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Abstract

For nonparametric regression with one-sided errors and a boundary
curve model for Poisson point processes we consider the problem of effi-
cient estimation for linear functionals. The minimax optimal rate is ob-
tained by an unbiased estimation method which nevertheless depends on a
Holder condition or monotonicity assumption for the underlying regression
or boundary function.

We first construct a simple blockwise estimator and then build up a
nonparametric maximum-likelihood approach for exponential noise vari-
ables and the point process model. In that approach also non-asymptotic
efficiency is obtained (UMVU: uniformly minimum variance among all un-
biased estimators).The proofs rely essentially on martingale stopping ar-
guments for counting processes and the point process geometry. The esti-
mators are easily computable and a small simulation study confirms their
applicability.
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1 Introduction

For regression models
Yi=g9g(i/n)+e, i=1,...,n, (1.1)

the estimation of linear functionals of the regression function g is well understood if (¢;)
are uncorrelated with mean zero and variance o2 > 0. Then the discrete functionals

n

1
9 = = Zg(z/n)w(z/n) for some function w : [0,1] - R (1.2)
n
i=1
can be estimated by the plug-in version 9, = %2?21 Y;w(i/n) without bias and

with variance 2 S w(i/n)?. By the GauB-Markov theorem 4, has minimal vari-
n ~

ance among all linear and unbiased estimators. In the Gaussian case ¥, is even

UMVU (uniformly of minimum variance among all unbiased estimators). In the cor-

responding continuous-time signal-in-white-noise model dY (t) = g(t)dt + on="/2dW;,

t € [0,1], with a Brownian motion W and some g € L?([0,1]) the plug-in estimator

0= fol w(t)dY (t) is equally an unbiased estimator of

1
v = / g(t)w(t) dt for some w € L*([0,1]) (1.3)
0

of variance %2 fol w(t)?dt. By the Riesz representation theorem, we can thus estimate
any linear L2-continuous functional of ¢ with parametric rate n=1/2.

In certain applications, however, the function g is determined as the boundary or
frontier function of the observations, which can be modeled equivalently by one-sided

errors (g;). The prototypical case is that (g;) are i.i.d. with ¢; > 0 and for some A > 0
Plg; <x) =Xz +O0(x?) as z | 0, (1.4)

e.g. €; ~ Exp(\). In that case the parametric rate for the location model (i.e. assuming
g to be constant) is with n~! much faster than in the regular case. These irregular
statistical models have also found considerable theoretical interest, e.g. in the recent
work by Baraud and Birgé (2014). A rate-optimal estimator is given by the extreme
value statistics min; Y;. For the nonparametric problem of estimating the function g in
L2-loss, the optimal rate is n=#/(F+1) for ¢ in a Holder ball of regularity 8 € (0,1] and
radius R > O:

g€ (R) ={f: 10,1 >R Vo,ye[0,1]: [f(y) - f@)| < Rly—al’}. (1)

This is achieved by a local polynomial estimator g, j as in the regular case, see e.g.
Jirak, Meister, and Reify (2014) for a construction and a survey of the large literature on
that topic. A plug-in estimator ¥, := fol Gnhn ()w(x)dz with optimal bandwidth h,, to
estimate ¢ in can achieve at best the rate n=8/(8+1/2) This is due to a pointwise
bias of order 2 and a pointwise variance of order (nh)~2, which after integration and
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by using independence results in a total mean squared error of order h2? +n=2h~1 for
the plug-in estimator. The standardised rate n~P/(B+1/2) is not optimal and for 8 < 1 /2

even slower than n—1/2

in the regular case. At the heart of the problem is the usual
nonparametric bias bound, which cannot be improved by averaging.

Here we show that the optimal estimation rate for ¥ under one-sided errors is
n~(B+1/2)/(B+1) for g € @ (R). The improvement over the plug-in estimator is achieved
by an unbiased estimation procedure. The bias is exactly zero for the case of expo-
nentially distributed errors and it is asymptotically negligible under for g > 1/2.
Compared with standard nonparametric results it is remarkable that an unbiased es-
timator can be constructed whose rate is nevertheless worse than the parametric rate
(n~! in this case). The risk bound comes from a trade-off between two terms in the
variance instead of the usual bias-variance trade-off.

As for mean regression with the signal-in-white-noise model, also for one-sided errors
an analogous continuous-time model is most useful in exhibiting the main statistical
structure. It is given by observing a Poisson point process (PPP) on [0, 1] xR of intensity

N(z,y) =nl(y > g(z)), z€]0,1],y€R, (1.6)

see e.g. Karr (1991) or Daley and Vere-Jones (2008) for point process properties and
Figure 1 below for an illustration. For sufficiently regular g this model can be shown to
be asymptotically equivalent to the regression-type model with A =11in , cf.
Meister and Reif (2013). At the same time, this serves as a canonical model for support
boundary estimation from i.i.d. observations. For instance, Girard and Jacob (2003)
propose projection based estimators for g in this model class and derive convergence
rates as well as limit distributions, already relying on bias reduction techniques. Also
Bibinger, Jirak, and Reifl (2014) use it as an agnostic model for limit order books in
financial markets.

We first develop the methods in the fundamental PPP model for ¢ from and
then transfer them explicitly to the discrete model . By a blocking technique 9
can be estimated without bias and at the minimax optimal rate. The method is then
extended to the one-sided regression setting. Using Lepski’s method we are then able
to provide also an adaptive estimator, that is an estimator which does not rely on the
smoothness parameters 5, R and still attains the minimax rate up to a logarithmic
factor. In a second step we can even construct an estimator of ¥ which is UMVU.
This non-asymptotic efficiency result is based on a nonparametric maximum-likelihood

approach, where the maximum-likelihood estimator (MLE) gML¥

is not only explicit,
but also forms a sufficient and complete statistics. In parallel with Gaussian mean
regression we thus have the UMV U-property of the estimator, but its asymptotic rate is
worse than for parametric location estimation. Still, we are able to prove its asymptotic
normality and to provide a self-normalising CLT such that asymptotic inference is
feasible. The MLE approach equally works for the class of monotone functions g.

The regression-type model with one-sided errors and the PPP model

have a similar structure as models considered for density support estimation or image



boundary recovery problems. Let us review briefly the literature on functional estima-
tion for these statistical models. Many asymptotic results for the expected area of the
convex hull for i.i.d. observations are based on the classical results by Rényi and Sulanke
(1964). Based on these results, the ideas of the present paper have been used by Baldin
and Reif} (2015) to construct an UMVU estimator for the volume of a convex body.
For image recovery problems Korostelev and Tsybakov (1993) describe already the rate
n~(B+1/2)/(B+1) ghtained for the functional fol g(z)dz. The upper bound is based on a
localisation step and loses a logarithmic factor. By threefold sample splitting Gayraud
(1997) has constructed an estimator achieving this rate exactly for the related density
support area estimation. An interesting linear programming approach is proposed by
Girard, Touditski, and Nazin (2005). Yet, these estimators are analysed asymptotically
and lack the non-asymptotic unbiasedness and UMVU property we have found here.
Many other estimators are concerned with the estimation of the density support set or
the regression-type function itself, not of the area or other functionals, let us mention
the work by Mammen and Tsybakov (1995) for connections to classification problems.
Specifically, a nonparametric MLE approach under monotonicity has been developed by
Korostelev, Simar, and Tsybakov (1995) for the asymptotically exact risk in estimating
the density support set in Hausdorff distance. In Gaussian mean regression a nonpara-
metric MLE over regular function classes is equivalent to a least-squares approach with
roughness penalty, leading e.g. to smoothing splines. Under shape constraints the MLE
is a well studied object, see e.g. Groeneboom and Wellner (1992), but usually results
are derived asymptotically.

In the next section we shall develop a simple block-wise estimator. Based on optional
stopping for an intrinsic martingale we prove that it is unbiased under the PPP model
and under exponential noise in the regression-type model. For more general regression
noise the required compensation cannot be achieved exactly, but it comes close to the
model with corresponding exponential noise. The third part of that section presents
the adaptive estimator, while the final part presents the lower bound implying that
the rate is indeed optimal. The nonparametric MLE approach is presented in Section
3, first for the class of Holder functions, then for monotone functions. The derivation
of the completeness of the nonparametric MLE and the stopping arguments for the
intrinsic martingale are intriguing. For the MLE under Lipschitz conditions we obtain
central limit theorems which allow for feasible confidence sets.

