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ABSTRACT

We study the structure of the supersymmetric moduli spaces of ' = 1 and N' = 2
supergravity theories in AdS, backgrounds. In the N/ = 1 case, the moduli space cannot
be a complex submanifold of the Kahler field space, but is instead real with respect to the
inherited complex structure. In N' = 2 supergravity the same result holds for the vector
multiplet moduli space, while the hypermultiplet moduli space is a Kahler submanifold
of the quaternionic-Kéhler field space. These findings are in agreement with AdS/CFT
considerations.



1 Introduction

Vacua of supersymmetric field theories and supergravities frequently have continuous degen-
eracies parameterized by the background values of one or more scalar fields. The structure
and properties of these moduli spaces depend on the amount of supersymmetry, on the
spacetime background, and on whether supersymmetry is a global or local symmetry.

The existence of moduli spaces in supersymmetric compactifications of string theory to
four dimensions impedes the construction of realistic models of particle physics and cosmol-
ogy, and a primary endeavor in string phenomenology is the study of mechanisms that lift
the vacuum degeneracy and stabilize the moduli. Moduli spaces of AdS, vacua are rather
different from the better-understood moduli spaces of supersymmetric Minkowski solutions,
and it is worthwhile to discuss their special properties.

In this paper we will focus on the structure of supersymmetric moduli spaces in AdS;
vacua of general NV =1 and N = 2 supergravitiesﬂ Two elementary structural questions
are whether a continuous moduli space exists, and when one does, how the moduli space
geometry is related to that of the parent configuration space. To frame the question, we
compare to the simpler case of a supersymmetric Minkowski background M,. Consider an
N = 1 theory with global or local supersymmetry, containing n. complex scalar fields ¢;,
1 =1,...,n.. The scalars parameterize a Kahler manifold C. The supersymmetric vacua of
this theory in a Minkowski background M, are determined by the solutions of n. holomorphic
equations 0;W = 0, where the superpotential W is a holomorphic function of the complex
scalars ¢;. Generically the solutions are isolated points, but when a continuous moduli space
M exists, it is a complex, and therefore Kéahler, submanifold of C.

The situation is quite different in AdSs. For an AdS; vacuum of N = 1 supergravity,
we will see that M cannot be a complex submanifold of C: instead, M is real with respect
to the inherited complex structure, and can at best have real dimension n., i.e. half the
dimension of the parent configuration space C. In an AdS; vacuum of N' = 2 supergravity,
C is the product of a special Kahler manifold and a quaternionic Kahler manifold, and we
will show that the moduli space M is again a submanifold of C, consisting of a real manifold
times a Kahler manifold — also of at most half the parent dimension.

An intuition for the structure of the moduli spaces comes from the AdS/CFT correspon-
dence, which relates an AdS, background to a three-dimensional superconformal field theory
(SCFT) on the boundary. For N' =1 in the bulk one has four supercharges, leading to a
superconformal N = % theory on the three-dimensional boundaryﬂ In this case each chiral

IFor early work on AdS supersymmetry, see [I, 2] and the lectures [3]. Recent results in global N = 1
supersymmetry in AdSy include [4 [5] [6].

By N = % we mean a three-dimensional theory with two ordinary supercharges, or four supercharges in
the superconformal case.



multiplet has only one real scalar, and thus one can find at most a moduli space of half
the original dimension. For A/ = 2 in the bulk one has an N/ = 1 theory on the three-
dimensional boundary which can feature chiral and vector multiplets. In this case M is a
real manifold with a Kahler submanifold. Upon dualizing the three-dimensional vectors, M
becomes Kahler.

This paper is organized as follows: in section |2l we determine the structure of the moduli
space in theories with A/ = 1 supersymmetry, while section [3] extends our analysis to N' = 2.
In Appendix [A] we discuss the global limit of N' = 1 supergravity in AdS,, and Appendix
contains a few illustrative examples. In the main text we set the reduced Planck mass M,
to unity, but we retain explicit factors of My, in the discussion of decoupling in Appendix [A]

2 N =1 Supergravity in AdS,

In N/ = 1 supergravity the scalar fields ¢‘, i = 1,...,n, are members of chiral multiplets
with the two-derivative Lagrangian [7]

£ = ~iR- K, d0"F — V(6,3) (2.1)

where R is the scalar curvature, K;; = 82-55[( is a Kahler metric on the scalar field space C,
with Kahler potential K, and the scalar potential V' is given by

V =e5(K"DWD;W = 3|W|*),  with DWW =9,W + K,W . (2.2)
Supersymmetric minima occur where
DW =0=DW Vi, (2.3)

and the moduli space M is defined as the locus in C on which ([2.3)) holdsE] We will use ( )
to denote evaluation on M, so that (D;W) = (D;W) = 0 by definition, for all i.

2.1 Structure of the moduli space

From one infers that for (D;W) = (W) = 0 the background is Minkowski space My,
while for (W) # 0, (D;W) = 0 it is AdS,. Therefore the supersymmetric minima in M, are
determined by the holomorphic equations 9;WW = 0, which are independent of the Kahler
potential K. For generic W, these n. equations determine the n. complex variables ¢,
leaving no continuous moduli space: the vacuum manifold is a set of isolated points. On

3Here we neglect the possibility of having charged scalars and associated D-terms: these do not affect our
analysis of the structure of the moduli space, as we will see shortly.



the other hand, for non-generic superpotentials (/W = 0 being a simple example), there can
be a continuous moduli space M. Because M is determined by the solution to a set of
holomorphic equations, it is a complex submanifold of the (Kéhler) field space C, and so M
is Kahler.

The situation is different in AdSy, because for (W) # 0 the F-flatness conditions D;W =
0 depend on the Kahler potential, which is non—holomorphicﬁ The equation counting is
unchanged, so it is still true that for generic K and W, the vacuum solutions are isolated
points. However, when a moduli space does arise due to non-generic K and W, its properties
are different from the moduli spaces in Minkowski solutions, as we now show.

