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Contents1 Introdution 12 Framework 33 Osillation onstraints on avor dependene 53.1 Formalism 53.2 Constraints 53.2.1 Solar neutrinos 53.2.2 Atmospheri neutrinos 63.2.3 Reator antineutrinos 63.2.4 Aelerator neutrinos 63.2.5 Best onstraint 64 Time of ight onstraints on avor independent LIV 75 Anomalous reations 85.1 Bakground 85.2 Anomalous reations with �nite baselines 105.3 Constraints from high energy neutrinos 125.3.1 Atmospheri neutrinos 125.3.2 Sensitivity estimates for UHE neutrinos 126 Conlusions 131 IntrodutionLorentz symmetry is one of the grounding pillars of speial relativity and hene our presentunderstanding of the physial world. As suh, its validity has been heked by numerous ex-periments over the last entury. Despite no experimental indiations of any deviations, someapproahes to quantum gravity suggest that due to the fundamental struture of spaetimeLorentz symmetry might not be an exat symmetry of nature but merely an approximate oremergent symmetry at low energies that is strongly broken above some energy sale. Searhesfor any violation of Lorentz invariane (LIV) have therefore reeived more and more atten-tion over the last few years as possible signals of physis beyond the standard model (seee.g [1{5℄).Reently, the neutrino setor has ome bak to the forefront of LIV searhes. Primarilythis is due to the OPERA ollaboration's reported [6℄ and then retrated (see revised versionof [6℄) measurement of the time of arrival of non-osillated �� (with a ontamination of���, ��e and �e that is estimated to be less than 5%) over the path length � 730 km fromCERN to Gran Sasso with average energy of � 17 GeV whih was in open onit withspeial relativity. The �� seemed to arrive earlier than light would, by an amount �t =60:7 � 6:9 (stat:) � 7:4 (sys:) orresponding to an apparent propagation veloity of �= =(2:48 � 0:28 (stat:) � 0:30 (sys:))� 10�5 where  is the low energy speed of light in vauum,and � = v� � . After disovering a aw in the initial measurement and the realization of
{ 1 {



a new one, the OPERA result (�= = (2:7 � 3:1 (stat:) � 3:4 (sys:))� 10�6), together withthe additional results of Iarus [7℄, and the MINOS Collaboration analysis [8℄ now stand asonstraints on neutrino veloities in the GeV range rather than a signal of beyond standardmodel physis.The furor reated by the OPERA's initial report has appropriately subsided for thegreater physis ommunity. For the quantum gravity ommunity that fouses on possibleexperimental signatures of quantum gravity, however, tehnial issues were raised in how toanalyze these types of aelerator based experiments properly. In partiular, the detailedphysis of anomalous reations, by whih we mean reations that are forbidden by energy-momentum onservation in a Lorentz invariant theory but allowed in a Lorentz violatingone, and how they redue the intensity of a partile beam from soure to detetor beamemuh more important. The primary theoretial objetion to the initial OPERA result wasprodued by Cohen and Glashow [9℄ shortly after the OPERA report and involved just suhan anomalous reation. Cohen and Glashow used the fat that superluminal neutrinos shouldemit eletron-positron pairs to argue that the OPERA results were not even self-onsistent:any neutrino with the speed reported by OPERA should have lost most of its energy to pairprodution while it propagated from CERN to the detetor at Gran Sasso. The maximumenergy in the beam would therefore have dropped to be below some termination energy ET ,and Cohen and Glashow showed that ET for the OPERA beam was less than the average� 17 GeV energy reported by OPERA.The physis of the Cohen-Glashow argument is orret, however the authors did notworry about adjusting for the �nite size of the baseline. A �nite baseline allows for someneutrinos to undergo only one or a few pair emissions within their time of ight. Thereforethe most energeti neutrinos of the injetion beam an still reah the end of the baseline withan energy larger than ET . While this was not an issue for the Cohen and Glashow result, asit was one piee of a number of experimental and theoretial onerns about OPERA [10{12℄,if one wishes to use aelerator time of ight experiments alone to set robust onstraints onneutrino LIV, the issue must be addressed. The in�nite baseline assumption arti�ially limitsany Lorentz violating terms to be above a ertain size so that the reation distane is muhmuh less than the baseline. However, this will therefore not be the tightest onstraint, asonstraints an still be generated even if the soure partiles undergo only perhaps a fewanomalous reations over the baseline.The primary goal of this paper is to detail the analysis and present onstraints on neu-trino LIV using anomalous reations where the �nite