In Section 4 we discuss some implications of the results, in particular concerning
estimating coefficients in a projection estimator approach. Extensions and limitations
are mentioned and a small simulation study shows that the estimators are numerically
feasible and have satisfying finite-sample properties. Most proofs are instructive and
reveal some beautiful interplay between statistics, probability and geometry such that
in the Appendix we only provide some technical lemmata (some of independent interest)
and the more involved proofs of the adaptive rate and the CLT. The notation follows
the usual conventions. We write a,, < b, or a, = O(b,) to say that a, is bounded
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by a constant multiple of b, and a,, ~ b, for a, < b, as well as b, < a,. Moreover,

~

an = o(by,) means a, /b, — 0 and a,, < b, stands for a, /b, — 1.

2 Simple rate-optimal estimation

2.1 Block-wise estimation in the PPP model

Let (X;,Y});j>1 denote the observations of the Poisson point process (PPP) with inten-
sity . We shall estimate ¢ from without any bias. To grasp the main idea,
suppose that w(z) = 1 holds and that we know a deterministic function g : [0,1] — R
with the property g > ¢ (pointwise). Then the number of PPP observations below the
graph of g is Poisson-distributed with intensity equal to n times the area between g
and g: )

" 1(¥; < §(X;) ~ Poiss (n /0 @ 9)(x) dz).

j>1

This yields an unbiased pseudo-estimator 1J:

1 1
bim [ ateyde— 13 1Y < 9(X0) > BOL = [ (5 (@ -9)(e)do =0,
i1
The larger the area between the graphs, the larger is the Poisson parameter and thus
the variance of 9.

Now, we shall define an empirical substitute for g, which by stopping time arguments
keeps the unbiasedness, but is nevertheless sufficiently close to g. We partition [0, 1] in
subintervals Iy = [kh, (k + 1)h) of length h with h~! € N and note that the block-wise
minimum Y} := min;.x, ey, Y; satisfies ¥;* > mingey, g(v). By the Holder property of
g we conclude that g(z) <Y + RRP holds for all z € I;, and thus Y+ RhP is a local
upper bound for g, see also Figure [l We thus estimate the functional locally on these
blocks by

. 1
du 1= (Vi + RR )i — — z’§>1 1(X1 € I,Y; < Y + Rh >w(Xl),

where wy, = %flk w(z)dx and the true local parameter is 9 := %flk g(x)w(x)dx.

2.1 Theorem. The estimator Y0k = ZZ;B_I ékh satisfies with Hw||2 fo RCE

2RRP + (nh)~!

E [,lgblock:] ,19 Var(,ﬁblock:) -

w22

In particular, the asymptotically optimal block size h =< (28Rn)~Y/ B+ yields
limsup sup n(26+1)/(6+1) Var(éblock) p+1
n—oo geeﬁ(R) ﬁ

E (28R w2,



lo Iy .. Ih¢-1

Figure 1: Construction of 9%°%  Circles indicate PPP observations (X;,Y;),
crosses blockwise minima Y;* and horizontal lines the upper boundaries Y;* + Rh”.

Proof. Let us study the weighted counting process
N(t) =Y 1(Xi € I,,Y; < t)w(Xi), teR.
i>1
The pure counting process >, 1(X; € I, Y; < t) is a point process in ¢ with determinis-
tic intensity Ay = n flk (t—g(z))4+dx. Hence, (N (t),t € R) is a process with independent
increments satisfying (e.g. via Prop. 2.32 in Karr (1991))

BN = [ nlt - ga))w(o)ds, Varx(N@) = [ nft - g(o) (e

Iy Iy,
In particular, M (t) = N(t)—E[N(t)] is a cadlag martingale with respect to the filtration

T =o(X), Y)L(Y; <t),i>1), teR, (2.1)

with mean zero and predictable quadratic variation (M); = Var(N(t)).
Now note that 7 :=Y;* + RhP is an (F;)-stopping time with

P(r>1t)=exp ( - n/I (t — RhP — g(w))+dm)

< exp ( —nh(t — I;gi{g(x) - Rh6)> (2.2)

for t > maxgey, g(z) + RAKB. In particular, 7 has finite expectation and Lemma on
optional stopping yields

E[M(7)] = 0= E[N(7)] = n/I E[(7 = g(z)) 4]w(z)dx
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and
Var(M(7) = B3] = n [ El(r - g(0) Ju(@)’d.
Noting 7 > g(z) we have
E[(T — g(z))+] = E[Y{] + Rh? — g(x) for all z € Ij.

The identity

A B 1 1
Uy = TWL — EN(T) = — %M(T)
implies ]E[ﬁk] = ¢, and
Var(fy) = s Var(M(r)) = — /E[Y*+Rhﬂ (2)w(x)?d
r = —— Var = — — .
a k n2h2 a. T nh2 . k g I)lwlx X

A rough universal bound, using that Y;* — max,ey, g(z) is stochastically smaller than
the minimum in y of a PPP with intensity nl(z € I,y > 0), yields with a random
variable E ~ Exp(nh)

E[Y;] <E [maxg(z) + E] < g(z) + RRP + (nh)~L.
AN

This implies

. 2RhP + (nh)~! )
{—F .
Var(dy) < s /]k w(x)*dz

We conclude for the final estimator 9?0 = 22;3_1 Uyh by the independence of (U
that

N R 92 B -1 1
E[ﬂblock] — 19’ Var(ﬂblock) < Rh _;(nh) / w(:n)2d:n.
0

Finally, insertion of the asymptotically optimal h yields the variance bound. O

2.2 Blockwise estimation in the regression-type model

We consider the equi-distant regression model where (g;) are i.i.d. satisfying .
The primary example will be g; ~ Exp()), but any distribution on R with a Lipschitz
continuous density f. at zero and f.(0) = A will be covered, as soon as some loose tail
bound at infinity holds.

Since the observation design is discrete, our parameter of interest becomes
9 from . In analogy with the PPP case we build an estimator for 9, =
L >icr, 9(i/n)w(i/n) on each block of indices I, :={i:kh < L < (k+ 1)h}, where
h=t, nh € N:

Jp = % > (i A (Ui + BR%) = X1 (Y; < Y+ RBRP) Jw(i/n). (23)

i€l



Here, Y} = min, i Y, is again the minimal observation on each block. In contrast to
the PPP-estimator the empirical upper bound for g on I is given by the minimum
of Y; + RKP and Y;, which for the rate-optimal choice of h, however, has negligible
impact. We obtain the following result where [|w|, = (2 Y1 lw(i/n)|P)}/P denotes the
standardised fP-norm.

2.2 Theorem. Let the i.i.d. error variables g; satisfy (1.4) as well as F.(y) = P(g; >

~ 1 ~
y) < (1 +9y)~? for some p > 0. For g € CP(R) the estimator 90°* = ZZZO_I Uh
satisfies for h — 0 with nh — oo uniformly in n, h, R, 5

B[ — 0™ S (RW” + (nh)™")?|lwlly,  Var(9;°*) S AR + (nh)~")?|lw]3.

In particular, uniformly over 8 > By > 1/2, R < Ry < oo we obtain with the rate-
optimal block size h ~ (Rn)—l/(B'H)

(E[Fok — (]2 = o(Var(J4eek)),  Var(fhlock) < RO+ =040/ )12
In the case g; ~ Exp(\) we have for any 5 € (0,1], R, \ > 0 the more precise result

2RRP + (nAh)~!
N lw][3-

2.3 Remark. The result and proof for ¢; ~ Exp()) are exactly as in the PPP model.

E[9%°*k] = 9,  Var(98°*) <

For other distributions of &; the estimator is only asymptotically unbiased, but for
Holder regularity S > 1/2 the bias is negligible with respect to the stochastic error. A
side remark is that for strong asymptotic equivalence with the PPP model in Le Cam’s
sense the necessary minimal regularity 5 > 1 is higher, see Meister and Reif§ (2013).

Proof. Fix a block with index k and consider for ¢t € R

M(t) =3 (109 <) +log Fu(Yi At — g(i/n) )w(i/n). (2.4)

iejk

With respect to the filtration F; = o(Y;1(Y; < t), i € Ip), (M(t),t € R) defines a
martingale with E[M(t)] = 0 and quadratic variation (M), = > . (—log F.(Y; A
t — g(i/n)))w(i/n)?: just note that the compensator of Yici, 1(¥i < t) equals the
ici. Jo int=g(i/n) F.(s)"'dF.(s). Moreover, T := Y} + Rh”
is a stopping time with respect to (). From the representation

integrated hazard function )

Dy — Oy, = ﬁ ( Z Go(Ys A — g(i/n))w(i/n) — M(T)) with Go(2) := Az + log Fu(2)
i€},

(2.5)

and the stopping Lemma in combination with E[7] < co due to the moment bound
from Lemma [5.2 below we conclude

E[J) — 0] = rih S E[G:(: AT = gli/m)u(i/n)

i€y,



In the case g; ~ Exp(A) we have log(F.(z)) = —\z, that is G<(z) = 0, and the estimator
is unbiased.

