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We present a class of two-field inflationary models, known as ‘shift-symmetric orbital inflation’,
whose behaviour is strongly multi-field but whose predictions are remarkably close to those of
single-field inflation. In these models, the field space metric and potential are such that the inflaton
trajectory is along an ‘angular’ isometry direction whose ‘radius’ is constant but arbitrary. As a
result, the radial (isocurvature) perturbations away from the trajectory are exactly massless and
they freeze on superhorizon scales. These models are the first exact realization of the ‘ultra-light
isocurvature’ scenario, previously described in the literature, where a combined shift symmetry
emerges between the curvature and isocurvature perturbations and results in primordial perturbation
spectra that are entirely consistent with current observations. Due to the turning trajectory, the
radial perturbation sources the tangential (curvature) perturbation and makes it grow linearly in
time. As a result, only one degree of freedom (i.e. the one from isocurvature modes) is responsible
for the primordial observables at the end of inflation, which yields the same phenomenology as
in single-field inflation. In particular, isocurvature perturbations and local non-Gaussianity are
highly suppressed here, even if the inflationary dynamics is truly multi-field. We comment on the
generalization to models with more than two fields.

Introduction.– The latest CMB data from the Planck
collaboration [1] show that primordial perturbations are
very close to Gaussian and adiabatic. The leading expla-
nation for this observation is single field slow-roll infla-
tion, where the perturbations are generated by a single
degree of freedom. However, embedding single field infla-
tion in an ultraviolet (UV) complete theory such as string
theory is notoriously hard1. For instance, a plethora of
moduli fields arise from string compactifications, which
all have to be strongly stabilized to realize single field in-
flation [5]. Moreover, it is difficult to control the validity
of the four dimensional effective theory when traversing
large geodesic distances in field space.

One may therefore wonder whether there are multi-
field inflationary scenarios that have a similar phe-
nomenology to single field inflation. In the usual un-
derstanding, light fields during inflation lead to isocur-
vature perturbations or local non-Gaussianity, which are
tightly constrained by current observations. However,
earlier published work [6–12] already suggests that infla-

1 It is not even obvious in general how to distinguish between four-
dimensional effective field theories that can be UV-completed
(the ”landscape”) from those that cannot be (the ”swampland”).
This is currently the subject of intense debate and, while the
details are not relevant for this paper, it highlights the impor-
tance of finding viable scenarios for inflation that are not strictly
single-field. See, for instance, the discussion in [2] as compared
to [3, 4]

tion with non-stabilized light fields on an axion-dilaton
system can be compatible with the latest CMB data.
In particular, it was pointed out in [11] that, when the
perturbations orthogonal to the trajectory are massless
but efficiently coupled to the inflaton perturbations, the
isocurvature modes are dynamically suppressed. This is
the “ultra-light isocurvature” scenario.

In this paper we provide for the first time a family of
exact models of inflation in which the multi-field effects
are significant, but the phenomenology remains similar
to single field inflation. The models combine two ingre-
dients: First, the inflaton trajectory proceeds along an
isometry direction of the field space, so it is Orbital In-
flation in the sense of [13]. This ensures time indepen-
dence of the coupling between the radial and tangential
inflationary perturbations. Second, the trajectory can
have an arbitrary radius (within some range described
below), and constant radius is proven to be a neutrally
stable attractor. As a result, isocurvature perturbations
become exactly massless. The two ingredients, combined,
guarantee that the sourcing of the curvature perturbation
is sustained over many e-folds of inflationary expansion.
The action for the perturbations inherits a symmetry be-
tween background solutions that is not manifest in the
potential or in the lagrangian. We show that, at the end
of inflation, only the isocurvature degree of freedom is
responsible for the generation of primordial observables,
but perturbations still remain adiabatic and Gaussian.
We call this scenario shift-symmetric orbital inflation.
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Crucially this scenario provides a new direction in
which to explore inflation and a potential resolution to
some of the problems faced by the embedding of single
field inflation in string theory. That is, by attempting
to construct single field models of inflation where, ex-
cept for the inflaton, every modulus is stabilized, one
could be missing less restrictive constructions of infla-
tion compatible with current observational constraints.
We set ~ = c = 1 and the reduced Planck mass Mp ≡
(8πG)−1/2 = 1, where G is Newton’s contant. In these
units the Lagrangian and all the fields are dimensionless,
they are understood to be measured in units of M4

p and
Mp, respectively.

