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Abstract: In this paper we investigate the problem of identifying the source term f in the elliptic system
-V (QV®) = fin QC R, d€{2,3}, QV® -7 =j on dQ and & = g on IQ

from a single noisy measurement couple (js, gs) of the Neumann and Dirichlet data (j, g) with noise level § > 0. In this
context, the diffusion matrix @ is given. A variational method of Tikhonov-type regularization with specific misfit
term and quadratic stabilizing penalty term is suggested to tackle this inverse problem. The method proves to be a
modified variant of the Lavrentiev regularization with implicit forward operator. Using the variational discretization
concept, where the PDE is discretized with piecewise linear, continuous finite elements, we show the convergence of
regularized finite element approximations. Moreover, we derive an error bound and corresponding convergence rates
for discrete regularized solutions under a suitable source condition, which typically occurs in the theory of Lavrentiev
regularization. For the numerical solution we propose a conjugate gradient method. To illustrate the theoretical
results, a numerical case study is presented which supports our analytical findings.
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1 Introduction

Let Q be an open, bounded and connected domain of R?, d € {2,3}, with Lipschitz boundary 9Q. We
consider the elliptic system

-V (QV®) = fin Q, (1.1)
QV® -7 = j' on 99 and (1.2)
® =g on 99, (1.3)

where 71 is the unit outward normal on 02 and the diffusion matrix @ is given. Furthermore, we assume
that Q := (qrs) i<, <q € Lm(Q)dXd is symmetric and satisfies the uniformly ellipticity condition

Q)¢ &= Z rs(2)&-Es > glé]* ae. in Q (1.4)

1<r,s<d
for all € = (&),<,<q4 € R with some constant ¢ > 0.

The system (L.I)-(L.3) is overdetermined, i.e. if the Neumann and Dirichlet boundary conditions jT €
H1Y2(8Q) := H/2(09)", g' € H'/2(9Q), and the source term f € L2(Q) are given, then there may be no
® satisfying this system. In this paper we assume that the system is consistent and our aim is to reconstruct
a function f € L*(Q) and a function ® € H'() in the system (L.I)—(L.3) from a noisy measurement couple
(js. gs) € HY2(99) x H'/2(09Q) of the exact Neumann and Dirichlet data (j7,g"), where § > 0 stands for
the measurement error, i.e. we assume the noise model

Hjé - jTHHﬂ/z(aQ) + H95 - gTHH1/2(8§2) <o (1.5)
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To formulate precisely the problem, we first give some notations. Let us denote by v : H'(Q) — H/2(9%)
the continuous Dirichlet trace operator with v~ : H/2(9Q) — H'(Q) its continuous right inverse operator,
ie. (yoy g =g forall g H/?(00Q). We set

HLY(Q) = {u e H'(Q) ‘ /BQ yudz = o} and HY/?(0Q) := {g e HY2(9Q) ‘ /mg(x)d:c = o}

and denote by Cq the positive constant appearing in the Poincaré-Friedrichs inequality (cf. [36])
CQ/ ©? < / |Vp|? for all p € HX(Q). (1.6)
Q Q

Since Hg () := {u € H(Q) | yu =0} C H!(), the inequality (1.6) is in particular valid for all p € H} ().
Furthermore, by (1.4), the coercivity condition

1+Cg/ 1+CQ/
2 <= [ |Vp]2< Vo -V 1.7
el z () < o Q| ol” < Cod QQ vV (1.7)

holds for all p € HL(Q).
Now, for any fixed (j,g) € H~/2(99Q) x H§/2(89) we can simultaneously consider the Neumann problem
—V - (QVu) = fin Q and QVu -7 = j on 99 (1.8)
as well as the Dirichlet problem
-V - (QVv) = fin Q and v = g on IN. (1.9)

By the aid of (1.7) and the Riesz representation theorem, we conclude that for each f € L?(€)) there exists
a unique weak solution u of the problem (1.8) in the sense that u € H!({) and satisfies the identity

/Q QVu- Vo = (ovg) + (£.9) (1.10)

for all ¢ € H}(Q), where notation (j, g) stands for the value of the function j € H~1/2(9Q) at g € H'/?(0Q)
and the notation (f, ) is the scalar inner product of f and ¢ in the space L?(£2). Then we can define the
Neumann operator