baselines have been taken into aount.As an example of the approah, we present the results of a full Monte Carlo simulation ofthe propagation of OPERA energy neutrinos to produe adjusted arrival neutrino spetra inthe presene of anomalous reations and a �nite baseline. We do this for both the onstantsuperluminal speed ase as analyzed by Cohen and Glashow and energy dependent speedsthat have been onsidered extensively in the literature. We also apply another Monte Carlosimulation of neutrino propagation, but this time for ultra-high energy osmogeni neutri-nos. Here the energies are muh higher and the baselines muh longer, so the orrespondingonstraints projeted from neutrino observatories are signi�antly tighter.The reader should note that experiments that limit neutrino LIV from anomalous rea-tions or time of ight are almost exlusively applied to avor independent LIV. If neutrinoLIV is avor dependent then it hanges the osillation patterns for neutrinos. And, as weshall desribe, neutrino osillation experiments are in general far more sensitive to LIV thaneither time of ight or anomalous reations. The reason for this is simple. Neutrino osil-
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lations are ontrolled by quantities related to the neutrino dispersion relations, namely theenergy E and the mass squared di�erene between speies �m2, and the experiment baselineL via the ombination L�m2=E = (EL)�m2=E2. Anomalous reations and time of ightare sensitive to veloities (time of ight diretly and anomalous reations via the phase spae)and hene make a hange when they are of order m2=E2, without any (possibly large) ELampli�ation. Therefore the same size LIV operator has an e�et EL larger for osillationexperiments than it does for anomalous reation or time of ight onstraints. Ampli�ation,and the higher energies/longer baselines of many osillation experiments (up to TeV range forIeCube), yield muh stronger onstraints of avor dependent LIV than avor independentLIV. The paper is organized as follows. In setion 2 we introdue the e�etive �eld theoryframework for Lorentz invariane violation. As bakground, setion 3 shows in more detailhow avor dependent LIV is tightly onstrained, while setion 4 desribes what we an sayfrom time of ight onstraints on avor independent LIV. Next, in setion 5 we give the avorindependent model we examine in detail, list the rates for the relevant anomalous reations,and report the results of our Monte Carlo analysis for aelerator energies. In setion 5.3 weperform a similar Monte Carlo analysis for osmogeni neutrinos, and we give our onlusionsin setion 6.2 FrameworkWhen dealing with departures from Lorentz invariane, several dynamial frameworks anbe envisaged. Here we shall adopt an EFT approah onsisting in the so alled StandardModel Extension (SME) whih is obtained from the Standard Model by adding all possibleLorentz breaking, gauge invariant operators.1For what regards the neutrino setor of the SME, the LIV operators, at any mass di-mension, have been ategorized in [13℄. We are interested in a simpli�ed subset of operatorsas we an then examine baseline e�ets in a straightforward manner. A signi�ant redutionin the number of terms an be ahieved by requiring that the LIV operators are rotationallysymmetri (the so-alled \bumblebee" or \fried-hiken" model). Sine no sidereal variationshave been measured for any other experiment there is no experimental reason we annot as-sume that the dispersion relations for neutrinos are rotationally symmetri in some preferredframe. We therefore for simpliity fous on the Lagrangian for neutrinos with LIV operatorsof mass dimension up to six involving a vetor �eld oupled to a neutrino � whih modifythe free �eld equations. This allows us to examine the �rst CPT-odd (at mass dimension�ve) and CPT-even (at mass dimension 6) higher dimension operators, as opposed to therenormalizable operators that have been studied previously. One natural hoie of preferredframe is that of the osmi mirowave bakground, and we denote the unit vetor �eld at rest1Of ourse one an envisage non-EFT senarios [14{23℄ but so far or these alternative models have notreahed the theoretial maturity to be suitable for asting onstrains or have to be �nely designed in orderto avoid onstraints similar to the one s we shall disuss here, see e.g. [24℄. In this sense an interestingdevelopment is provided by the so alled \Relative Loality" proposal (see e.g. [25℄). In this paradigm, thefundamental spae for lassial physis is a urved momentum spae rather than spae-time (the latter beinga derived onept). While this onstrution implies the abandonment of the observer-independent onept ofloality it seems it ould lead to theory preserving the relativity priniple within a spaetime struture withan invariant minimum length.