A toy model.– To illustrate the idea, we first consider
the following Lagrangian in flat field space with polar
coordinates

L =
1

2

[
ρ2(∂θ)2 + (∂ρ)2

]
− 1

2
m2

(
θ2 − 2

3ρ2

)
, (1)

which is illustrated in Fig. 1. Notice that the potential
has a monodromy in the angular coordinate. In this sim-
ple example, although the potential is unbounded from
below when ρ→ 0, inflation only takes place in the phys-
ically consistent regime where V (ρ, θ) is positive. More-
over, as we shall show in the perturbation analysis be-
low, our study is restricted to radii that cannot be too
small. Therefore, we only care about the local form of
the potential close to the inflationary trajectory, which
we assume is captured well by the toy model in (1). The
full potential should be well-behaved at smaller radii. In
general, it is difficult to solve the background equations
analytically in such a system. However, this model al-
lows for the following exact neutrally stable solutions at
any radius

ρ = ρ0, θ̇ = ±
√

2

3

m

ρ20
, (2)

which are trajectories along the θ direction as demon-
strated in Fig. 1. The Friedmann equation becomes
H2 = m2θ2/6 on the attractor, where H is the Hub-
ble parameter, and the slow-roll parameter follows as
ε ≡ −Ḣ/H2 = 2

ρ20θ
2 . Moreover this isometry trajectory

deviates from the geodesic in the field space, thus the
turning effects become important and depend on the ra-
dius κ of the trajectory. Note that here κ = ρ0 but, if
the field space metric is curved, κ will be a more general
function of ρ0.

It is interesting to compare the above field solution
with the circular orbit in a spherically symmetric grav-
itational field. Similarly, the radius-dependent part of
the potential provides a centripetal force that stabilizes
the radial direction, and the inflaton can circle at any
radius with the corresponding angular velocity. For the
field system on the cosmological background, only the
isometric circular orbits appear, and we need to break

FIG. 1. The toy model potential V (ρ, θ) given in (1) together
with a typical inflationary trajectory indicated with the solid
black line.

the shift symmetry of θ in the potential to overcome the
Hubble friction. Notice that we can label each solution
by a continuous parameter c with the corresponding map

ρc = ρ0 + c,
(
θ2c
)′

=

(
θ20
)′

(1 + c/κ)2
, (3)

where the prime ′ denotes the derivative with respect to
efolds d/dN = d/(Hdt). This transformation identifies
all the trajectories in (2) and it hints at the existence of a
shift symmetry for the perturbations. In the flat gauge,
the isocurvature perturbations σ are associated with δρ
and the curvature perturbations R with ρ√

2ε
δθ, which

equals 1
4ρ

2δ
(
θ2
)

in this toy model. In order to find the
effect of the transformation on the perturbations, we split
ρ = ρ0 + σ and

(
θ2
)′

=
(
θ20
)′

(1−R′). This allows us to
determine how a small c changes σ and R′. In the long
wavelength limit every transformed set of perturbations
(σc,R′c) should provide a new solution to the equations
of motion. This is because homogeneous perturbations
map background solutions onto each other. Therefore,
we expect to find the following symmetry for linearized
perturbations

σ → σ + c, R′ → R′ + 2

κ
c. (4)

As a consequence of the shift symmetry of σ, the isocur-
vature perturbations are expected to be massless and
freeze after horizon-exit. Meanwhile, the symmetry also
indicates that R has a growing solution that is dictated
by the constant σ on superhorizon scales. Later we shall
verify this observation of combined shift symmetry and
its consequences with a full perturbation analysis.
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To get an intuitive notion of the perturbation behavior,
we employ the δN formalism [14–18]. From the Fried-
mann equation and the exact solution (2), the number
of efolds until the end of inflation can be expressed as
N = ρ2θ2/4 − 1/2. Then the curvature perturbation at
the end of inflation is given by