In order to find the moduli space we infinitesimally vary the equations ([2.3)) to obtain
(0;D;W) 6¢ + (KizW) 5 =0, (2.4)
(KzjW) 8¢) + (0;D;W) 667 = 0. '

In matrix form we then have
Wod . mi;  (KgW)
M —_ =0 th M = a * 2.5

(b5 )=0- Cuiiry o) 29
where m;; is proportional to the mass matrix of the fermions in the chiral multiplets, and is
given by [7f]

(2.6)

Note that in an M, background m;; is just the second derivative of the superpotential, while
in an AdS, background (W) # 0 and thus the cosmological constant contributes. Since (/)
is necessarily a positive matrix, and (W) # 0 in AdS,, we learn that the matrix M in ([2.5])
has at least real rank n., leaving at most a moduli space of real dimension nc.ﬁ

Before we proceed, let us note that including a D-term does not change the analysis.
Gauging isometries on a Kahler manifold results in a D-term of the form D = k'K, where
k' is an appropriately normalized Killing vector and K; is the first derivative of the Kahler
potential. Gauge invariance of the superpotential further imposes £‘9;WW = 0, which implies
that in AdS, the D-term can alternatively be written as [§]

D=W1K'DW. (2.7)

4Even in global AdS, supersymmetry, the superpotential transforms under Kihler transformations, as
explained in [4, [B].

5The proportionality factor is e
We also have made use of the fact that on M, partial derivatives and covariant derivatives are equivalent,

cf. .

®This follows from the fact that the matrix (K;;W) is invertible in an AdS vacuum: it therefore contains

K/ K/2

2, and it is the matrix e m,; that appears in the Dirac equation.

n. linearly independent vectors. Thus M also contains at least n. linearly independent vectors, so the rank
of M is at least n..



This expression shows that on M the D-term vanishes automatically, and its variation,
6D = W K'S(D;W), (2.8)

is proportional to the variation of §(D;W') which we already analyzed in eq. (2.4]). Thus, the
D-term imposes no further constraints on the moduli space.

To examine the structure of the moduli space, we rewrite (2.5]) in terms of real variations

obtained from the decomposition ¢* = \/LE(AZ +1B"). In this case, after choosing Im({W)) =
0, we have

§A (Remy; + Ki;W) —(Im m;;)
M ] = M. = J J J . 2.
" ( B7 > 0, " ( (Im ;) (Rem;; — K;;W) (2.9)

We now observe that the complex structure on the space of chiral fields in the given basis is

() ()

where [ is the n. X n. unit matrix. For the non-trivial solution space of (2.9) (i.e. the kernel of
the map M.,.) to have the complex structure inherited from M, the existence of a non-trivial

SA!
M, ( Joiy ) =0 (2.11)

must imply that there is a non-trivial solution to
§A?
M.,.J ] =0
(3 )

(JM, — M,.J) ( gg ) =0 . (2.12)

solution to

But this means that

However, since

0 (K,W)
JM, — M, J = 2 7 ,
( (K;W) 0 >

and (K;;W) is non-singular, it follows from (2.12)) that only the trivial solution exists. Thus,
no nontrivial solution space of (2.11)) can be complex in the complex structure (2.10)).

This result can be seen more explicitly. Suppose there is a complex flat direction, say
along the 1 direction, and consider fluctuations along this direction, setting dA* = §B* = 0

for i # 1. From eq. (2.9) we obtain

(Remy; + KgW)SAY — (Imm;1)6B' = 0 (2.13)
(Im mi1>(5A1 + (Re m;1 — KJW>(5B1 =0 s (214)
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which should hold for all . Since Kj; has rank n,, there is at least one index j, for which
K;1 # 0. Taking i = j,, eq. holds for arbitrary 6A', §B* only if Imm,,; = 0 and
K; W = —Rem,j,;. Then eq. would require that 6B = 0, negating the existence of
a complex moduli space.

We conclude that the two scalars (A, B) of a chiral multiplet cannot simultaneously be
massless moduli. In other words, the moduli space is necessarily real with respect to the
original complex structure of the chiral multipletsﬂ

It is instructive to compute the mass matrix of the scalar fields. The first derivative of
V readd¥

OV =V, V = K <K”DkDZ-WDJ—W - 2(DkW)I/T/> , (2.15)

which indeed vanishes at the minimum, where (D;WW) = 0. From ([2.15)) we can compute the
bosonic mass matrix

(ViViV) = eK(Kijmkiml_j - 2Kkl‘|W|2) , (2.16)
(ViV V) = —eBmu W | '

where my; is defined in (2.6). Decomposing ¢ = \%(AZ +1 B") one obtains the mass matrices

for A" and B?,

(m%)w = e™ (K7 (my; — S K W) (mg; — LK;W) — SK W %)

(mB)m = " (K (mp; + 5 KW ) (mg; + $K,W) — $K[W[?) | (2.17)
(miB)kl = 26KIHI (mle_V) .

On diagonalizing these equations one finds that only one of the two real scalars in a chiral
multiplet can be massless. We relegate the details of this discussion, as well as the relation
to the rigid AdS limit and to the formulae of [3], to Appendix [A]

2.2 Examples of moduli spaces in AdS, supergravity
To illustrate the general results above, we consider a few examples. Take n. = 1 and

K=1Yo+¢)?, W = ¢ = constant. (2.18)

The F-term is DgW = (¢ + ¢)c, which vanishes for Re¢ = 0. We see that M is the locus
Re¢ = 0, on which the scalar potential is (V) = —3|c|?. Thus, Im¢ is an (axionic) flat
direction parameterizing the moduli space.

TOf course it is possible that an even number of real moduli can be combined into complex fields with
respect to another complex structure.
8We define the Kihler covariant derivative acting on a tensor to be D; = V; + K; .