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with the CMB by u�.2 Instead of arbitrary rank N tensors then appearing in our LIV terms,we only have powers of u�. When oupling to matter, we will always de-dimensionalize byinluding the appropriate powers of the Plank mass MPl and inlude an arbitrary dimen-sionless oeÆient. Hene our onstraints will be on the size of the oeÆient rather thanthe size of u�. Finally, we shall also assume for simpliity that the neutrino mass eigenstatesare also eigenstates of the LIV operators. With these assumptions, one has a very simpleform for the dispersion relation of freely propagating neutrinos [13℄:E2 � p2 � (mI)2 = 4Xn=1 �In jpjnMn�2Pl ; (2.1)where �In is a oeÆient that depends on the terms in the underlying Lagrangian [13℄ andI labels the mass eigenstate.3 The orresponding anti-partile dispersion relation is easilyderived by onsidering the behavior of eah term under CPT and given byE2 � p2 � (mI)2 = 4Xn=1(�1)n�In jpjnMn�2Pl : (2.2)We leave the index n as a free phenomenologial parameter and onsider the ases n =2; 3; 4 separately (the ase n = 1 would produe huge e�ets at low energy and is stronglyonstrained). We will plae onstraints on eah �In independently.One may wonder if more general dispersion relations, in whih for example various termswith di�erent n are onsidered to ontribute together, an be studied. However, this wouldrequire a strong �ne tuning. Indeed, if the violation of speial relativity omes in from newphysis at some energy M , then the natural ontribution of eah Lorentz violating orretionterm hanges the speed/kinematis of the neutrino by a fator n pn�2=Mn�2, where n isthe order of the dispersion orretion and n is a dimensionless oeÆient. If M is high,as perhaps expeted from quantum gravity, then the n's must be very arefully hosen,i.e. �ne tuned, to ontribute equally to the hange in speeds/kinematis at low energies. Thealternative is to have M , the sale of the new physis, to be at low energies suh that the nan all be of the same (perhaps small) size. This would, however, be problemati as physisat aelerator energies of 10 GeV - 10 TeV is obviously exeptionally well explored and onewould still have to aount for the smallness of the n.Therefore, we assume here that there is a hierarhy of terms governed by new physisat some mass sale M , whih we take to be MPl and hek eah order orretion in energy,whih orresponds to the assumption that the oeÆients are not �ne tuned, so that naturallythere is a dominant term at any given neutrino energy. Without any ustodial symmetry,one would expet the relevant operator that generates n = 2 hanges in the dispersion todominate (see e.g. [26℄). We also hek n = 3 and n = 4 as several theoretial modelssuggest this kind of dispersion relations to be the dominant terms. n = 3 or n = 4 dispersionorretions would, of ourse, require some other unknown physis to prevent the n = 2 termto be dominant (see again [26℄ and [27, 28℄ for a reent disussion of these issues).2Sine the boost fator of an Earth entered frame is only � 10�3 [29℄ with respet to the CMB frame, anyrotation breaking e�ets generated by the Earth's relative motion with respet to the CMB will be naturallysuppressed by a fator of � 10�3 relative to rotationally invariant e�ets and so we ignore them.3The dispersion relation Eq. (2.1) has also been often onsidered in the literature as a test model for howquantum gravitational e�ets might inuene infrared physis [30{33℄, even without a spei� Lagrangianbehind it. { 4 {



As a little bakground for the reader, and to show that at the level of sign�aneaheivable by anomalous reations the onstraints on avor (or equivalently energy eigenstate)dependent LIV are vastly tighter than onstraints on avor independent LIV, we now brieydetail the onstraints from osillation data and time of ight.3 Osillation onstraints on avor dependene3.1 FormalismNeutrino osillations are sensitive to di�erenes in E � p between di�erent mass eigenstates.In standard neutrino osillations, this di�erene is governed by the squared mass di�erenesbetween the mass eigenstates. With LIV (and our assumption that the LIV eigenstatesare the energy eigenstates) osillations are governed by the di�erenes in the e�etive masssquared, denoted (N I)2 = (mI)2+�Inpn=Mn�2Pl . Therefore, neutrino osillations do not probeany absolute LIV in the neutrino setor, but rather the di�erenes in any LIV dispersionrelations between di�erent neutrino states.Let us onsider a neutrino produed via a partile reation in a de�nite avor eigenstatei with momentum p. We will treat eah LIV term in n separately. The amplitude for thisneutrino to be in a partiular mass eigenstate I is represented by the matrix UiI , wherePU yjIUiI = Æij . The amplitude for the neutrino to be observed in another avor eigenstatej at some distane L from the soure, after some time T is thenAij =XI U yjIe�i(ET�pL)UiI �Xi U yjIe�iLN2i =(2E)UiI : (3.1)The transition probability an then be written asPij = Æij � XI;J>I 4FijIJ sin2�ÆN2IJL4E �+ 2GijIJ sin2�ÆN2IJL2E � ; (3.2)with ÆN2IJ = N2I � N2J and FijIJ and GijIJ are funtions of the mixing matrixes. In thestandard formalism used by experimentalists,ÆN2IJ = �m2IJ + p2�� �LIVIJ : (3.3)where now �� �LIVIJ = �Inn� 12 � pMPl�n�2 � �Jn n� 12 � pMPl�n�2 (3.4)3.2 ConstraintsThere are a number of experiments over di�erent energies and baselines that bear on LIVneutrino osillations. We list these below and then detail the urrent best onstraint, whihomes from IeCube. A nie summary of neutrino osillation observations, with partiularattention to LIV, an be found in [34℄.3.2.1 Solar neutrinosNeutrinos produed by the Sun at �MeV energies yielded the �rst hint of neutrino osilla-tions. In the LI framework, their ux an be understood after aounting for osillations with�m2� ' 7:58 � 10�5 eV2 [35, 36℄. In priniple solar neutrinos an also be used to onstrainLIV e�ets. However, in this ase the Mikheev-Smirnov-Wolfenstein (MSW) e�et [37, 38℄must also be taken into aount. { 5 {



3.2.2 Atmospheri neutrinosMuon neutrinos and antineutrinos are produed in interations of osmi rays with the Earthatmosphere. Experiments detet preferentially �� and ���. In this ase, the survival proba-bility is P��;�� ' 1� sin2(2�23) sin2 �m2atmL4E +�� �LIVatm EL4 ! ; (3.5)where �ij are the mixing angles of the neutrino mixing matrix. Best �t values (without LIV)are: sin2(�23) = 0:42 and �matm ' 2:35 � 10�3 eV2 [35, 36℄.3.2.3 Reator antineutrinosEletroni antineutrinos produed by nulear reators with �MeV energy also provide rel-evant osillation measurements. The survival probability for long baseline experiments(e.g. KamLAND [39℄, with a baseline of about 180 km) isP��e;��e ' 1� sin2(2�12) sin2 �m2�L4E +�� �LIVlong EL4 ! : (3.6)Best �t values obtained in the standard LI framework are: sin2(�12) ' 0:3 and �m2� =7:58 � 10�5 eV2 [35, 36℄. Evidene of eletron antineutrino disappearane was sought onmuh shorter baselines (L < 1 km) as well. In this ase the survival probability is ruled bya di�erent set of parameters [36℄P��e;��e ' 1� sin2(2�13) sin2 �m2atmL4E +�� �LIVshort EL4 ! : (3.7)Observation of ��e disappearane by the Daya Bay Experiment reently yielded the measure-ment sin2(2�13) = 0:092�0:016(stat:)�0:005(sys:) in a three-neutrino framework [40℄. (Latermeasurements by the RENO ollaboration are in agreement with this determination withinexperimental unertainties [41℄.) However, experimental failities are not enough sensitiveyet to allow LIV e�ets to be studied in this ontext.3.2.4 Aelerator neutrinosAt energy & 1 GeV a few experiments with short baselines L ' 1 km have provided evidenefor various osillations, inluding �� ! �e, �� ! �� , �e ! �� and their onjugates. TheT2K Collaboration, with longer baseline, reported reently evidene for osillation �� ! �e[42℄ at � 600 MeV. This proess is ontrolled, as is the short baseline reator ase, by theangle �13 [36℄, hene it annot be used to ast onstraints on (�=)LIV . Also MiniBooNEreported the detetion of �e. Interestingly, MiniBooNE �nds a 3� exess at 300-500 MeVof �� ! �e but only a 1.3� exess in the onjugate hannel [43℄, hinting perhaps at CPTviolation. MiniBooNE also searhed for sidereal dependene of the �e signal, plaing strongonstraints on some ombination of SME parameters [44℄.3.2.5 Best onstraintThe best onstraint to date omes from survival of atmospheri muon neutrinos observed bythe former IeCube detetor AMANDA-II in the energy range 100 GeV to 10 TeV [45℄, whihsearhed for a generi LIV in the neutrino setor [46℄ and ahieved (�=)IJ � 2:8�10�27 at{ 6 {



90% on�dene level assuming maximal mixing for some of the ombinations I; J . Given thatIeCube does not distinguish neutrinos from antineutrinos, the same onstraint applies to theorresponding antipartiles. The IeCube detetor is expeted to improve this onstraint to(�=)IJ � 9�10�28 in the next few years [47℄. Note also that the lak of sidereal variationsin the atmospheri neutrino ux also yields omparable onstraints on some ombinations ofSME parameters [48℄.4 Time of ight onstraints on avor independent LIVStarting from the seminal papers [49, 50℄, the possibility of onstraining LIV by simple time-of-ight observations has been explored also experimentally. In partiular, the high-energyphotons emitted by bursted soures at osmologial distanes have led to O(10�1) onstraintson models with n = 3 (see [51℄ for a review).When foussing on neutrinos, the following omment is in order: From here on out weattribute a de�nite veloity to the neutrino avor eigenstates, although they are not energyeigenstates. However, given the above onstraints on the LIV di�erenes between neutrinoenergy eigenstates, and given that we are onsidering ultra-relativisti neutrinos, for whihthe mass term has negligible e�et over long distanes, we an safely refer to the veloity ofa avor eigenstate.While osillation onstraints are inredibly tight, there is a lass of LIV that does notindue osillations at all. Namely, if the LIV terms are the same for every I, then ÆN2IJ isontrolled solely by the standard PMNS matrix of mixing terms. The dispersion relation foreah neutrino is therefore idential up to the mass term, whih is still I dependent.The dispersion relation (2.1) implies, assuming Hamiltonian dynamis, that the propa-gation speed of a partile isv(p) ' 1� m22p2 + �n�n� 12 �� pMPl�n�2 : (4.1)In turn the time delay (or advane) upon arrival over a path length L, with respet to a lightray traveling at  � 1, is �T (p) = v(p)�  L : (4.2)We an de�ne � TOF(n) = v(p)�  = �m22p2 + �nn� 12 � pMPl�n�2 (4.3)For n = 2, �= is a parameter entering diretly the modi�ed dispersion relation.Given that �= is the quantity \diretly" aessible to the experiments at a given energy,observational onstraints on �= translate in onstraints on the LIV parameter via theformula �n = 2n� 1  � ����TOFObs + m22p2!��MPlp �(n�2) : (4.4)It is lear from Eq. (4.2) and Eq. (4.4) that the onstraint plaed on �n by the measurementof a time delay depends on both the energy and propagation distane.Unfortunately we have to date only a single astrophysial event for whih TOF on-straints an be e�etively ast on (�=)TOF . The explosion of SN1987a was a peuliar event
