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Full Logarithmic Conformal Field theory — an Attempt
at a Status Report
LMS/EPSRC Durham Symposium on Higher Structures in M-Theory
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Logarithmic conformal field theories are based on vertex
algebras with non-semisimple representation categories.
While examples of such theories have been known for
more than 25 years, some crucial aspects of local log-
arithmic CFTs have been understood only recently, with
the help of a description of conformal blocks by modular
functors. We present some of these results, both about
bulk fields and about boundary fields and boundary states.
We also describe some recent progress towards a derived
modular functor.
This is a summary of work with Terry Gannon, Simon Lent-
ner, Svea Mierach, Gregor Schaumann and Yorck Som-
merhäuser.

1 Introduction

Let us start this report on logarithmic conformal field the-
ories by explaining the qualification ‘logarithmic’. To this
end we first recall textbook knowledge about ordinary
two-dimensional conformal field theories. Consider a Vi-
rasoro primary field φ(z) of conformal weight h. Via the
state-field correspondence, it gives an eigenstate |φ〉 of the
Virasoro zero mode L0 with eigenvalue h, i.e. L0|φ〉=h |φ〉.
The operator product between the stress-energy tensor T
and such a chiral field φ takes the form

T (z)φ(w) ∼ hφ(w)

(z −w)2 + ∂φ(w)

z −w
. (1)

This amounts to the commutation relations

[L−1,φ(w)] = ∂φ(w) ,

[L0,φ (w)] = hφ (w)+w ∂φ (w) ,

[L1,φ (w)] = 2h wφ (w)+w2∂φ (w)

(2)

with the Laurent modes Ln of the stress-energy tensor.
Combining these relations with the invariance of the

vacuum state under the Lie algebra sl(2,C) that is spanned

by the modes L0, L1 and L−1 leads to the following differ-
ential equations for the two-point conformal blocks of the
field φ:

(∂z +∂w )〈φ (z) φ (w)〉 = 0,

(z ∂z +w ∂w +2h)〈φ (z) φ (w)〉 = 0,

(z2∂z +w2∂w +2h (z+w))〈φ (z) φ (w)〉 = 0.

(3)

The general solution of these equations exhibits scaling
behaviour:

〈φ(z)φ(w)〉 = A

(z −w)2h
(4)

for some constant A.
In a logarithmic conformal field theory, the action of

L0 need not be semisimple, so that a Jordan partner |Φ〉
of |φ〉 can appear, satisfying L0|Φ〉 = h|Φ〉+|φ〉 in addition
to L0|φ〉 = h|φ〉. This amounts to the operator products

T (z)Φ (w) ∼ hΦ (w)+φ (w)

(z −w)2 + ∂Φ (w)

z −w
(5a)

and

T (z)φ(w) ∼ hφ(w)

(z −w)2 + ∂φ(w)

z −w
(5b)

with the the stress-energy tensor. Accordingly, the Vira-
soro modes L0 and L±1 act on the Jordan partner Φ as

[L−1,Φ (w)] = ∂Φ (w) ,

[L0,Φ (w)] = hΦ (w)+w ∂Φ (w)+φ (w) ,

[L1,Φ (w)] = 2h w Φ (w)+w2∂Φ (w)+2wφ (w) .

(6)

∗ Corresponding author e-mail: christoph.schweigert@uni-
hamburg.de

a Teoretisk fysik, Karlstads Universitet, Universitetsgatan 21,
65188 Karlstad, Sweden

b Fachbereich Mathematik, Universität Hamburg, Bundesstr. 55,
20146 Hamburg, Germany

1

ar
X

iv
:1

90
3.

02
83

8v
1 

 [
he

p-
th

] 
 7

 M
ar

 2
01

9

http://www.maths.dur.ac.uk/lms/109/index.html
mailto:christoph.schweigert@uni-hamburg.de
mailto:christoph.schweigert@uni-hamburg.de


P
ro

ce
ed

in
gs

J. Fuchs and C. Schweigert: Full Logarithmic Conformal Field Theory

This leads to the a set of inhomogeneous differential
equations for the conformal blocks. For the full set of
these equations and for an extensive exposition of vertex
algebras leading to logarithmic conformal field theories,
see e.g. [1].

The equations for the two-point blocks include in par-
ticular

(∂z +∂w )〈φ (z)Φ (w)〉 = 0 (7a)

and

(z ∂z +w ∂w +2h)〈φ (z)Φ (w)〉 =−〈φ (z) φ (w)〉 . (7b)

Let us simplify the discussion by assuming that the
two fields φ (z) and Φ (z) are mutually bosonic, i.e. that
〈φ (z)Φ (w)〉=〈Φ (w) φ (z)〉. In this case the two-point
blocks take the form

〈φ (z) φ (w)〉 = 0,

〈φ (z)Φ (w)〉 = B

(z −w)2h
,

〈Φ (z)Φ (w)〉 = C −2B log(z −w)

(z −w)2h

(8)

for some constants B and C . Thus when the L0-action
is non-diagonalizable, imposing global conformal invari-
ance gives rise to the presence of logarithmic singularities
in conformal blocks.

The rest of this contribution will not involve any of
those logarithms. The crucial point is rather that we will
not require semisimplicity, thereby allowing for the oc-
currence of Jordan blocks in the action of the chiral alge-
bra. Accordingly, from now on we prefer to talk of non-se-
misimple conformal field theory, rather than of logarith-
mic CFT. More specifically, we will work with monoidal
categories that, unlike in rational conformal field theory,
are not required to be semisimple. Readers not fully con-
versant with the theory of monoidal categories should
feel free to think of these categories as realized concretely
by representations of suitable vertex algebras and by in-
tertwiners between such representations, with the tensor
product given by fusion.

