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ABSTRACT. This paper deals with a situation when one is interested in the dependence
structure of a multidimensional response variable in the presence of a multivariate co-
variate. It is assumed that the covariate affects only the marginal distributions through
regression models while the dependence structure, which is described by a copula, is un-
affected. A parametric estimation of the copula function is considered with focus on the
maximum pseudo-likelihood method. It is proved that under some appropriate regularity
assumptions the estimator calculated from the residuals is asymptotically equivalent to
the estimator based on the unobserved errors. In such case one can ignore the fact that
the response is first adjusted for the effect of the covariate. A Monte Carlo simulation
study explores (among others) situations where the regularity assumptions are not satis-
fied and the claimed result does not hold. It shows that in such situations the maximum
pseudo-likelihood estimator may behave poorly and the moment estimation of the copula
parameter is of interest. Our results complement the results available for nonparametric

estimation of the copula function.

Keywords and phrases: asymptotic normality, copula, moment estimation, pseudo-likelihood,

residuals.
1. INTRODUCTION
Consider a d-dimensional vector Y = (Yi,...,Yy)T of responses and an associated ¢-
dimensional vector of the covariates X = (Xj,...,X,)". For instance in insurance appli-

cations one can consider that the response represents various type of payments related to a
given car accident (medical benefits, income replacement benefits, and allocated expenses
for a claimant) and the covariates present some additional information (claimants age,

gravity of accident, number of people injured in the accident, ...).
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Often we are interested in the conditional distribution of Y given the value of the
covariate. To simplify the situation it is often assumed that X affects only the marginal
distributions of Y; (j = 1,...,d), but does not affect the dependence structure of Y.
More formally, it is assumed that there exists a copula C' such that the joint conditional
distribution of Y given X = x can be for all x € Sx (the support of X) written as

Hx(yh“‘?yd) :P(}/l §y17"'7Yd§yd‘X:X):C(le(yl)u"'aFdx(yd>)

where Fix(y;) =P(Y; <y; | X =x), j =1,...,d. Using this assumption one can proceed
in two steps. In the first step one models the effect of the covariate on each of the marginal
distributions separately (i.e. estimating Fjx for each j € {1,...,d} separately). Having
f}-x one estimates the copula function C' in the second step.

Nonparametric estimation of the copula function C' (for d = 2 and ¢ = 1) was in detail
considered in |Gijbels et al. (Il)ile) The most interesting result is as follows. Suppose that

the marginal distributions follow the parametric or even non-parametric location scale

models, i.e.
(1) Y; =m;(X) +sj(X)ej, where ¢; is independent with X.

Note that then C is the copula function corresponding to the random vector (e,e,)7.

Then |Gijbels et aJ.I (IZDle) proved that (under some regularity assumptions) the empirical
copula én based on the estimated residuals from model () is asymptotically equivalent to
the empirical copula 5n calculated from the unobserved errors €;;. More precisely it was
proved that

(2) sup v/ }Cn(u17u2) - 6’n(u1,U2)‘ = op(1).

(u1,u2)€0,1]2

This result was generalized to time-series setting by Neumeyer et alJ 12{!1£J). In|Portier and Sgggré

) the authors were even able to drop the location-scale assumption ([II) but at the cost
of deriving only a slightly weaker result (the supremum in (2) is replaced with SUP[, 1y
where 7 can be taken arbitrarily small but positive). On the other hand (@)

concentrated on the parametric form of the location scale model () and generalized the

results to d > 2, ¢ > 1 and at the same time relaxed assumptions on f;. (the density of
£ji)-

To complement the results on nonparametric estimation of C' one is naturally interested
if analogous results hold also for parametric estimation of C. More precisely suppose that
the copula function C' belongs to the family C = {C(-;a) : a € ©} and we are interested
in estimating the unknown parameter. Denote « the true value of the parameter, a,,
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the estimator based on the residuals (£};) and e, its counterpart based on the true (but
unobserved) errors (g;;) from the location-scale model (). Then in analogy to (2) one

would expect that e, is (the first-order) asymptotically equivalent to a,, i.e.
(3) Vn (e, — a,) = op(1).

Although the conjecture (B seems to be natural, to the best of our knowledge there are
only limited results specifying the regularity assumptions that are needed so that (3]) holds.
Some results for the moment-like estimators that can be deduced from the convergence of
the empirical copula C,, can be found in |Neumever et a1.| (md) and [Coté et alJ (md)
In this paper (similarly as in |Coté et alJ, md) we assume the parametric form of the
location-scale model ([I]) and concentrate on maximum pseudo-likelihood estimation.

This method of estimation was in the context of copula models popularised by
) and in more detail investigated inkﬂsumhad (lZDDﬂ) This method is often preferred

to moment-like estimation because the resulting estimator has usually a lower asymptotic

variance.

In the econometric (time-series) literature the inference based on the residuals is also
known as univariate (marginal) filtering (see e.g., |Bij£hﬂ_€£jﬂ, |2Qlﬂ) and the result (3] is
saﬁl"ted by many simulation studies. The result is formulated already in

) but there it is presented more on an intuitive level and the precise assumptions
(as well as reasoning) are missing. This lack of of rigorousness were to some extent re-
deemed in the subsequent paper Chan et al. (IQJM) where the authors concentrated on the
multivariate GARCH-models and presented a lot of interesting ideas how to deal with the

technical difficulties. But a careful reading of the paper reveals that (probably due to the

broad scope of the presented results) some of the crucial steps in the proofs are missing.
In our paper we will explore in detail the assumptions that are needed so that (3]

holds in the standard i.i.d. setting. Even in this relatively simply setting one has to

handle many technical difficulties. The thing is that it is not clear how to make use to

of the recent deep results in empirical copula estimation (see e.g., |B_€;Lgha.us_e:ch_J, |2Qlj;

; ZD_lj) as the densities of many standard copulas are unbounded. The

only remarkable exception in this aspect is Theorem 3.3 of ,[ZD_lj), but the
authors considered only two dimensional copulas and no covariates.

We show that although the assumptions that guarantess ([B]) are mild, they are not sat-
isfied for some combinations of commonly used copula functions and marginal densities.

Roughly speaking we illustrate that an unbounded copula density has to be compensated
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with marginal densities that are well behaved not only in the supports of the correspond-
ing distributions, but also at the border points of the supports. We are convinced that
exploring this problem in this settings is not only of independence interest, but it provides
also insights to understand what might go wrong when switching to more complicated
econometric or time-series models (see also the discussion in Section [4)).

The paper is organised as follows. The main result and the needed assumptions are
formulated in Section The theoretical results are illustrated in a simulation study in

Section Bl All the proofs are given in the Appendices.

2. MAIN RESULT

In what follows we assume that for each 7 € {1,...,d} there exists a known transfor-
mation 7 increasing on the support of Y; and known functions m;(x; 6;) and s;(x; 0,)
depending only on an unknown (finite-dimensional) parameter 6; such that the random

variable
T;(Y;) —m;(X; 6;)
si(X50;)
is independent of X with cumulative distribution function Fj.. The distribution of the

g5 =

random vector € = (g1,...,&4)" has continuous margins and the copula corresponding to
€ belongs to the families of copulas C = {C(-; a):ac @} and © C R?.

Our task is to estimate the true value of the copula parameter (say a) based on the

observations G&), e G;”L) that are assumed to be mutually independent copies of the
vector (;;)
Let Y; = (Yi;,...,Yy)". As the parameters 0; (j € {1,...,d}) are in practice unknown,

we work with the residuals

Ti(Yy) — mi(X;: 0, . .
Eji = i(Ys0) mj£ j), 1=1,....,n; 7=1,....d,
s (X 0;)

where ﬁj is a suitable estimate of @;. For j € {1,...,d} let f’jg be the marginal empirical
distribution function of the estimated residuals, i.e.

n

Fily) = > e <}

i=1
Then the maximum pseudo-likelihood estimator based on the residuals is defined

as

= argmaXZlog{ UZ, a }

aco
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where
o = ~ T n (T o~ =~ O WT
(4) Ui = (Ui, Usi) = 725 (Fre(En), - Fae(Gai))
are the estimated pseudo-observations and c(u;a) is the density of the assumed copula
family. As it is common in the maximum likelihood theory we will consider the estimator

., to be an appropriately chosen root of the estimating equations

dlog{c(u;a)}
Oa

(5) Zv,/)(ﬁz, a,) =0, where (u;a)= :
i=1
Analogously let &, be the corresponding estimator based on the true (but unobserved)

errors €5;. Le. o, is defined as (an appropriately chosen) root of the estimating equations

(6) Zwﬁi; a,) = 0,

(7) U, = (U, Uai)' = 22 (Fielen), - -, Fac(eas))

n+1

and ﬁ}-e is the marginal empirical distribution function of the (unobserved) errors, i.e.

~ ] — .
Felp) = =S U< j=1osd,
i=1
2.1. Regularity assumptions on the marginal distributions. In general we need to
assume that the density of the error term e; should be ‘well-behaved’ on the border of
its support. The following assumption is close to assumption F(iii) in Appendix A of

Einmahl and Van Keilegom (IZOQé) But our assumption is weaker as it allows for distri-

butions with supports different from a real line.

Assumption (F;.): For each j € {1,...,d} the density function f;. of ¢; is continuous on
the support of ; and there exists § € [0, %) such that

oy P ) (1 )
ue(0,1) w1 —wu)’

(8)

< 00

and ) )
(0 (2 (F (1 —2
sup —f] ( js_l( u)) < oo and sup J; ( ]6_1( u)) < 0.
we0,1/2) Jje (Fjc (w)) wer/zy) fie(Fjo' (1 —u))

Further for some wuy, up in (0, 1) the function f;-(F;_'(u)) is non-decreasing on (0, u;) and

non-increasing on (ug, 1).
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Note that assumption (F;.) with 8 = 0 allows also for distributions with non-continuous
but bounded densities (e.g. exponential and uniform). But as we show later, for copula

families with unbounded densities one needs to assume that g > 0.

