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Abstract

Consider a nonparametric regression model with one-sided errors and regression
function in a general Holder class. We estimate the regression function via minimiza-
tion of the local integral of a polynomial approximation. We show uniform rates of
convergence for the simple regression estimator as well as for a smooth version. These
rates carry over to mean regression models with a symmetric and bounded error dis-
tribution. In such a setting, one obtains faster rates for irregular error distributions
concentrating sufficient mass near the endpoints than for the usual regular distribu-
tions. The results are applied to prove asymptotic \/n-equivalence of a residual-based
(sequential) empirical distribution function to the (sequential) empirical distribution
function of unobserved errors in the case of irregular error distributions. This result is
remarkably different from corresponding results in mean regression with regular errors.
It can readily be applied to develop goodness-of-fit tests for the error distribution. We
present some examples and investigate the small sample performance in a simulation
study. We further discuss asymptotically distribution-free hypotheses tests for inde-
pendence of the error distribution from the points of measurement and for monotonicity
of the boundary function as well.

AMS 2010 Classification: Primary 62G08; Secondary 62G10, 62G30, 62G32
Keywords and Phrases: goodness-of-fit testing, irregular error distribution, one-sided

errors, residual empirical distribution function, uniform rates of convergence

1 Introduction

We consider boundary regression models of the form

Yi=g(x)+e, i=1,...,n,



with negative errors £; whose survival function 1—F(y) behaves like a multiple of |y|* for some
a > 0 near the origin. Such models naturally arise in image analysis, analysis of auctions
and records, or in extreme value analysis with covariates. For such a boundary regression
model with multivariate random covariates and twice differentiable regression function, Hall
and Van Keilegom (2009) establish a minimax rate for estimation of g(z) (for fixed x) under
quadratic loss and determine pointwise asymptotic distributions of an estimator which is
defined as a solution of a linear optimization problem (cf. Remark . Relatedly, Miiller
and Wefelmeyer (2010) consider a mean regression model with (unknown) symmetric support
of the error distribution and Hoélder continuous regression function. They discuss pointwise
MSE rates for estimators of the regression function that are defined as the average of local
maxima and local minima. Meister and Reifl (2013) consider a regression model with known
bounded support of the errors. They show asymptotic equivalence in the strong LeCam sense
to a continuous-time Poisson point process model when the error density has a jump at the
endpoint of its support. For a regression model with error distribution that is one-sided and
regularly varying at 0 with index o > 0, Jirak et al. (2014) suggest an estimator for the
boundary regression function which adapts simultaneously to the unknown smoothness of
the regression function and to the unknown extreme value index «. Reify and Selk (2016+)
construct efficient and unbiased estimators of linear functionals of the regression function in
the case of exponentially distributed errors as well as in the limiting Poisson point process
experiment by Meister and Reiff (2013).

Closely related to regression estimation in models with one-sided errors is the estimation
of a boundary function g based on a sample from (X, Y’) with support {(z,y) € [0, 1] %[0, <] |
y < g(x)}. For such models, Hardle et al. (1995) and Hall et al. (1998) proved minimax
rates both for g(z) and for the L;-distance between g and its estimator. Moreover, they
showed that an approach using local polynomial approximations of ¢ yields this optimal
rate. Explicit estimators in terms of higher order moments were proposed and analyzed
by Girard and Jacob (2008) and Girard et al. (2013). Daouia et al. (2016) consider spline
estimation of a support frontier curve and obtain uniform rates of convergence.

The aim of the paper is to develop tests for model assumptions in boundary regression
models. In particular we will suggest asymptotically distribution-free tests for

e parametric classes of error distributions (goodness-of-fit)
e independence of the error distribution from the points of measurement
e monotonicity of the boundary function.

The test statistics are based on (sequential) empirical processes of residuals. To investigate
these, we need uniform rates of convergence for the regression estimator, which are of interest
on its own. To our knowledge, uniform rates so far have only been shown by Daouia et al.

(2016) who do not obtain optimal rates. Our results can also be applied to mean regression



models with bounded symmetric error distribution. For regression functions g in a Hoélder
class of order 3, we obtain the rate ((logn)/n)?(@#+1) Thus, for tail index o € (0,2) of the
error distribution, the rate is faster than the typical rate one has in mean regression models
with regular errors. For pointwise and LP-rates of convergence, it has been known in the
literature that faster rates are possible for nonparametric regression estimation in models
with irregular error distribution, see e.g. Gijbels and Peng (2000), Hall and Van Keilegom
(2009), or Miiller and Wefelmeyer (2010).

The uniform rate of convergence for the regression estimator enables us to derive asymp-
totic expansions for residual-based empirical distribution functions and to prove weak conver-
gence of the residual-based (sequential) empirical distribution function. We state conditions
under which the influence of the regression estimation is negligible such that the same results
are obtained as in the case of observable errors. We apply the results to derive goodness-
of-fit tests for parametric classes of error distributions. Asymptotic properties of residual
empirical distribution functions in mean regression models were investigated by Akritas and
Van Keilegom (2001), among others. As the regression estimation strongly influences the
asymptotic behavior of the empirical distribution function in these regular models, asymp-
totic distributions of goodness-of-fit test statistics are involved, and typically bootstrap is
applied to obtain critical values, see Neumeyer et al. (2006). In contrast, in the present
situation with an irregular error distribution, standard critical values can be used.

In nonparametric frontier models, Wilson (2003) discusses several possible tests for as-
sumptions of independence, for instance independence between input levels and output in-
efficiency. Those assumptions are needed to prove validity of bootstrap procedures and are
thus crucial in applications, but they may be violated; see Simar and Wilson (1998). Wil-
son (2003) points out the analogy to tests for independence between errors and covariates
in regression models, but no asymptotic distributions are derived. Tests for independence
in nonparametric mean and quantile regression models that are similar to the test we will
consider are suggested by Einmahl and Van Keilegom (2008) and Birke et al. (20164).

There is an extensive literature on regression with one-sided error distributions and sim-
ilar models (in particular production frontier models) which assume monotonicity of the
boundary function, see Gijbels et al. (1999), the literature cited therein and the monotone
nonparametric maximum likelihood estimator in Reiff and Selk (2016+). Monotonicity of
a production frontier function in each component is given under the strong disposability
assumption, but may often not be fulfilled; see e.g. Fére and Grosskopf (1983). We are
not aware of hypothesis tests for monotonicity or other shape constraints in the context of
boundary regression, but would like to mention Gijbels’ (2005) review on testing for mono-
tonicity in mean regression. Tests similar in spirit to the one we are suggesting here were
considered by Birke and Neumeyer (2013) and Birke et al. (2016+) for mean and quantile
regression models, respectively.

The remainder of the article is organized as follows. In Section 2 the regression model
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under consideration is presented and model assumptions are formulated. The regression
estimator is defined and uniform rates of convergence are given. A smooth modification of
the estimator is considered and uniform rates of convergence for this estimator as well as its
derivative are shown. In Section 3 residual based empirical distribution functions based on
both regression estimators are investigated. Conditions are stated under which the influence
of regression estimation is asymptotically \/n-negligible. Furthermore, an expansion of the
residual empirical distribution function is shown that is valid under more general conditions.
In Section 4 goodness-of-fit tests for the error distribution are discussed in general and in
some detailed examples. We investigate the finite sample performance of the tests in a small
simulation study. We further discuss hypotheses tests for independence of the error distri-
bution from the design points as well as a test for monotonicity of the boundary function.
All proofs are given in the appendix.

2 The regression function: uniform rates of conver-

gence
We consider a regression model with fixed equidistant design and one-sided errors,

Vi = g(i)+e, i=1,...,m, (2.1)
under the following assumptions:

(F1) The errors ey,...,¢, are independent and identically distributed and supported on
(—00,0]. The error distribution function fulfills

Fly) =1=cyl* +r@y), y<0,
for some a > 0, with 7(y) = o(|y|*) for y 0.

(G1) The regression function g belongs to some Hoélder class of order § € (0,00), i.e. g is
| B]-times differentiable on [0, 1] and the |3]-th derivative satisfies

C, .=— Su < 0OQ.
A S P | T
t#£x

In Figure [I| some scatter plots of data according to model (2.1) are shown for different
tail indices a of the error distribution.

Remark 2.1 Strictly speaking, we consider a triangular scheme in (2.1)), and the errors ¢,
depend on n too, as the ith regression point i/n varies with n. For notational simplicity, we

suppress the second index, because the distribution of the errors does not depend on n. B

4



Figure 1: Scatter plots of (%,Y}), i = 1,...,n, and the true regression function g(xr) =
—3(z — 0.4)>. The error distribution is Weibull F(y) = exp(—(|y|/0)*)I(—00.0)(y) + Lj0,00)(y)
with scale 0 = 0.3 and shape parameter o.