At this point it is appropriate to point out that the
past decade has seen a lot of progress in the understand-
ing of specific classes of conformal vertex algebras that
have such representation categories; see e.g. [2–13] for a
biased selection of references. Under very general condi-
tions, a conformal vertex algebra is expected to possess a
representation category that is endowed with a braided
monoidal structure. Moreover, the braiding is expected to
be non-degenerate, in a sense to be made precise below.

We further restrict ourselves to vertex algebras with
a representation category that obeys certain finiteness

conditions; technically, it is required to be a finite tensor
category in the sense of [14, Ch. 6]. Finally, we require that
the category comes with dualities and with a compatible
balancing (or twist), whereby it acquires the structure of a
ribbon category. Altogether this means that we work with
a category C that is a factorizable finite ribbon category,
or modular tensor category in the terminology of [15] (for
further explanations, see below). In recent years much
progress has been made in the understanding of modular
tensor categories and in the construction of examples.
An attractive feature of some of those examples is that
they are directly connected with Lie-theoretic structures,
whereby they promise to yield models that are amenable
to detailed explicit computations (as illustrative examples,
see e.g. [16, 17], which reflect recent PhD work).

It is worth pointing out that the structures mentioned
so far are all related to chiral conformal field theory. A pri-
ori, given the fact that in non-semisimple theories the con-
formal blocks can contain logarithms, it is by no means
clear whether a full, local conformal field theory, with
correlators that are single-valued functions, can be con-
structed from the conformal blocks of a chiral logarithmic
conformal field theory. First encouraging results that sug-
gest that this is nevertheless possible date back almost two
decades (see [18], as well as [19] and references therein
for more recent work). However, a systematic construc-
tion of local non-semisimple conformal field theories has
been elusive for a long time. Indeed, not even the exis-
tence of the local conformal field theory that generalizes
the charge-conjugate partition function of a rational CFT
could be established. (Incidentally, even in the rational
case the consistency of that full CFT was fully established
only relatively recently [20]. In this context it may also be
of interest that there exist chiral rational CFTs to which
there isn’t associated a consistent full CFT with a torus
partition function given by the ‘true diagonal’ modular
invariant [21].)

A thorough understanding of such field theories is
highly desirable. After all, local non-semisimple confor-
mal field theories do have significant applications in the
real world, for instance to critical dense polymers [22] or
to critical percolation [23]. (Applications to string theory
seem to be more speculative at the time of writing; see,
however [24].)

2 Strategy

Our goal is thus to find a model-independent construc-
tion of local non-semisimple conformal field theories
from a given chiral theory. Our general strategy to address
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this issue is as follows. First recall how conformal blocks
can be obtained for a vertex algebra, see [25] for a review
in the case of WZW theories, and [26] for a more general
approach. The n-point conformal blocks on a genus-g
surface form the total space of a vector bundle V with pro-
jectively flat connection over the moduli space Mg ,n of
complex curves of genus g with n local holomorphic co-
ordinates (which we will later tacitly replace by n disjoint
boundary circles). Given an n-tuple

(
H

λi

)
i=1,...,n of mod-

ules over a vertex algebra – that is, an n-tuple of objects of
the representation category C , which is a modular tensor
category – the bundle V =Vλ1,...,λn is concretely realized as
a subbundle of invariants under the action of a globalized
version of the vertex algebra,

Mg ,n × (
Hλ1⊗ ·· · ⊗Hλn

)∗
Vλ1,...,λn

Mg ,n

(9)

In general, horizontal sections of this bundle are multi-
valued, i.e. they exhibit non-trivial monodromies under
analytic continuation. Hence only very specific sections –
very specific conformal blocks – can qualify as correlators
of a full CFT.

Monodromies for sections of V are, after choosing a
base point, encoded in representations of mapping class
groups π1(Mg ,n)=Mapg ,n . These representations are re-
quired to depend functorially on the objects Hλi in the
modular tensor category C . A tool for keeping keep track
of these representations and their functorial dependence
on objects in C is provided by a modular functor. The
latter is a symmetric monoidal 2-functor from a suitable
bicategory of bordisms to an algebraic bicategory. For
the bordisms we take the bicategory Bord2,1; objects of
Bord2,1 are closed oriented one-dimensional manifolds,
1-morphisms are surfaces with parametrized boundaries,
and 2-morphisms are given by elements of mapping class
groups (these will be explicitly described further below);
the tensor product is disjoint union.

We obtain a specific tractable framework by impos-
ing the following finiteness condition on the target bi-
category of the modular functor: We take the symmetric
monoidal bicategory of finite tensor categories, with left ex-
act functors as 1-morphisms, natural transformations as
2-morphisms, and the Deligne product � of finite abelian
categories as the tensor product. Thus we give

Definition 2.1. A modular functor is a symmetric monoi-
dal 2-functor from the bicategory Bord2,1 to the bicate-
gory of finite tensor categories.

Such a modular functor can indeed be constructed
when C is taken to be any modular tensor category; thus
semisimplicity needs not to be imposed, provided that
the finiteness conditions are kept. Still, we hope that some
of our structural results will extend beyond this class of
categories, thereby also covering models like e.g. Liouville
theory. In any case, the study of non-semisimple confor-
mal field theories forces us to use rather systematically
concepts and tools from category theory. Thereby it al-
lows for a substantial conceptual clarification which, in
turn, further elucidates also the structure of (semisimple)
rational conformal field theories.