Remark 1. The assumption (F.) is formulated so that it covers the general case when
both the conditional mean as well as the conditional variance of Tj(Y};) depends on X.
From the proofs given in the appendix it follows that if one rightly assumes that the
conditional variance does not depend on X, then one does only location adjustment (i.e.
g =T;(Y;) — m;(X; 5])) and assumption () simplifies to

qp LEEE )

ueo,)) W(l—u)f

On the other hand if one rightly assumes that the conditional mean is zero then one does

only scale adjustment (i.e. &j;, = %) and it is sufficient to assume
sup fie(Fie () [Fic' (w) < 00
ue(0,1) uﬁ(l - U)ﬁ

This last assumption is close to the assumption 2. formulated just before Theorem 2.1 of
Chan et _al. (IZM) But similarly as when comparing with assumption F(iii) in Appendix A
of [Einmahl an n Keil 2008), our assumption does not require that the support

of the distribution is a real line.

Remark 2. As in assumption (F,.) the function f;. (F];l(u)) is supposed to be monotone
when u is close to zero or close to one, then the integrability of f;. (see Lemma [I2]) implies
that

lim |z[f;c(x) = 0.

|| =00

Thus if
(9) lim F'(u) = —o0 ( lim F_'(u) = o >,

u—04 JE u—sl_ J¢

then one gets
(10)  lim fio(F2 (@) (L+ 12 ) =0 Jim £ (B2 ) (L+ [F @) = 0).

Note that the above equations are also automatically satisfied if 5 > 0 even if (@) does not
hold. Thus one can conclude that if ([I0) does not hold, then 5 = 0 and the corresponding
border of the support is finite, i.e.,

lim F,_'(u) > —o0 (hmF ()<oo).

u—04 u—1_
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2.2. Regularity assumptions on m; and s;. The next assumption states that the para-
metric models can be estimated at the standard \/n-rate and that the location and scale

functions are sufficiently smooth and integrable.

Assumption (ms): For each j € {1,...,d} 5]- is a \/n-consistent estimate of the param-
eter @; € RP7. The functions m;(x;t) and s;(x;t) are (once) differentiable with respect
to t and the derivatives are denoted as m/(x;t) and s’(x;t). Further there exists a neigh-
borhood U(8;) of the true value of the parameter ; such that infycg, tev(o;) 5j(x;t) > 0
and there exists a function M; : Sx — R such that for each x € Sx:

s (x;t)
< M 2
t:;’(%j) H s](xt } ) teslljl(lgj) } sj(x;t)

(%),

and E[M;(X)]" < oo for some r > 2. Finally, for each K > 0 the derivatives m/, H(x;t) and

s’(x; t) viewed as functions of t are continuous at 6; uniformly in x € {x € Sx : HX|| < K}.

2.3. Regularity assumptions about the copula family C. To formulate the main
regularity assumptions about the copula family it is useful to introduce the following set

of functions.

Definition (Class of J- and J”%-functions). A function ¢ : (0,1)? — R is called a J -
function if ¢ is continuous on (0,1)% and there exist n € [0,1) and a finite constant M,
such that for all u € (0,1)4

M
|§0(U1,...,Ud)|§2 :

— [mm{u], u]}]

Let 81 € [0,1/2) and S5 > 0 be fixed. We say that a function ¢ : (0,1)4 — R is a J#152-
function if it is continuous on (0, 1)¢ and there exists a finite constant M, such that for all
ue(0,1)7

d
lo(ur, . . ., ug Z

Further oW (uy, ..., ug)| ufz(l —u;)P is a J-function for all j € {1,...,d}, where

mln{u], uj}]ﬁl '

Op(uy, ..., ug)

(9) _
OV (uq, ... ug) o

Now we are ready to formulate the needed regularity assumptions about the copula
family. Recall that © C RP, « is the true value of the parameter, and c¢(u;a) is a density

corresponding to the copula function C'(u;a).
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Assumptions C:

C1. c(u;a;) = c(u;ay) for almost all u € (0,1)? only if a; = a,.

C2. The function log{c(u;a)} is continuously differentiable with respect to a for all u €
(0,1)4.

Denote the kth element of the vector function ¥ (u;a) = dlog{c(u;a)}/da by ¢ (u;a).

C3. For each k € {1,...,p}, the function ¥y (; @) € JP82 where 8 > max{f3; + — l,ﬁ }s

for 8 introduced in assumption (F;.) and 7 in assumption (ms).

C4. The function 9 (u;a) is assumed to be continuously differentiable with respect to a
for all u € (0,1)4. Further there exist an open neighborhood U C © of a and a dominating
function h(u) € J such that dv(u;a)/0a’ is continuous in (0,1)? x U and

max  sup aw’““a ‘ < h(u

C5. The p x p (Fisher information) matrix I(c) = —E {99 (U; a)/aaT}a:a}, where

U= (Uh,....00)" = (Fr(e1),. .., Faelea)T,

is finite and nonsingular.

Remark 3. Note that the score functions of the commonly used one-parameter bivariate
copula families with unbounded densities (e.g. Clayton, Gumbel, Normal, Student, ...)
can be bounded by

2

[V (ur, ug;a)| < Ms Z | log(u;) + log(1 — uy)|

j=1
and its derivative as

M3
min{u;, 1 — u]}]

2
+ M; Z ‘ log(u;/) + log(1 — uj)|,

j'=1

for a sufficiently large but finite constant Mj (see also [Chen and Fanl, |ZOD§H) Thus in
Assumption one can consider #; and (5 arbitrarily close to zero but positive.

10D (uy, ug; a)| < [ j=1,2

Assumption [C3] is inspired by bhmﬁ&lj (IZDD_d Note that generally speaking this

assumption is more strict than the corresponding assumptions of ) that

are based on U-shaped functions. The advantage of assumption is that it enables to

derive bounds that depend only on the marginal distributions. The price that we pay for
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this advantage does not seem to be big because we are not aware of a standard copula
family that does not meet with 1 and (8, arbitrarily small positive constants.

Note that assumption implies that § > 0, which does not allow for marginal densi-
ties fje that are bounded but possibly discontinuous at a border point (e.g. exponential or
uniform distributions). As shown in simulations in Section B] the aimed result (3]) indeed
does not hold in general when the marginal densities fj. are not continuous.

Nevertheless a closer inspection of the proof shows that g > 0 is needed to get a control
over a possibly unbounded score function t(u;a). But there are commonly used copula
families (e.g. Frank, Ali-Mikhail-Haq, Plackett) for which the score function (u;a) and
its derivatives are bounded. It is of interest to formulate an alternative to assumptions
and separately as it allows for § = 0 in assumption (F.),

C6. The function 1 (u;a) is bounded and continuously differentiable with respect to a for
all u € (0,1)%. Further there exists an open neighborhood U of a such that di(u;a)/da’

is continuous in (0,1)? x U and

max sup sup M‘ < oo and max max  Sup

B) :
kLe{L,.p} acll ue(0,1)d JE{L,d} kE{1,..0} ue(0,1)d

Yy (u;ex)
oy | < o0.

2.4. Main results. Now we are ready to formulate the main results of the paper.

Theorem 1. Suppose that assumptions (ms), [CIHCH and (F;.) with > 0 are satisfied.
Then with probability going to one there exist consistent roots (say o, and &) of the

estimating equations ([B) and [0). Further e, and o, satisfy (3)).

The next theorem say that if assumption is satisfied then one can also include the
case J = 0 in assumption (F;.). Thus for instance if one (rightly) assumes that C' is a
Frank copula then the marginal distributions of the errors are allowed to be also uniform

or exponential.

Theorem 2. Suppose that assumptions (ms), [C1], [C2, [C5, and (Fje) are satisfied.
Then the statement of Theorem [l holds.

The above theorems imply that when fitting the copula C' one can (under the stated
assumptions) ignore the fact that he/she is working with estimated residuals (&;;) instead
of unobserved errors (g;;). As it is known (and it also follows from the proof of Theorem [II)
the asymptotic distribution of @, is normal. Thus thanks to (B]) one can conclude that

also av, is asymptotically normal.
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Corollary 1. Suppose that the assumptions either of Theorem [ or[2 hold. Then with

probability going to one there exists a consistent root e, of (Bl). This root satisfies

Vi (@, —a) =25 N,(0,%), ¥ =TI"a)var(¢(U)) I} (a),

n— o0

where {L(u) = (ibvl(u), . ,ip(u))T with
d
(1) de(u) = vp(u; @) + Z/{oud [1{u; <v;} — ;]9 (vi@)dC(v), k=1,...,p.

j=1
3. SIMULATION STUDY

A Monte Carlo study was conducted in order to illustrate the theoretical conclusions and
to show how the finite sample performance of the maximum pseudo-likelihood estimator

depends on the level of violation of the regularity assumptions.

3.1. Settings. To keep the presentation as clear as possible we concentrate on a bivariate
response variable (some results for a three-dimensional case can be found in the Supple-

mentary material) following the model
(12) Yii = 010 + 011 X; + €14, Yo = O30 + 021 X; + €94, 1=1,...,n.

The joint cumulative distribution function H(yi,ys) of the random vector (£y;,¢e9;)" is
C(Flg(yl), Fgg(y2>), where C' is a copula and F}., F,. are marginal distribution functions.
The following five copula families were considered for C: Clayton, Frank, Gumbel, Gauss-
ian, and Student with 5 degrees of freedom. The copula parameter « is chosen such that
the corresponding Kendall’s tau is 7 = 0.5 or 7 = 0.75. The marginal distributions were

chosen one of the following:

— Fj. is standard normal and F. exponential with mean 1 (denoted as N+E),
— Fj. is standard normal and Fs. uniform on [—1, 1] (denoted as N+U),
— Fi. and Fy. are both Student ¢ with 5 degrees of freedeom (denoted as t).

The first two situations satisfy the assumption (F,.) only with 8 = 0. Hence, the result
of Theorem Pl applies only if ([C6l) holds. From the five considered copula families, this is
the case only for the Frank copula. On the other hand, the ¢ marginals satisfy (F,.) with
£ > 0 and the assumptions of Theorem 1 hold. Hence, these marginals provide a useful
regular benchmark for a comparison with the first two situations.

The covariate X; is generated from the standard normal distribution (Poisson distribu-
tion with mean 5 was considered as well, but the results are almost identical and are not

reported). The presented results correspond to the particular choice 019 = 1, 6y = —1,
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011 =1, and 05, = 2. The unobserved errors ¢;; are estimated as the residuals after fitting
the regression lines (marginally) where the parameters are estimated with the help of the
least squares method assuming s; =1, j = 1,2, cf. Remark[Il

The following estimators of the parameter o are compared:

(i) (oracle) inversion of Kendall’s tau based on the unobserved errors a*;

(ii) inversion of Kendall’s tau based on the residuals a(*;
(iii) (oracle) maximum pseudo-likelihood estimator based on the unobserved errors a*;
(iv) maximum pseudo-likelihood method estimator on the residuals at;

(v) modified maximum pseudo-likelihood estimator based on the residuals a®*).