By Assumption (1.4)), there is some § > 0 such that G.(z) = O(z?) holds for
z € [0,68]. For z > ¢ we have also G¢(2) < Az = O(z?) and G.(z) > —[log(F.(2))|. By
Lemma [5.2, Cauchy-Schwarz inequality, monotonicity of F. and F.(g;) ~ UJ0,1] this

leads to
IE[J — O]
< x— Bl — g(i/n))*] + Ellog(Fx(Yi — g(i/n)))*]'/* P(|log(F:(r — g(i/n)))| > §)"/2 (i /n)|
L= nh

M
5 B /)] + Ellog )" 2P (Fimin, 1 4 2R00) < e
~ L nh

i€y

B4 (nh)V)2 4+ FL(F~1(e~?) — B\nh/2 .

< (Rh” 4 (nh)™") +FT§5€ (e7°) — 2RA") Z|w(z/n)|

iely,
With h — 0 and nh — oo the second term in the numerator converges geometrically
fast to zero and the assertion for the bias of ¥2/°* follows.
For the variance bound we use Var(A+ B) < 2 Var(4) +2 Var(B), Var(3_,.j, Ai) <

nhy icr, E[A?], |Ge(2)| < 2+ |log F-(2)|1(z > §) and the stopping Lemmato obtain
in analogy with the bias part:

Var(dy) = OVE Ah) Var(ZG (Yi AT — (i/n))w(i/n)—M(T))

lGIk

< (nkhzzEKnhG (Y A m = gi/n))? + log Fx(Ys A 7 — g(i/m))] ) |w(i/n)?

i€l

9(i/n))?] +E [|log F.(ei)|*] " P(F. (min, 7, & + 2RA7) < e=0)'/?
S Z < nh :
Zefk

Elr — g(i/n)] + E [[log F.(2;)[2] Y2 P(F.(min,_: &; + 2Rh5) < e=0)*/?

N [T —g(i/n)] + E [|log (8)|](nh)(2 (min; 7 e + ) <e™) )w(i/n)z

< (RRP + (nh)™")? + (RR’ + (nh) ") (nh) ' + Fo(F7 ' (e7®) — 2RR%)"/? w(i/n)?
~ nh —
i€l

(RR + (nh)~")? R
< B BT S iy
i€ly,
For the global estimator we infer Var(9%°%%) < h(Rh? 4 (nh)~1)?||w||3 by independence

of (1%) It remains to insert the rate-optimal choice of h and to note that n=4%/(6+1) —
o(n~+D/(B+1)) holds for § > 1/2.



Finally, in the case ; ~ Exp(\) we have E[Yf — max; g(i/n)] < (nAh)~! and

Var(dy,) = ]E([<)\h>)2]. Consequently,

~ * B —gli/n B4+ (nA\h)~ 1
Vi) < 30 S A« SRR S

iel, icly

which by independence gives the asserted bound for Var(@fll“k). O

2.3 Adaptive estimation

We now address the question of choosing the block size h in a data-driven way, not
assuming the regularity parameters R and S to be known. We apply Lepski’s method
(Lepskij 1990) and treat the general regression-type model (|1.1)). The main technical
work is devoted to obtaining explicit critical values in Pr0p051t10n 4] of the appendix.
To this end, the critical values are defined via the compensator of an exponential
counting process and are thus itself again stochastic. While an explicit non-asymptotic
risk analysis is clearly possible, we focus here on the asymptotic risk, showing that by
the versatility of Lepski’s method rate-optimal adaptive estimation up to logarithmic
factors is indeed possible in our non-regular situation.

For a choice n™1(logn)? < hy < ... < hy < 1 of block sizes h,, with )t nh,, € N
consider the corresponding blockwise estimators

a5k = h_zl > (iAW + b)) =N (i < Y, + (b)) Juoi/m),

- Zefk Jhm

where the subscript h,, marks all quantities depending on the block size. Remark
that the intercept Rhm in has been replaced by the asymptotically balanced size
(nhy,) "L, which does not depend on the unknown R and . Among (hm)i<m<ym We
select the block size adaptively via

h :=inf {hm ‘ Im’ <m: |1§I?Ll,7fn]i/ - ﬁf"bl,ohcrﬁ+1| > Fm+1 Hm/} A har

with critical values (k; denotes the block k with i € Ij,)

. H jersgn (bl w(i/n))\  (Celogn)?wly Vel
-3 (1 < ¥ 1\ H erogn(hm clogn)?|w|ly | v/clogn
e (1(% < B +(0im) ) nAh >+ (hPX gl
=1 m

Here, the function H,(y) = % — |y| and the constant C' > 0 with property |Az+
log(FL(2))| < C%22 for z € [0, 6] are used and ¢ > 0 is specified below. Asymptotically,
we have H,(y) ~ xy? as zy — 0 and C' ~ —(f(0)+ f-(0)?) in the case of a differentiable
density f. of &; around zero (note C' = 0 for g; ~ Exp())). Then the proof in the
Appendix yields the following risk bounds.
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2.4 Theorem. Assume g € C%(R), sup,|w(x)| < oo and that f-/F. is bounded. The
adaptive estimator POk = @:’f‘}lc’“ satisfies with h* := sup{hm | Rho, < (nhym) 1}V by
and for A € (0, X), n sufficiently large

E[(&Zlock _ 19(n))21(i1 < h*)] S M(’I’L_c _1_7,L(1—Ac)/2)7

~ ~ - logn)*  Mlogn
E ﬂblock _ ﬁbloc*k 21 h>h*)] < (
[( n n,h ) ( )] ~ (nh*)4 n2h*

Choosing ¢ > 5A~' V 2 and asymptotically hy ~ (logn)*n=t, hy, ~ hog™ for m =
1,...,M, g >1, M ~logn, the adaptive estimator exhibits the asymptotic rate

E[(&Zlock _ ’(9(”))2] 5 (10g n)Qn_(2/3+1)/(5+1) + (log n)4n_46/(6+1).

In particular, for f > 1/2 the estimator achieves the minimaz optimal rate up to a
logarithmic factor.

2.5 Remark. The oracle-type block size h* is the largest block size among (h,,) such
that 15%0,1‘32 remains unbiased, except for the distribution bias induced in the case ¢; ¢
Exp(A). As the proof shows, in the case ¢; ~ Exp(\) not only the critical values (C' = 0),
but also the bounds simplify. We obtain E[(J%eck — ﬁffﬁlcf)zl(ﬁ > h¥)] < Mloen 5pq

~ th*
thus the minimax optimal rate up to a log-factor for any 8 > 0.

More elaborate arguments in the proof could give a smaller exponent for the loga-
rithmic factor, but it is quite likely that some logarithmic factor has to be paid neces-
sarily for adaptation, cf. Jirak, Meister, and Reify (2014) for a related result. Similarly,
the hypotheses that w and f./F. are uniformly bounded are certainly not necessary,
but permit more concise and transparent bounds.

2.4 Rate optimality

We prove that the rate RY/(28+2)p~(B+1/2)/(B+1) ig optimal in a minimax sense over
CA(R). The proof is conducted for the PPP model, the regression case with &; ~ Exp()\)
can be treated in the same way.

2.6 Theorem. For estimating 9 = fol g(z)w(z)dx, w € L*([0,1]), over the parameter
class C%(R), B € (0,1], R > 0, the following asymptotic lower bound holds:

liminfinf sup R_l/(5+1)n(2’3+1)/(6+1)HwHZzQ Eg[(én - 79)2] > 0.
n—oo O gE@B(R)

The infimum extends over all estimators O, from the PPP model with intensity ((1.6)).

Proof. The proof is based on a Bayesian risk bound, which clearly provides a lower
bound for the minimax risk, see Korostelev and Tsybakov (1993) for similar approaches.
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Take an independent Bernoulli sequence (eg), i.e. P(ep = 1) =p, P(ep, =0) =1—1p
with p € (0, 1), and set for a triangular kernel K (y) = 2min(y, 1 — y)1j911(y)

h=1-1
g(x) = > ergr(z) with gi(z) = cRIK((x — kh)/h),
k=0
where h € (0,1) with h~! € N will be chosen later. Then for ¢ > 0 sufficiently small,
we have g € C?(R) for all h and all realisations of (¢}). We interpret this specification
of ¢ as a prior on €° (R) and we shall make use of the independence of prior as well
as the observation laws on different blocks I, = [kh, (k + 1)h). For each k we obtain

from the Bayes formula the posterior probability given the observations of the PPP in
interval Iy, (cf. the likelihood derivation in (3.1)) below)

Cpet B UYX; € I 1 Y > (X))
1 —p+penS o |

€k = Plep = 1] (Xi,Yi)iz1)

Using that ¢y, are 0-1-valued, we have é; = Eley | (X, Yi)i>1] and Var(eg | (X5, Yi)i>1) =
€r(1 — €k). Therefore the Bayes-optimal estimator of ¥ under squared loss is given by

the posterior mean
h1-1

V= kzo €k /I]C gi(z)w(z) dx.