The rest of these notes is organized as follows. In order
to construct a modular functor we develop, in Section 3, a
Lego-Teichmüller game for a factorizable finite ribbon cat-
egory D that is not necessarily semisimple. This is based
on [27], which combines earlier work on the semisim-
ple case [28] with categorical constructions introduced
in [29–32]. For applications to bulk fields in full confor-
mal field theory, the category D has the form of a Deligne
product

D =C �C rev , (10)

where C is a modular tensor category and C rev is the same
rigid monoidal category as C but with reversed braiding
and twist.

In Section 4 we discuss correlators of bulk fields. We
introduce the notion of a consistent system of bulk corre-
lators for a modular tensor category D and show that such
systems are in bijection with modular Frobenius algebras
in D. In Section 5 we present specific results for the torus
partition function. The next two sections contain comple-
mentary material: Section 6 deals with boundary states of
non-semisimple conformal field theories; in Section 7 we
present some first results towards a derived modular func-
tor. In the final Section 8 we collect a few open problems
and conceptual questions.

3 A Lego-Teichmüller game with coends

3.1 Preparations

We now present an explicit construction of a modular
functor with input datum a not necessarily semisimple
modular tensor category D. A closed oriented one-mani-
fold – an object of Bord2,1 – is a disjoint union of finitely
many, say n, copies of an oriented circle S1. We assign
to such a manifold the n-fold Deligne product D�n . To
tackle 2-manifolds and their mapping class groups, we set
up a Lego-Teichmüller game, which associates (left exact)
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functors to surfaces. To this end, we need to specify the
appropriate classes of surfaces.

Definition 3.1. i) An extended surface (E ,∂inE ,∂outE ,
{pα}) consists of a smooth oriented surface E with ori-
ented boundary. The set of boundary components is
partitioned into incoming and outgoing boundaries,
∂E =∂inE ∪∂outE . On each boundary component α a
marked point {pα} is chosen (this rigidifies the situ-
ation and will allow for a convenient description of
Dehn twists around boundary circles).

ii) The mapping class group Map(E) is the group of
isotopy classes of orientation preserving diffeomor-
phisms from E to itself that on the boundary restrict
to maps ∂inE →∂inE and ∂outE →∂outE and that map
marked points to marked points.

We also need to introduce the additional operation
of a sewing of surfaces. This produces a new extended
surface from an existing one: select a pair (α,β) consisting
of an incoming and an outgoing boundary component of
E and obtain a new extended surface

⋃
α,βE by identifying

the circles α and β (including their marked points). The
following picture illustrates how this procedure can be
performed iteratively to sew three spheres having two,
three and six holes, respectively, to a torus with five holes:

sew
−−−−−−→

(11)

To be able to construct a modular functor, we need
to provide auxiliary structure on the surface E , which in
particular specifies a pair-of-pants decomposition of E :

Definition 3.2. i) A cut system for E is a finite set of dis-
joint oriented circles on E , each with a marked point,

that induces a decomposition of E into punctured
spheres.
A cut system is called fine iff each sphere in this de-
composition has at most three punctures; the cor-
responding decomposition is then called a pair-of-
pants decomposition of E .

ii) A fine marking on E is a fine cut system together
with a graph Γ on E with one vertex qj in the inte-
rior of each punctured sphere Pj of the pair-of-pants
decomposition that results from the cut system and,
for each j , with an edge pointing from qj to each of
the marked points on the boundary of Pj (which con-
sists of boundary circles of E and/or cuts).
As an additional structure, for each of the graphs Γj

that are obtained by restricting Γ to the spheres Pj ,
one edge is considered as distinguished. This choice
of distinguished edge induces a linear order (refining
the cyclic order provided by the orientation of Pj ) on
the set of edges of the graph Γj .

As an illustration of these concepts, consider the five-
holed torus shown above. The following picture shows
this surface together with a fine cut system on it, for
which the resulting pair-of-pants decomposition is the
disjoint union of one two-holed sphere and five three-
holed spheres (for better readability, the 1-orientation of
the cuts is suppressed):

(12)

A fine marking for this cut system is displayed in the next
picture; the distinguished edges of the subgraphs on the
five spheres of the pair-of-pants decomposition are ac-
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centuated by a small triangular flag:

(13)

Given any extended surface E , one can set up a group-
oid FM (E) of fine markings on E [28]. The objects of
FM (E) are fine markings (E ,Γ) of E (we suppress the
cut system in the notation), and its morphisms are se-
quences of elementary moves (E ,Γ) 7→ (E ,Γ′), modulo re-
lations among the elementary moves. In more detail, there
are 5 elementary moves:

(M1) The Z -move, which changes the distinguished edge
of the graph on a two- or three-holed sphere (with-
out cuts) cyclically [28, Figure 8].

(M2) The B-move, which changes the graph on a three-
holed sphere (without cuts) in the same way as a
certain braiding diffeomorphism [28, Figure 10].

(M3) The F -move, which implements ‘fusion’ by remov-
ing a single cut from a marking on a three-holed
sphere [28, Figure 9].

(M4) The A-move, which implements ‘associativity’ for
different pair-of-pants decompositions of a four-
punctured sphere, by replacing a single cut on the
sphere by another, non-isotopic, cut [28, Figure 20].

(M5) The S-move, which implements the exchange of the
two cycles in a symplectic homology basis for a ge-
nus-one surface [28, Figure 16].

Among these elementary moves there are 13 types of
relations. We refrain from giving a complete list (they
can e.g. be found in [27, Sect. 2.2]). Suffice it to say that
among them there are a pentagon relation for the A-mo-
ve, a hexagon relation involving the A- and B-moves, and
SL2(Z)-relations for the one-punctured torus.