The latter estimator a®* is inspired by the estimator introduced in the context of single

index conditional copulas by i (lZD_lfj) In our situation this estimator
coincides with the maximum pseudo-likelihood estimator computed only from IAJZ which
lie in [d,,1 — 8,]%, where §, = Dn~1/*. Note that this choice corresponds to the choice 4,
in the proof of Theorem [Il In the presented simulations we choose D = 1/4 and A = 1.9,
thus in view of Remark [3] the statement of Theorem [ (or B) holds also for @) provided
that the corresponding regularity assumptions hold.

In order to have more comparable results for the various copula families, the estimates of
the parameters are presented on the Kendall’s tau scale. The performance of the estimators
is measured by the bias, the standard error (SD), and the root mean square error (RMSE),
which are estimated from 1 000 random samples of sample sizes n = 100, 1000, 10000 and
whose 100 multiplies are reported, because the obtained quantities are typically of order
1072, The obtained results for Clayton, Frank and Gaussian copulas are listed in Tables ]
2, and [3], while tables for Gumbel and Student copula can be found in the Supplementary
material. The Monte Carlo simulations were run in R statistical computing environment
(R_Core Team), M) The same starting seed was always used so that the estimates based
on the true (but unobserved) errors ¢;; are the same regardless the choice of the marginals

Fi. and F5.. These ‘oracle’ estimates are denoted as “inov” in the tables and provide

benchmarks for the estimators calculated from the estimated residuals.

3.2. Findings. As it is well known (Genest et all, |l99_ﬂ; h:sulﬁhad, [ZDD_d) in case of no

covariates the maximum pseudo-likelihood is usually more efficient than the moment like

estimators. This is illustrated by the performance of the estimators &™) and a® that
are calculated from the errors g;;. The question of interest is if this property continues
to hold also for estimators that are calculated from the residuals (i.e., in the presence of

covariates).
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7T  margins estim n =100 n = 1000 n = 10000
bias SD RMSE bias SD RMSE bias SD RMSE
050 inov  al® | —0.03 554  554| 0.00 1.64 1.64 | —0.01 0.53  0.53
a®h 0.33  4.90 491 | 001 1.49 1.49 | 0.00 0.48 0.48
N+E aU® | —1.25 562 576 | —0.27 1.64 1.67 | —0.05 0.53  0.53
a®h) | —3.91 5.54 6.78 | —2.26 2.08 3.08 | —0.80 0.75 1.10
a®) | —1.94 5.30 5.65 | —1.23 1.81 2.19 | —0.44 0.63 0.77
N+U &l | —0.21 555  5.55|—0.03 1.63 1.63 | —0.02 0.53  0.53
a®) | —0.84 4.86 4.93 | —0.61 1.53 1.65 | —0.22 0.51 0.55
a®=) | 0.02 5.00  5.00|—0.13 1.50 1.51 | —0.05 0.49  0.49
t atk) | —0.15 5.58 5.58 | —0.01 1.64 1.64 | —0.02 0.53 0.53
a®h 0.10 4.96 4.96 | —0.02 1.50 1.50 | —0.01 0.48 0.48
a®=) | 038 5.05  5.06| 0.06 1.51 1.51| 0.02 048  0.48
0.75 inov &l ® | 0.02 3.40  3.40| —0.01 1.01 1.01] 0.01 0.31 0.31
a®h | —0.77 312  3.21|-0.16 093 094 |—0.01 0.28  0.28
N+E at® | —2.14 3.70 4.27 | —0.48 1.08 1.18 | —0.07 0.32 0.33
a®) | —9.19 5.85 10.89 | —4.19 2.88 5.09 | —1.57 1.14 1.94
aP) | —6.26 4.95  7.98|—2.86 236  3.71| —1.07 0.94 1.43
N+U  al | —0.24 3.39 3.40 | —0.06 1.01 1.01 | 0.00 0.31 0.31
a®) | —2.99 3.27 443 | —1.22 1.18 1.70 | —0.44 0.41 0.60
a?*) | —1.63 3.15 3.55 | —0.60 1.01 1.17 | —0.20 0.33 0.39
t alk) | —0.22 3.45 3.45 | —0.05 1.01 1.01| 0.01 0.31 0.31
a® | —1.21 3.21 3.43 | —0.22 0.93 0.95 | —0.02 0.28 0.28
a®) | —1.04 3.24 3.40 | —0.17 0.93 0.95 | —0.01 0.28 0.28

TABLE 1. Model ([I2) with Clayton copula, quantities multiplied by 100.

Generally speaking one can conclude that in agreement with our theoretical results the
maximum pseudo-likelihood estimator a®) outperforms @) in situations for which our
regularity assumptions are satisfied (see Table 2 and the rows corresponding to ¢-marginals
in TablesMland [B)). For these situations the modified maximum pseudo-likelihood estimator
a™) is of no interest.

On the other hand the performance of @) may deteriorate significantly if the regularity
assumptions are not met. The problems are generally worse for larger values of Kendall’s
tau (a stronger dependence). It is also interesting that exponential margins (rows denoted
as N+E) are much more problematic than uniform margins (rows denoted as N4U).

As illustrated in Table [ one should be in particular careful when fitting the Clayton

copula (and also the Gumbel copula as illustrated in the Supplementary material). Then
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7T  margins estim n =100 n = 1000 n = 10000
bias SD RMSE bias SD RMSE bias SD RMSE
0.50 inov  aU® | —0.03 4.62  4.62| 0.01 1.44 1.43 ] 0.01 045 045
a®) | —0.03 4.51 450 | 0.01 1.42 1421 0.01 045 045
N+E  at® | —0.45 4.68 4.70 | —0.05 1.44 1.44 | 0.00 0.45 0.45
a®) | —0.45 4.55 4.57 | —0.05 1.43 1.43 ] 0.00 0.45 0.45
a®) | —0.21 4.84 484 | —0.04 1.46 1.46 | 0.00 0.45 0.45
N+U  al® | —0.08 4.65  4.65| 0.00 1.44 1.43 | 0.00 0.45 0.45
a®) | —0.08 4.53 4.53 | 0.00 1.42 1.42 | 0.01 0.45 0.45
a®*) | 0.09 4.85 4.85 | 0.01 1.45 1.45| 0.01 0.45 0.45
0.75 inov &l | —0.11 2.50 2,50 | 0.00 0.74 0.74| 0.00 0.23 0.23
a® | —0.53 2.45 2.50 | —0.06 0.74 0.74| 0.00 0.23 0.22
N+E a0® | —1.17 279  3.02|-014 0.76  0.77| —0.01 0.23  0.23
atPh | —1.59 2.77 3.19 | —0.19 0.76 0.78 | —0.02 0.23 0.23
a) | —1.42 2.90 3.23| —0.17 0.77  0.79| —0.01 0.23 0.23
N+U al® | —0.25 2.53 2.54 | —0.01 0.74 0.74| 0.00 0.23 0.23
a®) | —0.69 2.50 259 | —0.07 074  0.74| 0.00 0.23  0.23
aP) | —0.57 262 268 | —0.05 0.76  0.76| 0.00 023  0.23

TABLE 2. Model (I2) with Frank copula, quantities multiplied by 100.

a®) performs significantly worse than @) in cases of non-regular margins combined with
a strong dependence (7 = 0.75). The problems can be to some extent prevented by
considering the modified estimator @*"*) in particular in case of uniform margins (N+U).
Thus while for Frank copula the modified estimator @®*) is of no interest, for the Clayton
(and the Gumbel) copula it presents an interesting alternative to the ‘standard’ pseudo
maximum-likelihood estimator.

The results for the Gaussian copula (see Table B]) are of independence interest. Note
that although the density of the copula function is unbounded, the estimator @) performs
better than a(*) for 7 = 0.5 even in case of exponential margins (N+E). And this holds
true for uniform margins (N+U) even for 7 = 0.75. This raises a question whether a milder

assumptions than (F;.) would be sufficient for the Gaussian copula.

An analogous simulation study was conducted also for a system of three linear regres-
sions, where the vector of innovations was sampled from C'(Fi.(y1), Foc(y2), F3(ys)) with
the marginals Fi. and Fy. being standard normal and Fj. either exponential (with mean 1)
or uniform on [—1, 1]. As the obtained results are very similar to the results for model (I2),

they are not presented here, but can be found in the Supplementary material. The common
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7T  margins estim n =100 n = 1000 n = 10000
bias SD RMSE bias SD RMSE bias SD RMSE
0.50 inov @&l 0.03 4.94 4.94 | —0.07 1.53 1.53 | 0.00 0.48 0.48
a®h 1.07 4.51 4.63| 0.10 1.39 1.40 | 0.03 0.44 0.44
N+E  aU® | —043 497  4.99 | —0.17 1.53 1.54 | —0.02 048  0.48
a® 0.32 4.54 455 | —0.21 1.41 1.43 | —0.06 0.45 0.45
aP=) | 099 490  5.00| 0.08 1.46 1.46 | 0.03 045 045
N+U  al® | —0.06 4.97 4.97 | —0.08 1.53 1.53 | 0.00 0.48 0.48
a®h 0.87 4.53 4.62 | —0.01 1.40 1.39 | —0.01 0.44 0.44
a®) | 1.36 4.86 5.05 | 0.22 1.46 1.47 | 0.07 0.45 0.45
t alk) | 0.04 4.99 4.98 | —0.07 1.53 1.53 | 0.00 0.48 0.48
a®h 1.08 4.55 4.67 | 0.09 1.40 1.40 | 0.02 0.44 0.44
a®) | 1.42 4.90 5.10 | 0.21 1.46 1.48 | 0.06 0.45 0.45
0.75 inov &l | 0.16 2.79 2.80 | —0.02 0.89 0.89 | 0.00 0.27 0.27
a® | 006 253  253|-0.02 080 080 0.00 025 025
N+E  at® | —1.02 2.93 3.10 | —0.24 0.90 0.93 | —0.04 0.27 0.27
a®h | —1.81 2.81 3.34 | —=0.73 0.95 1.20 | —0.21 0.30 0.37
a®) | —1.01 2.77 2.95 | —0.40 0.88 0.97 | —0.10 0.27 0.29
N+U  al | —0.08 280  2.80|—0.05 0.89  0.89 | —0.01 027  0.27
a®h | —0.48 252  2.56|—0.27 082  0.86 | —0.09 0.25  0.27
a?=) | 0.00 2.61 2.60 | —0.05 0.81 0.81 | —0.01 0.25 0.25
t alk) | 014 2.82 2.82 | —0.02 0.89 0.89 | —0.01 0.27 0.27
a® | 003 256  256|—-0.02 079 079 | 0.00 025 025
a=) | 020 262  262| 002 080 0.80| 0.02 025 025

TABLE 3. Model (I2) with Gaussian copula, quantities multiplied by 100.

important finding is that the pseudo-likelihood estimator a® may perform poorly (and
noticeably worse compared to a®)) for copula families with unbounded densities even in
cases when only one of the marginals does not satisfy the regularity assumption while the

remaining ones are regular.