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whih allowed to detet the almost simultaneous (within a few hours) arrival of eletroni an-tineutrinos and photons. Although only a handful of eletroni antineutrinos at MeV energieswas deteted by the experiments KamiokaII, IMB and Baksan, it was enough to establish aonstraint (�=)TOF . 10�8 [11℄ or (�=)TOF . 2� 10�9 [12℄ by looking at the di�erenein arrival time between antineutrinos and optial photons over a baseline distane of 1:5�105ly. Further analyses of the time struture of the neutrino signal, in partiular using the fatthat the least energeti neutrino in the signal (at 7.5 MeV) was deteted within 10 s fromthe most energeti one (at 30 MeV), strengthened this onstraint down to � 10�10 [52, 53℄.The sarity of the deteted neutrinos did not allow the reonstrution of the full energyspetrum and of its time evolution. In SN models two main e�ets are present and lead tothe �nal time-energy struture of the spetrum. First, the SN is globally ooling, henethe average neutrino energy dereases with time; on the other hand, neutrino di�usion inthe SN medium depends strongly on the energy of the neutrino, whih then determines itsesape time. Given these unertainties, we �nd onstraints purely based on the di�erenein the arrival time with respet to photons more onservative and robust. Hene we adopt�= . 10�8 whih is 19 orders of magnitude weaker than the orresponding osillationonstraints. We remark that future observations of very high-energy neutrinos from burstedsoures ould lead to muh stronger onstraints [54℄.5 Anomalous reations5.1 BakgroundOne of the most well-studied onsequenes of LIV, within an EFT desription, is how ita�ets thresholds in standard reations. Depending on the relative strengths of the LIVoeÆients � of the various partiles undergoing a reation, the energy of threshold an bedi�erent from its LI value, and a wide phenomenology of new thresholds and, possibly, ofnew reations is introdued [55℄. Some of these fats have been used in the past to explain,for example, the puzzling evidene (disproven later on) of protons with energy beyond theGZK threshold in the osmi radiation [56{58℄, or to plae strong limits on LIV in QED (seee.g. [3℄ for a review) and in the hadroni setor [59, 60℄.Let us disuss here the new LIV threshold phenomenology relevant to our ase. Sineneutrinos ouple to gravity and photons (via their magneti moment and harge radius ou-plings), superluminal neutrinos will emit graviton and photon �Cerenkov radiation in vauum.In addition, high energy superluminal neutrinos will emit neutrino/antineutrino pairs via aneutral urrent interation if n > 2. The detailed rate omputation for these reations anbe found in [61, 62℄, we merely summarize below.� �Cerenkov radiation in vauum (photon emission): � ! �. This possibility has beenalready investigated for renormalizable operators [63℄. Although the rate of this reationhas always been onsidered too small to produe signi�ant e�ets even on osmogenineutrinos at 1020 eV, the e�ets implied by OPERA are at muh lower sales thanMPl.Therefore, the rate an be strongly enhaned. The energy loss rate was omputed in[61℄ and found to be �� ' ��2n � E1 PeV��(2n+1) 1026n�86 s : (5.1)
{ 8 {



Gravitational �Cerenkov radiation an in priniple be onsidered. However, it is sublead-ing with respet to photon emission and an possibly be an e�etive energy loss proessonly for GZK neutrinos with E & 1019 eV [64℄. Furthermore, for n > 2 superluminalneutrinos, neutrino splitting dominates both �Cerenkov reations.� Neutrino splitting (� ! ����) was studied in the ontext of ultra-high-energy osmo-geni neutrinos [62℄. While the alulation was done for n = 4, the methodology isreadily adapted to any n > 2. In a LI senario the energy threshold for �-splittingwould be in�nite. However, with LIV there is instead a �nite energy above whih thisreation an happen. The threshold equation for this reation is analytially solvablewhen all the neutrinos involved are in the same mass eigenstate, for whih the rate ismaximal. In this ase the energy threshold goes as Eth = (m2���1n Mn�2Pl )1=n. If theoutgoing neutrino/anti-neutrino pair are in a di�erent eigenstate, then the thresholdwill hange slightly but an still be solved for numerially.Using the relation ��� = (�1)n�� , the typial energy loss time sale for a high energyneutrino with energy well above the threshold energy sales as 4���splitting ' 64�33G2FE5 ��3n �MPlE �3(n�2) ; (5.2)where GF is the Fermi onstant. For example, for the lowest n for whih this reationis allowed, n = 3, this orresponds to� ' 1038��3n � E�10 GeV��8 s : (5.3)We aution the reader that there are O(100) phase spae fators whih vary for eahn, so that the lifetime is only approximate. However, sine the saling with �n is sostrong, these phase fators are largely irrelevant as they hange �n by only an O(1)fator.