R(k∗) = δN ' 1√
2ε∗

(ρδθ)∗ +
2N∗
κ
δρ∗, (5)

where (ρδθ)∗ and δρ∗ are field fluctuations with typical
amplitude H∗

2π at horizon-exit of the k∗ mode. This yields
the following primordial spectrum of curvature perturba-
tions

PR(k∗) '
H2
∗

4π2

(
1

2ε∗
+

4N2
∗

κ2

)
. (6)

Here the first contribution has an adiabatic origin, just
like in the single-field models, and the second term corre-
sponds to the conversion from isocurvature to curvature
modes on superhorizon scales. When the radius of the
trajectory is small enough, namely 8ε∗ � κ2 � 8ε∗N

2
∗ ≈

4N∗, the second term in (6) dominates. Then the fi-
nal power spectrum becomes PR(k∗) ' H2

∗N
2
∗/(π

2κ2),
which is generated by one single degree of freedom – the
isocurvature mode.

Shift-symmetric orbital inflation.– Let us consider how
to construct generic models with the above proper-
ties. We begin with an axion-dilaton system in a
non-trivial field manifold (θ, ρ) with kinetic term K =
− 1

2 (f(ρ)∂µθ∂
µθ + ∂µρ∂

µρ). This field space, which has
a non-trivial curvature R = f2ρ/2f

2−fρρ/f , arises gener-
ically from UV completion of inflation in quantum grav-
ity or from an effective field theory viewpoint. To realize
shift-symmetric orbital inflation, we assume the inflation-
ary trajectory to be isometric , i.e. along the θ direction
in the field space above at any radius. Then the poten-
tial can be derived by generalizing the Hamilton-Jacobi
formalism [15, 19–21] to a two-field inflation system, as
demonstrated in Appendix A. The general form of the
potential can be expressed as

V = 3H2 − 2
H2
θ

f(ρ)
, (7)

where the Hubble parameter H is a function of θ only,
Hθ ≡ dH/dθ and f(ρ) > 0. The toy model (1) is recov-
ered if we take H ∝ θ and f(ρ) = ρ2, which corresponds
to a flat field space parametrized by polar coordinates.

Remarkably this non-linear system yields the following
exact solution

θ̇ = −2
Hθ

f
, ρ = ρ0. (8)

Thus the inflaton indeed moves in an orbital with con-
stant radius, as ensured by the Hamilton-Jacobi formal-
ism. Interestingly, in these solutions the energy density

of the two-field system is equal to the θ part of the po-
tential, since the kinetic energy is precisely cancelled by
the second term in (7). Also notice that this trajectory is
not along a geodesic of the field space, just as in the toy
model. Here the tangent and normal vector on the trajec-
tory are expressed as T a = 1/

√
f(1, 0) and N a = (0, 1),

and the radius of the turning trajectory is a constant
given by κ = 2f/fρ. An important property is that all
these trajectories are neutrally stable, which means that
a small perturbation orthogonal to a given orbital trajec-
tory will bring us to one of the neighbouring trajectories.
This non-trivial attractor behaviour is demonstrated in
Appendix B.

Analysis of perturbations.– Next, we perform a detailed
study for the behaviour of perturbations. In the flat
gauge, the comoving curvature perturbation R is defined
as the projection of the field perturbation along the infla-
tionary trajectory R = 1√

2ε
Taδφa, and the isocurvature

perturbation σ corresponds to the remaining orthogonal
field perturbation σ = Naδφa. Then for generic multi-
field models, the quadratic action of perturbations takes
the following form [11]

S(2) =
1

2

∫
d4xa3

[
2ε

(
Ṙ − 2H

κ
σ

)2

+ σ̇2 − µ2σ2 + ..

]
,

(9)

where ellipses denote the gradient terms −(∂iσ)2 −
2ε(∂iR)2. The interaction between curvature and
isocurvature modes is given by the coupling term
a3(8εH/κ)Ṙσ. To guarantee perturbative analysis,
we require the dimensionless coupling constant satisfies√

8ε/κ � 1. The effective mass of entropy perturba-
tions is defined as µ2 ≡ VNN + εH2

(
R + 6/κ2

)
, where

the first term is the standard Hessian of the potential
VNN ≡ N aN b (Vab − ΓcabVc), the second and third terms
correspond to the field space curvature and turning con-
tributions respectively.