4. CONCLUSIONS AND FURTHER DISCUSSIONS

As illustrated in the previous section one should be careful when a copula with an
unbounded density is fitted with the help of the maximum pseudo-likelihood method.
Although the assumptions of Theorem [I] are not strict one should keep in mind that they
are not satisfied for distributions with a non-continuous error density function f;. (e.g.,

uniform distribution, exponential distribution, ...). Although such situations are probably
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rare in practice, there are applications in which for instance uniform errors can naturally
appear (see e.g., Schechtman and Schechtman, |L9§d)
One of the possible next steps would be to generalize the results into the time-series

context and to find the assumptions so that the results claimed in |Chen and Fan (IQJ)Lﬁal)

hold. Based on our results for i.i.d. setting and our simulation study we conjecture that the

method of the pseudo-likelihood estimation can be problematic when the marginal models
have exponential innovations (or more generally positive or bounded innovations with
discontinuous density) (see e.g. tmmnd_[&wig, |19_851; [[myimld_Mg_Cmmj_dJ, |19_&d;
|Andél|, |19_&d, |199j; |Nj_els_euﬁﬁud_5_b.ep_hald|, [ZDDj) and one uses y/n-consistent estimators of

the model parameters.

Note that in models where (based on our findings) the use of maximum pseudo-likelihood
estimation is questionable, one can consider the method of moments (see e.g., Section 5.5.1

of |MQN_eiLe$jJJ, lZDD_é; Bmhunmm_ﬁecﬂ, |2£l]j) As proved in kXﬁf_@jﬂ (lZQLd) many

moment estimators based on residuals satisfy (B]) under less restrictive assumptions on the

marginal error density fj.. In particular for standard two-dimensional copulas the method
of the inversion of Kendall’s tau can present a ‘robust’ alternative. It is usually only slightly
less efficient if no covariates are present, but in the presence of covariates it can perform
significantly better than the maximum pseudo-likelihood estimator.

For the sake of brevity we concentrated only on estimation of the copula parameter.
We conjecture that also other procedures (e.g., procedures for goodness-of-fit testing) that
make use of the maximum pseudo-likelihood estimator e, calculated from the residuals will
be valid provided that next to our assumptions also some standard regularity assumptions

for these procedures are satisfied.
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APPENDIX A. PROOFS OF THE MAIN RESULTS

Note that the estimated pseudoobservations [AL given by (@) can be viewed as estimates of

‘unobserved’ pseudoobservations U, (given in (7)) which can be further viewed as estimates
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of U;, given by
-
U, = (V... Us) = (Fie(eni), -, Faelea)) "
To prove Theorem [I] we need some technical results about the ‘closeness’ of ﬁji (the j-th
element of IAJZ) to 17]-2- and Uj;.
As we will show later one does not need to handle Uji if either Uj; is close to zero or one

or if M;(X;) is too large. This is formalised as follows. Introduce the set of indices

(A1) Jn={ie{l,....n}: Uj € [0n,1 = 0], Mj(X;) < an},
where
1
(A2) Op = 7 and a, =n"A" for some A >1and 0 < \, < \.
n

The following lemma gives an upper bound on the number of indices 7 for which it holds
that Uji € [57” 1-— (Sn] or Mj(XZ) > Q.

Lemma 1. Let 6, and a,, satisfy (A2) and assumption (ms) holds. Then

1 n
S LU # [0y 1= 8] 0r M5(X) > 4} = Op ().
i=1
which further implies that

P 1{U; & [60,1 —6,] or Mo(X;) > a,t <n' Y ogn | — 1.
J J

- n—00
=1

Proof. Denote
pn =P (Uji & [0n,1 — 8] or M;(X;) > ay)
and note that thanks to (A2) and Markov’s inequality (applied to M} (X))
Pn < P(Uji & (00,1 = 6,]) + P(M;(X) > an)
M;(:;Xi) =0(;ix) + 05w ) = O ()

a,

<2, +E

Now as the random variable £ Y% 1{U}; & [0,,1—6,] or M;(X;) > an} is non-negative
one can use once more Markov’s inequality to conclude that

%Z 1{Uj; & [0n, 1 — 6,] or M;(X;) > an} = Op(py).
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A.1. Some results on statistics with ranks calculated from residuals.

Lemma 2. Suppose that assumptions (F;.) and (ms) hold and that ¢ is a J-function.
Then

Proof. As ¢ is a J-function, it is easy to show that the expectation E p(U) exists and is

finite. Thus thanks to the law of large numbers it is sufficient to show

] e~ o~ 1 — P
(A3) D, = g;go(Ui)—E;go(Ui) 0.

n—oo

Let J%, and 6, be as in (AI)) and ([A2), where A and ), are chosen so that they satisfy the
assumptions of Lemma [l Then this lemma together with the standard Glivenko-Cantelli

theorem for the empirical distribution function ﬁjg implies that

max Imnax }Uﬂ — sz‘
Je{1,. d} ieJ X

(A9 S gy e e = U o s e U = U = 00(0).

Now introduce

(A5) Jy=nlJ5, and Ky ={1,...,n}\J\
and note that with the help of (A4
(A6) e I | = op(1)

X

n?

As the above equation is not guaranteed for ¢ € K=, we need to take care about the sets

of indices JX and KX separately. That is why we bound D,, given by ([A3)) as

(A7) Dyt S @]+ 2 X [o(U] + |2 Y plT) - 2 3 o0

1€KX i€KX ieJX ieJX

In what follows we show that each term on the right-hand side of ([AT) is asymptotically
negligible.

Dealing with the first term in (A7)

As @ is a J-function one can bound

' R d M, 1

€KX ieKX
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Now by Lemma [ (with probability going to one) there are at most dn'~"/*logn indices i

for which there exists j € {1,...,d} such that Uj; & [d,,1 — 9,] or M;(X;) > a,. Thus

one can choose the indices ¢ for which takes the biggest values and gets that

-
[min{Uji,l—Uji}]”
(with probability going to one)

1 d_af [gn' =1/ logn] 1 n 1
- 1
B = |
ieKX j=1 =1 (n+1) i:Ln—gnlfl/A log n) ( - n—-i-l)
(A8) < 2d* Myn~ " (logn) =" (1 + o(1)) = o(1).

Dealing with the second term in (A7)
Note that E‘gp(Ui)} < oo implies that

E [% Z ‘¢(UZ)‘] = E[‘@(Ui)} 1{UZ- Z [0, 1 — 0,]* or max M;(X;) > an}]

1<j<d
ieKX

< E[\@(Ui)\ 1{U, & [6,,1 — 5n]d}} + E|p(Us)] P( max M;(X,) > an) —0.

1<5<d n—00
Thus %Zzngf |¢(U;)| = op(1) follows from Markov’s inequality.

Dealing with the third term in (AT)

We use the continuity of the function ¢. To be able to do that we need to stay in the
interior of [0, 1]¢. Thus for a given ¢ € (0,1/2) (that will be specified later on), consider
the set

(A9) Iy ={u:uec[s1—d".
and introduce the corresponding sets of indices
(A10) Js={ie{l,...,n}:U;els}, Ks={l,...,n}\Js

where for simplicity of notation we do not stress that both J5 and Ks depends on n. Now

one can bound

LS (@) - 3 (U

ieJX ieJX
1 . 1 . 1
(A11) < - Z lo(Uy) — (Uy)| + - Z [ (U,)] + - Z [ (U,)].
i€JXnds 1€JXNKs i€JX MKy

Note that by the uniform continuity of the function ¢(-) on [6/2,1 — 6/2]* and (AS]) one
gets that the first term on the right-hand side of ([ATIl) converges to zero in probability.
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To deal with the second term on the right-hand side of ([AIIl) note that thanks to (AG)
with probability going to one

IXNKs; C{ie{l,...,n}:U; ¢[26,1 - 20"}

Thus one can bound

- p(U)]| <) — it i\
niejfm[{a j=1 n =1 (n+1)n i:|_n—(n+l)26j( _n+1)n
<2d M & (1+0(1)),

which can be made arbitrarily small by taking 6 small enough.

Finally with the help of law of large numbers the third term on the right-hand side of
(A1T)) can be bounded by

oD S ECATERD SIEty

i€JXNKs i€Ks

<ZM1 ZU"HU”S&}*'ZWHUJ@'EI_&}

= 2d M, (5= +0p(1)),

which can be also made arbitrarily small by taking ¢ sufficiently small and n sufficiently
large. U

Lemma 3. Suppose that assumptions (F;.) and (ms) hold. Let ¢ be a TP _function
such that E{o(U)} =0 and f > max{f; + Ba}. Then

7’1’

(A12) \/_ngﬁ \/,ZQD ) +op(1

Proof. Let JX and KX be defined as in (AH). Then similarly as in (AS) of the proof of
Lemma [ one can bound

-~ 1

(A13) \/, Z (U;) = Op(nz = logn), \/, Z = Op(n2~ s logn),

ZEKX ZGKX

where the role of n is now taken by ;.
In what follows we take A so that

20-8+-4)<A<201-5)
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and )\, satisfies (B30). Such choices of A\ and A\, guarantee that the right-hand sides of
(AI3) are of order op(1) and at the same time the assumptions of Lemma [l are satisfied
and one can make use of Lemmas [0 and [7]

It is sufficient to show that

\/_Z; »(U;) \/72;( i)+ op(1).