The following results about surfaces with markings are
important to us:

i) For any extended surface E , the groupoid FM (E) of
fine markings is a connected tree [28].
Concretely, one can pass from any fine marking on E
to any other fine marking by a sequence of elemen-
tary moves that is unique up to known relations.

ii) There is an unmarking functor

U : FM (E)
'−→ E//Map(E) . (14)

Here E//Map(E) is the one-object groupoid with ob-
ject E and endomorphisms given by the mapping
class group of E . On objects, the functor U forgets the
marking. On morphisms, it is determined by sending
the F -move to the identity morphism and each of the
other elementary moves to the uniquely determined
mapping class that has the same effect on the mark-
ing of E as that move. The functor U is an equivalence
of groupoids.

As a further input we need the following categori-
cal structure, which has been known for more than two
decades [29, 30]: for a finite ribbon category D the coend

K :=
∫ X∈D

X ∨⊗X (15)

has a natural structure of a Hopf algebra internal to D

and comes with a Hopf pairing ω : K ⊗K →1 and with an
integral and cointegral.

It turns out that there is an intimate relation between
this structure and the Drinfeld center Z (D) of D, i.e. the
category whose objects are pairs of an object X of D and a
half-braiding on X . The Drinfeld center of any monoidal
category is braided. If the category D itself is already brai-
ded (as is the case in the situation at hand), the braiding
and opposite braiding on D give rise to two braided func-
tors D→Z (D) and Drev→Z (D); these functors combine
into a braided functor

GD : D�Drev −→Z (D) . (16)

As has been shown relatively recently [15], the functor GD

is a braided equivalence if and only if the Hopf pairing ω
on the Hopf algebra K ∈D is non-degenerate. A finite rib-
bon category obeying this non-degeneracy condition for
the braiding is called a modular tensor category. This re-
duces to the traditional notion of modular tensor category
in the case that D is finitely semisimple.

The coend K contains in fact a lot of relevant informa-
tion. In particular, if D is finitely semisimple and mod-
ular, then the Reshetikhin–Turaev invariants for closed
oriented three-manifolds can be expressed in terms of the
Hopf algebra K and its integral only (see e.g. [33, Corol-
lary 3.9]).

We will make use of several facts about coends (for a
short summary of pertinent information see e.g. [34]). The
two most important features for us are:

i) There is a Fubini theorem for coends: in multiple
coends the order can be interchanged.

5
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ii) Coends in categories of left exact functors between
finite tensor categories are representable.
Specifically, we have e.g.∫ X∈D

HomD( ?, X )⊗HomD(X , ?) = HomD( ?, ?) (17)

(which is a special instance of the Yoneda lemma) and

∫ X∈D

HomD( ?, ?⊗X ∨⊗X ) = HomD( ?, ?⊗K ) (18)

with K = ∫ X∈D X ∨⊗X as above.

3.2 A Lego-Teichmüller game

We are now ready to construct the left exact functors that
are needed for a modular functor via a Lego-Teichmüller
game based on a, not necessarily semisimple, modular
tensor category D. We proceed in two steps.

In the first step we associate a left exact functor

B̃l : FM (E) −→Lex(D�p ,D�q ) (19)

to an extended surface E with fine marking for which ∂E
consists of p incoming and q outgoing circles. This step
combines two principles:

i) For surfaces of genus zero, one implements the fact
that blocks can be realized as (co-)invariants (with
respect to the globalized action of a vertex operator
algebra, say) by taking B̃l to be an appropriate Hom
functor.

ii) Sewing is realized via the idea of ‘summing over all
intermediate states’ which (as realized in [30]) is con-
cretely implemented by taking coends of left exact
functors.

Thus we start with a sphere with at most three holes,
such as E =S0|3 (i.e. a sphere with three outgoing and
without incoming punctures) with some marking Γ. We
assign to it the left exact functor given by

B̃lS0|3,Γ : X1 �X2 �X3 7−→ HomD(1, X1⊗X2⊗X3) (20)

for X1, X2, X3∈D, where the order of tensor factors is de-
termined by the graph Γ. This prescription combines the
first principle with the idea that at genus zero the multi-
point situation should amount to a tensor product.

To get the functors for more general surfaces E we
perform multiple sewings, with the precise form of the
corresponding coends prescribed by the cut system of the
chosen marking on E . By the Fubini theorem the order

of the sewings is irrelevant, so that we obtain a left exact
functor

B̃lE ,Γ(−) =
∫ Y1�···�Y`( s⊗

i=1
B̃lPi ,Γi

)
(− ,Y1,Y ∨

1 , . . . ,Y`,Y ∨
` ) ,

(21)

where ` is the number of cuts in the cut system and s
is the number of connected components (Pi ,Γi ) of the
surface that is obtained from (E ,Γ) upon cutting. This
way B̃lE ,Γ is defined recursively by starting from spheres
with at most three holes. It can be proven ( [31, Sect. 8.2],
compare also [34, Prop. 3.4]) that the so defined functor
can be concretely expressed as

B̃lE ,Γ(−) ∼= HomD(1 ,−⊗K ⊗g ) . (22)

In the second step of the construction, we make use
of a right Kan extension RU along the unmarking functor

U : FM (E)
'−→E//Map(E) to obtain from B̃l the left exact

functor Bl that is part of the modular functor:

FM (E) Lex(D�p ,D�q )

E//Map(E)

B̃l

U
Bl

(23)

It can now be shown [27]:

Theorem 3.3. The right Kan extension Bl:=RU (B̃l) exists
and has a natural monoidal structure.

4 Bulk correlators for non-semisimple
conformal field theories

4.1 Pinned block functors

The modular functor developed above provides a frame-
work that allows us to address the issue of describing bulk
fields and finding their correlators in full non-semisimple
conformal field theories. (This covers in particular the
finitely semisimple case, as well as a large class of loga-
rithmic conformal field theories).