For shift-symmetric orbital inflation, we expect the
isocurvature perturbations to be exactly massless, as in-
dicated from the toy model. This can be easily checked
by using the exact solutions (8), and we find that the
three contributions in the entropy mass µ2 cancel each
other. This implies that the quadratic action (9) has the
combined shift symmetry (4), exactly as we argued from
the toy model background dynamics.

The power spectra of perturbations in the massless
limit can be well estimated from the coupled evolution
of perturbations on superhorizon scales. When µ = 0,
the linearized system of coupled perturbations simplify
in the superhorizon limit. It has the following solution

R′k =
2

κ
σk, σk =

H∗
2π

, (10)

where the asterisk denotes evaluation at the time of hori-
zon crossing. That is to say, on superhorizon scales the
isocurvature perturbation quickly converges to a con-



4

stant, and it sources the growth of the curvature pertur-
bation. At the end of inflation, the primordial curvature
perturbation can be expressed as Rk = R∗ + 2N∗σk/κ,
where the first term is the curvature perturbation am-
plitude at horizon-exit, and the second term comes from
the isocurvature source. Thus these two contributions are
uncorrelated with each other, and the final dimensionless
power spectrum of curvature perturbations is given by

PR =
H2
∗

8π2ε∗
(1 + C) , (11)

where C = 8ε∗N
2
∗/κ

2 represents the contribution from
isocurvature modes. This result agrees with the δN cal-
culation for the toy model given in (6). The full calcu-
lation via the in-in formalism also gives the same answer
up to subleading corrections [11]. Note that the power
spectrum is completely determined by the isocurvature
perturbations if C � 1, which corresponds to trajec-
tories with a small radius κ, or equivalently significant
turning effects with 8ε∗ � κ2 � 8ε∗N

2
∗ . Thus at the end

of inflation, curvature perturbations are highly enhanced
compared to the ones at horizon-exit. Meanwhile, the
isocurvature power spectrum with S ≡ σ/

√
2ε remains

unchanged as PS =
H2
∗

8π2ε∗
. As a result, the amplitude of

the isocurvature perturbation is dynamically suppressed,
i.e. PS/PR ' 1/C � 1. The details of how PS 6= 0 can
generate isocurvature components in the CMB are rather
model-dependent, and one cannot automatically claim
that a suppressed ratio PS/PR is compatible with obser-
vations. However, if R and S contributed similarly to
the curvature and isocurvature components in the CMB,
the result found here is found to be compatible with the
current CMB constraints.

Phenomenology.– We now turn to the predictions of
shift-symmetric orbital inflation for observations. First
of all, let us consider the general case where C could
take any positive value. Using the final power spectrum
in (11), the tensor-to-scalar ratio can be expressed as
r = 16ε∗/(1 + C). And the scalar spectral index is given
by ns − 1 ≡ d lnPR

d ln k = −2ε∗ − η∗ + (dC/dN)/(1 + C),
where we used d ln k = dN . Note that ∂N∗

∂N = −1, since
N∗ counts the number of efolds backwards. These pre-
dictions depend on the function H(θ). Like in single field
inflation, this function determines how slow-roll parame-
ters ε and η ≡ ε′/ε scale with N∗.

For concreteness, we consider models with H ∼ θp.
Using the exact solution of shift-symmetric orbital in-
flation (8), we integrate the equation of motion for θ
and obtain the analytical expression θ(N), which yields
ε∗ ' p/(2N∗) and η∗ ' 1/N∗. The predictions for ns and
r are therefore well approximated by

ns−1 ' −p+ 1

N∗
− 4p

κ2 + 4pN∗
, r ' 8pκ2

N∗κ2 + 4pN2
∗
. (12)

We plot these analytical predictions against the Planck
1σ and 2σ contours [1] in Fig. 2. Here, N∗ is taken to be

between 50 and 60, and the turning trajectory radius κ2

varies between 1 and 105. The purple region is for p = 1,
which corresponds to the toy model described in (1), and
we also show the predictions for p = 0.5 (red region),
p = 0.2 (yellow region) and p = 0.1 (green region).