As a slightly more involved example motivated from string theory, consider p chiral fields
T and ¢ chiral fields @ (i.e. n. = p + ¢q) with couplings

K =K(T,T)+ Z(T,T)QQ + O(Q?) ,

: ‘ (2.19)
W=c+m(T)Q*+ O(Q°) ,

where K (T,T) and Z(T,T) are for the moment arbitrary real functions of T' while m(T) is
an arbitrary holomorphic function. The supersymmetry condition for @) reads

DoW =2mQ + ZQW + O(Q?) (2.20)

which is solved by @ = 0. On the locus where @ = 0, we have 0rW|g—o = 0, so that M is
the space of solutions of
DTW|Q:0 = KTC: 0. (221)

Because the condition depends only on K (T, T), the functions Z(T,T) and m(T) are
unconstrained. For generic K, all T are fixed by , leaving no moduli space. However,
moduli spaces arise in special cases: e.g. for K = K (T +T) only the ReT are fixed, leaving
the p Im7T directions as axionic moduli. As anticipated, the moduli space is real, with
dimension at most half the dimension of the original Kéhler manifold. The background
value of the potential is again (V) = —3|c|%. Note that not every function K = K (T +T)
is compatible with the existence of a moduli space: an additional requirement is that K
is non-singular at K7 = 0. For example, the Kihler potential K = —In(T + T), which is
commonplace in tree-level effective actions of string compactifications, has K = 0 only at
(T +T) — oo, corresponding to an infinite and thus unacceptable K. On the other hand, a
general polynomial K = > 7, a, (T + T)" yields a moduli space.

We will next discuss a simple example with a Goldstone-type global U(1) symmetry of
the full Lagrangian. Let us choose K and W to be of the form

K =¢191+ ¢aga, W =c+m¢i¢, (2.22)

with m and ¢ being real for simplicity. In Appendix [B] we show that there are the following
two supersymmetric solutions of Dy, W = Dy, W = 0:

A) (¢1) = (¢2) = 0 and
B) for |¢| > |m|, non-trivial solutions with (¢;) = £(¢s) # 0.

In both cases the symmetry ¢; — e¢1, ¢ — e ?¢y is unbroken. However, in the first
solution no flat direction exists, while if we parameterize ¢ = rie?XH°) ¢y = re?X=°) we
see that p is a flat direction in the second solution.



2.3 Global symmetries and exact moduli spaces

In the examples just discussed, translation along the moduli space corresponds to a con-
tinuous shift symmetry. However, well-known arguments exclude exact continuous global
symmetries in string theory, and in quantum gravity more generally (see e.g. [9] 10} [I1], and
the recent discussion in [I2]), and one might ask whether these no-go results constrain the
existence of exact quantum moduli spaces in quantum gravity theories. To explain why there
is no associated constraint, we begin by briefly recalling two of the standard arguments.

Black holes and global symmetries.—Consider a continuous global internal symmetry G under
which one or more species of particles, all with nonzero mass, are charged. Denote by A4z
the maximum ratio of G-charge ¢ to mass m, across all species in the spectrum (not only the
lightest species). Form a macroscopic Schwarzschild black hole from constituents of total
G-charge () and mass M. Then once Hawking radiation causes the black hole to decay to
mass M < M, = Q/Mnaz, it is not possible for any subsequent decay process to release a
total charge () while remaining consistent with conservation of energy. So G-charge is not
conserved. Note that one can make the initial black hole as large as necessary in order to
ensure that the Hawking temperature remains as small as desired when the black hole has
mass M,, so that semiclassical reasoning remains valid.

The possibility of this process implies that in an effective theory derived from a consistent
quantum gravity theory with standard black hole thermodynamics, there must be operators
violating everyﬂ continuous global internal symmetry.

String theory and global symmetries.—Banks and Dixon showed in [9] that for any exactly
conserved non-axionic global internal symmetry, one can construct a vertex operator for a
gauge boson from the conserved global symmetry current. This implies that any exact non-
axionic global internal’|symmetry must be gauged in string theory. Axionic shift symmetries
of the form

a — a + const. (2.23)

are not constrained by this argument. At zero momentum, the vertex operator for an axion
a is a worldsheet total derivative, and the worldsheet fields do not transform under .
Thus, the logic of [9] does not apply to axionic symmetries, including translations along the
flat directions in the first two examples above.

Accidental symmetries.—In view of the above arguments, moduli spaces protected by ex-
act, non-axionic global symmetries are incompatible with general reasoning about quantum

9Violation of axionic symmetries by black holes (and by wormholes [I0]) is somewhat subtle, in part
because of the possibility of axionic hair: see e.g. [13] [14].

10The qualifier ‘internal’ is necessary because Lorentz symmetry of noncompact spacetime is an exception
to the argument of [9], but this will not be relevant for our discussion.



gravity and string theory. However, it is crucial to recognize that the presence of an exact
moduli space does not imply the existence of any exact symmetry of the full Lagrangian: it
is consistent for the symmetry of translations along the moduli space to be an accidental
symmetry that is preserved along some locus. Such a symmetry does not correspond to a
current that is conserved at all points in the configuration space, and so is not constrained
by either of the arguments above.

Accidental symmetries that hold only on a special locus in the configuration space can
be broken by non-derivative couplings or by derivative couplings. To give two examples, the
symmetry of translations ¢ — ¢ + const. could be broken by

AL = ¢*\? (2.24)
where y is another scalar field, or by
AL = ¢*R* | (2.25)

where R is the scalar curvature of spacetime. The latter case is particularly relevant: there is
no conserved current in the full theory, but in a Minkowski solution ¢ enjoys the accidental
shift symmetry ¢ — ¢+ const, and hence an exact moduli space, while in AdS solutions the
coupling gives ¢ a mass and lifts the corresponding moduli space.

A particular form of symmetry breaking generalizing arises in certain extended
supergravities and in string theory compactifications with extended supersymmetry: the
quantum gravity effects that destroy global charges and hence prevent the associated global
symmetries from being exact only appear beyond the level of the two-derivative action.
Examples include compactifications with A/ = 4 and N’ = 8 supersymmetry, such as com-
pactifications on T of heterotic string theory and type II string theory, respectively. In these
compactifications there is an exact continuous SO(6,22) or Er() global symmetry group at
the level of ungauged supergravity, but the continuous symmetries are broken by instantons
(e.g. D-instantons), i.e. by the charge lattice of the theory. These instantons contribute only
at four and more derivatives, due to supersymmetry, and break the continuous symmetry
group to a lattice corresponding to the monodromies of the charges of the theory. In the-
ories of this sort where higher-derivative couplings are the only effect spoiling a symmetry,
translation along an exact quantum moduli space can then correspond to a genuine exact
symmetry of the two-derivative theory, which is only an accidental symmetry of the full
theory incorporating higher derivatives.

