating phasesThe small value of the mass parameter measured in neutrinoless double-beta de
ay,m0���, is due to the relative minus sign between the m1 and m2 terms in Eq. (19),
aused by a strong peak of the value for the Majorana phase �21 at �,�21� = 1:0+0:2�0:2 : (22)This is depi
ted in Fig. 3. An analyti
 analysis of how this phenomena arises from thestru
ture of the neutrino mass matrix, 
f. Eq. (7), is presented in Appendix A. For theother Majorana phase �31 and the Dira
 phase Æ we �nd no su
h distin
t behaviourbut approximately 
at distributions. 11



Leptogenesis parametersFinally, leptogenesis [18℄ links the low energy neutrino physi
s to the high energy physi
sof the early universe. The parameters that 
apture this 
onne
tion are the e�e
tiveneutrino mass of the �rst generation em1 and the CP violation parameter "1 [19℄,em1 = (myDmD)11M1 ; "1 = �Xj=2;3 Im �(h(�) yh(�))1j�28�(h(�) yh(�))11 F �M2jM21 � ; (23)with F (x) = px �ln1+xx + 2x�1� and Mj denoting the masses of the heavy neutrinos.Here, em1 determines the 
oupling strength of the lightest of the heavy neutrinos tothe thermal bath and thus 
ontrols the signi�
an
e of wash-out e�e
ts. It is boundedfrom below by the lightest neutrino mass m1. The absolute value of the CP violationparameter "1 is bounded from above by [20℄"max = 38� j�m2atmj1=2M1v2EW sin2 � ' 2:1� 10�6 � 1sin2 ��� M11010GeV� : (24)With the pro
edure des
ribed above, we �ndem1 = 4:0+3:1�2:0 � 10�2 eV ; "1"max = 0:25+0:28�0:18 ; (25)and hen
e a 
lear preferen
e for the strong wash-out regime [19℄. Noti
e that theretypi
ally is a hierar
hy between em1 and m1 of about one order of magnitude. Therelative frequen
y of the CP violation parameter "1 peaks 
lose to the upper bound"max, with the majority of the hits lying within one order of magnitude or less below"max, 
f. Fig. 4. This justi�es the use of "max when estimating the produ
ed leptonasymmetry in leptogenesis. Here, in the dis
ussion of "1, we assumed hierar
hi
alheavy neutrinos, M2;3 �M1.Theoreti
al versus experimental inputThe results of this se
tion are obtained by 
ombining two 
on
eptually di�erent inputs,on the one hand the hierar
hy stru
ture of the neutrino mass matrixm� given by Eq. (1)and on the other hand the experimentally measured 
onstraints listed in Eq. (11). Ingeneral, the distributions presented above really arise from the interplay between bothof these ingredients. For example, the hierar
hy stru
ture alone does not favour a largesolar mixing angle �12 and the ratio �m2sol=�m2atm tends to be too large (
f. [21, 22℄).This dis
repan
y is eased by generating the random 
oeÆ
ients in Eq. (1) via theseesaw me
hanism. Imposing the experimental 
onstraints �nally singles out the subset12



of parameter sets used for the distributions presented above. As another example,
onsider the smallest mixing angle �13 and the lightest neutrino mass eigenstate m1. Inthese 
ases, the hierar
hy stru
ture of the neutrino mass matrix automati
ally impliessmall values, similar to those shown in the distributions above. However, the exa
tdistributions in
luding the pre
ise position of the peaks only arise after implementingthe experimental 
onstraints. A notable ex
eption to this s
heme is the Majorana phase�21. Here the peak at �21 = � is a result of the hierar
hy stru
ture of the neutrinomatrix m� alone, as demonstrated in Appendix A.5 Dis
ussion and outlookIn summary, we �nd that starting from a 
avour symmetry whi
h a