We consider an estimator that locally approximates the regression function by a polyno-
mial while lying above the data points. More specifically, for z € [0, 1], let
gn(z) := g(z) := p(z)
where p is a polynomial of order [/5]| — 1 and minimizes the local integral
z+hy
/ p(t) di (2.2)
z—hn

under the constraints p(Z) > Y; for all j € {1,...,n} such that |2 — z| < h,. For the
asymptotic analysis of this estimator, we need the following assumption:

(H1) Let (hn)nen be a sequence of positive bandwidths that satisfies lim,, o h, = 0 and
lim,, o nh,/logn = co.

We obtain the following uniform rates of convergence.

Theorem 2.2 In model (2.1), under the assumptions|[(F1),[(G1), and[(H1), we have

. | log hy, |\ 1/

swp  [g(w) — g(@)] = O +Op (o) ).
z€[hn,1—hnp) nhn

Note that the deterministic part O(h#) arises from approximating the regression function

by a polynomial, whereas the random part originates from the observational error. Balancing

the two sources of error by setting h, =< ((logn)/ n)ﬁ gives

awp () — gl)] = On (£ 7). 23

2€[hn,1—hy] n

(Here a,, < b, means that 0 < liminf,_, |a,/b,| <limsup,,_, |a,/b,| < 00.)
This result is of particular interest in the case of irregular error distributions, i.e. a €
5
(0,2), when the rate improves upon the typical optimal rate Op(((logn)/n)2+1) for esti-

mating mean regression functions in models with regular errors.
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Remark 2.3 Jirak et al. (2014) consider a similar boundary regression estimator while
replacing the integral in by its Riemann approximation Y_" p(£)I{|£ —z| < h,}. In
particular, they use the Lepski method to construct a data-driven bandwidth that satisfies
hy, =< ((logn)/ n)ﬁ in probability. For this modified estimator, we obtain the same uniform
rate of convergence as in Theorem by replacing Proposition in the proof of Theorem

by Theorem 3.1 in Jirak et al. (2014). W

Remark 2.4 For Hélder continuous regression functions with exponent 5 € (0, 1] the es-
timator reduces to a local maximum, i.e. §(z) = max{¥; | i = 1,...,ns.t. [ — 2| < h,}.
In this case we obtain the rate of convergence as given in Theorem uniformly over the
whole unit interval. B

Remark 2.5 Miiller and Wefelmeyer (2010) consider a mean regression model Y; = m/(X;)+
ni, © = 1,...,n, with symmetric error distribution supported on [—a,a] (with a unknown);
see the left panel of Figure 2] The error distribution function fulfills F(a —y) ~ 1 — y* for
y \¢ 0. The local empirical midrange of responses, i.e.

(o) = 5 uin, ¥+ gpex, )

|X;—|<hn |1X;—|<hn

is shown to have pointwise rate of convergence O(h?) + Op((nh,)~'/%) to m(z) if m is
Holder continuous with exponent 8 € (0,1]. Theorem enables us to extend Miiller’s
and Wefelmeyer’s (2010) results in two ways (in a model with fixed design X; = £): we
consider more general Holder classes with general index § > 0, and we obtain uniform rates
of convergence. To this end, we use the mean regression estimator m = (§ — §)/ 2 with g as
before and § defined analogously, but based on (%, —Y;), i =1,...,n; see the right panel of
Figure 2| The rates obtained for sup .y, -5, |M(z) — m(z)| are the same as in Theorem

22 m

mean regression with symmetric compactly supported error mean regression: boundary curves

Figure 2: Ezample for data as in Remark[2.59.



Remark 2.6 For g € (1,2], Hall and Van Keilegom (2009) consider the following local

linear boundary regression estimator:

g(x) = inf {ao

(g, 00) ER?:Y; < g+ oy (% —x)Vz' e{l,...,n} s.t. }% —a:’ < hn}
(2.4)
+hhnh(ao + ay(t — x)) dt = 2aph,, this estimator coincides with ¢ for 8 € (1,2].
However, in the case § > 2 replacing the linear function in by a polynomial of order

T
Because of fx

[8] — 1 renders the estimator § useless. One obtains §(z) = —oo for z ¢ {L | j=1,...,n}
while §(£) =Y}, j =1,...,n. This was already observed by Jirak et al. (2014). B

Note that typically the estimator ¢ is not continuous. One might prefer to consider
a smooth estimator by convoluting ¢ with a kernel. Such a modified estimator will also
be advantageous when deriving an expansion for the residual based empirical distribution

function in the next section. Therefore we define

o= | ek (52 ) 25

and formulate some additional assumptions.

(K1) K is a continuous kernel with support [—1,1] and order |3 + 1, ie. [ K(u)du = 1,
JuK(u)du = 0Vr =1,...,|8]. Furthermore, K is differentiable with Lipschitz-

continuous derivative K’ on (—1,1).
(B1) The sequence (by,)nen of positive bandwidths satisfies lim,, ., b, = 0.

o(bi%) if § <24

oby PTVARTDY G § > BoL

(B2.9) hg + <loin>1/a - 0(b;1+25)v(3—(6—1)(1/5—1))) _ {
nhy

Here we assume that the parameter o, which quantifies the minimal required smoothness of
the estimator of ¢’, lies in (0,1 A (8 —1)). For example, if § < 3 and the optimal bandwidth
R, < ((logn)/n)Y @1 is chosen, then (B2.4) is fulfilled with 6 = (3 —1)/2 for any b,, that
satisfies h,, = o(b,).

The estimator g is differentiable and we obtain the following uniform rates of convergence
for g and its derivative §’.

Theorem 2.7 If the model assumptions (2.1)), with B > 1, and
hold, then for I, = [hy, + by, 1 — hy, — by

() sup 3(a) — g(a)| = Ob2) + O(h) + 0 ((L2E21) )

z€l, nhn

(i) sup [§/(x) () = O3") + 0 (5712) + 0p (7 (128121y Y,

zeln, nhn
If K2 + (logn/(nh,))V® = o(by), then sup,c; |3/ (z) — ¢'(x)] = op(1); in particular this
holds if (B2.9) is fulfilled for some 6 € (0,1 A (8 —1)).
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(iii) For all§ € (0,1 A (B — 1)), under the additional assumption (B2.4),

~/ o Y /
sp 22— g(@) gé(y) +9Wl _ op(1).
x,y€ln, o7y |z =y

3 The error distribution

3.1 Estimation

In this section we consider estimators of the error distribution in model (2.1). For the

asymptotic analysis we need the following additional assumption.
(F2) The cdf F of the errors is Holder continuous of order av A 1.

We define residuals é; = Y; — g(%), and a resulting modified sequential empirical distri-

bution function by

|ns

A

J
1 ‘
"oi=1

where m,, = #{i € {1,...,n} | hy, < £ <1—h,} =n— |nh,] — [nh,]. We consider the
sequential process, because it will be useful for testing hypotheses in section [d] With slight
abuse of notation, let F,(y) = F,,(y, 1) denote the corresponding estimator for F(y).

We first treat a simple case where the influence of the regression estimation on the residual
empirical process is negligible. To this end, let F}, denote the standard empirical distribution
function of the unobservable errors €1, ..., ,. Furthermore, define 5, = ([n(sA(1—hy,))] —
[n(s A hy)])/m, and interpret 5,/|ns]| as 0 for s = 0. Note that 5, =1if s =1and s, — s
as n — 00, for each fixed s.

Theorem 3.1 Assume that the conditions[(F1), [(G1), and[(F2) are fulfilled with 3 > 1.
Furthermore, assume % <a<2-— % and h, =< ((logn)/n)" @+ Then we have

sup | F, (Y, 8) = S0 Flns) ()| = 0p(n™'7?).
yER,s€[0,1]

Thus the process {\/n(Fu(y,s) — 5.F(y)) | s € [0,1],y € R} converges weakly to a Kiefer
process K, a centered Gaussian process with covariance function ((s1,v1), (S2,42)) — (s1 A

s2)(F(y1 Aya) — F(y1) F(y2)).

Remark 3.2 The assertion of Theorem [3.1|holds true under the following weaker conditions
on the (possibly random) bandwidth:

h, = op (n_l/(Z(O‘M)B)), n V2 ogn = op(hy,). (3.1)
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In particular, one may use the adaptive bandwidth proposed by Jirak et al. (2014).