To summarize, we inquired whether the presence of an exact moduli space implies the
existence of a symmetry that is forbidden by quantum gravity arguments. It does not: the
symmetry of translations along the moduli space might be an accidental symmetry of the
full theory, preserved on some special locus in the configuration space, hence avoiding no-go
results from quantum gravity.



Existence and genericity of moduli spaces.—Let us briefly indicate when exact quantum
moduli spaces are generic or non-generic.

In NV = 1 supersymmetry in Minkowski space, the moduli space is entirely determined by
W, which is not renormalized in perturbation theory. However, nonperturbative effects can
contribute corrections to W, lifting the continuous moduli space and leaving only discrete
points as quantum vacua. In N = 1 supergravity theories arising from compactifications of
string theory to Minkowski space, the possible nonperturbative effects (from strong gauge dy-
namics and from Euclidean branes) are numerous, and the quantum moduli space is expected
to be a set of points in generic cases. On the other hand, in global N' = 1 supersymmetry
in My, there are celebrated examples of supersymmetric gauge theories with exact quantum
moduli spaces, e.g. the theory with gauge group SU(N.) and Ny = N, families of quarks
and anti-quarks in the fundamental representation [15].

In AdS4 the situation changes due to the presence of the Kahler potential K in the
condition for a supersymmetric minimum. The Kahler potential is renormalized at all orders
in perturbation theory, and thus even perturbative moduli spaces are non-generic. This
intuition is supported by the AdS/CFT correspondence, since the three-dimensional SCFT
on the boundary of AdS, only has two supercharges (or four superconformal charges), and
thus no BPS representations protected by non-renormalization theorems exist.

Exact moduli spaces of Minkowski solutions are more common in theories with extended
supersymmetry: for example, in global N/ = 2 supersymmetry in Minkowski space, the
vector multiplet sector generically has a quantum moduli space [16]. More generally, even
in local supersymmetry, ungauged N = 2 supergravities, for example those arising in the
low-energy limit of Calabi-Yau compactifications of type II string theory, generically have
an exact moduli space in the Minkowski vacuum. The reason for this is that there is no
superpotential that can get corrected: only kinetic terms receive quantum corrections. When
there are no gaugings, there are no prepotentials, and therefore no potential. On the other
hand, when there are gaugings, quantum corrections will correct the potential (since they
correct the special Kéhler and quaternionic-Kéhler metrics). For AdS vacua, there must be
gaugings, and one expects corrections to the potential.

3 N =2 Supergravity in AdS,

3.1 Preliminaries

Let us start with a brief summary of A = 2 supergravity in four space-time dimensions[]
Apart from the gravitational multiplet, a generic N' = 2 spectrum contains n, vector multi-

UFor a more comprehensive review see e.g. [17].



plets and ny, hypermultiplets with the following field content. A vector multiplet contains a
vector A, two gaugini M, A =1,2 and a complex scalar ¢, while a hypermultiplet contains
two hyperini (, and four real scalars ¢*. Finally, the gravitational multiplet contains the
spacetime metric g, two gravitini ¥, 4 and the graviphoton ASH

The scalar field space splits into the product

M = M, x M, , (3.1)
where the first component M, is a special Kahler manifold of complex dimension n, spanned
by the scalars #',i = 1,...,n, in the vector multiplets. This implies that the metric obeys

gi; = 0,0;K" with KV = —Ini (X "QsX™) , (3.2)

where X* = (X!, F;),I =0, ...,n, is a 2(n,+1)-dimensional symplectic vector that depends
holomorphically on the t'. F; = 0F/0X! is the derivative of a holomorphic prepotential F
which is homogeneous of degree 2 and {2,y is the standard symplectic metric.

The second factor of the field space, M), is spanned by the real scalars ¢*,u =1,...,4ny
in the hypermultiplets, and is quaternionic Kahler and of real dimension 4ny,. Such a manifold
admits a triplet of almost complex structures I*, x = 1, 2, 3 satisfying [*[Y = —§*™1 + e"Y*[7,
with the metric h,, being Hermitian with respect to all three I*. The associated two-forms
K® are the field strengths of the SU(2) connection w?, i.e.

K* = dw® + e w? Aw® | (3.3)
and thus are covariantly closed, VK* = (.

One of the differences compared to N' = 1 supergravity is that no superpotential is
allowed in A/ = 2 , and thus for Abelian vectors and neutral hypermultiplets no potential is
possible: the entire field space is the moduli space of an M, background. A potential
only appears when some of the hypermultiplets are charged and/or when the gauge group
is non-Abelian. Let us first discuss a non-Abelian gauge group G. In this case the scalars ¢
are in the adjoint representation of (G, and the contribution to the potential is nonnegative
and vanishes for ¢ = 0. Thus a spontaneous breaking of G by a non-trivial (¢*) can induce
a positive contribution to the cosmological constant, but cannot be responsible for the AdS
background in the first place. For that reason we discard non-Abelian gauge groups in the
following analysis and only consider hypermultiplets that are charged with respect to some
Abelian G = [U(1)]™. However we do allow for the possibility that the hypermultiplets
carry mutually local electric and magnetic charges. This situation is conveniently discussed
in the embedding tensor formalism, where the covariant derivatives are given by [1§]

Duqu = a,uqu - Aﬁ@?\kg(Q) ) (34)

J
IJ,’
gravitino variation and depends on the scalar fields in the vector multiplets.