N L3(Q) — H(Q) with f — Nyj,

which maps each f € L?*(Q) to the unique weak solution Nyj := u of the problem (1.8). Similarly, the
problem (|1.9) also attains a unique weak solution v in the sense that v € H(Q), yv = g and the identity

/QQVva = (f,0) (1.11)

holds for all ¢» € H}(Q). The Dirichlet operator is defined as
D: L*(Q) — HL(Q) with f + Dyg,

which maps each f € L?(Q) to the unique weak solution Dyg := v of the problem (1.9). Therefore, for any
fixed f € L?(Q2) we can define the so-called Neumann-to-Dirichlet map

Ap: HY2(0Q) — HY?(09),  j s Agj = NG
We mention that since Hj () C€ H.(Q), we from (1.10)) have that [, QVN}j-Vip = (f, ) for all o € H(€2).
In view of (1.11)) we therefore conclude
Afj = g if and only if Nyj = Dyg,
where the identities

Nij=N;j0+Nyj and Dyg=D;0+ Dyg (1.12)



are satisfied, and the operators f — N0 and f + D;0 are linear and bounded from L?(Q) into itself.
Furthermore,
Afj = ’nyj = ’yj\/oj +’YNfO = Aoj + AfO,

where Agj is linear, self-adjoint, bounded and invertible, as the diffusion @ is smooth enough (cf. [34]).

As in Electrical Impedance Tomography or Calderén’s problem [4] [T5] [34] one can pose the question whether
the source distribution f inside a physical domain €2 can be determined from an infinite number of observa-
tions on the boundary 02, i.e. from the Neumann-to-Dirichlet map Ay:

fi, fo € L*(Q) with A=Ay, = fi=f?

To our best knowledge, the above question is still open so far. In case an observation A5 of Ay being available
one can use a certain regularization method to approximate the sought source. For example, one can consider
for operator norms || - ||« a minimizer of the problem

min |[Af — As|? + *
anin A= All2 4 pllF = £ ey
as a reconstruction along the lines of Tikhonov’s regularization method, where p > 0 is the regularization
parameter and f* is an a-priori estimate of the sought source.

However, in practice we have only a finite number of observations and the task is to reconstruct the identified
source, at least by numerical approximations. Furthermore, for simplicity of exposition we below restrict
ourselves to the case of just one observation pair (5 Js, gs) belng available, while the approach described here

can be easily extended to multiple measurements ( 7% g(;) , see Sectlonl 7, Ex. The inverse problem
is thus stated as follows.
Given (j1,9") € H™/2(09) x Hy*(99Q) with Asjt = ¢', find f € L*(Q). (ZP)
In other word, the interested problem is, for given (j,g") € H‘l/Q(GQ) HY?(09), to find some f € L2(Q)
and consequently ® € H!(Q) such that the system ((1.1)— is satisfied in the weak sense. Precisely, we
define the general solution set
Z(Tg") ={feL?*Q) | AT =g"} ={f e L?(Q) | NsjT =D;sg'} (1.13)

of the inverse problem (ZP). The source identification problem as described here is well known to be not
uniquely determined from boundary observations (see a counterexample in [3]), i.e. the set 7 (jT, gT) fails
to be a singleton. Since not the Neumann-to-Dirichlet map is given, but only one pair ( g1, gT), the problem
is even highly underdetermined. Thus instead we will search for uniquely determined f*-minimum-norm
solutions f1 (cf. Section |4) which is the minimizer of the problem

min — 122 /00- IP — MN
somin S = f o ( )

Due to Lemmabelow7 the set Z (57, g7) is non-empty, closed and convex, hence fT is uniquely determined.
On the other hand, for all f € T (5T, g") the equation Ny;jT = D¢l is fulfilled. However, we have to solve

this equation with noise data (js,gs) € H™Y/2(0Q) x HL/*(09Q) of (j1,g") satisfying (L.5). The simplest

variety of regularization may be to consider a minimizer of the Tikhonov functional
INtis = Drgsllx + ol f = 1220

over f € L?() as an approximate solution to fT, where X = L?(Q) or X = H'(Q).