Note that

={ie{l,...,n}:U; € [6,,1 —6,]%, max M;(X;) <a,},

1<5<d
where §,, and a,, are given in (A2).

Now by the mean value theorem

(A14) \F 3" w(U)) f > 0T ; ; U (Ui — Uy),

ieJX ieJX

where U7, lies between ﬁji and 17]2 Thus to prove the lemma it is sufficient to show that
the second term on the right-hand side of ([AI4]) diminishes in probability.
With the help of Lemma[@l for a fixed j € {1,...,d} one gets

\/*ZQO U* U]z_ﬁji):An“—Bn‘l'Cm

ieJX
where
» m’(X,0; $5(X0)1\ " 4

(A]_5) n Z QO U f]E(Eﬂ) [SJ(()(’Q))} + €ji EX [SJEX,O;} (0] - 0j)>

\/* 7 j J J

ZEJX

(A16) B, S QDU frelesi) (Eji — €1),

\/7 ieJX

(A17)  C, = OPT(LD > DUNUTT(L = Up) T (1 + My(X)),

ieJX
and v > 0 is taken sufficiently small so that 5 — v > (. In what follows we show that C,
and A, + B, are asymptotically negligible.

Dealing with C,,. With the help of Lemma A3 of lShmadsI M) and Lemma [7] for each
e > 0 there exists a positive constant L such that the quantity C,, given by (AIT) can be
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with probability at least 1 — ¢ bounded by

op B— i B—v
0 < 28 5 o050~ U] i s (1 M)

i€JX
Op(l) ]\41 1
14+ M;(X;
=", 2%% [min;_y_4min{U? i _U;i}} Lﬁ2( + M;(X;))
OP(l) Ml 1
" zg;f [minj 1,....d mln{Ujl,l Uji}]n Lﬁz-i—n( + J( ))

= Op(l) Op(l) = Op(l),

where the law of large numbers is used on the last line.

Thus one can concentrate on the quantities A,, and B,,.

Dealing with A,. Note that A, given by (AIH) can be rewritten as

—~ 1 )
Ay =Vn(6;—6;)" EX[SJ(;;:))] - > PO fe(es)

ieJX

(A18) +Vn(0;—0,)TE Z O (U fre(eji)ejin

ZEJX

Now analogously as in the proof of Lemma 2 one can show that

_ZSO (Ui) fie(esi) = — Z‘P (U fie( ja( ji))

ieJX ZEJX
(A19) = E [YV(U) f5-(F21(U;))] + op(1)
and also
(A20) % > DU fie(eji) eji = E [9(U) i (F (U))) Fi2'(Uy)] + op(1).
ieJX

Combining (AIR), (AI9), (A20) and the fact that the estimator 8; is \/n-consistent yields

Ay =V (0; — 0)TE [¢9(U) f1. (F2 (U)) | Ex [“i5 5]
(A21) + v/ (8; — 0;)TE [0 (U) f1- (2 (U) F2 (U)) Ex [ g ] + op(1).

Dealing with B,,. Now have a look at the term B, defined in (AIG). One can proceed

analogously as above and show that

(A22) n \/7 Z 90 f]a 5]2) (5]2 Eji) + OP(I) = Bnl + Bn2 + OP(1)>

ieJX
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where

nl \/7 Z 4,0 fje je ( 2)) [m](XZ;?Z;;f%JJ()XZ’OJ)L

ieJX

B = —= 3 (U e (15 (U3)) P (U) [25 00

ieJX

Now similarly as in the proof of Lemma [ one can show that

Bnl - Z SO fj€ 5 ( Z)) 5. ((;:1 0)) +O (1)
ZEJX
— AN ~1 m;(X;6;)
(A23) — V1 (60— 0,) TE[¢9(U) £ (F2 (U)] E[222502] 1 0,0(1)

and analogously also

s (X50,)

T . B B (X3,
(A24)  Bpy=+n (0, —6;) E[LY(U) [ (FNU)) Fi2NU))] E[s;(x;ej)} +op(1).
Now (A2I), (A22), (A23) and (A24) yields that B, = —A, + op(1), which was to be

proved.

O

The following lemma will be useful for copula families with ‘nicely bounded’ score func-

tions.

Lemma 4. Suppose that assumptions (F;.) and (ms) hold. Let ¢ be a T function such
that E{p(U)} = 0 and ¢V is bounded for each j € {1,...,p}. Then the statement of
Lemmal3 holds.

Proof. By the mean value theorem

\/_Zgoﬁ \[ng +Z%Z¢U’(UI)(@—5}¢)-

Now take A > 2(1+ 1) and recall the sets of indices J;X of KX introduced in (AF). Then

% Z (U (Ui — Uy)

(A25) \anp (U(U;; - Uy) \anp (U (Usi — Uy).

ieJX €KX
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Now with the help of Lemma [9 one can show that the second term on the right-hand side
of (A25) can be bounded as the preceding equation is op(1)

\/— eV (U5 = Uyi) | < Oifl) > 1+ Mi(X3) = op(1),

€KX ieKX

where the last equation follows from Markov’s inequality and

EE > (1+ Mj(Xz))] =E[(1+ M;(X))1{U & [6,,1 — 6,]" or max M;(X) > a,}]

1<5<d
ieKX

=o(1).

Finally the first term on the right-hand side of (A23]) can be handled analogously as in
the proof of Lemma Bl O

Corollary 2. Suppose that assumptions of Lemmald or Lemmal[j are satisfied. Then

\/—ZSDG \/—ZSD ) +op(1

where
d
u) + Z/ [1{“j <t — vj}go(])(v) dC(v).
7=1 [Ovl}d
Proof. With the help of ([(AT2) it is sufficient to show that

72 - IZSD Jrord

But this can be proved component-wise by mimicking the proof of Lemma 2 of m
), where the situation with d = 2 but a more general ¢ depending possibly also on
X, is considered. O

A.2. Proofs of Theorems [ and 2l

Proof of Theorem[1. With the help of Lemmas [ and [3] the proof can closely follow the

proof of Lemma 3 in |Gij ). In order to do that define

(A26) W, (a) = %Zzﬁ(ﬂ'i;a) and  W(a) = E%(U;a).

In what follows we show that assumptions of Theorem A.10.2 of |B]_lel_ei&lj (|19_9j) are
satisfied for W, and W given by (A28]).
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It follows from the standard maximum likelihood theory that Assumption (GMO) is
satisfied thanks to Assumption Moreover, Assumptions and imply Assump-
tion (GM3). Assumption (GM2) is also satisfied as thanks to assumption one can for
each k € {1,...,p} apply Corollary Rl to ¢(u) = ¢, (u; @) and get

LY (D) = 13 HU) + o)
=1 =1

where 1(u) was introduced in Corollary [l
Thus, it remains to check Assumption (U) from Theorem A.10.2. Therefore for each
e > 0 and for each k,¢ € {1,...,p}, it is sufficient to find a neighborhood U. = {a € U :
|la — a|| < e} such that
sup |~ Z M _ I(”Z)(a) < e+ op(1),

acl. |1 i—1 aCLg
where 109 (a) stands for the (4, ) element of I(a).

For simplicity of notation, let us put gi,(u;a) = 0y, (u;a)/da,. Assumption allows
to adapt Lemma 2 which gives

- ZQM i) — I%)(a) = op(1).

Hence, it remains to show

(A27) = sup Zgu ia ngz o) < e+op(l).

acll;

For a given 0 € (0,1/4) (that will be specified later on), let us introduce the sets I5 and Js
as in (A9) and (AI0). Then the left-hand side of (A21) can be bounded by

1 ~ 1 ~
A28 D, < sup |— ce(U;;a) — — ke(Uis o) —l—— h(U;)
A acttc |7 z'e;m% el ! " z'e;mif ! wf%n
where JX was introduce in ([(Af) and A in Assumption [C4 Now with probability going to
one for each sufficiently large n, if U; € I, then U, € Is/>. Thus for each § € (0,1/4) the
term on the right-hand side of ([A28)) can be made arbitrarily small (Assumption [C4l) up
to op(1) term by considering a sufficiently small neighbourhood U..

Finally, analogously as in the proof of Lemma 2] one can show that

> h(U) <r(0),

igJsnJX
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where 7(d) — 0 as d — 0.
Thus we have verified the assumptions of Theorem A.10.2 of Bickel et al. (|L9_9j) which
yields that there exists a consistent root (say &) of the estimating equation (Bl) which has

the following asymptotic representation
\/ﬁ(an_a): Z"/J ;) +op(1),

where the elements of the vector function 17) are given in (). Note that completely
analogously one can show that there exists a consistent root (say ) of the estimating
equation (@) which has the same asymptotic representation. This finally implies the state-

ment of the theorem. O

Proof of Theorem[2. The proof is completely analogous to the proof of Theorem 2 The
only difference is that one uses Lemma [4] instead of Lemma [B In fact the proof is even

simpler as thanks to assumption [C6lone can take a finite constant instead of the function h.

U
APPENDIX B. SOME RESULTS ON Fjz AND U,
In what follows let = = max{z,0}.
Lemma 5. Suppose that assumptions (F;.) and (ms) hold. Then for &, = n='/* where

A>2(1— B+ L) it holds uniformly in u € [6,/2,1 — 6,/2]

= _ =~ _ _ m’ (X;0;) _ s(X:0,)1 7 &
FJ'?(Fjel(u)) = FJ'E (F]el(u)) + fj&(F'al(u)) EX [ SJ-J(X;Hj) + Fjal(u) S;(X;Oj) (9]- - ej)

(B1) + uB=+ (1 — ) B~ ’Y+0P( )

for each v >0 and j € {1,...,d}.

Proof. We will show the statement for u € [7” %] The proof would be completely analogous
foru € [3,1— 2]
Note that
~ I X
-1 . m (Xl,B )—m;(X;;0;) e 2 (w)s (Xue )
ij(Fja (U)) = Ezl{fji < = s](xl,ej) + = sj(sz,e) }

i=1

In what follows we need to take care of the fact that the majorant M;(x) from assump-

1/(Azr)

tion (ms) can be unbounded. Let a, = n , where A\, will be specified later. Then
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similarly as in the proof of Lemma [I one can use Markov’s inequality to bound

_ 1 & (X X0, Frl(ws;(X8))
F’]g(F l(u)) T Z 1{€ji = . SJZ;( g 2 + = s]‘(XJ';O‘ : ’MJ(XZ) < a"}‘
=1

< - Zl{M >an < Z

) > 0} = or(sih).