A first input datum of this description is an object
F ∈D, to which we refer as the bulk object of a full con-
formal field theory based on D. To understand the signif-
icance of this object, recall the description of bulk fields
in the semisimple case, that is, for rational conformal
field theory. In that case the chiral data form a finitely
semisimple modular category C . Bulk fields are obtained
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by ‘combining left movers and right movers’, whereby they
form an object F in the enveloping category

C �C rev =: D . (24)

By semisimplicity, F can then be decomposed into a direct
sum

F ∼=
⊕

i , j∈π0(C )
Zi , j Si �S j , (25)

with pairwise non-isomorphic simple objects Si of C and
multiplicities Zi , j ∈Z≥0. The partition function of bulk
fields (that is, the zero-point correlator of the full CFT on
the torus) is then a corresponding sesquilinear combi-
nation of the characters of the objects Si , with the same
multiplicities Zi , j .

An object of C �C rev of the form X �Y is called �-
factorized. In a non-semisimple conformal field theory,
the bulk object F ∈D will no longer be a direct sum of �-
factorized objects or, in other words, there is no longer a
simple splitting of bulk fields into left movers and right
movers. Accordingly, for now we select an arbitrary object
F of D as a candidate bulk object F . Not surprisingly, to
actually describe bulk fields this object will have to be
endowed with further structure (which we will exhibit
below). We then use the modular functor Bl to construct
another functor, which we denote by Bl(F ) and call the
pinned block functor, by evaluating Bl on the object F in
each of its arguments.

As in the case of Bl, we start by first considering a

functor B̃l
(F )

on surfaces with marking. Since correlators
have to be compatible with sewing, it is convenient to
include sewings of surfaces as additional non-invertible
morphisms. Thus we consider a category mS urf with ob-
jects being finely marked surfaces and morphisms being
combinations of admissible moves and sewings. (A move
is called admissible if it corresponds to an element of
the mapping class group Map(E ) as defined above, rather
than to the larger group of mapping classes that do not
necessarily preserve the orientation of every boundary
circle. Furthermore, one must in fact consider a central
extension of the mapping class group; we suppress this
aspect in our present brief exposition and refer for details
to Section 3.2 of [27].)

We are then in a position to construct the pinned block
functor as a functor

B̃l
(F )

: mS urf −→ vect . (26)

On objects, we define it by

B̃l
(F )

(E ,Γ) := B̃lE ,Γ(F,F, ... ,F ) . (27)

with B̃lE ,Γ the functors constructed in Section 3.2.
On moves, the functor yields linear maps that are de-

fined in terms of linear isomorphisms for the elementary
moves, explicitly expressed through algebraic structure in
D. For example, for X ,Y ∈D the Z -move is mapped to the
linear map from HomD(1, X ⊗Y ) to HomD(1,Y ⊗X ) that
acts as

f 7−→ (dX ⊗ idY ⊗X )◦ (idX ∨ ⊗ f ⊗π−1
X )◦bX ∨ (28)

with d and b the evaluation and coevaluation of the right
duality of D and π the canonical pivotal structure of the
ribbon category D; pictorially,

X

f

Y

Z-move7−−−−−−→ f

Y X

(29)

(Notice that this map needs to be defined for arbitrary
objects X ,Y ∈D, rather than only for X =F =Y , because
objects other than F still occur as intermediate states.)
Finally, for realizing the sewing we use the structure mor-
phism ιKF : F∨⊗F →K of the coend K , e.g.

HomD(1,K ⊗g⊗F∨⊗F )
(ιKF )∗−−−−→ HomD(1,K ⊗(g+1)) (30)

describes the sewing of a genus-g surface with two punc-
tures to a genus-(g+1) surface without any punctures.

One then shows [27, Prop. 3.14]:

Proposition 4.1. This assignments of linear maps respect
all 13 types of relations among the elementary moves as
well as the relations among sewings, and among moves and

sewings. Thus it defines a functor B̃l
(F )

: mS urf→vect.

Further, let S urf be the category whose objects are
extended surfaces and whose invertible morphisms are
elements of Map(E ) and which has further non-invertible
morphisms given by sewings, as well as combinations of
mapping class group elements and sewings. Then one can
consider a similar Kan extension

mS urf vect

S urf

B̃l
(F )

U
Bl(F )

(31)

as for the modular functor Bl=RU (B̃l) in Section 3.2 and
finds [27, Prop. 3.15]:
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Proposition 4.2. The right Kan extension RU (B̃l
(F )

)=:Bl(F )

of B̃l
(F )

along the unmarking functor U : mS urf→S urf
(defined analogously as the unmarking functor in the case
of B̃l) exists and has a natural symmetric monoidal struc-
ture.

4.2 Consistent systems of correlators

As a final ingredient we introduce a functor of trivial
blocks: this is the functor 4 : S urf→vect that assigns
the ground field to any surface and the identity map on
the ground field to any morphism in S urf. (Likewise, we
denote by 4̃ : mS urf→vect the analogous functor on
marked surfaces.) We can then give a convenient char-
acterization of a consistent system of correlators:

Definition 4.3. Let D be a modular finite ribbon category
and F ∈D an object. A consistent system vF of bulk field
correlators with bulk object F is a monoidal natural trans-
formation

S urf vect

4

Bl(F )

vF (32)

such that the morphism vF (E 0
1|1)∈EndD(F ) is invertible.

(The latter condition is sufficient to normalize the bulk
correlators and excludes the trivial solution for which ev-
ery component of the natural transformation is the zero
morphism.)