Using independence and E[é, — e] = 0, its Bayes risk is calculated as

h—l-1

E[(D — 9)?] = kzo Var(é — 6k)</lk gk (x)w(z) dx)Q
h=1-1 ,
=) E [Var (5k ‘ (Xi7Yz')i>1ﬂ (/ gx(z)w(z) dx)
k=0 I
h=1-1

= p(L=p) 5 (/ gr(z)w(zx) d:c)Q.

= (1—p+perd o2\ Jp,

We now choose h = [(cRn)"/#*1]~1 such that n f; gr(x)dr = cRRPT1n < 1 holds.
Then the Bayes risk is bounded in order by

K((z = kh)/h)
1 (e = kR)/R)]| 2

The same argument over the shifted blocks I}, = [(k+1/2)h, (k+3/2)h) implies that the
minimax risk is bounded by the maximum (and thus the average) over the respective

h1-1
E[(J — 9)2] > R2p25+1 % ( w(z) dm)Q.

Bayes risks:

2h—1-2

inf su i 9)2 2 28+1 K((x — kh/2)/h) wla)da 2
ﬁnfgeeﬁl()R)Eg[(ﬁn 9)? = R*h ’;0 ( R G (z)d ) .
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The tent functions K((z — kh/2)/h), k = 0,1,...,2h~ — 2 form a Riesz basis for
their linear span Vj, (see e.g. Example 2.1 in Wojtaszczyk (1997)), which is the space
of all linear splines with knots at kh/2, vanishing at the boundary. This means that
the sum in the last display is larger than a constant times the L?([0, 1])-norm of the
orthogonal projection of w onto Vj. As J;,~ V4 is dense in L?([0, 1]), the L?*norm of

the projections of w onto V}, converges for h — 0 to the L?-norm of w. Insertion of
h ~ (Rn)~Y/(3+D yields the desired lower bound rate RY/ (5+1n=Z8+0/B+D) 1|2, O

3 Nonparametric Maximum-Likelihood

3.1 The MLE over C°(R)

Let us study the nonparametric maximum-likelihood estimator (MLE) in the class
CA(R). Denote by P, the law of the observations in the PPP model with intensity
Ag(z,y) = nl(y > g(x)). Then for g > go by Thm. 1.3 in Kutoyants (1998) and the
fact that the PPP intensities coincide outside the compact set [0, 1] X [min gg, max g]
we obtain the Radon-Nikodym-derivative

jﬁ; — exp (n /Ol(g —go0)(x) daz)l(W 1Y > Q(Xi))'

A simple probability measure Py dominating all P,, g € C?(R) (where g need not be
bounded from below), is given by the PPP model with intensity Ao(x,y) = n(e¥ A 1)
and yields again via Thm. 1.3 in Kutoyants (1998) the likelihood

= exp (n + Z(_Yj)+) exp (n /01 g(x) d:n)l(Vj >1:Y;> g(Xj)>. (3.1)

The first factor is independent of g and we obtain thus the same structure as under Py,
above. The MLE over C?(R) is the function § that maximizes fol g over all g € C5(R)
with ¢g(X;) <Yj for all j. We can write explicitly

GMEE(z) = min (Y] + R|z — Xj\’B>,

j=z1

since the right-hand side even maximises g(x) pointwise over the considered class of g,
see also Figure 2. The corresponding likelihood (with respect to n-dimensional Lebesgue

13



Figure 2: Construction of g™L¥ in the PPP model (n = 100, left) and in the
regression-type model (n = 100, g; ~ Exp(1), right) for = 1. Thin lines indicate
z + Y; + R|lz — X;| at observations on the graph of g™,

measure) in the regression-type model (|I.1]) with ; ~ Exp()) i.i.d. is given by
L7 (g) = A" exp < - )\Z‘ji) exp (AZg(i/n))l(W =1,....,n: Y > g(z/n))
i=1 i=1

The maximum-likelihood estimator over C#(R) is then similarly given by

GEETer (@) = min (Y + Rle —i/n)), @ e 0,1], (3.2)
i=1,..,n

see Figure [2] for an illustration of the two constructions of the MLE. They are both
quickly determined numerically. In the sequel, we shall focus on the MLE in the PPP
model and only hint at the parallel theory for the regression-type model under expo-
nential noise. We abstain from analysing the exponential MLE under non-exponential

noise in the regression-type model because the results must be asymptotic in nature
and will be comparable to Theorem

3.1 Proposition. The nonparametric MLE (§M*F(z),2 € [0,1]) is a sufficient and
complete statistics for CP(R).

Proof. By definition of g™ the likelihood (3.1)) can be written as
1
L(g) = exp (n + Z(—X/J)+) exp (n/ g(x) d$>1<g < gMLE)
=1 0

such that by Neyman’s factorisation criterion (e.g. Lehmann and Romano (2006)) g™ =¥
is a sufficient statistics for this parameter class.

Let us remark that by definition ¢™LF is an element of C%(R). Since C°(R),
equipped with its C%-norm, is not separable, we equip it with the Borel o-algebra
generated by the uniform (supremum) norm, which is generated by all point evalua-

tions. Measurability of the estimator ¢ML¥ is then easily established since all point

14



evaluations ¢M1¥(x), 2 € [0, 1], are measurable as minima of countably many random
variables.

For completeness we now consider any statistic 77 : C°(R) — R satisfying
E,[T(gMLF)] = 0 for all ¢ € C°(R), which is Borel measurable with respect to
the uniform norm. For g € @%(R) denote by [g,00) := {h € C*(R)|h > g} the
"bracket’ between g and oo, that is all functions whose graphs lie above g. Noting
[g,00) N [h,00) = [g V h,00) where the maximum ¢ V h is again in €%(R), the family
{[g,00) | g € C3(R)} is an N-stable generator of the uniform Borel o-algebra in C%(R):
for any z¢ € [0,1], yo € R we have {h € C3(R) | h(xo) = yo} = [yo — Rle — 20|?, 00) by
the Holder condition and {[yo, 00) | yo € R} generates the Borel o-algebra on R.

From E,[T(§MLF)] = 0 we obtain by using the likelihood under Py

e St R, [T@MLE)eZW(_Yj)*l@MLE €lg.00))| =0.

Splitting T' = T+ — T~ with non-negative T+, T~, we infer that the measures B
Eo[T+(§MLE)e2i=1("Y)+ 1(gMLE ¢ B)] agree on {[g,00) |g € C%(R)} and thus by the
uniqueness theorem for all uniform Borel sets B in C?(R), in particular for B = {T > 0}
and B = {T < 0}. This implies T (§MLE)e2iz1 (7Yt = 7~ (gMLE) 21 (=Yi)+ pyas,
and thus T(§MEF) = 0 Py-as. for all g € C(R). O

In analogy with the block-wise estimator Plock we set

1
IMLE . — /0 GMEE (2w (z) do — % Zl(gMLE(Xj) =Y;)w(X;).

j=z1

~MLE

IMLE i obtained by a plug-in of the nonparametric MLE § into

This means that
the functional minus a bias correction which counts the relative number of observations
on the graph of §MLF . The striking result is that this estimator is not only unbiased,
but even uniformly of minimum variance among all unbiased estimators for the class

C#(R) (UMVU).