0.93 0.94 0.95 0.96 0.97 0.98 0.99

0.00

0.05

0.10

0.15

0.20

FIG. 2. The analytical predictions (12) for (ns, r) com-
pared to the Planck 1σ and 2σ contours [1]. We show
the predictions for wavenumbers which cross the horizon
50 − 60 efolds before the end of inflation. The predictions
for ns− r depend on the value of κ ∈ [1, 1000], where the val-
ues (1, 2, 4, 8, 16, 32, 64, 128, 256) are depicted with thick lines
(from bottom to top).

One interesting thing to notice is that our results for
ns and r only depend on the value of κ and are there-
fore insensitive to the details of the field metric. When
κ → ∞ one recovers the predictions of chaotic inflation
with V ∝ φ2p. Meanwhile as κ decreases, predictions are
pushed downwards and to the left in this ns−r diagram.
Therefore, in the case of power-law-form potentials only
for small p do the predictions remain within the Planck
contours. The interesting regime here is still the case
with significant turning (small κ or C � 1), where the

final power spectrum PR ' H2
∗N

2
∗

π2κ2 mainly has an isocur-
vature origin. Then the tensor-to-scalar ratio is given by
r = 2κ2/N2

∗ = 16ε∗/C, which is highly suppressed. The
spectral index reduces to ns−1 = −(p+2)/N∗, which lies
in the sweet spot of the Planck data ns = 0.9649±0.0042
if p is small.

Another important phenomenological observable is pri-
mordial non-Gaussianity. There are many examples in
the literature of how O(1) local non-Gaussianity can
arise in multi-field inflation models, especially when the
coupling between isocurvature and curvature modes is
large [22–24] - for a nice review with examples that
include the curvaton, modulated preheating and Hy-
brid inflation see [25]. Considering the current bound
f locNL = 0.8 ± 5 given by Planck [26], those models are
marginally disfavored by observations. However, as we
shall now show, this tight constraint is easily satisfied
for shift-symmetric orbital inflation. The amplitude of
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local non-Gaussianity is determined using the δN for-
malism. In a generic multi-field inflation model with
curved field manifold, from the δN expansion we have
f locNL = 5

6G
abGcdNaNcNbd/(G

abNaNb)
2 [22, 27], where

Gab = diag{f(ρ), 1} is the field space metric, Na and
Nab are derivatives of the number of efolds with respect
to the field coordinates (θ, ρ). To gain some analytical
understanding, here we still focus on the H ∼ θp models,
where the number of efolds in terms of field coordinates
can be expressed as N = f(ρ)θ2/4p−p/2. The amplitude
of local non-Gaussianity then follows

f locNL =
5

12
η∗

[
1− C2

(1 + C)2
κ2R

2

]
, (13)

where we used the relation C = 2p2/(ε∗κ
2) in these H ∼

θp models. When κ→∞, we have C → 0 and C2κ2 → 0.
Thus the second term in (13) vanishes, which leads to
the single field result f locNL = 5η∗/12 as expected

For the interesting regime with C � 1, it is the Nρ and
Nρρ terms that dominate in the δN expansion. This then
leads to what appears at first sight as the counterintuitive
result, that f locNL is negligible and slow-roll suppressed

f locNL '
5

6

Nρρ
N2
ρ

=
5

12
η∗

(
1− κ2R

2

)
. (14)

This is the same as happened in the calculation of the
power spectrum: the contribution to the curvature per-
turbation sourced by the isocurvature modes dominates
the final result. Since the bispectrum is mainly gener-
ated by one single degree of freedom, it mimics the single
field prediction. But also note that there are small cor-
rections from the field space curvature, which violates
Maldacena’s consistency relation [28, 29]. We will con-
firm this result via a scaling symmetry approach in [30].
The only possibility to have observable non-Gaussianity
is in the intermediate regime with C ∼ O(1), where the
transfer from isocurvature to adiabatic modes is not very
efficient. In that case, f locNL ∼ −5pR/12 can be large if
the field space is highly curved.