Condition can be fulfilled if and only if % <a<2-— %, which in turn can be satisfied
for all o € (0,2), provided the regression function ¢ is sufficiently smooth. It ensures that
one can choose a rate a, of larger order than the uniform bound on the estimation error

established in Theorem [2.2] such that

[Fy +an) = Fy)l = O(ax™) = o(n”?). ®

n

Remark 3.3 Theorem [3.1) implies that for a € (1/8,2 — 1/3) the estimation of the regres-
sion function has no impact on the estimation of the irregular error distribution. This is
remarkably different from corresponding results on the estimation of the error distribution
in mean regression models with regular error distributions. Here the empirical distribution
function of residuals, say F),, is not asymptotically Vv/n-equivalent to the empirical distribu-
tion function of true errors. The process /n(F, — F) converges to a Gaussian process whose
covariance structure depends on the error distribution in a complicated way; cf. Theorem 2
in Akritas and Van Keilegom (2001). In the simple case of a mean regression model with

equidistant design and an error distribution F’ with bounded density f one has

VAE) = Fu) = T2 S e+ onl)

uniformly with respect to y € R when the regression function is estimated by a local poly-
nomial estimator, under appropriate bandwidth conditions (see Proposition 3 in Neumeyer
and Van Keilegom (2009)). H

1
B’
a finer analysis is needed. In what follows, we will use the smooth regression estimator
g defined in 1) Let F, denote the empirical distribution function based on residuals

& =Y;— (), ic

In order to obtain asymptotic results for estimators of the error distribution for a > 2—

Fuly) = —— Y& < b € 1)

where I, = [hy, + 0y, 1 — by — by and m, = #{j € {1,...,n} | by +b, <2 <1 —hy, —b,} =
n —2[n(h, +b,)] + 1. Then the following asymptotic expansion is valid.

Theorem 3.4 If the conditions [(F1), [(F2), [(G1) with 8 > 1, [(H1), [(K1), [(B1), and
(B2.9) for some § € (1/a— 1,1 N (S — 1)) are fulfilled, then

n

Fuo) = 3 e < bt 3 (F (5 (3= 9)(2) = F) THE € Lb+on( =) (32

Jj=1

uniformly for all y € R.



Remark 3.5 One can choose bandwidths h,, and b,, such that the conditions ,
and (B2.4) are fulfilled for some § € (1/a—1,1A (5 —1)) if this interval is not empty, which
in turn is equivalent to a > 1/(8 A2). Thus the expansion given in Theorem [3.4]is also valid
for regular error distributions.

If one assumes (B2.6§) for some § € (0,1 A (8 —1)), but drops the condition § > 1/a—1 and,
in addition, replaces with the assumption that F' is Lipschitz continuous on (—oo, K]
for some k < 0, then expansion still holds uniformly on (—oo, ] for all & < k. In
particular, this holds if F' has a bounded density on (—oo, x|. B

Next we examine under which conditions the additional term in depending on the
estimation error is asymptotically negligible. We focus on those arguments y which are
bounded away from 0, because in this setting weaker conditions on a and [ are needed.
Moreover, for the analysis of the tail behavior of the error distribution at 0, tail empirical
processes are better suited and will be considered in future work.

Note that the estimator g tends to underestimate the true function because it is defined
via a polynomial which is minimal under the constraint that it lies above all observations
(¢/n,Y;), which in turn all lie below the true boundary function. As this systematic under-
estimation does not vanish from (local or global) averaging, we first have to introduce a bias
correction.

Let E,=o denote the expectation if the true regression function is identical 0. For the
remaining part of this section, we assume that £,=((g(1/2)) is known or that it can be esti-
mated sufficiently accurately. For example, if the empirical process of residuals shall be used
to test a simple null hypothesis, then one may calculate or simulate this expectation under
the given null distribution. We define a bias corrected version of the smoothed estimator by

(@) = g(x) — Eg=0(9(1/2)),

for x € I,. The following lemma ensures that the above results for g carry over to this
variant if the following condition on the lower tail of F' holds:

(F3) There exists 7 > 0 such that F(—t) = o(t™7) as t — oc.

Lemma 3.6 If model (2.1) holds with g identical 0 and the conditions [(F1), [(F3), [(G1),
and are fulfilled, then for all € [hy, 1 — hy)

Eyeo(l3a(@)) = Eymo(lia(1/2)) = 0 (222) ).

nhy,

We need some additional conditions on the rates at which the bandwidths h,, and b,, tend
to 0:

(H2) h, = o(n™ V) An=te8D) - pe/i=log n = o(hy,)
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(B3) b, = O<n—1/(2ﬂ) A <h;25n‘1) A ((IZZZ)Z/QH_ID

In particular, these assumptions ensure that the bias terms of order h? + b are of smaller
order than n~/2 and (nh,)~"/* and hence asymptotically negligible, and that quadratic
2

terms in the estimation error are uniformly negligible, that is, sup,¢; |g5(z) — g(x)
op(n=1/?%).

Theorem 3.7 Suppose the model assumptions (2.1) with o € (0,2), 8 > 1, |(F1), |(F3)
(G1), [(H1), [(H2), (K1), [(B1), (B2.5) for some § > 0, and [(B3) hold and F has a

bounded density on (—oo, k| for some k < 0. Then

LSS F (4 @3- 0)(3) — F) 1L € 1)

n

sup = op(n~1?).

yE(—OO,/{]

j=1
Remark 3.8 The conditions on h,, and b, used in Theorem can be fulfilled if and only

if @« < 28 — 1. In particular, this theorem is applicable if § > 3/2 and the error distribution
is irregular, i.e., & < 2. A possible choice of bandwidths is

1 26 —1
b, = (n71/(25) A nfl/(aﬂﬂ))/logn, b, =< n > for some \ € <ﬁ, aﬂﬁ—k ] A gozﬁ ) u

We obtain asymptotic equivalence of the empirical process of residuals (restricted to

(—00, k]) to the empirical process of the errors. To formulate the result, let F* be defined
analogously to F),, but with § replaced by §*.

Corollary 3.9 Under the assumptions of Theorems and we have SUPye (oo ) |E*(y)—
Fu(y)| = op(n=Y2). Thus the process (v/n(EF:(y) — F(Y)))ye(—oon converges weakly to a
centered Gaussian process with covariance function (y1,y2) — F(y1 A y2) — F(y1)F(y2),
Y1, Y2 € (—OO, Ii].

Note that for the Corollary one needs the condition 1/(fA2) < a < (28 —1)A2.

4 Hypotheses testing

4.1 Goodness-of-fit testing

Let F = {Fy | ¥ € ©} denote a continuously parametrized class of error distributions such
that for each ¥ € ©, Fy(y) = 1 — cply|* + ry(y) with ry(y) = o(Jy|*?) for y 0. Our aim is
to test the null hypothesis Hy : F' € F. We assume that ay € (1/8,2 —1/p) for all ¥ € ©,
such that Theorem can be applied under Hy. Let ¥ denote an estimator for ¥ based
on residuals &; = Y; — g(%), 1 =1,...,n. The goodness-of-fit test is based on the empirical
process

Suly) = Vn(Fuly) — Fy(y), yE€eR,
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where, as before, F,,(y) = F,,(y,1). Under any fixed alternative that fulfills for some «,
g still uniformly consistently estimates g, and thus F,, is a consistent estimator of the error
distribution F. If ¥ converges to some ¥* € © under the alternative, too, then a consistent
hypothesis test is obtained by rejecting H, for large values of, e. g., a Kolmogorov-Smirnov
test statistic sup,cg [Sn(y)|- Note that under Hy it follows from Theorem [3.1] that

Su(y) = Vn(Fu(y) — Fo(y)) — Vn(Fy(y) — Fu(y)) + op(1),
where ¢ denotes the true parameter. We consider two examples.

Example 4.1 Consider the mean regression model Y; = m(%) +n;, 0 = 1,...,n, with
symmetric error cdf F and 3 > 1, and define 1 with some bandwidth h,, =< ((logn)/n)"/(@+1)
as in Remark [2.5] We want to test the null hypothesis Hy : FF € F = {Fy | ¥ € ©} for

some © C (0, 00), where Fy denotes the distribution function of the uniform distribution on

[—9, 9] (with ay = 1 for all ¥ > 0). Define residuals 7; = Y; — (%), i =1,...,n, and let
Un = max (nhngr?ganx—nhn by S, ni) T b St 7]

Then |9, — 9| is bounded by | max,s, <icnnn, [1:| — 9] + SUDye(h, 1—hy) [T(T) — m(x)] =
op(n™Y2). Since Fy(y) = L I_g.5(y) + L) (y), one may conclude sup,eg |Fj (y) —
Fs(y)| = op(n~'/2). Thus the process S, converges weakly to a Brownian bridge B composed
with F'. The Kolmogorov-Smirnov test statistic sup,cg |S,(y)| converges in distribution to
SUPyepo1] | B(?)|. Thus although our testing problem requires the estimation of a nonpara-
metric function and we have a composite null hypothesis, the same asymptotic distribution
arises as in the Kolmogorov-Smirnov test for the simple hypothesis Hy : F' = F, based on

an iid sample with distribution F'. W

Example 4.2 Again assume that the Holder coefficient [ is greater than 1. Consider the
null hypothesis Hy : F € F = {Fy | ¥ € (0,00)}, where Fy(y) = e~ I _ . 0)(y) + Ijp.00) (¥)
denotes a Weibull distribution with some fixed shape parameter o € (1/5,2 — 1/3) and
unknown scale parameter 9. Note that F} satisfies with ¢ = 9.