3.2 Theorem. The estimator 9MLE

class CP(R) with

is for each finite sample size n UMVU over the

1
Var(@128) = & [ BV @) — gla)u(z) do
0

< (TP(B/(B + 1)BER(B + 1)) C+On R | =29/ (551 ) o 2,
For n — co we obtain
Var(PMLE) < (2 4 0(1)) RY B+ =RBHD/BHD) 1412,
Proof. Let us define another weighted counting process

N(t) = Z1(Yj < tAmin(Y; + RB|X; - XZ-IB))w(Xj), teR.

i>1

15



Note {min;>1(Y; + R|X; — X;|%) < t} = {min;.y;«;(Y; + R|X; — X;|?) < t} for each t

and that the pure (w = 1) counting process has stochastic intensity
)\t—n/ / mln (Y + Rlz — X;|°) > )dsda:.
’L <8

V is adapted to (J;) from (2.1) and we obtain by compensation (cf

Consequently, N
Prop. 2.32 in Karr (1991)) the (J;)-martingale

M(t) = N(t) —n/ / mln (Y + Rz — X;|%) > )dsw(a:)dw.
The main observation is the identity
tli)m(_( — —n/ / mmY—kR[w—XW) >dsw(x)dx

_n/ / (GMF (@) > ) dsw(z) do

—n /0 (6P () — g(x))w(z) d,

which tells us that

N(o0) = tli)lgoN(t) =
j=z1
simultaneously counts the Weighted number of points (X;,Y;) on the graph of GgMLE
and equals the scaled bias n fo GMEE (2)w(x)dr —9) up to a martingale term. We thus
f gMEE (z)w(z) de — LN (00) =9 — LM (c0) where

19MLE 0

have

is the a.s. and L?-limit of the L?-bounded martingale M with

// min (Y; + Rlz — X;|%) >
7, Yi<s

T n/ (AMLE( ) — g(x))w(z)? de =: (M)s as t T oc.
0

) dsw(z)?dx

We obtain from E[JMLF — 9] = LE[-M(c0)], Var(9MLE) = L Var(M (o)) the result
(use Lemma [5.1| with 7 = 00)
. A 1 _ 1
E[MEE) = 9 and Var(P5) = L B[(M)o] = / E[5MLE (2) — g(2)|w(z)? da
0



Hence, IMLE ig an unbiased estimator and by the Lehmann-Scheffé Theorem YMLE ,
derived from a sufficient and complete statistics, is uniformly of minimum variance
among all unbiased estimators (e.g. Lehmann and Romano (2006)).

To bound the variance we use a universal, but somewhat rough deviation bound

for s > 0 and = € [0,1]:
1
PGV (@) ~a(0) > 5) = exp (= [ (5= Rl =l + 9(0) — 9(6)) )

1
<exp(—n /0 (s — 2Rle — %) )
_ {exp<—n;fl<s/2R><ﬂ“>/ﬂ>, s € [0,2R),

(3.3)
exp(—n(s —2R/(B+1))), s>2R.

In the first step we have evaluated the probability that no observation lies in {(&,n) | n+
R|z—£|? < g(x) + s} using the PPP property. Integrating this survival function bound,
we obtain directly

Bl (@) — g(a)] = | TP () — g(a) > 5) ds
0

2 2R %0
< / exp ( -n (S/QR)(B+1)/5> ds + / o (5=2R/(B+1)) 44
0 B+1 R

=T(8/(B+1))B(2R/ (B + 1))1/(6+1)n—6/(6+1) + %6—2/31%/([#1)' (3.4)

Insertion and a numerical evaluation then yield (the maximal constant being attained
for B — 0) Var(9MEP) < (2 4 o(1))RY B ||w||2 yn = CO+1/(5+1), O

3.3 Remark. The MLE gMLE=7e9" from (3.2)) for the regression-type model is by the
same (or simpler) arguments a sufficient and complete statistics over C2(R). Tt gives

rise to the estimator

n

GMLE—regr _ l Z (QMLEfregr(i/n) _ /\—11<QMLE7regr(i/n) — yi>>w(i/n).

n -
i=1
Then for Exp())-distributed errors 9MLE=7e9™ is an unbiased estimator of 9 with
Var(9MLE-regr) — —o5 Dory E[gMEETTe (i /n) —_g(z/n)}w(z/n)2 This follows analo-
gously from the corresponding counting process N (t), replacing X; in the PPP case
by j/n. The asymptotic upper bound for the regression model as n — oo is the same
as for the PPP model, but with the noise level 1/n replaced by 1/(n)), provided w? is
Riemann-integrable.

While 9MLE a5 an UMVU estimator enjoys very desirable finite sample properties
of its risk, for inference questions we are also in need of distributional properties, at
least asymptotically. A priori, in our Poisson-type boundary models it might not be
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clear whether the limiting distribution is Gaussian, but in fact this is the case since
we average over the interval [0, 1]. The proof of the following central limit theorems for
the Lipschitz case is slightly more technical and therefore given in the appendix. Note
that a central limit theorem for the blockwise estimator 5‘%00’“ follows far more easily
due to Lindeberg’s theorem, profiting from the independence between blocks.

w(z)| < 0o and Var(GMLE) ~

on n, the following central limit theorems

3.4 Theorem. For g € C}(R)
n=3/2, indicating the dependence of
hold as n — oo:

1§MLE

nl/2 (@%LE _ 0)

UG (@) — g(o)w(@)?da) 2
n/2(GMLE _ )

(Jo (GMLE(x) - g(x))w(x)? dz)'/?

Furthermore, the following self-normalising version is valid:

N(0,1),

= N(0,1).

n1/2(19£“E _ 0)
(5 2jo1 HEMEE(XG) = Yy w(X;)?)1/2

= N(0,1).

3.5 Remark. The ’super-efficient’ case Var(0MEF) = o(n=3/2) is to some extent de-
generate and might possibly result in non-Gaussian limit laws. A lower estimate in
above shows that E[gMLF(z) — g(x)] = n~%/? holds as soon as the function g
satisfies |g(y) —g(z)| < R'|ly—z| for R' < R and y in a neighbourhood of z. This means
that Var(ﬁM LEY ~ n=3/2 and the CLTs above are applicable whenever ¢ has a local
Lipschitz constant smaller than R, at least on some subinterval. Note that in this case
we also get ’for free’ the nice geometric result that the number of observations on the

GMLE is of order n'/? (in mean) because of

1
LY UEEG) = Y) ~ [ B ) — gla)] do

j>1

graph of ¢

The standard deviation is of smaller order as the proof of Theorem shows.

An immediate consequence of the selfnormalising CLT is the following inference
statement.

3.6 Corollary. Under the assumptions of Theorem[3.]

In = |:19MLE - a'nql—a/Qa'lgM + Onq1— a/2:| = n2 Z MLE = }/j)w(Xj)2a
7=1

with q1_a )2 the (1—a/2)-quantile of N(0,1), is a confidence interval for ¥ with asymp-
totic coverage 1 — a.

Also the asymptotic variance can be determined explicitly.
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3.7 Corollary. Under the assumptions of Theorem[3.4] we obtain

Var(EE) = (YT 4 o1))n 2 / VR = g @) Rula)d,

where g’ denotes the weak derivative of the Lipschitz function g, and thus

n3AGMEE _ 9) = N / V(R? — ¢'(2)2)/Rw(x )Qd:z:).

Proof. A Lipschitz function ¢ is absolutely continuous, hence a.e. differentiable and
necessarily |¢’'(x)| < R holds a.e. For x € (0,1) where ¢'(z) exists we obtain, arguing
by dominated convergence using (|3.3),

P(n!2(GhEE (@) — g(a) >z)
1
= exp ( n ; )+zn* —R|E—x|—g(& ))+d§>
- ( /_:; (1-2) (n'2(g(z) — gz +n""?u)) + 2 — R|u|)+du)

— exp ( — /OO (z — Rlu| — g’(x)u)+du> = exp ( — RZ—Rg’(a:)222>

—0o0

By integrating this survival function over z € R* and applying dominated convergence
due to the uniform bound ({3.3)), we conclude

Integration over x yields by another application of dominated convergence in view of
(3.4) the asymptotic expression for Var(9M L), =

The last corollary shows that for constant g the asymptotic variance (rescaled by
n3/2) equals v Rr|lw||3,/2 and is largest among all admissible g while for linear g with
slope &R the rescaled asymptotic variance vanishes, i.e. the convergence rate is faster

~MLE

than n=3/2. In Figure 2 we see indeed that § is closest to g where g has largest

slope. Notice that the bias correction via point counts gives a precise meaning for this
observation. So far, our methods of proof do not extend to the S-Holder case with 8 < 1
or to w € L? because we need to control the difference to a block-wise partitioned MLE.
The strategy of proof does neither apply to the monotone MLE, as introduced next.

3.2 MLE under monotonicity

Let us consider the general nonparametric class

M:={g:[0,1) = R | g is increasing and left-continuous}
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Figure 3: Construction of the estimator g™°" in the PPP model (n = 100, left)
and in the regression-type model (n = 100, ; ~ Exp(1), right).

of monotone, that is (not necessarily strictly) increasing functions. Since monotone g
have at most countably many jumps, the observations for left- and right-continuous
versions of g are a.s. identical. Then the nonparametric MLE for the PPP model over
this class is given by

~Mon :

= Y; 1

g7 (@) = min i,z €[0,1),
which is obvious from the fact that any g € M with g(X;) < Y; for all i necessarily
satisfies g < §M°", see also Figure [3| Note that a.s. §"°"(z) < oo holds for z € [0, 1),
but limg4 §M°(z) = oo.
3.8 Proposition. The nonparametric MLE (§™°"(x),z € [0,1)) is a sufficient and
complete statistics for M.