12Gtrictly speaking, the definition of the graviphoton is X'Im Fr;A”, which can be read off from the
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with AA (AI 1) being a symplectic vector of electric and magnetic gauge fields. Here
k%(q) are the independent Killing vectors on My, labeled by the index A, while ©} is the (con-
stant) matrix of gauge charges (or the embedding tensor) that parameterizes the isometries
that are gauged. Mutual locality additionally imposes the quadratic constraint ©**0% = 0.

The resulting scalar potential reads
V = 5g5W Wi + NIING — 684557 (3.5)
where WiAB, Nq and Syp arise as the scalar parts of the supersymmetry variations of the
gaugino, hyperino and gravitino, respectively
SN =W Beg+ ...
(5€Ca:NaeA+... . (3.6)
0V, a=Dyey — SAB’VNEB +....

A are the two supersymmetry parameters, and

SAB = %eKv/QXA@XPE(Ox)AB s
WHE = ie 297 (VX OR P (o)1 (3.7)
N2 =282 X2 UA kY

Here ¢

where in our conventions the Pauli matrices with both indices up (or down) arﬂ

-1 0 —i 0 0 1
1VAB _ 2\AB _ 3\AB _
e () e () )@= (V) e
Z/{;“O‘ are the vielbeins on M), which are related to the metric h,, and the three curvature
two-forms K7 defined in (3.3)) via
Copl2UP® = —1 K2 ™8 — 1h,,eB (3.9)

where Cog,, 8 =1,...,2ny is the flat Sp(ny) metric. Furthermore, we abbreviate V; X% :=
O, XM + (0;KV) XA, and PY are the Killing prepotentials defined by

— 2L KE, =V, Py, (3.10)

where V, is the SU(2)-covariant derivative.

In the following discussion we will also need the fermion mass matrices [17]
M =3 P (ViV; XM )ONPY (07) a5
o = — 482V XM e kY (3.11)
MOP = — K RXAONUAUP 4 VIR

B The indices are raised and lowered with €_45.
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where M;; 45 is the mass matrix of the gauginos, M*? is the mass matrix of the hyperini
and M$, is a possible mixing term.ﬁ Supersymmetry relates the shift matrices in (3.7)) and
the fermion mass matrices ([3.11)) by the following “gradient flow” equations [19]

VjWZ'AB — 25;5,43 ’ vjwi.AB — _giiM%;}B ’ VUV_V_Z\B — _%gijM?(AuB)au ’
vaf\ — %M?A ’ uuﬁBquaA — 40aﬁsAB + EABMoz,B ’ (312)
ViSas = 39::Wos ViSas =0, ViuSas = = 5Uua(aNg) ,

where W,z = (W B)* and MAP = (M;j48)".

3.2 Structure of the moduli space

In [20} 21I] the conditions for a four-dimensional N' = 2 supersymmetric AdS vacuum in
N = 2 supergravity were discussed. In terms of the fermionic supersymmetry variations

(3.6) one demands

(WBY = | (N4 =0 | (Sap)e® = 1Aey | (3.13)
where |A]? is related to the cosmological constant of the A' = 2 vacuum as in (A.4]). Using
(3.7) the conditions (3.13) can be explicitly translated into the following conditions on the
N = 2 couplings [21]

(Xherkhy =0, (V.X*erpPH) =0, (3.14)

and
O (PF) = 105 (e *Im (AX®)) a” (3.15)

where a is an arbitrary real vector on S? and A is related to A by a phase. We can use the
local Sp(1) symmetry of AV = 2 to rotate a® into a frame where a® = ad”® and hence only
the combination ©{(P3) # 0 in (3.15). (We will frequently use this simplification below.)

By contracting (3.15]) with X* it was shown in [21] that the right hand side is proportional
to the graviphoton direction in field space, and thus a cosmological constant can only appear
if an isometry in this direction is gauged. Let us denote this direction by A = 0, so that

(3.15]) implies
(XPORF) #0.  (XNOYPLL,) =0, (3.16)

and thus, inserted into (3.7]),

(Sag) = 3(e" PXNORFY) (07) a5 = 3(" PXAOLF) (0%)as # 0 . (3.17)

14Gtrictly speaking the fermion mass matrices are the values of these quantities evaluated in the AdS
background.
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The first equation in (3.14)) combined with the requirement (3.16)) has two types of solutions:

minimal solution : (k) =0 VA, 318

non-minimal solution : (kg) =0, (kX ) #0. (3.18)

For the non-minimal solution, is satisfied only by imposing (X A@;\\7&0> = 0. In this

case the gauge symmetry is spontaneously broken and n,, := rk(©1k%) long vector multiplets

become massive, each with a total of five massive scalars, two from vector multiplets and
three from hypermultiplets [21HE| Note that consistency imposes

Ny, < TNy and N, < Ny, (3.19)

As in section [2, we now determine properties of the moduli space by varying the conditions

(3.14) and (3.16). Let us start with (3.16]) and study the variation of (X*©} P¢) for all .
This has the two terms

(5(XPONPY)) = (Vi XPONPY) 6t + 2(X 2O VK™ ) 6¢" =0 , (3.20)

which both vanish for both solutions of (3.18]), due to (3.14). Thus no condition is imposed
on the moduli space.

Next we consider the variation of (V;X*0} Pf) in (3.14), which yields
<MijAB> By 2<SAB gi]—) ot + %(M;)(CAZ/{B)QQ 0q" =0, (3.21)

where M;; ag and M7y are defined in (3.11]) and we used (3.7) and (3.10). For the minimal
solution we find from the definition in (3.11)) that the mass matrix M, vanishes and one

is left with only the first two terms in (3.21). As we anticipated the analysis can be further

simplified by using the local Sp(1) symmetry of N' = 2 to rotate into a frame where among
the ©) P only ©} P} is non-zero. Inserting (3.11)) and (3.15) into (3.21]) in that frame yields

(Im (AX ™)) Qs (Vi VX268 — 2(X 2 g;)087) = 0 . (3.22)

These are n, complex equations, and comparing with we see that the AV = 1 analysis of
the previous section applies verbatim. Thus the AdS; moduli space of the vector multiplets
is again real and at most of (real) dimension n,.