1

@

Define the moment estimator 9, = <mln > (=€) I {h, < L<1— hn}>7 which is
motivated by Ey[(—e1)*] = 9~*. A Taylor expansion of x — % at © = —¢; yields
. . 1 < j
Py =0 = —(@u0) (== Y (=) =0y < L <1 by
g (00 (G (e = 97N < <1 )

F S e (o) — o)) < L <1 )

S (e = ) < L < 1= R} 4 0m, (07

J=1

— _192O‘i

n
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= OPﬂ (n71/2>

for some &; between é; and ¢;, where in the last steps we have applied Theorem , the law
of large numbers and a central limit theorem.

Fee P —(z—2)e | =eF|erF—1— (2 —2)| < e (2 — 2)%

For all z, Z € R one has |e
Thus

— €

|Fy (y) — Faly) — e (02 — 92)?| < e~ O (o — 92)(—y)*)? = Op, (n7)

uniformly for all y € (—o00,0]. Now analogously to the proof of Theorem 19.23 in van der

Vaart (2000) we can conclude weak convergence of

Suly) = VA(Fuly) — Fly)) — 92— fz o) <L < 1)
+OP79(1>7

y € R, to a Gaussian process with covariance function (y1,y2) — Fy(y1 Aya) — Fy(y1) Fy(y2) —
e~ ("D WiHuE) (1, 49)*9?*, where the covariance function follows by simple calculations and
the fact that Ey[I{e; < y}((—e1)® —07)] = (—y)e )",

For the special case of a test for exponentially distributed errors (o = 1), the asymptotic
quantiles for the Cramér-von-Mises test statistic [ .S,(y)*dF; (y) are tabled in Stephens
(1976). &

Simulations

To study the finite sample performance of our goodness-of-fit test, we investigate its be-
haviour on simulated data according to Examples [4.1] and [4.2 for samples of size 50, 100, 200
and 500. In both settings the regression function is given by g(z) = 0.5sin(27x) + 4x. We
use the local linear estimator (corresponding to § = 2) with bandwidth n~%, which is up
to a log term of optimal rate for « = 1 and § = 2 The hypothesis tests are based on the
adjusted Cramér-von-Mises test statistic 2= [ .S, ( (y) and have nominal size 5%. The
results reported below are based on 200 Monte Carlo s1mulations for each model.

In the situation of Example [i.1] the errors are drawn according to the density f.(y) =
0.5(¢+1)(1 — |y|)*I=1.1)(y) for different values of ¢ € (—1,0] . Note that the null hypothesis
Hy : 30 : g ~ U[—9,9] holds if and only if ( = 0. Figure |3 shows the empirical power of
the Cramér-von-Mises type test. The actual size is close to the nominal level for all sample
sizes and the power function is monotone both in ¢ and the sample size n. For parameter
values ¢ € [—0.2,0), one needs rather large sample sizes to detect the alternative, as the error
distribution is too similar to the uniform distribution.

In the setting of Example we simulate Weibull(d, ) distributed errors for ¢ = 1
and different values of @ > 0. We test the null hypothesis Hy : 30 : —g; ~ Exp(d) of

13



exponentiality, which is only fulfilled for o = 1. In Figure 4] the empirical power function of
our test is displayed for different sample sizes. Again the actual size is close to the 5% and
the power increases with a departing from one as well as with increasing n.

To examine the influence of the bandwidth choice, in addition we have simulated the
same models with h, = ¢-n~3 for different values of ¢ ranging from ¢ = 0.2 to ¢ = 1.2. The
results for the test of uniformity in Example [4.1] are similar to those displayed in Figure
for all these bandwidths. In the situation of Example [4.2] we obtain similar power functions
as reported above for ¢ between 0.8 and 1.2, whereas for smaller bandwidths the actual size

of the test exceeds its nominal value substantially.

S - $\¢ t—
A\" +\ > n=50
-4 n=100
o \ - =200
@ | ~ n=500
\
>
= \
o
8 \
o
5 \
bt \
@ x
o
B A\o\rix
g i
—6.8 —6.6 —6.4 —6.2 OEO

Figure 3: Monte-Carlo simulations for Example [4.1

4.2 Test for independence

In model we assume that the distributions of the errors ¢; (i = 1,...,n) do not depend
on the point of measurement z; = i/n. We can test this assumption by comparing the se-
quential empirical distribution function F,(y, s) for the residuals with the estimator 5, F, (y),
which should behave similarly if the errors are iid. The following corollary to Theorem
describes the asymptotic behavior of the Kolmogorov-Smirnov type test statistic

Tn - Sup \/E|Fn(y7 S) - gnﬁn(yﬂ

s€[0,1],yeR
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Figure 4: Monte-Carlo simulations for Example 4.2

under the null hypothesis of iid errors.

Corollary 4.3 Assume model with|(F1),|(F2), [(G1), and 5 < a <2 — 5. Choose a
bandwidth h, < ((logn)/n)'/ (@1,

Then T, converges in distribution to supyeo 1) .eo,1) |G(8,2)| where G is a completely

tucked Brownian sheet, 1.e. a centered Gaussian process with covariance function

((s1,21), (S2,22)) > (51 A\ Sg — $152)(21 A 29 — 2129).

The proof is given in the appendix. Note that under the assumptions of the corollary the
limit of the test statistic T;, is distribution free. The asymptotic quantiles tabled by Picard
(1985) can be used to determine the critical value for a given asymptotic size of the test.

4.3 Test for monotone boundary functions

We consider model (2.1)) and aim at testing the null hypothesis
Hy: g is increasing,

which is a common assumption in boundary models. Let g denote the smooth local poly-
nomial estimator for g defined in (2.5). Such an unconstrained estimator can be modified

15



to obtain an increasing estimator g;. To this end, for any function A : [0,1] — R define the
increasing rearrangement on [a,b] C [0,1] as the function I'(h) : [a,b] — R with

T(h)(z) = inf {z eR (a+ /b I{h(t) < 2} dt > x}

Denote by I',, the operator I' with [a,b] = I,,. We define the increasing rearrangement of
g as g; = I'(g), so that g; = ¢ if g is nondecreasing (see Anevski and Fougeres, 2007,
and Chernozhukov et al., 2009). We now consider residuals obtained from the monotone
estimator: €;; =Y; — f][(%), ¢t = 1,...,n. Under the null hypothesis, these residuals should
be approximately iid, whereas under the alternative they show a varying behavior for % in
different subintervals of [0, 1]. For illustration see Figure |5| where we have generated a data
set (upper panel) with true non-monotone boundary curve g (dashed curve). The solid curve
is the increasing rearrangement g;. The lower left panel shows the errors ¢;, i = 1,... n,
with iid-behaviour. The lower right panel shows e;; = Y; — gl(%), t=1,...,n, with a clear

non-iid pattern.

Figure 5: The upper panel shows data points and the true boundary function (dashed curve)
as well as the increasing rearrangement (solid curve). The lower left panel shows the errors.
The lower right panel shows residuals built with respect to the increasing rearrangement.
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Similarly as in Subsection 4.2 we compare the sequential empirical distribution function

|ns

J
- 1 N ;
F[’n(y78> = m_ Zl{gj’j S y}I{% S -[n}
n j=1

based on the increasing estimator g; with the product estimator s,F,(y,1), where again
I, :=[h, +b,,1 —h, —b,] and m,, :=n —2[n(h, +b,)] + 1. Let

Guls,y) = ValFraly, s) = 5.F0(y)), s€[0,1],y e R.
To derive its limit distribution under the null hypothesis, we need an additional assumption:
(I1) Let inf,cpq9'(x) > 0.