Note that thanks to the assumption A > 2(1 — §+ —L5) it is straightforward to verify that
% + g < r(% — %) In the following we will take A\, such that

1 B 1 1 1-3
(B2) s <n <=5

Now with the help of (B2) one can conclude that

~ _ 1 - mi(X:0:)—m; (X i:0; F;l(u)s-(X~;
Bre(Fyct ) = 5 Do 1{U < B (MGl & 2
i=1

(B3) + uP (1 — )P op(n1?),

for u € [0,,/2,1/2].
Now for simplicity of notation introduce

m;(x;t 55 (x5t
(B4) ij(ta U) = % + F ( )Sjj(gﬁej)) ’

Further for u € (0, 1] and t € R? put
w(w) = minfu, 1 -} and ) = 0, 4 t/n/2

where n > 0 is sufficiently small. Note that the function w is increasing on (0, 3) and

decreasing on ( 1) for f —~ > 0. Finally let
u™ = max{u, ,/2}
and for i € {1,...,n} introduce the processes
Zni(t,u) = rmyor HUsi < Fie (yix, (67, u)), [M;(X0)| < an}

that are indexed by the set F =T; x (0,1/2], where Ty = {t € R? : [|t]| < 1}.
Note that assumption (ms) guarantees that n1/2—77(§j -0,) —~ 4+ 0foreachn € (0,1),
n—o0

which further implies that P(||n1/2_’7(§j —-0,)|| <1) —— 1. Put
n—oo

’l/gn = nl/z_"(aj — 9])
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Then with the help of (B3) one can (with probability going to one) write that for u €
[0n/2,1/2]

(B5) ﬁﬁg(FJ;l(u» = %sz(’ﬁn,u) + w(u) op(n=1?).

Now equip the space F with the semimetric p given by

uz—u 2
(B6) p((t1>u1)> (t2au2 =K \/Htl t2” + w22 u; (w(lul) - w(luQ)> Uur, for up < Uz,

where K is a finite constant that will be specified afterwards.
Later we show that the assumptions of Theorem 2.11.11 of Mﬁjrﬂ_“&llnﬂl

) are satisfied for the empirical process indexed by F, which implies that the pro-

cess is asymptotically tight. Further as sup,¢( 1 p((sz?n, u), (0,u)) = op(1), one gets that
uniformly in u € (0,1/2]

(B7) Z Zpi(0, 1) — Z Zi(0, 1) — Z Evx [Zni(On,uw) — Z0i(0, )] = op(1),

where Ey x stands for the expectation with respect to Uj;’s and X;’s (while considering
9, being fixed).

In what follows we concentrate on u € [d,,/2,1/2]. If not stated otherwise all the following
results hold uniformly for u from this interval.

Note that similarly as in (BH) one can argue that

~

Fio(Fi2M(u) = i\/%) Z Zni(0,u) + w(u) OP(%).

i=1

This together with (B3] and (BT) implies
(B8) ﬁ;g(Fjgl(u)) = EE(FQ(U)) w(w) V1 Ey x [ Znt (O, 1) = Zo1 (0,1)] +w(u) or(7x)-

Thus to finish the proof it remains to deal with the second term on the right-hand side
of (BY). As v/n(0; —0;) = Op(1) one can use the mean value theorem which guarantees
that (with probability going to one) there exists t, € T} such that

()\/7EUX[ n1(79n,u) an(O,u)}
— Ex |[F=(yix (65, w)) = u] 1{M;(X) < a,} ]

m (X i") _ (") ~
(B9) = Ex[ £y (t07,u) (XD 4 1t () BREDY (04, X) < 0, }] (6, - 6)).
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Note that for x such that M;(x) < a,, one has

ms (x;t(M)—m (x;0; n — 2T)—
(B10) | bt Dm0 | < M ()60 - 6] < ayn Y2 = /)24
and also
(B11) IS;J(Z‘Xt;j))) - 1’ < Mj(x)||t(”) — 6, <a, p Y2 — L/ Qer)=1/24n.

where both inequalities hold uniformly in t € 7} and x € {x : M;(X) < a,}. Thus with
the help of Lemma [I1]

| e (i (647 0)) — fie(Fi2t (w)]

B12 sup sup sup =op(1
( ) €Ty xE{%: M, (%)<an} u€[dn/2,1/2] uB=+(1 — u) B2+ 1)
and also
(B13)
sup sup sup \fja(ij(ti"),UDngl(U) — fie(F () Fl ()| op(1)
= op(1).
€Ty xE{%:M;(%)<an} u€[bn/2,1/2] uB=+(1 — u) B+

Now combining the above findings with assumption (ms) yields that (B9) can be simplified
to

w(u)v/nEyx [an(lan; u) — Zn1(0, u)]
— m’ (X;0;) _ s'(X;6;) T ~ B
= ij(F}gl(u)>EX [SJ.J(X;QJ,J) + Fjal(u> s;(X;O;)} (OJ — 0)) -+ UJ(U) OP(TL 1/2)7

which together with (B8] implies (BIJ).

Verifying assumptions of Theorem 2.11.11 of&arljﬁrjlaar_t_andﬂelln_erl (|19_9_(i'|)

First of all we need to show that the semimetric p defined in (B@) is Gaussian-dominated.

To prove that it is sufficient to show that (see p. 212 of lvan der Vaart and Wellngﬂ, |L9_Qd)
(B14) / Vdog N (e, F,p)de < o0,
0

where N (e, F, p) is the covering number of F.

It is known (see Example 2.11.15 of E@Jlﬂﬂ_@&r_tjndjﬁdlnﬁﬂ, |19_9_d) that (BI4) holds

true if F is replaced with (0, 1/2] and p with

Ug—U 2
(B15) po(ur, uz) = \/w%(u;) + (oo — wogy) we for wi < us,
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as po is Gaussian. But from the definition of p in (B it follows that one can bound
N(e, F,p) < N(2/(4K?), 1, || - ||) N(e/(2K), (0,1/2], po)
= O(e7™) N(¢/(2K), (0,1/2], po),
thus also (F, p) satisfies (B14]).

Next we need to check the three assumptions of Theorem 2.11.11 of van der Vaart and nglnell

). As in our situations the processes Z,1, ..., Z,, are identically distributed, the as-

sumptions can be rewritten as follows.
(I) For each ¢ > 0

(B16) nE[I1Zuallr 1{1Zullr > ¢} — 0.

(1I) For each (t1,uq1), (to, us) € F

(B].?) n E(an(tg,UQ) — an(tl,ul))2 S pz((tg, Ug), (tl,ul)).

(I1I) For every p-ball B(e) C F of radius less than €

(B18) n sup v P( sup | Zp1 (b2, u2) — Zpy (b1, ul)} > v) < €
(t1,u1)

v>0 J(t2,u2)€B(€)

Note that the first assumption (BIf) is easy to check as

| Znil|l 7 < sup [Zni(t,u)] < sup
(tu)E]: ue( 2]

0.

1
\/ﬁw(u(”)) < Vnwn/2) 5 oo

To verify the second assumption (BIT) fix t,ts and uy,us (so that u; < us) and
calculate

nE (Zni(ta, uz) — an(tlaul))z

E|:<1{UJ<FJEwy(J1j((7£)t) )} _ 1{UJ<FJE(y(J)f7S;:) ) 1{M ( ) < an}]
(™) () <Fye(yyx (£ u{™))
<9 E[(l{UJ<FJE1(Uy(])({7$)t) N 1{UJ§FJESJ(]§§)) ) 1{M ( ) < an}i|

B (0 (n) () e (o (n) ,,(m) 2
+2E|:<1{UJSFJE£]y(JL;Z§;;)1 g )}t I{UJSF]ES(Z?ET; gl ))}) 1{M](X) < a,n}]
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(B19) =2 E[|F (1, (657, u™)) — Fje (g (657, ul™)) [1{M;(X) < a,}]

2
+ 2 (w(ulgn)) - w(ulgn))> E[Fje(ij(tg ),ug )))1{Mj(X) S an}]

Now we will have a look at the first term on the right-hand side of (BIJ). For a given
u € [0,/2,1/2] by the mean value theorem there exists t. between t; and ts such that

EHFjje(ij (tgn)v u)) Fjs(ij( )‘1{M ) < an}}
(B20) <E [fﬁ(ij(t&"),u))(Mj(X) + }Fj w)| (X)) I8 - 657

Now with the help of (B4)), (BIO), (BI1) and Lemma [0 one can conclude that with
probability going to one

(B21) sup sup Yin(t™ 1) < szl(Q u),
teTh xe{x:M;(x)<an}

which together with (B20Q) implies that
E[] By (857, 1)) = Fie(yi (67, u)) [1{M;(X) < a,}]
(B22) < O(n VM EM;(X) [t — taf|O((u!™)?) < O™ 247) ||t — tof| w(u™)

uniformly in w.

Now fix t and x. Then by the mean value theorem there exists @ between u&") and ué")

such that

(B23) | Fye (it uf™)) = Fie (6™, ")) |

n) ~\\ Sj x;t(”) n n
< Ll (67, @) LG5 RG] ™ =),

which together with

‘sj(x;t(")) sj(x;t™) — s5;(x;0;)
5i(x; 0;) 5i(x; 0;)
assumption (F;.) and (B23) implies that

‘=}1+ ‘<1+M()||t(" — 0] <1+ apn V0,

(B24) | Fje (i (8, 0)) — Eje (i (8, 05™)) | < O(1) [ul® — u§”)]

uniformly in t and x.

Now combining the inequalities (B21]), (B22) and (B24)) implies that

(B25 (n) H y]X (t(n v ))) - Fja(ij (tg >u1 )‘1{M ) < an}}
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O~ /2 M)t —taf| wud™) | OW(us —u{™) _ g —u™
< Q0 Sl el Q0 — 0 (1 — tall + 2.

Now turn our attention to the second term on the right-hand side of (BI9). Analogously

as above one can bound
E [Fe(yix (", u<">>)1{M»<x> < a,}]
< E[|Fielyix (6, uf™)) = Fie(yix (05, ui™)) [1{M;(X) < an}]
+ E[Fe(y;x (6, ui” )) {(M;(X) < ay}]
Ot — ;]| +u” = O™/ + u{” < 2u".