Let us postpone the discussion of for the non-minimal solution where <./\/lf NE
and instead turn to the first condition in (3.14]). The variation of (X*©}k%) yields

1Cap(ML) St + (Muaapsldy”) 6" =0, (3.23)

15The fourth hyper-scalar is the Goldstone boson eaten by the vector.
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where we defined
MAaBﬁ = 46KV/2XA@X(VUI{3,\U) ugﬁUZa = 4Oa,BSAB — EABMa,B , (324)

and the last equality used (3.7]) and (3.11]). As before let us first analyze the minimal solution
with (M? 1) = 0 and the first term in (3.23)) vanishing. Due to (3.16) we rotate into the

frame where only
P3 = 2(e5 2 X120\ P}) = (efIm (AXT)Qua XY | (3.25)

is non-zero, and using (3.8)) and (3.17)) the (4ny x 4ny) matrix M 4,55 then takes the form

0 CopP3 — Mg
Muass = oo ) 3.26
Al ( CopP§ + Mas 0 (3.26)
Note that C,gs is anti-symmetric while M,z is symmetric, and as a consequence M" = —M.

That is, M is altogether antisymmetric, and thus its eigenvalues come in pairs. For the case at
hand this means that the hypermultiplet scalars become massive pairwise, and similarly the
zero modes come in pairs. Furthermore, C is the flat Sp(n;,) metric and thus by appropriately
tuning M,z one can reduce the rank of both (2n; x 2n;) matrices CQ5P03 £ M,p to be ny,
but no smaller. In other words M 4,55 has at least rank 2ny, (instead of 4ny), and at most
2ny, scalars can be massless.

Let us now show that the N' = 2 AdS, moduli space of the hypermultiplet scalars is
Kahler. First of all there is a complex structure given by I® that acts on the flat indices as
o3, Indeed it is easy to check that

(0°)% Mcaps = —Maacs (0°)5 (3.27)

so that in particular the massless spectrum is invariant, and the moduli space is a complex
manifold (with respect to I*). We will now show that (K') = (K?) = 0 which via then
implies

(AK®) = — (W' AK?) + (W AKY) =0, (3.28)
Thus K? is closed on the N' = 2 locus, which shows that the AdS; moduli space is not
only complex but actually Kéhler, with K3 as its Kihler form. Another consequence of
(K'Y = (K?) = 0 is that the resulting moduli space is real with respect to the complex
structures I! and I2.

Let us prove (K') = 0 explicitly — (K?) = 0 then follows by permutations of indices.
Using (3.9) and the algebra of the Pauli matrices we can write K* as
(0*)R(0*)5 = ()R (0*)pecnCas(Us USP)
((0*)5(0%)on + (0%)ac(0®)5) Cap (U ULT) (3.29)
((0*)5ecn + eac(0®)5) (MasUg"UJP) = 0,

(K
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where in the last step we used . This completes our proof. We have shown that the
AdS, moduli space of the scalars in N’ = 2 hypermultiplets is a Kahler submanifold of the
parent quaternionic-Kéhler manifold (which has real dimension 4ny,), and has real dimension
at most 2ny,. In fact this coincides with the mathematical theorem that a K&hler submanifold
of a quaternionic-Kéhler manifold can have at most half the dimension of the parent [22].

Thus for the minimal solution in the moduli space is a direct product of a real
manifold spanned by the vector multiplet scalars and a Kéahler manifold spanned by the
hypermultiplet scalars. This is indeed consistent with the AdS/CFT expectation of a Kéhler
moduli space for the three-dimensional boundary theory, since in three-dimensional super-
symmetric theories with four supercharges the vector multiplet contains as bosonic compo-
nents a vector and a real scalar. Dualizing the vector to a real scalar, the entire multiplet
becomes dual to a chiral multiplet. The associated Kahler moduli space can only appear
after dualizing the vector: in the four-dimensional bulk description the Kéhler structure is
not visible. Furthermore, in the minimal solution we have a direct product of moduli spaces,
which is a special case of the generic situation in three-dimensional supersymmetric theories.
As we will see shortly, this feature will not hold for the non-minimal solution, and a mixing
between vector and hypermultiplet scalars occurs.

As promised let us now discuss the moduli space for the non-minimal solution in (3.18])
which has (k) = 0,(k}.,) # 0,(M7y) # 0. Thus we have to reconsider the variations
and , as both sets of equation have additional terms. Before we plunge into
the technical analysis let us sketch the intuition. For ( K#O) # 0 the gauge symmetry is
spontaneously broken and n,, long vector multiplets become massive. In this case a vector
multiplet eats an entire hypermultiplet and thus consists of a Goldstone boson from the
hypermultiplet and five massive scalars, two from the vector multiplets and three from the
hypermultiplets. As we will see shortly this situation is manifest in and , but
the structure of the moduli space is unchanged and only its dimension is reduced as n,,
additional vector and hypermultiplets are fixed.

We start by rewriting (3.23)) and (3.21]) in a more explicit form, using (3.11]), and simplify
the analysis by rotating into the frame where only B} is non-zero. This yields

— 208 (" PUL 4 kY Vi XY 6t + (Maapss’) 6" =0 (3.30)
NN K ) 0" =0, (3.31)
(X2 Im (AX ) Qua (Vi VX208 — 2(X 2 g0 08) + 4V, XMOX (kY K2 )oq" = 0. (3.32)
As we already stated, for an Abelian theory the Goldstone bosons have to be recruited out

of hypermultiplets and thus the n,, Goldstone directions drop out of ([3.30)-(3.32)). This can
be seen by explicitly inserting dg* ~ ©%k". For (3.31]) and (3.32)) we can use the equivariance
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condition (see for example [17])

K kSky = 3¢ PP = 515 Fy (3.33)
where f{_ are the structure constants of the gauge algebra, i.e.