Theorem 4.4 Assume model with|(F1), |(F2), |(G1), (K1), [(I1), 8 > 1 and % <
a <2— 4. If hy < ((logn)/n) PV and b, < ((log n) /n)" /7T " then

SUp | Fru(y, $) — 5 Flas) (y)] = 0p(n™'7?). (4.1)

y€eR,s€[0,1]

Thus the Kolmogorov-Smirnov test statistic Supseo 1) yer |G, )|, converges in distribution
to SuPsep1)2e0.1] |G(8, 2)| where G is the completely tucked Brownian sheet (see Corollary

K-

The conditions on the bandwidths can be substantially relaxed; cf. Remark [3.2]

Remark 4.5 A test that rejects Hy for large values of the Kolmogorov-Smirnov test statistic
T, = SUDse0,1),yer |G (s,y)| is consistent. To see this note that by Theorem 1 of Anevski and
Fougeres (2007), sup,¢; |gr(x) — 91(X)| < sup,e;, |G(x) — g(x)| = op(1) with g; denoting
the increasing rearrangement of g. Thus n~'/?T,, converges to

/0 “F(y+ (g1 — 9)(@)) dr — sFo(y)|

T = sup
s€[0,1],yeR

Since T' > 0 under the alternative hypothesis g # g;, the test statistic 7;, converges to
infinity. W

A Appendix: Proofs

A.1 Auxiliary results

Proposition A.1 Assume that model (2.1) holds and that the regression function g fulfills
condition for some 5 € (0,5*] and some c, € [0,c*]. Then there exist constants
Lg« o+, Lg« > 0 and a natural number jg- (depending only on the respective subscripts) such

that

g(z) — g(x <L*C*h5+L* max min gil).
9(@) ~ 9@ < Lp- sy B o )

17



This proposition can be verified by an obvious modification of the proof of Theorem 3.1
by Jirak et al. (2014).

Lemma A.2 Under assumptions [(F1) and [(H1) for any fized set I,..., I, of disjoint

non-degenerate subintervals of [—1,1] we have

| log hn\>1/a)'

sup  max min |g| =Op <<
nh,

LEE[hn,l—hn] lsjsm (l/zne,{;’)/;;z}élj
Proof. Let 7, := (|logh,|/ (nhn))l/ “. Obviously it suffices to prove that for all non-

degenerate subintervals I C [—1, 1] there exists a constant L such that

lim P{ sup min  |g;] > Lrn} = 0.

=00 _ ie{l,..., }
€[Nn,1—hny] (i/n—=z)/hnel

Denote by d = sup I —inf I > 0 the diameter of I and let d,, := [nh,d] —1 and [,, :== |n/d,].
Then for all z > 0

P{ sup “min g > a:} < P{ max  min |g| > :1:}
€lhn,l=hn] /S, JE{L,...n—dn} i€{j,....j+dn}
<P{ max Mnl>x}+P{ max Mnl>x}
1€{0,...,In} ’ 1€40,....In} ’
! even ! odd
with
M, = max min g

JE{ldn+1,...,(1+1)dn} i€{j,.... i +dn}
Since the random variables M,, ; for [ even are iid, we have
P{ max Mn,l > x} =1 (1 _ P{Mn,(] > x})Lln/2J+17

lefo,..., In}
| even

and an analogous equation holds for the maxima over the odd numbered block maxima M, ;.
Let G be the cdf of |;|. If M, exceeds x, then there is a smallest index j € {1,...,d,}

.....

dn
P{M,q >z} = P{ min gi| > w} + P{ g1 <z, min gi|l > 3:}
{Mno } ief1,.., 1+dn}’ | J; €51l = i€l j+dn}’ |

= (1= G@)" ' + (dy — )G(2)(1 — G())"*!
< (14 d,G(2))(1 = G(x))™.

To sum up, we have shown that

P{ sup min e > Lrn} < 2(1 - (1 (14 dpG(Lr))(1 — G(Lrn))d”> ”"/2”1)

w€lhn1=hn] ;o
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It remains to be shown that the right hand side tends to 0 for sufficiently large L which is
true if and only if

(1+d,G(Lr,))(1 — G(Lry))*™ = o(1/1,,).

This is an immediate consequence of 1/l,, ~ dh,, and

G(Lry) = cLaM(l +0(1))

nh,,

| log hu,|

— (1—G(Lry))* = exp ( — nhypdeL® (1+ 0(1)))

— (14 doG (L)) (1 — G(Lry)) ™ = o(| log h,|exp (— cdL®|log ha|(1+ 0(1)))) = o(hy)

Ny

if cdL™ > 1. ]

A.2 Proof of Theorem [2.2

The assertion directly follows from Proposition and Lemma [A.2] 0

A.3 Proof of Theorem 2.7

(i) Using Theorem [2.2] a Taylor expansion of g of order |3 and assumption [[(K1)| one can
show by direct calculations that for some 7, € (0,1)

[ a0 - sk (5

sup |g(z) — g(x)| < sup

z€ly, z€ely,
1=hn 1 T —z
rowp | [0 - teg-r (52
xzel, hn bn bn
1
< sup |9(2) — g(2)[O(1) + sup / (9(z — uby) — g(2)) K (u) du
2€[hn,1—hy) xely |J—-1
< O(hﬁ) +0 ((M)‘i)
- " F nh,
1
+brLfJ sup L/ wlbl (g(LBJ)(x — Tauby) — g(W)(x))K(u)du )
z€ly, |_5J' -1

Now the Holder property of g combined by yields the desired result.

(ii) Since g is bounded on [hy,,1 — hy] and sup,ep, 1-4,119() — g(x)| = op(1), g is
eventually bounded on [h,,1 — h,] too. Note that the partial derivative of g(z)b; 'K ((z —
z)/b,) with respect to x is continuous and bounded (for fixed n). Thus we can exchange
integration and differentiation and obtain

1=hn 1 ,rx—=z ;
| s (7 )a = g,

19
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Integration by parts yields
1—-h 1-h
" 1 ., (x—=z B 01 T —z
/n g(z)@K ( b )dz = /n g(z)an( » )dz
since K(—1) = K(1) = 0. Therefore
1=hn R 1 T — 2z
[ a6 - sengr (5 a
1=hn 1 Tr—2z
[ e - gk (5 e
hn n n

([(d@—um%—d@DKOOML

1

sup |§'(z) — ¢'(x)| < sup

xel, z€ly,

+ sup

x€l,

< sup  g(2) = 9(2)[O(b,") + sup
2€[hn,1—hy] zely,

Similarly as in the proof of (i), assertion (ii) follows by Theorem a Taylor expansion of
g' of order |5] — 1 and the assumptions |(K1){and |(G1)

(iii) We distinguish the cases | — y| > a, and |z — y| < a, for some suitable sequence
(@n)nen With lim,, . a, = 0 specified later. In the first case, we obtain

7' (z) —g'(x) = §'(y) + g'(y)]

sup 5
z,y€ln,|lz—y|>an |x - Z/|
< 2sup|§'(z) — ¢'(2)la,°
x€ly,

_ <0(b2—1) + (()(hﬁ) +Op ((' lflg]lh”)“) )b,;l) ad. (A1)

In the second case, we use a decomposition like in the proof of (ii):

19'(x) — g'(x) — §'(y) + 9'(y)|

sup 5
z,y€ln,0<|z—y|<an ’[IZ’ - y’
—hn /A T—2z —z
o6 — g0 (W (52) - K (%)) ¢4
< sup - 5
z,y€ln,0<|z—y|<an ’17 - y’
1—hn T—2 —z
9'(x) — ¢'(3) oG (K (57) - K (%)) &4
+ sup ——F—=—+ sup 5 .
z,y€ln |I - y| z,y€ln |x - y|
0<]z—y|<an 0<|z—y|<an

By Lipschitz continuity of K’ and Theorem 2.2} the first term on the right hand side is of

the order
log hy, |\ & 1 _
(0(h§)+op((| = |) ))6—30(a; 9. (A.2)

For 8 > 2, the second term is of the order al= as ¢’ is Lipschitz continuous, while for

B € (1,2) assumption yields the rate a®~17°. In both cases, condition (B2.d) ensures

20



that the second term converges to 0.
The last term on the right hand side can be rewritten as

" 406/ = ) = f (g — ) K () o

0
z,y€ln ‘I - y‘
0<|z—y|<an

and is thus of the same order as the second term by assumption [(G1)
To conclude the proof, one needs to find a sequence a,, = o(1) such that (A.1)) and (A.2)
tend to 0 in probability, i.e.