Combining this with (BI9) and (B23]) one gets

(M) _y () 2
ME (Zu(t2,12) = Zua (b1, 00))* < O(1) 62 — o + 25 05) + (o — =t ) ul”)
w u2 w ul
< O(1) |l[b2 = tall + 3 (uf”u5”) | < O [lItr — o] + 208 (11, 2) .
where the last inequality follows by Lemma [[3(iii) in Appendix D.

Finally we show that also the third assumption (BIf)) is satisfied. Let B(e) be a
fixed e-ball. Then from the properties of the Euclidean norm and the function py (see
Lemma [3(iv) in Appendix D), there exist to € 77 and ur, uy € (0, 3] such that

B(e) CT. x [ug,uy], where T.={t:/|t—to| <<} and polu,uy) < 2%.

Then one can bound

n sup v’ P( sup ‘Zm(tg, Ug) — Zni(ty, ul)‘ > v)
v>0 (tl ul),(tg,uz)EB(e)
(B26) < 2sup v’ P( sup V| Zi(b,u) = Zyi(to, up)| > 0/2)
v>0 (t,u)eTexur,uy]
To deal with the last probability introduce
J (t,w)eTex [ur,uy] ° (yj ( )) I (t,u)€eTe XI?uL,uU} e (y] ( ))

Then one can bound
Sup \/E‘an(t7u> - Zni(t(buU)‘
(t,u)eTe X [ur,uy]

Ui <Fje (y;x,; (£ ul))}  YUji<Fie(y;x;, O ,u(")
w(ul™) w(ugl))

= sup ‘ {M < an}

(t,u)e€Tex [ur,uy]
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< sup

WU < Fje (yx, (67 uM)) = 1{Ui <Fje (yx, (65 uy }’ 1{M )<a }
(t,u)eTexur,uy]

(n))

w(ug;

-+ sup 1{Uj2 < Fje(ijl(t(")ju(")))}(w(ul(n)) — w(ul(n) )‘ 1{M < CLn}

(t,u)€Te X [up,uy)

(B27)
1{G(L) <U; Z_G(U) }

+ Sup Hup <Uji < Fja(iji(t(n)7u(n)))}<w(ul(”)) e D )1{M ) < an}

(t,u)ETe X [ur,uy]

— Vnl + Vn27

where V,,1, V,2 stand for the first and second term on the right-hand side of (B21) respec-
tively.
Now similarly as in (B23)) one can bound the second moment of V,,; as

2D D) ?
Evn21 <E|:(JX17?X1{M <an}:| —|—2UL< L — (1(n))>
w UU

w2(u(n) w(u(;))

oy s (= toll w06 s — |
u eX|ur,uy

2

11
+2“L<w<u2">> w(u%}“))
= 0(1)[% + %725] + 2 (i

provided that K in the definition of the semimetric (Bd) is taken sufficiently large.
Thus also by Markov’s inequality

IN

[

) +O(Po(uL,uU)) < 2

(B28) supv® P(Voy > %) < 5.

v>0
Now we can concentrate on the second term in (B27). To do so note that from the

definition of the semimetric py in (BIG) it follows that for each u € [ur, uy]

( 11 ))2< po(wur) - 4e

w(u) w(uy — u — KZ2u?’

which further implies that

1 1 2¢
<w(u(")) - w(ug"))) S K\/a .
Using the above inequality one can bound (with probability going to one)

2€ SUP (¢, u)e T x[uy, uyy) Hur <Uji<Fje (yix, (60 ,ul™))
Ve < T Dyimy(x) < ay)

< 2e SUP(t,u)eTe x [ug,,ur] 1{uL<Uﬂ<FJE(yJX (t(n) (n) } \/ je y]X (t( ) (n) {M(X < }
— () u(m)) u(m) J an
K\/F]E(ijz(t U
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< 2¢e \/5’

- K Uji

where we have used that thanks to (B21))

Fje(yjx, () ulm)) 2u(1)
V e <\ B <V2

and for each t,u

L{ur <U;ji<Fje (yjx, (80 ul™))} 1{ur <Uji <Fje (y;x, (6 ,u(™))} < _1
V Fje(yix, (609,u()) - V Uii = VUi
Thus we can bound
2
(B29) sup v* P(Vn2 > %) < sup v* P(% > %) = sup v? P(Uji < }?53—52) < Ez
v>0 v>0 Ju v>0

for a sufficiently large K. Now combining (B28) and (B29) yields that

2 sup v* P( sup VI Zi(b,u) = Zi(bo, up)| > U/Q) <é
(t,u)

v>0 )ETe X [up,uy]

which together with (B26) implies that also (BIS]) is satisfied.
U

Note that while )\, is only a cleverly chosen constant in Lemma [l that is not involved
in the statement, in the following lemmas we will speak about J ])% and thus we need to be
more specific about A,. Thus in what follows we often assume that

—_ 18
-

(B30) L <

AT

N[

Lemma 6. Suppose that the assumptions of Lemmald are satisfied and N, satisfies (B30).
Then it holds uniformly in k € Jf‘,;

= ~ m’ (X;0;) s (X;05) T~ ~
Uik = Ujie = fie(€jx) EX[ X0y T ek Sj(x.ej.)} (0, —0;) + fie(n) Eir — €j)

U(B V(1= Up) P04 [M (X ) + 1]0P(ﬁ)

for each v >0 and j € {1,...,d}.

Proof. The lemma will be shown by substitution of u = F.(€};) into the approximation
(BI)) stated in Lemma[5l Note that all the following statements holds uniformly in k € J3.

The proof will be divided into four steps. First we show that with probability going to
one

(B31) Fio(En) € [6,/2.1— 6,/2]
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to justify the substitution into (BIl). Second
(B32)  Fie(En) P (1= FiEn) " op(1) = U (1= )@ 0p(1).
Next we show that
(B33) Fie(E) = Fielege) + U7 (1= Uy) ™ 0p(1),
(B34) FreEm)Em = fie(e) Fi (Une) + U (1= Upe) P op(1),
and finally we derive
Fyo(En) = Fyelen) + fielem) o — i)
(B35) + U (1= U)o (M (X ) + 1)op (2

7)

S

and realise that ﬁjk = ﬁ}g(é}k) and ﬁjk = ﬁ}e(ajk).

Showing (B31]).
Analogously as in (B22) for k € J3,

|FieEir) = Uji| = | Fie(yix, (05, Fio' (Upr))) — Fie(y;x, (05, Fi2 (Uji)) |
< Op(1) M;(X4)116; — ;] Ui (1 = Uyp)”
< O ( 1/ )\ZT‘ 1/2) Uﬁ (1 o U )ﬁ’
This further implies that
(B36) %)Uﬂfkl < Op(nt/Per)=1/2) §8=1 = O (l/Qen)=1/2H1=B)/X) — (1),

where we have used that A, satisfies (B30). Thus for a sufficiently large n one gets that

Fje(En) > 22 > %
and analogously also
FieEn) SUp+ 21 -Up) <1-6,+ 2 =1- 2.

Showing (B32).

Note that with the help of (B36) one can conclude that
Fie(Ep) € (35U, 3 Ugi),  and 1= Fi(E) € (51— Upn), 3(1 = Up)),
which implies (B32).
Showing (B33) and (B34]). This follows from (B31), (B12) and (BI3).
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Showing (B3%).

Without loss of generality consider only those k € J%, for which Uy < 2

jn 2"
ne L5 ﬁ) introduce

Now for

r, = n1/2—1/()\z7‘)—17 )
Similarly as in the proof of Lemma [ define for i € {1,...,n} the processes
Znilts ) = b Ui < B (F2 ) (14 ) + 2}

that are indexed by the set F = [—1,1]? x (0,3]. Now one can write ﬁjg(é}k) as

~ w(™) & :
F’je(gjk) = \/ﬁ Z Zm(tna u),
i=1

where

N 55 (X k30 7 mi (X 5305)—m; (X ;0 N
b= (350 1) ) = B

Note that for k£ € Jﬁ

(B37) Fru(e) — Frlep) = wfg) 3 s a) — Z(0,0)]

Now equip the space F with the semimetric p given by

u2 —U 2
p((tlaul)v(t27u2)) = K\/Htl — o + 3 +( - ) uy, for wy < ug,

w2 (ug) w(u) w(uz)

where K is a sufficiently large but finite constant. Then completely analogously as in the

proof of LemmaGlone can verify the assumptions of Theorem 2.11.11 oflvan der rt an 1ln
). Thus SUDye (0,1 p((ts, u), (0,u)) = op(1), implies that

i=1 i=1

~ L ) — Ele)] + or(1),

which together with (B37) implies that

~ o~

(B38) Fie(Ei) — Fje(eje) = Fi=(Er) — Fie(eji) +w(Us) op (7).
Now the right-hand side of the above equations can be with the help of (BI2)) and (BI3)

rewritten as
Fje(Ejr) — Fie(ei) = fielegn) (B — gjr) + w(Usn) Mi(Xi)or (7))
which combined with (B38) implies (B3H]). O
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Lemma 7. Suppose that the assumptions of Lemma[@ are satisfied and § > 0. Then for
each € > 0 there exists L. > 0 such that for each j € {1,...,d} for all sufficiently large n

P(VkGJﬁ Le Ujk < ﬁjk <1- LE (1 — Ujk)) >1—c

Proof. We concentrate on the inequality L, Uj, < ﬁjk. Showing the upper inequality for

~

Ui would be analogous.

By Lemma [@ one gets ﬁjk > ﬁjk — |R;i|, where

m’ (X;0;) s (X50,) T~ ~
Ry = fie(e5n) Ex [ e Tk sj(x;ej)] (0, — 05) + fic(en) Ein — €5)
(B39) + U (1= Upe) 7 [M(X ) + op (7).

and v > 0 can be taken arbitrarily small.
Now by Lemma A3 of Shorack (Ilﬂ) for each € > 0 there exists L € (0,1) such that

.....