Proof. Sufficiency follows again from the likelihood representation
1
L(g) = exp (n + Z(—Y])Jr) exp (n/ g(x) d:c)l(g < gMon)7
=1 0

using g € L' because of g(z) € [g(0),g(1)] by monotonicity, and the factorisation
criterion. For completeness we equip M with the ball og-algebra for the uniform norm,
cf. Examples 1.7.3, 1.7.4 in van der Vaart and Wellner (1996), which is generated by
the point evaluations f + f(z), z € [0,1). In particular, this implies that gM°" is
measurable because its point evaluations are measurable. For fixed zo € [0,1), yo € R
we have the bracket representation

{9 € M| g(x0) = yo} = U [Yo — 1l z0)(T), 00).
neN

Noting that maxima of monotone functions are again monotone, the brackets form
an N-stable generator of the ball o-algebra. The proof now follows exactly that of

Proposition O
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In analogy with the C(R)-case we build the estimator

1
gMon . — /0 Mo (z)w(x) de — 1 > 1(gM(XG) = Y))w(Xy)

Jj=1

that will enjoy similar nice properties. We have to consider, however, weight functions
w whose support stays away from z = 1 in order to avoid problems arising from
gMen(x) + oo as z 1 1.

3.9 Theorem. Assume supp(w) C [0,1). Then the estimator IMon s for each finite
sample size n UMVU owver the class M with

1

R 1
Var(@1) = [ B[N @) — gl (o) da,
0

n

For bounded w it satisfies

A Mon (1) — 1/2 _ _
Var(ﬁMo ) < <73 (9(1% g(O))> ||w||2::n 3/2+O(n 2).
3.10 Remark.

1. For w € L? with p > 4 the proof below still yields the rate n~'/2 using Holder’s
inequality instead of a supremum norm bound. For monotonous g with bounded
weak derivative g ie. Lipschitz continuous g, the asymptotic constant turns out

to be exactly /7 fo )2\/¢'(z) dx by a dominated convergence argument.

2. Concerning the support of w, the proof shows that the remainder O(n=?) is in
fact 2n72(1 — sup{z : w(x) # 0})~!) and for varying weight functions w,, we

may allow a shrinking distance &, of supp(w,) from 1 such that e,n'/? — oo,

implying a negligible order compared to n=3/2.

3. The rate n~%/2 is minimax optimal for the mean squared error over the class M.
This follows by adapting the proof of Theorem for the Lipschitz case g = 1.
We may just add to g(z) a linear slope Az with A > 2¢R such that g € M holds
for any realisation of (g).

Proof. The proof follows along the lines of the proof for Theorem [3.2] Here the weighted
counting process is

=Y 1(¥; <A min Yi)u(X;), teR.

Its intensity is \; = n fo f o) 4]
corresponding martingale M (t). The same limiting arguments, by restriction to the

1(min;. x,>, Y; > s)dsdr and compensation yields the

support of w, then yield again E[@M °"] =4 and

1
= /0 E[§M (2) — g(a)]w(z)?d.

aMony __
Var(9°") = -
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It remains to estimate the last expectation. Suppose w(z) = 0 for > 1 — ¢ and some
e > 0 and let

z+h)—glx+
fu) = sy HoED =gl
0<h<l—z

€ 0.0d]. glo+) = limg(y). = € 0.1 <]
Yy

be the maximal function for the measure-valued derivative of g. Then for z € [0,1 — €]
with ¢/ (z) € (0,00)

VA (@) ~gla)] = [P )~ g(o) > sV ds

= [Tow (= [ 4 gto) - gle))sc) as

T

= /OOO exp ( — /Onl/Z(lx) (s +n'2(g(x) — g(z + n*1/2u))>+du> ds

o0 nt/2(1=a)As/ gl ()
< / exp ( - / (s — gho(z)u) du) ds
0 0

< /0 exp (= s(n/2(1— 2) A s/gl ())/2) ds
< (7_[_géo(l,)/2)1/2_i_277/71/2871677152/(2%)0(x))7

which trivially continues to hold with obvious extension if ¢/ (z) € {0,00}. We shall
now establish a weak-L!-estimate for g/ by adapting and improving (in the constant)
classical results (Rudin 1987, Thm. 7.4). For ¢ > 0 we define

Be={z€[0,1—¢]|g(x) > (}
and we shall prove |B¢| < (7!||g||py with |B¢| denoting the Lebesgue measure of By,
lgllsv = g(1) — g(0).

To this end we construct a family (x;, h;)ics, J some countable set, in B¢ x R*
with g(z; + h;) — g(z;) > Chi and [x;, & + hi) N[z, 25 + hj) = @ for all i # j such that
Uielzi, zi +h;i) 2 B¢ holds. We proceed by (transfinite) recursion: since x +— g(x+) is
right-continuous, so is g4, and thus zq := inf B¢ lies in B¢ such that there is some kg > 0
with g(zo+ho) — g(xo) = Cho. Then define ;1 := min(B¢ \ [0, zo + ho)), which is again
in B¢ by right-continuity such that some hy > 0 exists with g(z1 + h1) — g(x1) = (hy
and so on. Having thus defined (x;, h;);ep for all (possibly infinite) ordinal numbers I’
smaller than some given ordinal I we add z; = inf(Be N (;cyp [z + hiy 1 —€]) € Be
with some corresponding h; until B¢ is exhausted by |J;c [z, z; + hs). Then we just
estimate

g(1) = g(0) > > glmi+hi) — g(z:) = ¢ Y hi > (|B.
icJ icJ

Using E[gM"(z) — g(z)] < (mgl(x)/(2n))Y? + 2n~ e~ and for a > 0 the integral
bound

1—¢ 1/a 1/a
/ o (2)2dz < / 2B+ a1 —€) < Hg||BV/ 12 4 a2,
0 0 0
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derived from |B,-1| < z||g||pv, we obtain with a = ||g||By

/0 B[ (2) — g(o)] da < (3xgll ) Y2(20) 2 4 O )

for g € M. The assertion follows by pulling |w||s out of the integral. O

In the regression-type model the nonparametric MLE over M is likewise

~Mon—regr (.’L’)

J = min;.,<;/n di- Then by the same arguments

n

gfon=rear .= S (gMon=rear (i) — A1 (§M T (i) = ) Yuw(i /)

i=1

is an unbiased estimator of 13" g(i/n)w(i/n) under Exp(\)-noise with
Var(9hTon—eory = —55 Doiq E[gMonTrear(i/n) — g(i/n)]w(i/n)?. Note that at the right
end- pomt E[gMen=Tedr(1) — g(1)] = A~! holds, but that summand only contributes
(nA)~2w(1)? to the total variance which is usually negligible.

4 Discussion

An important application for the estimation of functionals are orthogonal series es-
timators, also called projection estimators. Let (¢,)m>1 be an orthonormal basis of
L2([0,1]). Then we can form the estimator gy = SV

m=1

ﬁmgom of g where @m esti-
mates the coefficient (g, pm)r2, i.e. w = @, in our notation. Using our estimators for
g € C5(R) we thus obtain as stochastic error in the L2-risk:

E [llgn — Elgn]|2:] = Z Var(fy) < Mn—C8+D/(+1)

For L2-Sobolev spaces H*® of regularity s and standard bases like (trigonometric) poly-
nomials, splines or wavelets we have the bias bound >, . /(g m)? < M 2. We
always have g € @°(R) = g € H” such that

Elllgn — 9||%2] <M %4 Mn—@8+D)/(B+1) o ,=28/(B+1) for M ~ nt/(B+D)

follows. This seems to be the first rate-optimal estimation result for series estimators
in one-sided regression, cf. Girard and Jacob (2003), Jirak, Meister, and Reif3 (2014)
for (optimal) rates and other approaches in the literature. We may, of course, also have
g € H* for some s > 3, but then the derived rate is slower than the optimal n=28/(2s+1),
The unbiased estimation method essentially relies on a uniform control of the variation
of g and we do not know whether similar results can be obtained for Sobolev (or Besov)
instead of Holder balls.

Concerning the function class § over which the nonparametric MLE is feasible and

for which the derived estimator of ¥ exhibits nice non-asymptotic properties, it was
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g(x) = 0.5sin(2mx) +4x, B=1,R=75 g(x)=+x, B=05R=1
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Figure 4: Monte-Carlo errors for the different estimators and two functions g

only essential for the stopping arguments as well as the completeness property that
constants lie in § and that for ¢1,g90 € G also g1 A g2 and g1 V g2 are in §. Thus
also G = M N CA(R) or extensions to the multivariate case § = C’.S(R) ={g:10,1]% —
R ||g(z) —g(y)| < R]z—y|®} are possible. For smoothness degrees 3 > 1 or other shape
constraints like convexity our method does not transfer directly, but may possibly be
adapted, see e.g. Baldin and Reif} (2015), where also the intensity A is estimated.