Discussions.– In this Letter, we have proposed a class
of multi-field inflationary models that demonstrate a new
type of attractor trajectory along the isometry direction
in field space, which is accompanied by a shift symme-
try which emerges between the curvature and isocurva-
ture perturbations. The latter modes become massless
(‘ultra-light’) and freeze on superhorizon scales. More-
over, when the turning effects become significant, the cur-
vature perturbations keep growing after horizon-exit and
thus isocurvature modes are dynamically suppressed. As
a consequence, these multi-field models yield the single-
field-like phenomenology that is favored by the latest
CMB observations.

Notice that the same dynamical suppression applies to
the tensor-to-scalar ratio, which is lower in these models

than in their single-field counterparts. Also to any addi-
tional isocurvature perturbations that are uncoupled to
the curvature perturbation, since either they will decay
if they are massive or, in the worst case scenario, they
will freeze at a level comparable to tensor modes. There-
fore, although our computations were done in a simple
two-field setting, we expect the conclusions will still hold
in multi-field extensions with more than two fields, pro-
vided the number of additional light isocurvature fields
is not too large. We leave this case for future work.

One counterintuitive result of shift-symmetric orbital
inflation is the negligible amount of local non-Gaussianity
produced. Based on the δN formalism, we find that the
isocurvature degree of freedom can be the dominant con-
tribution to the bispectrum. And in such cases, fNL is
also slow-roll suppressed. This unusual result teaches us
a generic lesson that in multi-field models, even if the
isocurvature-to-adiabatic conversion is very efficient, the
resulting non-Gaussianity can still be suppressed. The
reason underlying this result is that a large coupling be-
tween the curvature and isocurvature perturbations is not
enough to generate a large non-Gaussian distribution of
curvature perturbations. A large coupling enhances the
transfer of non-Gaussianity from the isocurvature field
to the curvature perturbation, but for this transfer to
generate large non-Gaussianity, one needs sizable self-
interactions affecting the isocurvature field during hori-
zon crossing [31, 32]. Therefore, it is perfectly fine to
study multi-field models with significant and sustained
turning trajectories, without worrying about generating
large non-Gaussianity.

Another interesting question is how to distinguish
shift-symmetric orbital inflation from single field slow-roll
models? Although they both agree with current CMB
data very well, future experiments on primordial isocur-
vature perturbations may allow us to discriminate be-
tween them. In shift-symmetric orbital inflation isocur-
vature modes can be highly suppressed but may have
nonzero amplitudes, while they are totally absent in sin-
gle field scenarios.

Our model has important implications on the realiza-
tion of inflation in UV-complete theories. Contrary to
what is usually assumed, and as was emphasized in [11],
it is not always necessary to stabilize all compactification
moduli, or to have a large mass hierarchy between the
inflaton and other fields. The most problematic effects
usually associated with multi-field effects – the genera-
tion of isocurvature perturbations and non-Gaussianity
at unacceptable levels – cancel each other in the shift-
symmetric orbital scenario. From an effective field the-
ory point of view this can be traced back to the effect of
derivative interactions among the curvature and isocur-
vature perturbations that are absent in the single-field
case. These are unavoidable on curved trajectories and
in curved field spaces and therefore ubiquitous in string
compactifications.
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APPENDIX A. HAMILTON-JACOBI
FORMALISM

Here we apply the Hamilton-Jacobi formalism [15, 19–
21] to derive the potential for shift-symmetric orbital in-
flation. The idea of this approach is to replace the po-
tential as an input function with the Hubble parameter,
which allows one to directly obtain all the inflation dy-
namics.

For the single field case, one can easily derive the
Hamilton-Jacobi equation by replacing H(t) with H(φ).
Then the second Friedmann equation yields

Ḣ = φ̇Hφ = − φ̇
2

2
−→ −2Hφ = φ̇ . (15)

Hence the first Friedmann equation can be rewritten in
the form of the Hamilton-Jacobi equation

V = 3H2 − 2H2
φ , (16)

with all functions now being explicitly dependent on φ.
Therefore, if the Hubble parameter H(φ) is known, one
can easily obtain the potential from the Hamilton-Jacobi
equation.