Thus one can take L, = L /2 provided we show that

LU;
P(Vker; DR < ) > 1 —¢/2.
To do that one can consider each of the summands on the right-hand side of (B39)) sepa-

rately. Thus for instance one has that uniformly in k& € J ;ﬁl

fie(ejn) (Ejn—ejn)
Ujk

< Ujﬁk_le(Xk)Op(ﬁ) < p=A g OP(
— OP (n(l—ﬁ)/A-‘rl/()\zT)—l/Q) _ OP(1)7

as A, satisfies (B30)). The other summands on the right-hand side of (B39) can be handled

analogously. O

)

Some results useful when (F,.) holds with g = 0.

Lemma 8. Suppose that assumptions (F;.) and (ms) hold. Then for each j € {1,...,d}

(B40) sup | Fie(Fyt (w) = Fye (i (w)) | = Op(1).

ue (0,1

Proof. Let U(0;) be the neighborhood of 8, introduced in (ms). Now consider the set of
functions

55(x;0;5) s5(

mj(x;t)—m;(x;0; — 55(x; X
F = {(X, e) — 1{6 < m; (x;t) —m; (x;6;) -+ Fjsl(u> g(;etj))}, u < (O, 1),t S U(9]>}
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and denote its elements as f;,. Then one can write

~

1 < a
Fjg(szl(u)) - E Z féjvu(Xi’ Eji) S:y Pn(f§37U)
i=1

Similarly as in the proof of Theorem 4 of |Gijbels et al. (IZDle) one can argue that the set F

is P-Donsker. Further similarly as in the proof of Lemma [Bl one can show that

Sl(lopl) VarUX(fg N fe u) < EX} y]X(ejau)) - Fja(ij(ejau))‘ = OP(l),
ue

which further implies that uniformly in v € (0, 1)

~

Ba1) VA 0) - B(F )] = VAP, .) ~ Plfa,)] +on(5)
Now by the mean value theorem there exists t, between éj and 6; such that

s \f (f5,) = P(fo,0)]]

=/n 81(10131)Ex[} (Wix (0, 0) = Fie(y;x (6;,))]
ue

< Vi sup Ex [ eypx (b)) (M (X) + |2 ()| M(X) ) |16, - 6

ue(0,1)

n * X M;(X)(1+|F;  (u)])
< V|l - 8] s%pl)EX[fMij(t )1+ e (6, w)) P
ue (0,

< Op(1) EM;(X) = Op(1) O(1) = Op(1),
which together with (B41l) implies (B40]). O

Lemma 9. Suppose that the assumptions of Lemma [8 are satisfied. Then for each j €

{1,....d}

o~ ~

U —
N N —O
kellomny |1+ M, Xk ‘ P(R)-

Proof. The proof follows by substitution of u = Fj.(€;;) into (B40) and following the proof
of Lemma 0

APPENDIX C. FURTHER AUXILIARY RESULTS

Lemma 10. Suppose that assumption (Fj.) holds. Let \ satisfy X > 2(1 — 4+ —=) and
1 1

. satisfies ([B3Q). Further for n > 0 introduce b, = n>r 2~"7. Then there exists n > 0

such that for all sufficiently large n for all u € [%, 3] for each j € {1,...,d}

F ' (%) < by + [14 by sign (F (u) ] Fi2H (u) < Fi2'(2u),

JE JE
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and

F (1= %) > =b, + [1 = bysign (F ' (1 —w)) ] Fi.' (1 —u) > Fi ' (1 — 2u).

Jje J
Proof. We show only that
b + [1 + by sign (F;2'(u) | Fi 2 (u) < Fi2H(2u),

je
as the remaining inequalities could be proved analogously. Thus we need to show that

(C1) b + b |F N (w)| < Fj2H(2u) — FiH (u).

je
Now by the mean value theorem
u

- fe(E @)
where @ is between u and 2u. Thus with the help of (CIJ) it remains to show that
fie(Fi (@) U+ [F (w)]) 1
U by,
>

Fi(20) - F\(u)

1
g n§ Axr'_n.

IN

Now by assumption (F;.) and using the fact that u > 6,

Fie (Fiz (@) (1 + |[F (w)])

u = 0(u”™) SOM'S) = o(nz %777,

where we have used that A, satisfies (B30), which guarantees that one can find n > 0

sufficiently small so that % — ﬁ -n> % holds.

O

Lemma 11. Suppose that the assumptions of Lemma 10 are satisfied. Then there exists
n > 0 such that for all v > 0 for each j € {1,...,d}

fje (slbn +(1+ 32bn)FJ;1(u)) — fje (Fjgl(u))

=o(1
81’828611{13171} ue[%il?i%] u(ﬁ—'y)+(1 — u)(ﬁ—wh ‘ O( )
and also
[fie (8160 + (1 + s2b0) FiH(u)) = fre (Fj2H ()] Fiot (w)
sup sup =o(1)
817826{—1,1} ue[‘%”,l—‘%”} U(B_PY)‘F(l - u)(ﬁ_v)‘F

as n — 0.

Proof. We will prove only that

[fe (5100 + (14 8200 Fi (w)) — fie (Fi2H ()] Fi (u)
u(ﬁ—v)+(1 — u)(ﬁ—v)+

sup sup
s1,52€{—1,1} ue[%",%}

as the remaining cases can be shown analogously.
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First suppose that lim, o, fj(F;.'(«)) > 0. Then from Remark B one can conclude
that lim, 0, F.'(u) > —oo and § = 0. Thus also (8 — )+ = 0 and the statement follows

from the continuity of fj..
Now suppose that lim, o, fj- (szl(u)) = 0. Note that for a given uy € (0, %)

fie (310 + (14 s2bo) () — Sie (B ()] il _
u(ﬁ—’YH(l _ u)(ﬁ—'y)+ = )

sup sup
sus26{ =11} ue[2U 1]

which follows from the continuity of the function fj..
Now let € > 0 be given and v > 0 fixed. Thanks to assumption (F}.) one can choose

so that

Fie (Fic (w) Fi (w)

u(ﬁ—v)+(1 — u)(ﬂ—v)+

€
M?

ue (0,2 uy]

Fie(F3 (2u))

T Now thanks to Lemma [0l one can conclude that also
ge'je (u

where M = SUPye(0,1/2)

Fie (s1bn + (1 + s2b,) Fi (w)) Fit(w)
u(ﬁ—v)+(1 — u)(ﬁ—v)+

M fie (FiH(u)) Fit (u)
wuB=1)+ (1— u)(6—7)+

sup sup
s1,926{=1,1} ue[°n uy)

< sup
ue(0,2uys]

<€,

which finishes the proof of the lemma. O

Lemma 12. Suppose that the density f;. satisfies assumption (F;.). Then

lim |z|fe(x) = 0.

|z|—o00

Proof. We will consider only x — co. The remaining case would be handled analogously.
First, note that one can assume that lim,_,; F];l(u) = 00, otherwise the proof is trivial.

Now suppose that
lim zf;.(x) # 0.
T—r00
Then one can find a positive constant a and a sequence {z,}°°; monotonically going to
infinity such that
an(zn> Z a, Vn € N.

Note that by assumption (F;.) the function f;.(x) is non-increasing for x > Fj;l(ug). In

what follows we will assume that z; > Fj;l(ug) and that z,.1 > 2z, (otherwise one can
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take an appropriate subsequence of {z,}). Now one can bound

oo © Zn+1 0 Zn+1
zfie( a
[ =30 [ e = 3 [
zZ1 n=1"Y7%n n=1"Y%n
. Zn+4+1—2n __ Zn 1 .
=a Z+nl+1 _CLZ( Zn+1)2a2(1_§)_oo’
n=1 n=1 n=1
which is in contradiction with the fact, that f;. is a density. 0J

APPENDIX D. SOME PROPERTIES OF py FUNCTION

Recall the definition of py in (BIH) and for simplicity of notation put b = (8 —+),. Then
for each uq, us satisfying 0 < uy < ug < % one has po(u1, ug) = ro(uy, uz), where

— U —u1 1 12
ro(u1, ug) = \/—ugb + (u_z{ - u—g) uy -

Lemma 13. Let ug € (0,3) and b € [0,1) be fizred. Then the following statements hold.

i). The function gr(u) = r2(ug, v) is increasing for u € (ug, .
0 2
(ii). For b > 0 the function gr(u) = r3(u,ug) is increasing on (0,u,) and decreasing on
_op \1/b
(Uy, ug), where u, = u0(21(1_22)) /
(iti). For each 0 < uy < uy < ug < 3 it holds that rg(uz, ug) < 273 (uy, ug).
(v). For each € > 0 the set Ulug,€) = {u € [0,3] : po(u,uo) < €} is contained in a set

[ur, uy] such that ro(ur, uy) < 2e.

Proof. The proof of (i) follows directly from the definition of the function g, as

_ .2 _ u—u 1 1\2, _ 1-92 1-26  2uy”’
gr(u) = r5(up, u) = “z° (u_g_ﬁ) Ug = U Fupg T — =5,

which is evidently an increasing function on (uy, %]

For the proof of (ii) rewrite

_ 2 _ _ -
gL(u> _ T’S(U,UQ) _ ngbu (% o %) U= u(l) 2b + Ul 2b 2uu1g b'

Now it is straightforward to find that the function g, has exactly one local maximum in

the point u, and meets the claimed properties.

Now we show (7). Note that thanks to (ii) the function g, (u) is decreasing on (u., ug),

thus the inequality trivially holds if u, < u; < us.
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Thus suppose that u; < u,. From (i) we further know that u, = wuga, where a < 1.

Thus we can bound

e (uQ, uo) <7 (u*, uo) =yl [1 —a+(1- ab)zal_%]

up
2uy " =213 (0, up) < 2rg (us, uo),

IN

which was to be proved.

To prove (iv) first note that from (i) there exists uy such that
{u € [uo, %] s polu, ug) < e} = [ug,uy] and po(u,uy) <e.

When searching for u;, one has to be more careful as the function g, is not decreasing on

(0,up). We need to distinguish two cases. First, let € < ry(0,ug). Then one can find uy, in

a similar way as uy was found. Second, suppose that € > r¢(0,ug). Then we take simply
uy = 0.

Now it remains to check that ro(ur,uy) < 2¢. To do that bound
2 _ up— 1 1)2

T’O(UL,UU) = % + (E - @) ur,

_ _ 2 2

< M 4 gl 2(3 — or) ur +2(55 — LbU) ug

< 2T§(UL7UO) + 2T§(Uo, UU) < 462,
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