Finally, in a small simulation example we investigate the behaviour of the blockwise
estimator, the MLE and the monotone MLE for ¢ = fol g(x)dz on finite samples. We
simulate the PPP model as well as the regression-type model with Exp(1)-distributed
noise. For two different monotone regression functions g the RMSE (root mean squared
error) is estimated in M = 200 Monte Carlo repetitions. On the left-hand side of Figure
the RMSE results for g(z) = 0.5sin(27z) 4+ 4z are shown and on the right-hand side
those for g(x) = \/x. It can be seen that all three estimators work well even for the
small sample size n = 50 and that their performances in the PPP and the regression
model are comparable.

The blockwise estimator does not perform so much worse than the ML estimators.
From our theoretical results this is to be expected: the ratio of the upper bounds for
the nonasymptotic variance of 9MLE and of ¥7°°* is given by

L(B/(B+1)B(B+ 1)~ /D
ﬂ*ﬁ/(ﬁ”rl) (B + 1)

= T(8/(B + 1))3B+D/(B+D) (g 4 1)=(B+2)/(B+1),

which approaches one for 5 | 0, has a minimum 0.54 at 8 ~ 0.47 and then increases to
about 0.63 for 5 1 1. Note, however, that both upper bounds are not tight. Since the
simple blockwise approach is faster to compute, which is particularly relevant for any
adaptive estimator, and is theoretically easier to analyse than the MLE (especially for
the CLT, but also for an adaptive procedure), we conclude that both approaches are
attractive and should be considered in their own right.
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5 Appendix

5.1 Technical results

We formulate a stopping theorem for continuous-time martingales, which does not seem
readily available in the literature.

5.1 Lemma. Let (M(t),t > to) be a cadlag martingale with M (ty) = 0 and let T be a
stopping time with values in [ty, oo], both on some filtered probability space. If E[(M )]
is finite, then E[M(7)] = 0 and E[M(7)?] = E[(M),] hold.

Proof. From the Burkholder-Davis-Gundy inequality (Thm. 26.12 in Kallenberg
(2002)) and the identity E[[M];] = E[(M),] (e.g. by Prop. 4.50(c) in Jacod and Shiryaev
(1987) for M), we conclude E[sup,,, MZ ] < E[(M).]. Hence, (|Mipr|P)isty, p €

{1,2}, is uniformly integrable and by optional stopping E[M;] = lim;_,oc E[M r¢] = 0
follows as well as E[M?] = E[[M],] = E[(M).]. O

A moment bound for the stopping time in the proof of Theorem is provided.
5.2 Lemma. Under the assumptions of Them“em we have for T =Y + RhP
El(r — g(i/n))")? S R + (nAR)™!
as nh — oo for any p > 0.

Proof. The property Y; < max,

ief, 9(i/n) + min,_; &; implies for nh — oo

P(n/\h(’éz —maxg(i/n)) > z) < Fo(z/n\h)™ = enhlog Fe(z/nAh) _y o=z

i€l

Using Fi.(z/nh)™ < (1 + z/nh) ™" we establish

I PP (nAR( Yy — i/n)) > z)dz =
i sup | 7P (A (4~ (o) > =) d= =0

for any p > 1 such that by uniform integrability

limsup E [(n)\hwz - m@xg(i/n)op] < / e *dz < o0

nh—oo 1€l 0
follows. By the Hélder condition ¢ varies at most by Rh® on each block and thus
E[(7r — min,; g(i/n))?] S (RRP + (nAh) =) holds. O

We need the following interesting self-normalising property. The constant is cer-
tainly not optimal.

5.3 Lemma. Suppose that a non-negative random variable X satisfies P(X > x) =
e=®) 2 >0, with a strictly increasing convez function a. Then E[X?] < 6(e+1) E[X]?
holds.
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Proof. The property P(a(X) > a(z)) = e~ *®) shows that Y := a(X) is Exp(1)-
distributed. Since the inverse a ™! of a exists, we may use a~1(0) = 0 and the concavity
of a=! to calculate

E[X]* = / / e
/ / (z — x)dve 2dz
Z — xafl(z) dre *dz = h an(z)ze—zdz‘
Ve b

By monotonicity, we have ff za 1 (2)%e *dz = e} fol a~!(z)%e"*dz. This shows

E[X?].

e+1

1 oo
6E[X]? > / a l(2)%e?dz =
e+1 Jg

5.2 Proof of Theorem [2.4]

For h,, < h* we infer from the deviation bound in Proposition below

m—1

Pl =hyn) < 32 (POTSE, = 0] > k) + POTSE = 9] > i)
m/'=1

m—1
< Z (4n_2c + nF.((clogn — 2)/(nhy )" + nE.((clogn — 2)/(nhm+1))nhm+1>

m/=1

< M( 720 1730)
for A € (0, A\) and n sufficiently large. By Cauchy-Schwarz inequality we thus infer
E[(@Zlock o 19(71))21(% < h*)] S E[(ﬁ%lock _ 19(71))4]1/2M(n—2c + n1—30)1/2.

From the exponential moment bound and Lemma we obtain that the fourth
moment of the error remains bounded (even tends to zero) such that the first inequality
follows.

By construction, we have for h;, := h > h* =: by~ that |1§5’l["6k 0%‘;{1’“ < Kypy + K
holds. Using H(y) ~ xy? and h,, = (logn)?n~!, we obtain

-1
log n)? logn et . 7 * -
S s VI (1 b 30 0 € T 0 < Uit (b))
m= k=0

For each fixed h,, we have by compensation of the block-wise counting process

ht—1 Rl
E[(Y0 #0i€ Dun : Yin, <Y < Vi, + b)) | <hid Y0 E[AR + 4
= k=0
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with

Ap= 2 /1(%,hm <s+g(i/n) < Ypp, + (nhm)—l)

ieik’hm

o*

20
F.(s

ds < ||f€/F€||OO ~1

~—

Since by definition #{i € fkyhm Y, < Hz’hm} =1 a.s., we have

hl—1

E[(ha 3 #40 € Ty 90 < Ui, + (b)) S1
k=0

A (crude) bound for the maximum via the sum thus yields the second inequality:

- - . 5 logn)*  Mlogn
E ,ﬂblock - 19bloc*k 21(h > h) < E N > 21(h > h*) < (
(2 = 210> 1)) < Bl + o P10 > 1)) 5 o + 2

For the asymptotic rate just note that the geometric grid of bandwidths suffices
to achieve h* ~ n~1/(F*1) asymptotically such that inserting E[(ﬂbl“k 9()?] <

n~@B+D/(B+1) 4 p=46/(B+1) from Theorem . and the triangle inequality yield the re-
Sult, noting that the risk on {h < h*} is negligible due to the choice of ¢. It remains to
prove the following deviation inequality.

5.4 Proposition. For any h,z,x > 0 with Rh® < (nh)™', 20h'?|w|e < 1 and
k < (8 — 2RhP)nh we have with probability at least 1 — 2e=2%" — k= F.(x/(nh))"™" the
bound

nARM 2[99 — 90| <" 1(Ys < O Hp (B Pw(i/n)) + CP (ke + 2)°n T h3 2wl + 2.
=1

Proof. We consider the martingale M (t) in (2.4) and the associated stopping rule 7.
By the substitution rule (Kallenberg 2002, Thm. 26.7) we obtain for v > —1/||w||~ the
exponential (local) martingale

&(t) = exp (32 1(%s < 1) loa(1 +yau(i/m) + log(Fe(Y: At — g(i/N)yu(i/m) )
i€l

= exp (YM(H) = 3 1(%: <) (yw(i/n) — log(1 +yw(i/n))) ).

iEik

We infer from |I,| < oo and the fact that F.(g;) ~ U([0,1]) has finite p-moments for
all p > —1 via Lemma [5.1] the stopping result

E [exp (yM(T) - 1<) (’yw(i/n) ~log(1 + 'yw(i/n)))ﬂ ~1.  (5.1)

i€ly,

Using representation (2.5)), the independence among blocks yields E[e'yZV] =1 for
Zoy =n (925K — ZG (Yi AT — g(i/n))w(i/n)
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n

B < Y (wli/n _ log(1 4+ yw(i/n))
> 10 < 1) (wtif) ),

2

We choose v = +22h'/? and obtain by Markov inequality P(h'/2Z, ;12 > x) < e 2%,
P(hl/QZ_ZIhI/Q < —x) < e~2" guch that with probability 1 — 222"