� Neutrino pair prodution (� ! �e+e�) has been reently proposed in [9℄. The alu-lation was foused on the ase n = 2 as Æ was onsidered onstant when omputingthe terminal energy for Opera, although muh of the alulation and result extends tohigher n with only slight modi�ations as we show below. In partiular, the rate forneutrino pair prodution of unmodi�ed eletrons will sale the same way with energy asthe rate for neutrino splitting far above threshold. The threshold energy will in generaldepend on n, and an be reovered from a saling Æ ! �n(E=MPl)n�2 only up to O(1)numerial fators.The threshold equation reads (for an eletron-positron pair of opposite heliity)pnMn�2 ��n(1� xn�1)� �e(yn�1 + (�1)ntn�1)� = m2� 1� xx +m2e �1y + 1t� ; (5.4)where x,y and t are the fration of initial momentum p arried respetively by theoutgoing �, by e�, and by e+, �e is the LIV oeÆient of the eletrons, t = 1 � x � yand 0 < x; y; t < 1.4As pointed out by Ward [65℄, a dimensionless fator of �n(E=MPl)n�2 was missing in the original rateomputed in [62℄. { 9 {



The omputation of the threshold is straightforward but the general solution is quiteumbersome. Heneforth, we shall provide here only the form of the threshold energyfor n = 3 and furthermore assume m� � 0. We also assume no violation in the eletronsetor �e = 0. This is justi�ed, at least for n = 2; 3, by the strength of the synhrotrononstraint [66℄ in the eletron-positron setor.With these assumptions, the eletron/positron pair takes most of the total momentum,so that x ' 0 at threshold. This implies that the form of the threshold does not dependon n, apart from the saling of the term pn=Mn�2. As a result the following generalsaling holds E2th;(n) = 4m2eÆ(n) ; (5.5)with the replaement Æ(n) = �n(Eth=MPl)n�2.In addition the rate of this reation as omputed in [9℄ is general for any n up tonumerial fators one one performs the same substitution as before with generi energyÆ ! �n(E=MPl)n�2. The generi energy loss time-sale then reads���pair ' G�2F E�5��3n �MPlE �3(n�2) ; (5.6)where we dropped the purely numerial fators. As we see, the rate mathes the neu-trino splitting rate Eq. (5.2) up to numerial fators when n > 2. The main di�erenebetween the two reations is that pair prodution is allowed when n = 2 while neutrinosplitting is kinematially forbidden for avor blind Lorentz breaking.By integrating the energy loss rate from pair prodution over a distane L and byassuming that the typial energy loss length be muh smaller than L we obtainE�3n+1 �E�3n+10 = (3n� 1)�3nE�3(n�2)ref k G2F192�3L � E�3n+1T ; (5.7)where E is the energy on a neutrino starting with energy E0 after propagation over thedistane L and Eref is the energy at whih we normalize the parameter �n. The fatork = 25=448 was omputed in [9℄ for the ase n = 2, while for the general ase it an befound in [67℄. The \termination" energy ET orresponds to the energy that a neutrinowould approah after propagation over a distane L if it started with E0 � ET . Weremark here that the termination energy ET is a mildly varying funtion of n and ofthe energy sale Eref .5.2 Anomalous reations with �nite baselinesPair prodution was exploited, for example, in [9℄ to show inompatibility of the Operaresult with a LIV extension of the standard model at order n = 2. Indeed, for Opera,�2 � 5 � 10�5 for Eref � 10 to 30 GeV, yielding ET ' 12:5 GeV. Suh a small value ofET was inompatible with the observation of neutrinos above 40 GeV in Opera. However,Eq. (5.7) does not take into aount the possibility that the size of the baseline be of thesame order as the energy loss length of neutrinos undergoing pair prodution. This allowsfor some neutrinos to undergo only one or a few Cherenkov emissions within their time ofight. Therefore the most energeti neutrinos of the injetion beam an still reah the endof the baseline with an energy larger than ET . It is then neessary, in order to ast a robust{ 10 {
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Figure 1. Neutrino and pair spetra for propagation over a baseline of 730 km. In red we show thepropagated neutrino spetrum, in blue the produed eletron/positron spetrum. The left-hand panelrefers to the ase n = 2, while the right-hand panel to the ase n = 3.onstraint on LIV by using long baseline experiments, to run a full MonteCarlo simulationof the propagation of neutrinos aimed at omputing the neutrino spetrum on arrival in thepresene of this energy loss proess.As a paradigmati example we show in Fig. 1 the omplete analysis for the ase of Operashowing the ase n = 2 and n = 3, for whih however also the proess of neutrino splittinghas to be taken into aount. In fat, in [9℄ the neutrino splitting proess was ignored beausefor a avor blind LIV in the neutrino setor