It should be appreciated that this definition indeed
encodes the covariance of correlators under sewing and
their invariance under the action of the relevant mapping
class group. This holds simply because the very definition
of a natural transformation amounts to having commut-
ing diagrams

k k

Bl(F )(E) Bl(F )(E ′)

idk

(vF )E (vF )
E ′ (33)

in which k is the ground field (that is, the complex num-
bers in the application to CFT) and the arrow in the bot-
tom row is any combination of the action of an element
of Map(E) and a sewing.

The strategy of our construction of the natural trans-
formation vF is similar to what has been done in the con-
struction of the modular functor: In a first step we con-

struct a monoidal natural transformation

mS urf vect

4̃

B̃l
(F )

ṽF (34)

that is analogous to vF but involves marked surfaces in-
stead of surfaces. We refer to this natural transformation
ṽF as a system of pre-correlators. In a second step we com-

bine the right Kan extension Bl(F )=RU (B̃l
(F )

) of B̃l
(F )

with
the trivial right Kan extension

mS urf vect

S urf

4̃

U

4=RU (4̃)

id (35)

of trivial functors to obtain the diagram

mS urf vect

S urf

B̃l
(F )

U

4
ṽF (36)

and then use the universal property of the Kan extension
to decompose ṽF uniquely into vF and another natural
transformation ψ:

mS urf vect

S urf

B̃l
(F )

U

Bl(F )

vF 4ψ (37)

Besides the object F , the construction of B̃l
(F )

uses as
a basic input three morphisms v0

0|3∈HomD(1 ,F ⊗F ⊗F ),

v0
1|0∈HomD(F ,1) and v0

1|1∈HomD(F ,F ), which play the

role of candidates for the correlators for the surfaces E 0
0|3,

E 0
1|0 and E 0

1|1, i.e. for the correlators on the sphere of three
outgoing bulk fields, of one incoming bulk field, and of
a pair of an incoming and an outgoing bulk field, respec-
tively. We represent these morphisms pictorially as

v0
0|3 = v0

1|0 = v0
1|1 =

(38)

Out of these morphisms we form further morphisms
ηF ∈ HomD(1,F ), µF ∈ HomD(F ⊗F,F ), εF ∈ HomD(F,1)
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and ∆F ∈HomD(F,F ⊗F ) as follows: we set εF =v0
1|0 and

ηF := (εF ⊗εF ⊗ idF )◦v0
0|3, while the other two morphisms

are given pictorially as

µF := and ∆F :=

(39)

These are candidate morphisms for endowing the object
F with the structure of an algebra (F,µF ,ηF ) and of a coal-
gebra (F,∆F ,εF ).

To state our classification result for consistent sets
of correlators, we further introduce the following no-
tion: A (co-)commutative symmetric Frobenius algebra
X = (X ,µ,η,∆,ε) in D is called modular iff the equality

SK ◦ [ ιKX ◦ (idX ⊗ΦX )◦∆ ] = ιKX ◦ (idX ⊗ΦX )◦∆ , (40)

of morphisms in HomD(X ,K ) holds. Here, as above,
K ∈D is the coend

∫ Y ∈DY ∨⊗Y , with structure morphism
ιKY ∈HomD (Y ∨⊗Y ,K ), while SK ∈EndD(K ) is an automor-
phisms that, via post-composition, realizes the S-move
on morphisms, and ΦX := ((ε◦µ)⊗ idX ∨ )◦ (idX ⊗bX ) is an
isomorphism in HomD(X , X ∨).

Theorem 4.4. [27] The input data F and v0
0|3, v0

1|0, v0
1|1 de-

termine a consistent set vF : ∆⇒ Bl(F ) of bulk field correla-
tors if and only if (F,µF ,∆F ,εF ,ηF ) is a modular Frobenius
algebra.

This result has a natural interpretation within the so-
called microcosm principle which states that in order to
define an algebraic structure in some categorical frame-
work, the category needs to be an object in a bicategory
that has similar properties when regarding it in the bicate-
gorical setting. For instance, monoids can only be defined
in monoidal categories, and modules over a monoid only
in module categories over a monoidal category. And in the
present context, we have to deal with categories with du-
alities, and these are indeed Frobenius pseudo-monoids
in the bicategory of categories [35].

For the theorem above to be of relevance, we have to
make sure that modular Frobenius algebras exist. This
has indeed been established for the case that the modular
tensor category D is the category of finite-dimensional
modules over a finite-dimensional factorizable ribbon
Hopf algebra:

Theorem 4.5. [36] Let H be a finite-dimensional factoriz-
able ribbon Hopf algebra over an algebraically closed field
and ω : H →H be a ribbon automorphism. Then∫ m∈H-mod

ω(m)∨�m ∈ H-bimod (41)

is a modular Frobenius algebra in the modular category
H-bimod.

In particular, taking ω to be the identity morphism
shows that the co-regular bimodule H∗ is a modular Fro-
benius algebra. One expects that analogously the coend

F◦ :=
∫ X∈C

X ∨�X ∈ C �C rev (42)

is a modular Frobenius algebra, not only when C is the
representation category of a factorizable ribbon Hopf al-
gebra, but for any modular tensor category. The full CFT
with this coend as the bulk object is often called the Cardy
case.

It is worth pointing out that the derivation of the re-
sult that full conformal field theories are in bijection with
modular Frobenius algebras is constructive. In particular,
as a by-product it yields a universal formula for the bulk
field correlators of any full CFT:

vF (E g
p|q ) = ∆(q−1)

F ◦ σ(g )
F,K ◦ µ(p−1)

F . (43)

Here the symbol µ(`)
F stands for any iterated product of

`+1 factors of F , ∆(`)
F for any iterated coproduct, and

σ(`)
F,K ∈HomD(F,F ⊗K ⊗`) for an iteration of the morphism

σF,K := (µF ⊗ ιKF )◦ (idF ⊗bF ⊗ idF )◦∆F ∈ HomD(F,F ⊗K ) .