‘nAhm(@ffﬁfk — M) — K12 "G (Y AT — g(i/n))w(i/n)
=1

<Y 1Y < TNH (W 2w(i/n)) + a. (5.2)

-

=1

From |G (z)| < €222 for z € [0,6] and Rh® < (nh)~! we infer

P(max|Ge(4: A7 — g(i/n))] > C2(x +2)2/(nh)?)

il
< P(max(dh A7 = gli/n) > (s+2)/(nh))
< P(?eulilsz +2(nh)™t > (k + 2)/(nh)) =F, (ﬁ/(nh))nh

We thus obtain with probability 1 — Fe(/ﬁ/(nh))”h the bound
. , (k —l— 2)?
32 Gt nr — glifmputim)| < SRS i)
iely, icly

Summing over the h~! blocks implies with probability 1 — A~ F.(x/(nh))™"
W23 Ge AT — glim)wli /)| < O+ 2P0 2 .
i=1
In view of (5.2)) this yields the result. O

5.3 Proof of Theorem [3.4]

Let r, — 0 such that 72n — oo and 7,* € N. On each block J; = [lry, (I + 1)ry,),
[=0,. — 1, we can define the blockwise €*(R)-MLE

GMEE () = §11HJ(Y+R|m—X|) x € Jp.

Note that by definition the blockwise MLE is at least as large as the global MLE, i.e.

GMLE > 5 MLE)

9 gMLE By construction, (g ; are independent and each

G s [ G @) de = SO € 51 = V()

j>1
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enjoys the non-asymptotic properties of Theorem n on Ji, in particular E[ﬁlM LE] =
5, 9( z)dz and Var(IMPF) = L + )5 Elg GMLE () — g(z)]w(x)? dz. Let us therefore
first establish for the blockwise MLE 9,, := ;"0_1 19M LE that

rn—l

—-1/2

-~ Z /J G g(:v)]w(x)zdx) (0, — 0) = N(0,1). (5.3)

By independence of (’9{‘/1 LE) for the CLT to hold it suffices to check the 4th moment
Lyapunov condition
1o N
o Bl —d0)']
Var (¢, )?

Foreach ! =0,...,r,—1let (M;;); be the compensated weighted counting process from

— 0.

the proof of Theorem restricted to J;. The (non-predictable) quadratic variation
of (M) is given by the sum of squared jumps:

[Ml]t:Z(AMl,s)2:Z1(XjeJl,Y tA min (Y; + R|X; — X|)) (X;)2

X, €]
s<t j>1 i

The Burkholder-Davis-Gundy inequality (e.g. Thm 26.12 in Kallenberg (2002)) then
yields by similar arguments as for (M;) above

BV S ERE] =B [(n [ @ = 9u?) 0 [ G0 gt

Using Jensen’s inequality, we find

rnt—1 rpl-1

n N 1 n _

ST RGN — 0 = - 3 B

=0 =0
7’;1—1 9

S Y B[ [ @ - gu?) wn [ G1E - g]

1—0 Ji Ji
rnl 1
<X (w7 [ EIGHEE - gt 407 [ B - glut).
1=0 Ji i

As in (3.3)) we can bound

P (x) — g(z) = 5) <

{exp(—nR(S/QR)2)7 s€02Bm]

exp(—n(srp, — Rr2)), s> 2Rr,.

Noting r,n'/? = oo and ||wHoo < 0o, we apply the moment bound of Lemma to

GMEE (2) — g(x) with a(s) = an s — R|§ — x|+ g(x) — g(§))+dz and integrate over s

to obtain
rat—1

ST OE[OMEE — 90)* < (rn + 02 (n732)2,

=0
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Hence, in view of Var(lgn) > Var(@ﬁ/[LE ) ~ n~3/2 the Lyapunov condition is satisfied
and the CLT follows.

In the second step we show that the difference between ¥,, and @%LE is of small
stochastic order oP(n_3/ 4). First, we note that the above martingale arguments yield

E[(05 — 93TF)%) = Var(d, — 0)1F) = n”! Z / E[gM""E () — g™"F (@) w (@) da.

Introduce the notation gME¥ (z) = ming, x, ¢, (Y; + Rz — X;|?) and consider the event
0, = {vz =0, 13 e J;: gMEE@) = QMLE(x)}

whose complement is given by Q% = U, {minge s, (GM*E — gMLE)(z) > 0}. By indepen-

~MLE and gMLE

(mln( GMLE _ gMLEy () > O) =E [exp(—n/ (GMEE — g)(x) daz)}

zed; J)
<E | exp (= nrmin (525 = 9)(Ira), (377 = 9)((1+ Dra) ) )]

Using g/ *E > gMLP for I £ 1, the bound (5.4) yields

dence of g; and conditioning on the latter we obtain

P(min(g"= = MEF) (@) > 0) < 2maxE | exp(—nr (37 (x) - g(x)))]
l )
<nir 2

We conclude P(Q8) = O(n1r;3) = 0 by a union bound and the choice of r,.

~MLE ~MLE

On the event 2, the left most point L; in .J; where g; and ¢ coincide is well

defined and satisfies for [ >

= inf{z € Ji | /""" (x) = "5 (2)}

mf{x e Ji| g () < GMEF (Ir,) + R(z — Iry) ).
Now L; = Ir, holds on £, if the corresponding right-most point R;_; := sup{z €

S | g TP () = gM PP (x)
R;_1 = lry,. Due to this symmetry we only consider the case L; > Ir,. For z € (0,r,]

} on J;_; satisfies Rj_; < lr, and vice versa L; > Ir, =

and [ =1,...,7,;! —1 a rough bound yields:

P(Li> i+ 2 ‘ ((Xs, YL(X; < Ira))iz1 ) < exp (- n/lTn+Z(glJ‘if{lE(x) ~ g(a)) dr)

lry,
<exp (= na(gFE r) — glira))-

Since gMEE(L)) = gMLP(L;) holds and both functions are in C!(R), we obtain the

bound
L

L,
|G Py @y < [ 2R =) (1= )

Tn lrn
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By the identity E[Z?] = fo 22P(Z > z)dz for non-negative random variables Z and
by the above probability bound for L; we obtain further

L, -
E [\/l (QZZWLE _ gMLE')]_Qn:| SJ E {/(; ze_”Z(QMLE(lTn) g(lr"))dz}

. 1 2
SE [ min (LG ™) |

Using (5.4) on J;_1, we arrive, after suitable substitution inside the integral, at

L,
E [/ (QZMLE AMLE 19 / min(u - ,T?L)e*“du
Iry
<n~ 1log(m‘%).

Summing over [, bounding the alternative case R;_1 < lr, by the same estimate

and using ||w|/s < 00, we arrive at

E Z / GMLE — GMLEY (1) () 2da 1, | < (nrp) " log(nr?) = o(n™Y?).  (5.5)

This gives the desired result E[(J,, — 9MLE)21q ] = o(n~?/2) with P(Q,) — 1.
Furthermore, from (5.5) we derive also that

rn—1

1
AMLE z)|w(z)? dx — MLUE () — g(2)|w(x)? dx
> [ B0~ glute) do = [ B 0) — leluta)a

= o(n~1/%) +o( sup E[(g177 () — MFF (@))10] ).
l,xeJ;

By the Cauchy-Schwarz inequality, the last term 1is at most of order
O(n‘1/2P(Q%)1/2) = o(n~'/?). Hence, applying Slutsky’s Lemma twice to the CLT

(5.3), we arrive at

G TEGMEE() - g(@)w(z)? dx)*” “OMLE _ ) = N(0,1).
0

n
By Jensen’s inequality, Var( fJ GgMLE _ <7Tn fJ GMIEE — ) 2wt < r2n=2/3,
which implies

rn—1

Var Z /J AMLE (,f[j))'w(x)Q d:z:) < rnn*2/3 _ O(n,Q/g)'

We infer > "y le GMLE _ g)p? £ = st [, Elg gMLE — glw?. Together with (5.5)),
this yields the CLT

([ @) - gwnut?ar)

—1/2 ~
/ n"Y2(OMLE _ 9y = N(0,1).
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Now note that the MLE for the functional [ gw?
1
- 1
B2 = [ (s - ST 1(EMEEG) = Yy)u(X,)?
0 n -
j>1

is also unbiased with Var(JMEE (w2))1/2 < n=3/4, Since by assumption fol E[gMEE —

glw? ~ n=1/2 is of larger order, Slutsky’s Lemma permits to replace fol E[gMLE — glw?

by fol GMEE? — 1924 LE(1?) in the CLT, which gives the desired self-normalising form.
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