this proess is not kinematially allowed in thespei� ase n = 2 onsidered there. The energy loss rate of this proess is omparable tothe one for pair prodution loss (see Eq. 1), and hene is not negligible for n > 2.As it an be seen from Fig. 1 the propagated spetrum does indeed show a pronounedbump at the expeted ET , but is also haraterized by a high energy tail that extends wellabove ET and has an amplitude about 10% of the amplitude of the bump.One assumption we made in our MonteCarlo simulation was that the energy of the par-ent neutrino was evenly distributed among the 3 deay produts. While this approximationis very well justi�ed over most of the reation phase spae, it is not stritly true for energieslose to the threshold one. However, relaxing the equipartition assumption and allowing theavailable energy to be not evenly distributed among the byproduts, only a�ets slightly theposition of the peak and the shape of the spetrum, but does not sensibly hange the highenergy tail feature that we desribed above.A separate omment is deserved for the systematis related to the unertainties in theinjetion spetrum. In our reonstrution we used the injetion spetrum as provided by[68℄. We have also tested the sensitivity of the outome to di�erent shapes of the injetionspetrum and observed that our results are little sensitive to the atual shape while keepingthe average energy of the neutrino beam approximately onstant at � 28 GeV.In onlusion, this result shows that the simple alulation of ET is not per se onlusivefor asting onstraints, although our reonstrution of the propagated spetra demonstratesthat in the speial ase of Opera the detetion of neutrinos with E > 40 GeV would have stillpointed out an inompatibility between the adopted LIV framework and the experimentalobservation.
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5.3 Constraints from high energy neutrinosThe appliation of the aforementioned reations is not limited to long baseline experimentssuh as OPERA or MINOS. Indeed, these reations are more powerful for higher energyneutrinos and as suh an be very e�etive in onstraining LIV models beyond the energyindependent n = 2. Moreover, for n > 2 the presene of neutrino splitting allows to astonstraints on LIV in the neutrino setor without making assumptions on LIV in other setors(e.g. on eletron LIV).5.3.1 Atmospheri neutrinosHigh energy neutrinos are observed on Earth as atmospheri neutrinos up to � 400 TeV, butthey are also expeted as the result of photo-hadroni interations of osmi rays at ultra-highenergy (E & 1019 eV) during their extragalati propagation (osmogeni neutrinos).Constraints an be ast by onsidering that atmospheri neutrinos at 400 TeV need topropagate a path of the order of the Earth radius in order to be deteted. By imposing thatthe neutrino splitting energy-loss length be larger than 6700 km at 400 TeV we would obtain aonstraint of order �3 . 40. We note in passing that this onstraint implies �= . 4�10�17at 10 GeV, muh below the urrent sensitivity of long baseline experiments.5.3.2 Sensitivity estimates for UHE neutrinosThe analysis of osmogeni neutrino onstraints requires a detailed simulation of the propa-gation of osmi rays and of the produts of their interations in the intergalati medium.Suh an analysis was performed in [62℄, but, as we disussed previously, the energy-loss ratewas there underestimated by a fator (E=M)n�2.We leave for a subsequent work the disussion of possible onstraints from osmogenineutrinos by onsidering, for the avor blind senario of [62℄ | well justi�ed by the strongonstraints on avor dependene of LIV plaed by atmospheri neutrino osillations | thease of pure neutrino splitting and the ase of neutrino splitting and pair prodution. (Inthis seond ase we antiipate that the pairs would initiate an eletromagneti asade inthe intergalati medium, leading to their energy being deposited in the GeV{TeV energyrange.)We instead orret here the order of magnitude for the expeted onstraint in ase ofdetetion of some UHE neutrino. This an be set by noting that these neutrinos would beprodued at least 1 Mp away from the Earth. Therefore, by using the orret rate, andimposing that the deay length for UHE neutrinos be larger than 1 Mp, we �nd�4 . 2:8 � 10�6� E6 EeV��11=3 : (5.8)On the basis of our previous �ndings [62℄ we expet however that the whole UHEneutrino spetrum would be a�eted by LIV, as the deayed UHE neutrinos would be au-mulating at around the energy threshold for neutrino splitting, thereby produing a possiblyobservable bump in the UHE neutrino spetrum. We evaluate this e�et by running a Mon-teCarlo simulation of the propagation of UHE osmi rays and their seondary produts withthe new framework CRPropa 2.0 [69℄. This framework allows to propagated UHE osmiray protons and nulei in the intergalati medium, as well as the seondary produts oftheir interations with the intergalati radiation �elds. The resulting neutrino spetra fora pure proton omposition are shown in Fig. 2, together with urrent upper limits on the{ 12 {