For the multi-field case, one can use the similar trick
to get the potential, but here the fundamental object is
the Hubble parameter as a function of φa. Therefore the
second Friedmann equation gives us

Ḣ = φ̇aHa = − φ̇
aφ̇bGab

2
−→ Ha = −Gabφ̇

b

2
. (17)

Then the first Friedmann equation can be rewritten as
the multi-field Hamilton-Jacobi equation

3H2 = V + 2HaHa. (18)

Now we can use this formula to construct the generic
potentials for shift-symmetric orbital inflation. The im-
portant requirement here is that the inflaton trajectory
is along the isometry direction at any radius. Thus for
the field space (θ, ρ) with metric Gab = diag{f(ρ), 1},
the inflaton should move in the θ direction for any value
of ρ. For this behaviour, equation (18) simplifies to

3H2 = V + 2
H2

θ

f(ρ) . Therefore, we conclude that our two-

field inflationary model has a potential of the following
form

V = 3H(θ)2 − 2
H2
θ

f(ρ)
. (19)

APPENDIX B. STABILITY ANALYSIS

Here we demonstrate the neutral stability of the exact
solutions. We have seen that there is a continuous set
of orbital solutions parametrized by ρ0 and that normal
perturbations move us freely between these ‘attractors’,
so the system is not stable in the usual sense. The prop-
erty we need to prove is that small perturbations shift us
to another inflationary solution ρ̇ = 0.

Each attractor solution (8) corresponds to a point in
the (ρ̇, θ̇) plane. These points are all different and lie
on a curve, therefore the stability of this system is non-
trivial to prove analytically. If we simply perturb the
field equations we will find zero eigenvalues associated
with the perturbations that move us between attractors.
Moreover, it is not obvious how to find variables such that
the linearized system of perturbations becomes diagonal.
In addition, we expect the Hubble friction to play a cru-
cial role, hence we perform the stability analysis in the
number of efolds rather than in cosmic time. Therefore,
we introduce the variables

x(θ, ρ, θ′, ρ′) ≡ fH
Hθ
θ′ − 2 f

fρ
ρ′ + 2, (20)

y(θ, ρ, θ′, ρ′) ≡ fH
Hθ
θ′ + 2 , (21)

z(θ, ρ) ≡ fH2

H2
θ
− 2/3 . (22)

Here a prime denotes a derivative with respect to the
number of efolds (..)′ = d

dN (..). Remember that H =
H(θ) and f = f(ρ). Our definition of stability now
amounts to the presence of a fixed point at (x, y) = (0, 0).

The definition of x and y above are based on an ob-
servation for the models where the Hubble parameter is
linear in θ. For H ∼ θ the potential in (19) satisfies the
following scaling relation

θVθ − 2
f

fρ
Vρ = 2V. (23)

This ensures that the equations for x and y diagonalize
at the linear level. This we can use to prove linear stabil-
ity for the models H ∼ θ, which we show below. In fact



7

it turns out to apply to any power law H ∼ θn. More-
over, we argue that neutral stability also applies to more
general models.

Linear stability analysis

The first step is to rewrite the field equations and sec-
ond Friedmann equation in terms of the x, y, ρ and z
variables. The equations of motion read

x′ + (3− ε)x+

(
2
(
f
fρ

)
ρ
− g(θ)

)
(ρ′)

2
(24)

+ 2(z+2/3)
z g(θ) (ε− ε0) = 0,

y′ + (3− ε)y + 2
z

(
− 1

3 (ρ′)
2 − 1

2y
2 + 2y

)
(25)

− g(θ) (ρ′)
2

+ 2(z+2/3)
z g(θ) (ε− ε0) = 0,

z′ = 2(y − 2) (1− g(θ)) +
(
fρ
f

)2
y−x
2

(
z + 2

3

)
, (26)

ρ′ =
fρ
f
y−x
2 , (27)

ε = 1
2
(y−2)2
z+2/3 +

f2
ρ

f2

(x−y)2
8 , (28)

where ε0 = 2
z+2/3 . All the terms in brackets are combined

to be manifestly zero on the attractor, and we have in-
troduced the model specific function g(θ) ≡ HHθθ

H2
θ

. Note

that g(θ) is in general a function of z and ρ, but it re-
duces to a constant in the case when we have a power
law H(θ) ∼ θn, and it is zero for n = 1.