(44)

Graphically, the morphisms σ(`)
F,K are given by

σ(1)
F,K = σF,K =

F

F

∆F

µF

K

ιKF

σ(2)
F,K =

F

F K K

(45)

9
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etc. Thus a graphical description of the correlator is

vF (E g
p|q ) =

∆
(q−1)
F

F⊗p

F⊗q

µ
(p−1)
F

K ⊗g

(46)

(A priori, the formula realized by this picture is the one ob-
tained for the pre-correlator ṽF (E g

p|q ,Γ) for a specific fine

markingΓ on the surface E g
p|q . However, any other choice

of Γ yields an expression that, by the various properties
of the structure morphisms of F and K , gives exactly the
same morphism. For instance, the factors in the iterated
product may be multiplied in any arbitrary order, owing to
the associativity and commutativity of the multiplication
µF .)

The closed formula for vF (E g
p|q ) may be suggestively

interpreted as resulting from the following prescription:

i) Draw a skeleton for the surface E g
p|q that has trivalent

vertices and includes an outward-oriented ‘external’
edge attached to every boundary component in such
a way that the subgraph formed by the external edges
for all outgoing boundary components is a connected
tree, and likewise for the one formed by the edges for
all incoming boundary components, and such that
each loop of the graph consists of precisely two edges.
Label every edge of this skeleton with the Frobenius
algebra F in D.
(Instead of considering a graph, a priori one may want
to work with a ribbon graph. But this is insignificant
because, as a consequence of its other properties, F
also has trivial twist, θF = idF .)

ii) Orient the internal edges of the skeleton in such a
way that each of the vertices either has one outgoing
and two incoming edges or vice versa. In the former
case, label the vertex with the product µF , and in the
latter case with the coproduct ∆F of F .

iii) Further, for each of the g handles of the surface E g
p|q ,

attach an additional edge to one of the two edges of
the corresponding loop of the skeleton.
Label these edges by the Hopf algebra K ∈D, and label
the resulting new trivalent vertices by the component
ιKF of the dinatural transformation that comes with
the coend K .

iv) Interpret the so obtained graph as a morphism in D.

5 The Cardy–Cartan partition function

Historically, the description of the bulk fields of a full
conformal field theory has been intimately linked to the
classification of modular invariants – that is, in the fini-
tely semisimple case, of square matrices

(
Zi , j

)
i , j∈π0(C )

with non-negative integral entries and with Z0,0=1 that
commute with the representation of the modular group
SL(2,Z) on the characters of the chiral CFT. The simplest
such modular invariant is the charge conjugation invari-
ant Zi , j =δi , j∨ , which for finitely semisimple C corre-
sponds to the Cardy case.

We now give a brief description of the modular invari-
ant torus partition function for the Cardy case when C is
not semisimple, restricting to the case that C 'H-mod is
the category of modules over a (non-semisimple) finite-
dimensional factorizable ribbon Hopf algebra H .

We first recall that for any algebra A in a pivotal cat-
egory C and any left A-module (M ,ρ) with A-action
ρ : A⊗M → M , taking a partial trace of the representa-
tion morphism ρ gives the character χA

M ∈HomC (A,1).
Further the modular Frobenius algebra F◦ in the category

H-bimod ' H-mod � H-modrev

' H-mod � mod-H
(47)

is the k-vector space H∗ with co-regular H-action from
the left and right. We can compute the partition function

Z =χK
F◦ ∈ HomH-bimod(K ,1) (48)

in the following way. The H-bimodule structure of the
coend K is as follows. K is the k-vector space H∗⊗H∗
with co-adjoint actions from the left and right on the first
and second factor, respectively. As a consequence, we can
express the character χK

F◦ as a linear combination of prod-
ucts of characters of left- and right-modules, respectively,
over the H-module Hopf algebra L=H∗ (with co-adjoint
H-action) in H-mod. Moreover, the latter can be written
in terms of k-algebra characters χH

M ∈Homk(H ,k) via

χL
M =χH

M ◦µH ◦ ( fQ ⊗uv−1) (49)

where fQ : H∗→H is the Drinfeld map, u the Drinfeld
element and v the ribbon element of H . Then textbook
results in algebra can be applied to write Z in the form
[37]

Z = ∑
i , j∈π0(C )

ci , j χ
L
i ⊗χL

j , (50)
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where c is the Cartan matrix of the category H-mod, i.e.

ci , j = [P j ,Si ] = dimkHomH-mod(Pi ,P j ) (51)

with Pi non-isomorphic indecomposable projective ob-
jects of H-mod, which are the projective covers of the
simple objects Si .

The so obtained combination Z of characters is not
only modular invariant, but is, by the previously summa-
rized results, indeed also the torus partition function for
the consistent Cardy-case full conformal field theory. Ac-
cordingly we call it the Cardy–Cartan partition function
for C =H-mod. Since the Cartan matrix c is expressed in
terms of categorical quantities, without direct reference
to H , it is natural to expect that the same formula gives in
fact the Cardy-case torus partition function for any finite
tensor category C .

6 Results on boundary states

The field content of a local conformal field theory can
be expected to be much richer than merely consisting of
bulk fields; apart from these, it also comprises boundary
fields as well as defect fields. A first step for extending the
results of Sections 4.2 and 5 to that general situation is a
discussion of boundary fields and, more specifically, of
the corresponding boundary states, which describe the
one-point correlators of bulk fields on a disk.