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Figure 2. Cosmogeni neutrino spetra and upper limits from Auger [70℄. The neutrino spetrumfor �4 = 10�6 displays utuations at the highest energies due to poor statistis in the MonteCarlosimulation.neutrino uxes. It is lear from Fig. 2 that the LIV features in the UHE neutrino spetrumare onsistent with the naive expetations from Eq. (5.8). A bump in the UHE spetrum atsub-EeV energies is expeted and ould already signi�antly onstrain �4 < 10�7 if a mea-surement of UHE neutrinos ould be ahieved. A simple omparison with the orrespondingonstraint on �4 obtained via time of ight tehniques (�4 < 1034) should give to the readeran appropriate idea of the relative strength of the two methods although it annot be ignoredthat thresholds analyses rely heavily on the spei� dynamial framework di�erently fromthe more model independent TOF analysis.However, experimental observations of the depth of the shower maximum of UHECRinterations in the atmosphere hinted at the possible presene of nulei heavier than protonsin UHECRs [71℄. Given that pion prodution would be suppressed at UHE if heavy nuleiare a substantial omponent of UHECRs, the UHE neutrino ux an be muh smaller thanthe expetation from pure proton omposition. If this would be the ase, a new generationof large area experimental devies would be needed in order to probe the UHE neutrinospetrum and possible LIV features.6 ConlusionsWe hope that the analysis reported in this manusript will help the reader assessing therihness, omplexity, and subtlety of the possible tests of Lorentz invariane in the neutrinosetor, even in this simple model whih assumed rotational invariane and avor independene
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(however, the latter only after onsidering in detail the onstraints from neutrino osillationsindued by avor dependent LIV).While avor dependent LIV is strongly onstrained to (�=)I;J . O(10�27) by atmo-spheri neutrino osillations, the situation is muh more open for avor independent LIV.Atmospheri neutrino observations plae a onstraint of order �3 < 40, whih is several ordersof magnitude better than what an be ahieved with time-of-ight tehniques in long baselineexperiments so far. In order to ast onstraints of at least O(1) on the ase n = 4 we needto resort to UHE osmogeni neutrinos. The sensitivity of urrent experiments allows us toexpet a onstraint of order �4 < 10�7 if osmogeni neutrinos will be deteted.With regards to the onlusions that an be drawn by the present study, we think thatthree lessons are most obvious. Firstly, in spite of the weakness of the neutrino interationsit is indeed possible to ast robust onstraints using the wealth of experiments and obser-vations dediated to neutrinos. We an see that avour dependent LIV is inredibly tightlyonstrained and that violations at the order laimed initially by OPERA are as well verydiÆult to aommodate in any EFT framework without unnatural �ne tuning.Seondly, we have shown an important point to take into aount when asting on-straints using long baseline neutrino experiments: the �nite length of the baseline does matterand one should use some moderate aution when applying reasoning �a la [9℄. A full spetrumreonstrution is needed in order to ast a robust onstraint. Furthermore, when extendingthe analysis of [9℄ to higher order LIV (n > 2) one should also take into aount the ompet-ing neutrino splitting mehanism (whih does not give rise to eletron/positron pairs as thosesearhed for e.g. in ICARUS analysis [10℄ of the OPERA beam) and the energy dependeneof the relevant quantities.Third and last, we have presented a new analysis of the onstraints that an be derivedfrom present observations of atmospheri high energy neutrinos (E � 400 TeV) and from thefuture detetion of osmogeni ones. While the higher energies imply stronger onstraintsthe omplexity of the analysis and the unertainties about this uxes require a detailed studyfor the reonstrution of the observed spetrum whih beyond the sope of this work. Wehope that the investigations reported here will be the basis for further developments in thisdiretion.Finally, we note that other regions of parameter spae remain largely unexplored. Forexample we assumed from the start to perform analyses that are relatively insensitive towhether there is a Dira or Majorana mass term. This is ommonly done in LIV EFTgiven that the presene of CPT violation in dimension 5 operators (n=3 dispersion relation)implies di�erent LIV terms for partiles and antipartiles if isotropy/parity is preserved andhene the impossibility to identify the neutrino with its orresponding anti-partile [13℄.One ould, of ourse, enfore this requirement, forbid ertain LIV operators, and examinethe resulting kinematis on, e.g., double-� deay experiments. Relaxing the rotationallyinvariant requirement also introdues a slew of new terms whih have yet to be thoroughlyexplored.AknowledgmentsWe are grateful to Ted Jaobson for useful remarks and suggestions. LM gratefully thanksAlessandro Mirizzi for enlightening disussions on neutrino physis. SL wishes to thank MattVisser and Maro Serone for useful remarks, referenes and disussions. LM aknowledgessupport from the State of Hamburg, through the Collaborative Researh program \Con-{ 14 {
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