Un
by

=o(a’) and a1 7° = 0<§>

bt

with 4, := b2 + (] log h,,|/(nh,))**. Obviously, such a sequence a,, exists if and only if

o (2)),

which in turn is equivalent to condition (B2.9). O

A.4 Proof of Theorem 3.1

The assumptions about « ensure that 5/(af + 1) > 1/(2(a A 1)), and so in view of (2.3))

(2(anl))

the uniform estimation error of § is stochastically of smaller order than n="/ . Hence

there exists a sequence
1
a, = o(n 2@AD) (A.3)
such that
P( sup  |g(z) —g(z)] < an) — 1.

xE[hn,1—hn] o
Let Fo(y, ) = - ZJLEJ Hej <y}{h, <L <1-h,}. Since

[ns)
Fuly,s) = m—zl{ﬁj <y+ (=)D H{hy <L <1}

n ]:1

we may conclude

\/E(F’ﬂ(y — Qn, 8) - gnFLnsj (y)) \/ﬁ(ﬁn(y7 S) - gnFLnsJ (y))

< V(F(y 4 an, 8) — 50 Flns) (1))

IN

for all y € R and s € [0, 1] with probability converging to 1.
We take a closer look at the bounds. The sequential empirical process

[ns)
Eu(y,s)=n""Y (I{e; <y} - F(y), yeRsel0,1], (A4)

J=1
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converges weakly to a Kiefer process; see e.g. Theorem 2.12.1 in van der Vaart and Wellner
(1996). Now, n ~ m,,, the asymptotic equicontinuity of the process E,,, the Hélder continuity

and imply
\/ﬁ (Fn(y + Qs 8) - gnFLnsj (y))
_ mi@n(y a5 A (L= hn)) = En(ys s AL = Rp)) — En(y = an, s A h) + En(y, s A hn)>
+ \/ﬁgn(F(y + an) - F(y)) + \/E(Fn(yv S) - gnFLnsJ (y))
= 0P<1) + \/E(Fn<y’ 3) - gnF\_nsJ (y))

uniformly for all y € R, s € [0, 1].
It remains to be shown that

nsj . [ns]
- iz (e <o) = Fo) I < 2 <12,y = Y2 IUCEERT)

_ (ﬂ . 1) (Eu(y,s A (1= hy)) = Euly, s A hy))

- (2 )
+ (Eu(y,s A(1 = hy)) = En(y, s Ahy) — En(y, 5)) (A.5)

tends to 0 in probability uniformly for all y € R, s € [0, 1].

The first term vanishes asymptotically, because FE,, is uniformly stochastically bounded
and n ~ m,,.

Next note that s, = 0 for s < h,,, while for s > h,,

w5 IsAQ=h)l—lnh | Ofuhy)
|ns] (1 —2h, + O(n=1))|ns| (1 —=2h,+O(n=1))|ns]’

(A.6)

which is uniformly bounded for all s € [h,, 1] and tends to 0 uniformly with respect to s €
[h,ll/ 2, 1]. Moreover, E, is uniformly stochastically bounded and sup,__ <hl/2 R |En(y,s)| =
op(1), because F, is asymptotically equicontinuous with £, (y,0) = 0. Hence, the second
term in (A.5]) converges to 0 in probability, too. Likewise, the convergence of the last term
to 0 follows from the asymptotic equicontinuity of F),,, which concludes the proof. O

A.5 Proof of Theorem [3.4 and of Remark [3.5]

For any interval / C R and constant £ > 0, define the following class of differentiable
functions:

O = {d T — R‘ max{srlg)ld(:c)\,ig) |d'(z)], sup M} < k} :

z,yel,x#y |I‘ - y|5
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Then Theorem yields P((g — g) € 01172‘5([”)) — 1 as n — oo. Hence there ex-
ist random functions d,, : [0,1] — R such that d,(z) = (§ — ¢g)(x) for all x € I, and
P (d, € C1™°([0,1])) — 1 for n — oo. (For instance, one may extrapolate § — g linearly on
[0, h,] and on [1 — hy, 1].)

On the space F := R x C11([0,1]) we define the semimetric

p((y.d), (y*,d")) = maX{ sup  sup  |F(y+~(z)) — F(y" +~(z))|, sup !d(aﬁ)—d*(ﬂf)!}-
z€[0,1] yeC1H9([0,1]) z€[0,1]

For p = (y,d) € F let

Zuil) = L2116, < y+ AV € 1) - =1 <)

and

Note that

Gy, dy)

= VS ey <y gl/m) + 3/ L/ € )

n .

- @ZF(ZH (G—9)G/n)I{j/n € L.} - %ZI{@- <y} +VnF(y)

my, <

- 1 <& 1 & ~ . .
= ﬁ(Fn(y) - EZI{@ <y} - m—z (Fly+@—-9)(2) - Fy)I{e In})-
j=1 " =1
We will apply Theorem 2.11.9 of van der Vaart and Wellner (1996) to show that the process
(Gn(p))per converges to a (Gaussian) limiting process. In particular, G, is asymptoti-
cally equicontinuous, which readily yields the assertion, because sup,cg p((y, dn), (y,0)) =

SUD,e(0.1] |dn(2)| = 0p(1) and the variance of

Gul1:0) = —= >~ (i = 1)Hes < Y/ € L) = ey <)L £ 1)
tends to 0, implying that G, (y,0) = op(1) uniformly in y. Thus G,(y, d,,) = op(1) uniformly
in y and the assertion holds.

One may proceed as in the proof of Lemma 3 in Neumeyer and Van Keilegom (2009) (see
the online supporting information to that article) to prove that the conditions of Theorem
2.11.9 of van der Vaart and Wellner (1996) are fulfilled. The proof of the first two displayed
formulas of this theorem are analogous. The only difference is that Neumeyer and Van
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Keilegom (2009) assume a bounded error density while we use Holder continuity of F', see
assumption . Next we show that the bracketing entropy condition (i.e., the last displayed
condition in Theorem 2.11.9 of van der Vaart and Wellner, 1996) is fulfilled and that (F, p)
is totally bounded.

To this end, let d¥ < dV, m = 1,..., M, be brackets for C]*°([0,1]) of length 5/ (@
w.r.t. the supremum norm. Accordmg to van der Vaart and Wellner (1996), Theorem 2.7.1
and Corollary 2.7.2, M = O(exp(rkn~2/((1+9(@AD))) brackets are needed. For each m define
FE(y) == n7t > Py + df,(j/n)) and choose yl ., k = 1,..., K = O(n?) such that
EL(yb ) — Fh(yh ) <n? forall k € {1,..., K + 1} with y} o := —o0 and y), ;- := 0.
Define F)| and ), analogously, g} , := v, and denote by 7, ; the smallest ., , larger
than or equal to g% ;. Then F is covered by

Foe ={(,d) € Flihp <y<impdy <d<di}, m=1,...Mk=1.. K

Check that by condition |(F2)

sup [, (y) — F(y)| < supn 1Z|F (y+d (i /n) = F(y + dy,(5/n))|

yEeR yEeR =1

< Lysup|d () — d% (@) < L’ (AT)

z€R

with L denoting the Holder constant of F'. Thus

—ZE[ S }f{ej§y+d(j/n>}—f{ejSy*+d*(j/n)}l]2

IN

’ LS~ Bl1{e, < g+ dSG /) — ey < i+ db (/)]

i=1

< FU(?J%IC) —FL(?J#;J
< NE i) — Fm i)+ 1 Fmr 1) = B i)+ (G k1) — Fo (G )|
< (2+LF)

where the last step follows from (A.7) and the definitions of g, , and 75, ;. Hence we obtain
for the squared diameter of F,,; w.r.t. LY

n

2
Bl s |Zuy,d) — Zuly' 4|

j=1 (y,d),(y*,d*)EFmk

2—ZE[ sup ‘I{ajSy—i—d(j/n)}—]{ajSy*—l—d*(j/n)}}r[{j/ne]n}

(Y*,d*)EFmk

+ — ZE[ sup [{e; <y} —I{e; < }
(y*,d*)EFmk
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< 3(2+ Lp)n*

for sufficiently large n. This shows that the bracketing number satisfies log Njj(n, F, L3) =
O(log M + log K) = O(n~2/(1+9)(@7)) “and the last displayed condition of Theorem 2.11.9
of van der Vaart and Wellner (1996) follows from § > 1/a — 1.