The following three postulates appear to be natural:

(BC) Boundary conditions are objects of a category.
(In the Cardy case, this category should be C .)

(BS) A boundary state is an element of the center

End(IdC ) =
∫

c∈C
HomC (c,c)

∼=
∫

c∈C
HomC (c∨⊗c,1) ∼= HomC (L,1)

(52)

of C , where L= ∫ c∈C c∨⊗c.
(F) In the Cardy case the algebra of bulk fields is given by

the object

F◦ =
∫ c∈C

c∨� c ∈ C �C rev (53)

endowed with its canonical Frobenius structure.

A boundary state amounts to mapping the objects of
C to End(IdC ), and thus to a decategorification. It is there-
fore natural to expect that incoming and outgoing bound-
ary states factor through characters

χL
m ∈ HomC (L,1) (54)

and through cocharacters

χ̂L
m ∈ HomC (1,L) , (55)

respectively, of the Hopf algebra L∈C .
It turns out that when imposing the postulates (BC),

(BS) and (F), boundary states are indeed consistently
given by (co)characters up to composition with the di-
natural family for the coend L in the case of outgoing
boundary states, respectively with the one for the end L∨,
which can be identified with L via the non-degenerate
Hopf pairing. This leads in particular to

Theorem 6.1. [38] In the Cardy case, the sewing of the one-
point correlators for bulk fields on two disks with boundary
conditions m,n∈C , respectively, results in an annulus par-
tition function Am,n that expands as

Am,n = ∑
i∈π0(C )

dimkHomC (m⊗n,Si ) χ̂L
i (56)

in terms of simple L-cocharacters.

In particular, also for chiral data that are non-semi-
simple, the annulus partition functions can be written as
an linear combination of characters with non-negative
integral coefficients, as befits a partition function. It is
remarkable that precisely as in the semisimple case the
annulus coefficients are in the Cardy case given by the
fusion rules. This result is in fact particularly strong for
categories C that are not semisimple, because in that
case the subspace of HomC (L,1) that is spanned by the
characters is a proper subspace.

7 Towards derived modular functors

Recall from Section 3 that to any, not necessarily semi-
simple, modular tensor category C there is associated a
modular functor Bl, which to a surface E g

p|q assigns a left

exact functor BlE
g
p|q

: C �p →C �q .

Let us for simplicity consider the case q =0, i.e. that
all boundary circles are incoming. Then we deal with a
functor BlE

g
p|0

: C �p →vect with

BlE
g
p|0

(X1� · · ·�Xp ) ∼= HomC (X1⊗ ·· · ⊗Xn ,L⊗g ) , (57)

carrying an action of the mapping class group Map(E g
p|0)

by natural endotransformations and being compatible
with sewing.

For non-semisimple C the Hom functor is only left ex-
act and hence has derived functors. This is not an artefact
of our approach to conformal blocks: Conformal blocks

11
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are invariants, and in general taking invariants is not an
exact functor. It is therefore natural to ask whether in the
non-semisimple case the mapping class groups act not
only on Hom-spaces, but on Ext-spaces as well.

Indeed, via a subtle interplay between the monoidal
structure and homological algebra one shows:

Theorem 7.1. i) The mapping class group MapE g
p|0 nat-

urally acts on the space Extp
C

(X1⊗ ·· · ⊗Xp ,L⊗g ).
ii) In particular [39], the modular group SL(2,Z) acts

(projectively) on the Hochschild complex of a factoriz-
able ribbon Hopf algebra.

We briefly sketch the idea of the underlying construction:

i) Fix a surface E g
p|0 of genus g with p disjoint boundary

circles.
ii) Fix a projective resolution P•→1 of the monoidal unit

of C and insert it at an auxiliary circle in E g
p|0 that is

disjoint from the other p boundary circles.
iii) The functoriality of (p+1)-point blocks

BlE
g
p+1|0

: C ⊗(n+1) → vect (58)

then gives a complex of left exact functors C ⊗n →vect
that carries a (projective) action of the mapping class
group Map(E g

p+1|0) for surfaces of genus g with p+1
boundary circles.

iv) The kernel of the obvious surjection

Map(E g
p+1|0) → Map(E g

p|0) (59)

has an explicit description which can be used to show
that it acts trivially on the Ext-vector spaces. As a con-
sequence the action of Map(E g

p+1|0) descends to an

action of Map(E g
p|0) on the Ext spaces.

8 A few open questions

Various issues still need to be addressed before one can
reach a complete understanding of full local logarithmic
conformal field theory. Major challenges are:

i) Find a natural categorical description of the field con-
tent, covering in particular also boundary fields and
general defect fields.

ii) Describe the fundamental correlators for those fields
(compare [40] for the finitely semisimple case).

iii) Give a ‘holographic’ construction of a full logarithmic
conformal field theory from a (2+ε)-dimensional to-
pological field theory.
(Such a construction, based on the three-dimensional
topological field theory of the Reshetikhin–Turaev
surgery construction is well established in the finitely
semisimple case; see [41] for a review.)

We also mention the following conceptual questions:

i) How stable are the results conceptually?
Specifically, are the main ideas still applicable within
more general (categorical) frameworks?

ii) In particular, how critical is the rigidity of the cate-
gories involved?

iii) Is there a role for logarithmic CFT – or, more generally,
for non-semisimplicity – in string theory?
(After all, bosonic ghosts can profitably be studied as
a logarithmic conformal field theory [42].)

iv) Do ‘derived conformal blocks’ have physical applica-
tions, e.g. in string theory or in statistical mechanics?
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