(kx, ko] = [ Ky kyx = k30, . (3.34)

Since we only consider Abelian gauged isometries we have f{ =0, and as only P} is non-
vanishing, we find from (3.33)) that

K® Kk =0 . (3.35)

This immediately implies that the Goldstone directions d¢* ~ %k indeed drop out of
and . For we use to find that the Goldstone directions do not contribute
as a consequence of

X2 OV0Lk VY kY = X2OV 0L [ky, kn]* =0 , (3.36)
where we used in the first equality, and in the second equality we used that the gauged
directions are Abelian. Thus, the Goldstone directions also drop out of . For later use
let us note that due to and (03)gUE = UA(I3)?, the deformations dg* ~ O (13)"kY
also do not appear in (3.30)).

Let us now discuss which scalars are fixed by -. From (|3.31]) we immediately
see that 2n,, hypermultiplet scalars become massive. They are related to a Goldstone boson
by I' or I? and therefore reside in the same hypermultiplet. We continue with and
consider first the indices (Aa) for which U, 4.k} = 0 holds. In this case the first term vanishes
and the discussion for the minimal solutions applies. For indices which have U,4,k% # 0

v
u

fixes the n,, complex scalars that are in the same multiplets as the massive vectors.
Finally let us turn to (3.32). For indices ¢ that have M, = 0 the last term in vanishes
and one is left with the minimal case for the vector multiplets that we discussed above. For
indices ¢ that have M, # 0 the last term fixes n,, additional scalars which are related by
I? to the Goldstone direction.

We have thus shown that for any gauged non-vanishing Killing vector, 5n,, scalars are
massive: these are members of n,, long massive vector multiplets. Therefore, at least
(ny + n,,) vector multiplet scalars become massive, and the moduli space has at most real
dimension (n, —n,,). For the hypermultiplets, at least 2n;, +n,, scalars become massive, and
n,, scalars are eaten. Thus, there are at most (n, — n,,) complex directions corresponding
to hypermultiplet moduli. However, compared to the minimal solution both sectors mix
non-trivially. The massive scalars in the long vector multiplets are actually combinations of
vector multiplet and hypermultiplet scalars, due to the fact that the the three mass matrices
Mijag, M and M$y in and are nonvanishing. This in turn leads to a mixing
of vector multiplet and hypermultiplet scalar fields in the kinetic terms, and thus the moduli
space is no longer a direct product.
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Appendix

A Relation to Global N =1 Supersymmetry in AdS,

In this appendix we recall the global limit of a generic supergravity theory in AdS,. For
this we need to restore the dependence on the gravitational coupling Kk = Mp_ll. We take all
fields to have mass dimension one (denoted by [¢] = 1), and correspondingly take K] = 2,
(W] =3, and [V] = 4. In these conventions the potential reads

V =K (KijDZ-WDJ—W - 3K2|W12> . with DW= oW+ 2KW . (A1)
Without loss of generality we can parameterize the superpotential as
W=W,+W,, (A.2)

with

(W,) =0 and R*Wo=AN#0, (A.3)
where we have taken W, to be real. Furthermore, by a choice of Kahler gauge we may set
(K) = 0. The cosmological constant x?{V') that appears in the Einstein equations is related

to A by
K2 (V) = —3A% . (A.4)

In order to obtain an AdS, background for global supersymmetry from supergravity, one
needs to take the limit x — 0, A fixed. Expanding V' in this limit one arrives at| [4]

V = K"D;D; — 3AW, + W, + AK) — 357 ?A* + O(x?) , (A.5)

where D; = 0;W+K;A (not to be confused with D; = 0;+ K;) vanishes at the supersymmetric
minimum, i.e. (D;) = 0. The first derivative of V' reads

WV = V.V = K9V D;)D; — 2ADy, + O(k?) , (A.6)

which indeed vanishes at the minimum, because (D;) = 0.

From (A.6)) we can compute the ‘mass matrix’
(ViViV) = =2K;A* + K7myimg;
<VleV) = —mklA

where
mi; = GHQK/QVkDi (A8)

16Note that V diverges in this limit, but the Einstein equations are finite.
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is the fermionic mass matrix. Decomposing ¢’ = \%(AZ + iB") we obtain the mass matrices
for A* and B,
(M) = Kijmkiml_j — Amyy — 2N K7,
(M) = K9mumg; + Amyy — 20K (A.9)
(m? )k = 2ImmyA

The mass matrices agree with [3] when there is only one chiral multiplet and Imm
is taken to be zero. For Imm # 0 we can consider for simplicity the case of one multiplet
with canonical Kahler metric. In this case the matrices are easily diagonalized, with the
mass-squared eigenvalues

MZ = |m|* & A|lm| — 2A%. (A.10)

We see that one cannot have M, = M_ = 0 without setting A = 0.
One might be tempted to think that flat directions in the potential arise when m;; = 0,
as in flat space. This is incorrect, as we now explain in the simple case of a single chiral

multiplet scalar ¢ (so that m;; — m), with K = ¢¢. The equation of motion in Einstein
frame reads

1
V2 = % TG0 = V5 (A.11)

and for m = 0 the right hand side does not vanish, cf. (A.6)). In fact, a scalar field ¢ with
m = 0 is a conformally coupled scalar. To see this, we perform a Weyl rescaling to the Jordan
frame, so that the Lagrangian reads

E:—Q—’#Refs _KJ(¢>$)8;L¢6H&_VJ(¢,@—i—... ’ (A12)

where K7, V7 are the metric and potential in the Jordan frame. In the limit k — 0, A fixed
one finds
V) = K"D;D; — 3A(W, + W,) — A’ K — 3k 2A* + O(x?) , (A.13)

where compared to (A.5]) only the coefficient of the A2 K term has changed. As a consequence,

the mass matrix ((A.10) in the Jordan frame takes the form
My = |m|(|m| £ A) (A.14)
which vanishes for m = 0. Moreover, the equation of motion in the Jordan frame becomes
R
Vi =V/ - R O(r*) = Vi = 20N%¢ 4+ O(x?) = V3, (A.15)

where in the second equality the Einstein equations have been used, and the final relation
uses (A.5). Thus, m = 0 implies that Va_;] = 0, but that (for ¢ # 0) V5 # 0, and hence
V2¢ # 0. In summary, a field with m = 0 is conformally coupled, but is not a modulus.
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Figure [1; The potential V' (|¢1], |¢2]) at the axion minimum x = 7/2 for m = ¢/2 = 1/10.