It remains to show that (F,p) is totally bounded, i.e. that, for all n € (0, 1), the space
F can be covered by finitely many sets with p-diameter less than 57. To this end, choose
dl and dY as above. For each m € {1,...,M} and j € {0,...,J = [n 7'}, let s; :=
Jn @) A1 and Fj,,(y) := P(e; < y + dE(s;)), and choose an increasing sequence yj,, 1,
k=1,...,K :=|n7t], such that Fj,(yjmx) — Fjm(Yjmr—1) < nforall k € {1,..., K + 1}
with yjmo = —o00 and yjm k41 = 0o. Denote by 7, 1 < [ < L, all points yjmi, J €
{0,...,J}, m e {l,...,M}, k € {1,..., K}, in increasing order. We show that all sets
Foir i ={(y,d) | 51-1 <y < y,d: < d < dY} have p-diameter less than 57. Check that, for
all 1 <1 < L, one has

sup  sup  |F (g +v(2)) — F(Yi-1 +v(2))|
z€[0,1] yeC o ([0,1])

< max sup max  sup |F(gi+(x) — F(y +v(s;))|

1<§<J 55 g <a<s; 1SmMSM gL <y <qu
HF (@ +(s;5)) — F(i + di(si)| + | F (@ + dby(s5)) = F(fi-1 + d5 (s;))]
| F(Gi—1 + dE(s5)) = F(@i—1 + ()] + [F (G- + 7(s5)) = F(Gi—1 + ~(2))]

< max (sj — sj—)M + 77+ 0+ 0>+ (55 — s5-1)*

< 5.
Therefore, for all (y,d), (y*,d*) € Fou

p((y,d), (y",d"))

< max{ sup  sup [F(+() = PG +()l, sup dij(2) - dhy() |
z€[0,1] v+ ([0,1]) x€[0,1]

< max{5n, n* "V} = 5p,

which concludes the proof of Theorem [3.4]
If we drop the assumption 6 > 1/a — 1 but require F' to be Lipschitz continuous, then
we use brackets for C17(]0, 1]) of length 7 (instead of n* (@) and replace (A.7) with

sup |y (y) = Fy(y)] < supn™ Y |Fy +dy,(j/n) = Fly + dy,(j/n))]

yeR yeR j=1

< Lpsup|dy,(z) — dy, ()| < Lpn’
z€R

with Lp denoting the Lipschitz constant of F' to prove log Njj(n, F, Ly) = O(n=2/0+9)),
which again yields the third condition of Theorem 2.11.9 of van der Vaart and Wellner
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(1996). Likewise, in the last part of the proof, one defines s; := jn A 1 and replaces (A.8)
with maxy<j<g [(Sj — ijl) -+ 772 + n + 772 -+ (Sj - ijl)} S 5?7 O

In the remaining proofs to Section (3 we use the index n for the estimators to emphasis
the dependence on the sample size and to distinguish between estimators and polynomials
corresponding to a given sample on the one hand and corresponding objects in a limiting
setting on the other hand.

A.6 Proof of Lemma [3.6

Proposition and the proof of Lemma show that there exist constants d,d > 0
depending only on § and ¢, such that E(j,(z)) < dE(M,o) and P{M,, > t} < (1+
dnh, (1 — F(=t)))(F(=t))™" for all t > 0.

Let a, := a(logn/(nh,))"/ for a suitable constant a > 0 and fix some ¢, > 0 such that
(1—F(—t))/(ct*) € (1/2,2) for all t € (0,%y]. Then

E(Mn,O)

= / P{Mmo > t} dt
0

S ant /to (1+ dnh, (1 = F(=)))(F(=t))™"" dt + (1 + dnhs,) /OO((F(—t))d”h” dt.

to

Now, for sufficiently large n,

/to (14 dnh,(1 — F(—t)))(F(=t))"" dt

dnhy,

to c
< e _ Tia
< /a (1 + 2cdnhy,t )(1 5t ) dt
to c
< (14 20d)nhn/ 1% exp ( — §dnhnta> dt
ta
< (1+20d)nhnt—0/0
a

a
A,

exp ( — gdaa log n)

exp ( — gdnhnu> du

< 2(1 4 2ed)nhyto

acdnh,
= o(n™%)

for all £ > 0 if a is chosen sufficiently large. Hence the assertion follows from [(H1) and |(F3)|

which imply

/W(F(—t))d"hn dt < nhy,((F(—t))™" 4 /OO t=dmhn gt = o(n %)

to nhn

for all £ > 0. O
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A.7 Proof of Theorem [3.7

As the density f is bounded and Lipschitz continuous, one has

(9r—9) J/n)
Py + @2 = 9)/m) = Fo) = f0) (@~ a)/m)] = | [ Fly+1) — Fly)de
= 0((@; ~ 9*G/m)

uniformly for y < yo and j/n € I,. Hence the remainder term can be approximated by a

sum of estimation errors as follows:

\— Fly+ (@~ 0)G/m) ~ F@) I/ e 1y~ 22 S~ g)im)

n j=1

- O(m_n ;@; — 92 (3/n)I{j/n € I} = Op(n2 + 12 + (%)” ) =op(n?)

where for the last conclusions we have used Theorem Lemma and the assumptions
(H2)| and [(B3)] Thus the assertion follows if we show that

m—z n—9)(G/n)I{j/n € L} = op(n™'?).

To this end, note that §*(x) and g*(y) are independent for |x — y| > 2(h,, + b,). For
simplicity, we assume that 2n(h, + b,) =: k, is a natural number. If we split the whole sum
into blocks with k,, consecutive summands, then all blocks with odd numbers are independent
and all blocks with even numbers are independent. It suffices to show that

[n/(2kn)]

Z Appey = op(n~'/?)

Ln/ 2kn)]

Z Apoe = op(n™'?)

where A,,; = Z(”ﬁfﬁki (g —g)(J/n), 1 <t < |n/k,|. We only consider the second sum,

because the first convergence obviously follows by the same arguments.
It suffices to verify

E(A%20) = olkn) (A.8)
E(Ang) = o(n_l/gk‘n) = o(nl/z(hn + bn)) (A.9)

uniformly for all 1 < ¢ < |n/(2k,)], since then

[/ (2ha) [/ (2k0)] (n/(2k0)] )
E( Z An%) Z Var(An,z) ( > E(An,ze)) = o(n),
(=1



which implies the assertion.

To prove , note that according to Lemma [3.6] Proposition and the proofs of
Lemma and of Theorem [2.7(i), there exist constants ¢y, ¢2, ¢ > 0 (depending only on 3,
¢, and the kernel K) such that

- 5, 18 logn\ 1/« .
sup [54(2) — g()] < er (B 405+ (So2) o max(M, M3))
z€ln nhn

where M, My are independent random variables such that P{M;} >t} <1—(1—P{M,o >
t})e2hntbu)/hn ith

P{M, >t} < (1 + cznh, (1 — F(=t)))(F(—t))*"".

Because k, (h? + b3 + (log n/(nhy,))"*) = 0(1{711/2) by (H2)[and |(B3)|, it suffices to show that

1

E((M;)?) = /OOO P{M; > t'*}dt = o(1/k,). (A.10)

Fix some ty € (0, (2¢)"%%) such that (1 — F(—t))/(ct®) € (1/2,2) for all t € (0,ty]. In
what follows, d denotes a generic constant (depending only on S, ¢,, ¢ and K) which may
vary from line to line. Applying the inequalities exp(—2pu) < (1 — u)? < exp(—pu), which
holds for all p > 0 and u € (0,1/2), we obtain for (nh,/logn)~2/® <t < t; and sufficiently
large n

P{M; > Y2} < 1= [1— (14 esnhy 2ct%/2)(1 — ct®/2 jg)canhn] 2 (ntte)/in
< 1—[1—3ezenh,t®? exp (= csenhnt®?/2)]
< 1-—exp < — dn(hy, + b))t exp (- C3cnhnta/2/2))
< dn(h, + bn)t“/2 exp ( — 03cnhnt°‘/2/2).

Therefore, for sufficiently large a > 0,

&
/ P{M; > t'/*} dt
0

nh —2/a to
< a - + dton(h,, + b, / 122 L oxp (= cyenh, t*?/2) dt
<10g n> o ) st/ logmy~2/a p ( 3 / )
< o(1/(n(hy + bn))) + dton(hy, + by,) exp (— czca®?logn/2)

= o(1/(n(hy, + by))) (A.11)

where in the last but one step we apply the conditions [(B3)| and [(H2) Now, assertion
(A.10) (and hence (A.8))) follows from

h > ¢2(hn+bn) /hn
/ P{M; > t'*} dt < / 1 [1 - 03nhn(F(—t1/2))C3"hn] ’
t

2 2
0 tO
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< /too 1 —exp ( —dn(h, + bn)(F(—tl/Q))CS”h") dt

2
0

IN

dn(hn + bn) (nhn(F(—tO))Cth" + / t*Tanhn/Z dt)

nhy

= o(n”¢)

for all ¢ > 0 and sufficiently large n, where we have used [(H2)| and [(F3)|
To establish ({A.9)), first note that for a kernel K of order d + 1 with d := | 3]

E(gn(z) — g(x))

E(/1 (gn(x + byu) — i g(j),(z) (bnu)j)K(u) du

!
-1 =0 VE
1

_ /_ E(Gn(@ + bat) — g(a + b)) K () du + O(b)

1

uniformly for all = € [h,, +b,,1 — h, — b,]. In view of (K1 D|7 (H2)| and [[B3)], it thus suffices
to show that

| B(gu(2) = 9(2)) = By=o(3u(1/2))] = | E(gu(2) = g(x)) = By=o(gu(2))] = o(n™"/?) (A.12)

uniformly for Lebesgue almost all « € [h,,1 — h,]. Note that the distribution of g, (z) does
not depend on x if g equals 0.
Recall that g,(z) = p,(0) where p, is a polynomial on [—1, 1] of degree d that solves the
linear optimization problem
1
/ Pn(t) dt — min!
-1

under the constraints

ﬁn(i/rﬁl; x) >Y;, Vi€ [n(x—hy),n(e+ h).