In terms of the four variables, shift-symmetric Orbital
Inflation is given by (x, y, z′, ρ′) = (0, 0,−4(1− g(θ)), 0),
and we would like to prove that this is the attractor so-
lution. It will be sufficient to show that (y, ρ′) = (0, 0)
is a fixed point. Note that the friction term is very large
during inflation. We can already see that without the
friction the system would be unstable, so we now estab-
lish whether the friction term is in fact large enough to
make the system stable.

To study the stability of the point (y, ρ′) = (0, 0), we
linearly perturb the equations around the desired attrac-
tor with ε = 2

z+2/3 . We obtain

δx′ +
(

3− 2
z+2/3

)
δx− 4g(θ)

z δy = 0, (29)

δy′ +
(

3− 2
z+2/3 + 4(1−g(θ))

z

)
δy = 0, (30)

δz′ = 2(1− g(θ))δy +
(
fρ
f

)2
δy−δx

2

(
z + 2

3

)
, (31)

δρ′ =
fρ
f
δy−δx

2 . (32)

Surprisingly, the linearized system of perturbations is
very simple for any g(θ). In particular, for constant g(θ)
we can explicitly prove stability, as we do below. For a
more general function we have to express g(θ) in terms
of z and ρ and integrate the equations numerically. How-
ever, we expect the system to be stable. If (1−g(θ)) takes

values of order 1 and does not vary too rapidly, then z will
take large values during inflation and behave smoothly as
well. In that case we see from (29) and (30) that δx′ and
δy′ are dominated by the friction terms −3δx and −3δy
respectively. Therefore, we expect both of them to de-
cay like e−3N . Finally (32) then implies that we quickly
converge to the fixed point.

Power law inflation H ∼ θn

In the case of power law inflation with 1−g(θ) = 1
n we

can integrate the δy equation (30), using z = z0 − 4
nN .

This we can then use to solve for δx as well. We find the
following solution

δx = δx0

(
2+3z0
2+3z

)n/2
e−3N + δy0

4(n−1)N
n

(
2+3z0
2+3z

)n/2
e−3N ,

δy = δy0
z
z0

(
2+3z0
2+3z

)n/2
e−3N . (33)

Plugging these solutions back into (32) we conclude that
(y, ρ′) = (0, 0) is a fixed point. This proves stability for
power law inflation.

Linearized equations in the slow-roll parameters

We can write the linearized perturbation equations in
terms of the slow-roll parameters ε and η

ε =
2H2

θ

fH2
, η ≡ ε̇

Hε
= −4Hθθ

fH
+

4

f

(
Hθ

H

)2

. (34)

In particular, the model specific function g(θ) becomes

g(θ) = (2ε− η)

√
f

8ε
. (35)

We see that g(θ) is not necessarily positive, but it will be
small if both the slow-roll approximation and the condi-
tion η �

√
ε hold true. The linearized equations (29) –

(32) are then given by

δx′ + (3− ε) δx− 2ε−η
1−ε/3

√
εf
2 δy = 0, (36)

δy′ +

(
3− ε+ 1

1−ε/3

(
2ε− (2ε− η)

√
εf
2

))
δy = 0,

δz′ = 2

(
1− (2ε− η)

√
f
8ε

)
δy +

(
fρ
f

)2
δy−δx
ε ,

δρ′ =
fρ
f
δy−δx

2 .

In the slow-roll approximation δx and δy are therefore
exponentially decaying

δx ≈ δx0e−3N , (37)

δy ≈ δy0e−3N . (38)
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Looking at the equation for δz we find that a sufficient
condition for stability is that e−3N/ε goes to zero ex-
ponentially fast. This requires η < 3, which is auto-
matically satisfied assuming the slow-roll approximation
η � 1. In addition, ε cannot be arbitrarily small.
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