ounts for themeasured quark and lepton mass hierar
hies and large neutrino mixing, the presentknowledge of neutrino parameters strongly 
onstrains the yet unknown observables, inparti
ular the smallest mixing angle �13, the smallest neutrino mass m1, and the Majo-rana phase �21. This statement is based on a Monte-Carlo study: Treating unspe
i�edO(1) parameters of the 
onsidered Froggatt-Nielsen model as random variables, theobservables of interest are sharply peaked around 
ertain 
entral values.We expe
t that these results hold beyond Froggatt-Nielsen 
avour models. Anobvious example are extradimensional models whi
h lead to the same type of light neu-trino mass matrix (
f. [23℄). On the other hand, quark-lepton mass hierar
hies and thepresently known neutrino observables 
annot determine the remaining observables ina model-independent way. This is illustrated by the fa
t that our present knowledgeabout quark and lepton masses and mixings is still 
onsistent with �13 ' 0 as well aswith an inverted neutrino mass hierar
hy (
f. [24℄). As a 
onsequen
e, further measure-ments of neutrino parameters will be able to falsify 
ertain patterns of 
avour mixingand thereby provide valuable guidan
e for the theoreti
al origin of quark and leptonmass matri
es.A
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A Analyti
 derivation of the Majorana phase �21The 
omplex phases of the O(1) 
oeÆ
ients in the neutrino mass matrix m� and thelepton mass matrix me are randomly distributed. One would thus naively expe
t thatalso the Majorana phases �21 and �31 in the PMNS matrix 
an take arbitrary values.By 
ontrast, the distribution of values for �21 that we obtain from our numeri
al Monte-Carlo study, 
f. Fig. 3, 
learly features a prominent peak at �21 = �. In this appendixwe shall demonstrate by means of a simpli�ed example how the stru
ture of the neutrinomass matrix m� may partly �x the phases of the 
orresponding mixing matrix U .Consider the following simpli�ed Majorana mass matrix m� for the light neutrinos,m� = v0BB� �2 �ei' ��ei' 1 1� 1 11CCA ; v = v2EW�vB�L ; (26)where ' is an arbitrary 
omplex phase between 0 and 2�. For simpli
ity, let us negle
tany e�e
ts on the mixing matrix U from the diagonalization of me. That is, we de�neU su
h that UTm�U = diag (mi), with m2i denoting the eigenvalues of my�m�,m21;2v2 = �2 sin2 ('=2) h2� � (5 + 3 
os ('))1=2i +O ��4� ; (27)m23v2 = 4 �1 + �2 �1� sin2 ('=2)��+O ��4� :Noti
e that the �rst two mass eigenvalues are nearly degenerate. This is a 
onsequen
eof the parti
ular hierar
hy pattern of the matrix m� whi
h originally stems from theequal 
avour 
harges of the 5�2 and 5�3 multiplets. The relative sign of the O (�3)
ontributions to m21 and m22 eventually shows up again in entries of U , for instan
e,U11;12 = �2 (5 + 3 
os ('))1=23 + ei' exp�� i2Arg [�z℄�+O (�) : (28)with z = 1�
os (')�2i sin (') : The phase �21 = 2 (Arg [U12=U11℄ mod �) in the matrixU represents the analog of the Majorana phase �21 in the PMNS matrix, 
f. Eq. (10).A

ording to our expli
it results for U11 and U12 it is independent of the arbitrary phase' to leading order in �,�21 ' 2�Arg �� exp�� i2Arg [+z℄ + i2Arg [�z℄�� mod �� = � : (29)14



In a similar way we may determine the phase analogous to the Majorana phase �31.However, due to the hierar
hy between the mass eigenvalues m1 and m3, the �rst andthird 
olumn of the matrix U di�er signi�
antly from ea
h other, thus leading to aphase that depends on ' at all orders of �.In
luding 
orre
tions to all orders in � and s
anning over the phase ' numeri
allyshows that the maximal possible deviation of �21 from � is, in fa
t, of order �4. Addingmore 
omplex phases to the matrix m� in Eq. (26) gradually smears out the peakin the distribution of �21 values. The distribution that is rea
hed in the 
ase of sixdi�erent phases is already very similar to the one in Fig. 3. We 
on
lude that despitethe need for 
orre
tions the rough pi
ture sket
hed in this appendix remains valid: Thehierar
hy pattern of the neutrino mass matrix dire
tly implies that �21 tends to be
lose to �21 = �.Referen
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