Define polynomials

d
q(t) = Z
k=0

Then ¢, ((u—x)/h,) is the Taylor expansion of order d of g(u) at = and the estimation error

| —

P @) (hnt)*, - pa(t) = (hn)V(P(t) = u(1), € [=1,1],

-

can be written as
gn(@) = g(x) = (nhy) ™ pu(0). (A.13)
Note that p, is a polynomial of degree d that solves the linear optimization problem

1
/ Pn(t) dt — min!

1
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subject to

pn(i/fz - 5) > (nha)oE, Vi€ [n(e = ho)n(o + b)), (A.14)

with

g =g +g(i/n) - qI<Z/7;l_ x)
We now use point process techniques to analyze the asymptotic behavior of this linear
program.
Denote by
N = Z 5 . 1/ =
" i1/n—x)/h,, (nh, /og,
cetmor Ty /= 8) R, (i) 0E)
a point process of standardized error random variables. Then the constraints (A.14]) can be
reformulated as N, (4,,) = 0 where Ay := {(¢t,u) € [-1,1] x R| u > f(¢)} denotes the open
epigraph of a function f.
Since by & — &5 = glin) — qu((i/n — 2)/hn)) = O(h?) = o((nh,)~"/*) uniformly
for all i € [n(x — hy,),n(z + hy,)], one has

E(N,([~1,1] x (—=1,00))) ~ 2nh, P{&, > —(nh,) ™"} — 2c.

Therefore, N,, converges weakly to a Poisson process N on [—1, 1] x R with intensity measure
2cU_1 1) @ v, where v, has Lebesgue density = — a|z|*1I(—00,0) (see, e.g., Resnick (2007),
Theorem 6.3). By Skorohod’s representation theorem, we may assume that the convergence
holds a.s.

Next we analyze the corresponding linear program in the limiting model to minimize
fjl p(t) dt over polynomials of degree d subject to N(A,) = 0. In what follows we use a
representation of the Poisson process as N = >~ §(1, z,) where T; are independent random
variables which are uniformly distributed on [—1, 1].

First we prove by contradiction that the optimal solution is almost surely unique. Suppose
that there exist more than one solution. From the theory of linear programs it is known
that then there exists a solution p such that J := {j € N | p(17;) = Z;} has at most d
elements. Because p is bounded and N has a.s. finitely many points in any bounded set,
n = inf{|p(T;) — Z;| | i € N\ J} > 0 a.s. Since p is an optimal solution, all polynomials A
of degree d such that A(7;) =0, j € J, and ||Al|oc < 7 must satisfy f_ll A(t) dt = 0, because
both p+ A and p— A satisfy the constraints N(A,14) = 0. In particular, for all polynomials
q of degree d — |J|, A(t) = 7[[;c,(t — Ti)q(t) is of that type if 7 > 0 is sufficiently small.
Write [],.,(t — T;) in the form ¢/l 4 Zii‘ofl a;t'. Then necessarily

! 4 2 =2
f— TV dt = —— ]|+ S JY —0,
/11_[( ) WETES {l |+]even}+;l+j+l{—|—jeven}

Traed
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for all j € {0,...d —|J|}. This implies that (7;);cs lies on a manifold M, 4 of dimension
|J| — (d—|J|+1) =2|J| —d— 1 which only depends on |J| and d. However, by Proposition
AT [|pllec < KaZmax where

Zmax = max min{|Z| | T; € [=1+ (5 = 1)/ja, =1 + j/dal}-

1<i<jaq

The above conclusion contradicts P{Z.x > K} — 0 as K — oo, since
P{EL] C N: |J| <d, (Tj)jeJ S M|J"d,m€a,}(|Zj| < KdK} =0
J

for all K > 0 (i.e., the fact that among finitely many values T; a.s. there does not exist a
subset which lies on a given manifold of lower dimension).

Therefore the solution p must be a.s. unique which in turn implies that it is a basic
feasible solution, i.e., |J| > d+ 1. On the other hand, because the intensity measure of N is
absolutely continuous, |J| < d+ 1 a.s. and thus |J| = d + 1. Because of N,, — N a.s., one
has N, ([—1,1] X [=KgZmax, 00)) = N([—1,1] X [=KiZmax, 00)) =: M for sufficiently large n.
Moreover, one can find a numeration of the points (7}, ;, Z,:), 1 <i < M, of N,, and (T}, Z;),
1 <i< M, of Nin [-1,1] X [-K3Zmax, 00) such that (T,,;, Z,:) = (Ti, Z;).

Next we prove that the solution to the linear program to minimize f_ll pn(t) dt subject
to N,(Ap,) = 0 is eventually unique with p, — p a.s. Since any optimal solution can be
written as a convex combination of basic feasible solutions, w.l.o.g. we may assume that
Jo =A{1 < i < M | po(Th;) = Z,,;} has at least d + 1 elements. The polynomial p,, is
uniquely determined by this set .J,. Suppose that along a subsequence n’ the set J, is
constant, but not equal to J. Then p!, converges uniformly to the polynomial p of degree
d that is uniquely determined by the conditions p(7;) = Z; for all i € J,,. In particular,
p is different from the unique optimal polynomial p for the limit Poisson process, but it
satisfies the constraints N(A,) = 0. Thus f_ll p(t)dt > f_llp(t) dt. On the other hand, for
all » > 0 the polynomial p + 7 eventually satisfies the constraints N, (A,1,) = 0 and thus
f_ll p(t) +ndt > f_ll Pn(t) dt, which leads to a contradiction.

Hence, J,, = J for all sufficiently large n and the optimal solution p,, for N,, is unique and
it converges uniformly to the optimal solution p for the Poisson process N. Moreover, using
the relation (p,(T5.;))jes = (Zn,;)jes (which is a system of linear equation in the coefficients
of pn), pn(0) can be calculated as w!,(Z, ;)jecs for some vector w,, which converges to a limit
vector w (corresponding to the analogous relation for p).

Exactly the same arguments apply if we replace &; with &;, which corresponds to the
case that ¢ is identical 0. Since the points (Tm, Zm) of the pertaining point process equal
(This Zni — (nha)Y(g(i/n) — q.((i/n) — 2)/h,)) and thus |Z,; — Zy,| < cy(nh,)V/ RS, the
difference of the resulting values for optimal polynomial at 0 is bounded by a multiple of
(nhp)Y*h8. In view of and , we may conclude that the difference between the
estimation errors can be bounded by a multiple of h? = o(n~'/2), which finally yields

and thus the assertion. O
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A.8 Proof of Corollary

Note that L2 (Flp(y) = Fu(y)) = Eu(y, s) = 2L B, (y, 1) with E,, defined in (A4). A similar

reasoning as in the proof of Theorem (see (A.6])) shows that

ap [(2 ) g )~ Buw)| = 0 (1)

yeR,s€0,1] L”SJ

Hence, by Theorem [3.1] uniformly for all y € R, s € [0, 1],

A

Vi(Fu(y, s) = 5uFu(y))
= Vn(Fu(Y,s) = 5nFlns (¥) = 5aV/n((Fu(y) — Fu(y))) + 5av/n(Flasy () — Fu(y))
= 2 (R () = Fa(y) + op(1)

w(y,8) = 2LE,(y,1) + 0p(1)

= E,(y,8) — sEu(y,1) +0p(1)

%

|
&

which converges weakly to Kr(y, s)—sKpg(y, 1) for the Kiefer process K defined in Theorem
B-1 Check that this Gaussian process has the same law as G(s, F(y)), because they have
the same covariance function. Thus the Kolmogorov-Smirnov statistic 7}, converges weakly
t0 SUDse(o 1] yer |G(S, F'(Y)| = SuDse(o 1],2¢0,1] |G(5, 2)|, Where the last equality holds by the
continuity of F'. O

A.9 Proof of Theorem [4.4]

Note that under the given assumptions, the statements of Theorem [2.7| (i) and (ii) are valid
with rate op(1). Let Q,, := {inf,¢;, ¢ () > 0}. From assumption and Theorem (ii)
it follows that P(Q2,) — 1 for n — oo. But on (2, the estimators g; and g are identical,
and thus FIMS | = FLM ;. Now can be concluded as in the proof of Theorem ,
because Theorem (i) yields sup,c; |G(z) — g(x)] = op(n~Y/@ D)) The convergence of
the Kolmogorov-Smirnov test statistic then follows exactly as in the proof of Corollary [.3]
(]
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