B Further Examples of Moduli Spaces in AdS,

In this appendix we give further explicit examples of N' = 1 supergravities with degener-
ate AdS, backgrounds. Let us first supply the details of the third example discussed in
section where K and W are given by

K = ¢11 + ¢oths W =c+mpips , (B.1)
with ¢ and m real. One easily computes
D¢1W = m¢2 + $1W 5 D¢2W = mgbl + (Z_SQW (BQ)

and solves Dy, W = Dy,W = 0 by parameterizing ¢; = r,e'X*?) ¢y = roe’X=P). The type
A trivial solution ¢; = ¢o = 0 is immediately apparent.

If ¢ and m have opposite sign and furthermore |c| > |m|, one finds one branch of the type
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B non-trivial solution,

ri=ro=4/———1, x=0, parbitrary . (B.3)
m
If ¢ and m have the same sign and again |c| > |m/, one finds instead the other branch of the
type B non-trivial solution,

ro= Ty = %_1 , x=m/2, parbitrary . (B.4)

These solutions can also be expressed as ¢; = %@, as in section . For |c| = |m| these
solutions coincide with the trivial solution ¢; = ¢ = 0. We see that p is a flat direction for
the type B solution with |c| > |m|, which can be seen immediately from the fact that K and
W are independent of p. Fig.[l|shows an example of V' for m = ¢/2, displaying both solution
A at the origin and the second type of the solutions B as saddles at (¢1,¢2) = (—1,1) and
at (¢1,¢02) = (1,—1).

Let us study the minima of the potential in slightly more detail, as they reveal a somewhat
unusual structure. The scalar potential in the variables 71,7y, x reads explicitly

V =it (02 (7’% + 72— 3) + 2emiriry (7’% + 72— 1) cos(2x)

+m? (ri‘r% + Tf (7”‘21 + 7“% + 1) + r%)) . (B:5)

The eigenvalues of the matrix of second derivatives at ¢; = ¢ = 0 are given by
Vi ={0,0,—2(2¢ — m)(c+m),—2(2c+m)(c—m)} , (B.6)
with a cosmological constant (V) = —3c%. We see that, as expected, both axions remain

flat.

For the non-trivial solutions B the eigenvalues of the matrix of second derivatives read

2c_g

Vi = {0, —4mPem ,46%_2(0 —m)(2¢c+m), 4cm_1637€_2(20 —3m)(c— m)}

for ¢ > m and

_ 2(ctm) _ 2(ctm) 1 _2(etm)

Vg = {0, —dmPe” " m  —de” " m (m—2c)(c+m),—dem e m (c+m)(2c+ 3m)}
for ¢ < —m. The cosmological constant at these extrema turns out to be (V) = —3m?e? e

Hence, all of these solutions contain a scalar with negative mass squared, allowed by the
Breitenlohner-Freedman (BF) bound

myp = —ZeN|W? = —%e%_2m2 : (B.7)
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This universal BF scalar is a linear combination of the two radial modes 2, while the
orthogonal linear combination is massive for |¢| > m. The p axion stays massless as expected.

Note that the last eigenvalue gives the mass squared of the y axion. We see that for

lc| > 2m this axion is massive, while its mass vanishes for |c| = 2m, and it becomes a

BF-stable tachyon for m < |c| < 2m. This behavior is clear from the scalar potential (B.5).

Finally, note the unusual vacuum structure of the model. The supersymmetric critical
points of type A and B comprise Breitenlohner-Freedman stable tachyonic maxima or saddle
points, respectively. We find that for |¢| > m the global AdS minima of the model break
supersymmetry. Hence, the global minima of the scalar potential break supersymmetry, and
they have lower vacuum energy than any of the supersymmetric critical points. This is a
feature which contradicts intuition from the global case, but is often realized in the context
of racetrack models of nonperturbative moduli stabilization in string theory.

As another example let us consider a supergravity defined by
K=-In(T+T), W =eT | (B.8)

The supersymmetric minimum DyW = W (a — (T + T)™!) = 0 is found for T+ T = a~!
with (V) = —3ae. It only exists if a is real and positive, and then Im 7T is the modulus of
this AdS; background. This can be generalized for a generic K = K (T + T) with a shift
symmetry, as long as Kr # 0, Ky > 0. In this case ReT is fixed by K7 = —a. In string
theory a > 0 does not easily appear, as W then diverges in the large 7" limit. However, a
superpotential W = Aexp(—b(S — aT'/b)) with b,a > 0 can arise, for example, in heterotic
backgrounds, where the second term in the exponent can be a threshold correction and §'is
the dilaton.

As a further example consider
K = qb(ﬁ ) W= a¢b ) (B9>

which has an R-symmetry. The supersymmetric minimum DgW = a¢® (b + ¢¢) = 0 is
AdSy for b < 0,a # 0 and ¢¢ = |b|. In this case the phase of ¢ is the modulus and we have
(V) = —3¢el¥|al?|b|’. Note however that the superpotential needs to be singular at the origin.

Our final example realizes a compact U(1) moduli space but is a bit more involved. This
is due to the fact that this case is set up to avoid singularities in field space as well as the
use of an arbitrary constant term in the superpotential. Consider

K=¢p+xx+XX, W=X(x¢—u")+mox, (B.10)
which are invariant under ¢ — €', y — e~*y. One easily computes
DxW = x¢ — >+ XW ,
DgW = (m+ X)x + oW , (B.11)
DW= (m+ X))o+ xW .
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This theory has a supersymmetric AdS; background with a flat direction corresponding to
the U(1) symmetry. The full solution can be obtained analytically but is not particularly
illuminating. Instead we display the solution for m < p, which captures the essential

features: )

() = dol) =+ | 1475 (1-42)] + Om).
(X) =—(1+p")m+0(m?) ,
(W) =mp® - [1 =m?p?(1+ )] + O(m*)

where a common phase of ¢ and y is left undetermined.

(B.12)
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