In present work we adopt the variational approach of Kohn and Vogelius [28], 29] 80] in using cost functions
containing the gradient of forward operators to the above mentioned inverse source problem. More precisely,
we use the convex function

) = /QQV (Nyjs —Dygs) - V (Nyjs — Dygs) dx, (1.14)



(cf. Lemma [2.3)) instead of the mapping f — [[Nyjs — Drgsl|%, together with Tikhonov regularization and
consider the unique solution f, s of the strictly convex minimization problem

)2
fengy(lg Ts(f) +pllf = 22 (Pp,s)

as the regularized solution. The motivation in using this cost functional [J5 as misfit functional is that for
all £ € L*(Q) the inequality

Caq

)= /QQV (Nes™ = Deg?) - V (Nejt — Deg') dae > HNéﬂ - ngTHHl =0

holds true and Jo(f) =0at any f € T (jT, gT). The advantage is evident, because the minimizer f, s satisfies
the equation

f-r = —%(ija — Dygs) (1.15)

(see Theorem below). Due to formula , the approach proves to be a modified variant of the Lavren-
tiev regularization (see, e.g., [2 [13] 25] [43]) with implicit forward operator. Furthermore, for convenience in
numerical analysis with the finite element methods we consider here the Tikhonov regularization. The use
of different convex penalty terms, e.g. total variation, may be a work for us in future.

Let N/ ;»lj(; and D’J}gg be corresponding approximations of the solution maps Nyjs and Dygs in the finite

dimensional space VJ of piecewise linear, continuous finite elements. We then consider the discrete regularized
problem corresponding to (P, ), i.e., the following strictly convex minimization problem

min | QV (s ~ Dhas) -V (NJis = Dias) da + ol = e G
Using the variational discretization concept introduced in [24], we show in Section [3|that the unique solution

f;ﬁ s of the problem (732’ 5) automatically belongs to the finite dimensional space VI'. Thus, a discretization
of the admissible set L?(Q2) can be avoided.

As h,0 — 0 and with an appropriate a-priori regularization parameter choice p = p(h,d), we in Section
prove that the sequence (f}5) converges to f1 in the L?(Q2)-norm. Furthermore, the corresponding state
sequences (N)ﬁlgéj(;) and (D;ﬁ;&gtg) converge in the H'(Q)-norm to ® = &T(fT 5t ¢) solving (T.1))(T.3).
Section [5| is devoted to convergence rates. In this section we also show that if f € 7 (jT, gT) and there is a
function w € L?(£2) such that

f f w.] _Dng (1.16)

then f = ff, ie. fis the unique f*-minimum-norm solution of the identification problem. Condition
appears to be a source condition which is typical for Lavrentiev regularization and allows for convergence
rates. Precisely, for the known matrix Q € C%1(2)**? and the exact data (', 9") € HY2(0Q) x H3/2(09)
we derive the convergence rates

. 2 2
HN;}J% - D};L‘,ag5"H1(Q) + p||f£ﬁ§ _ fTHLQ(Q) =0 (6> +h*+hp+dp+p°)

and
2

IR N ] T IO

|
H1(Q) H1(Q)

will be established. Finally, for the numerical solution of the discrete regularized problem (PZ)L’ 5) we employ
a conjugate gradient algorithm. Numerical results show an efficiency of our theoretical findings.
The source identification problem in PDEs arises in many branches of applied science such as electroen-

cephalography, geophysical prospecting and pollutant detection, and attracted great attention from many
scientists in the last 30 years or so. For surveys on this subject we may consult in [8 [16], 19, 23] 26], 42] and



the references therein. Up to now, only a limited number of works was investigated the general source iden-
tification problem and obtained results concentrated on numerical analysis for the identification problem. In
[20, 32| B3] authors have used the dual reciprocity boundary element methods to simulate numerically for the
above mentioned identification problem. In case some priori knowledge of the identified source is available,
such as a point source, a characteristic function or a harmonic function, numerical methods treating the
problem have been obtained in [5, [6, BT, B9)]. A survey of the problem of simultaneously identifying the
source term and coefficients in elliptic systems from distributed observations can be found in [38], where
further references can be found.

In the present paper, the general source identification problem in elliptic partial differential equations from
a single noisy measurement couple of Neumann and Dirichlet data is studied. So far, we have not yet found
investigations on the discretization analysis for this source recovery problem, a fact which also motivated
the research presented in the paper. By using a suitable version of the Tikhonov-type regularization with
some non-standard misfit term we could outline that the source distribution inside the physical domain
Q can be reconstructed from a finite number of observations on the boundary 0f2, at least by numerical
approximations. The specific regularization approach proves to be a version of Lavrentiev regularization
with implicit forward operator. One of the main results of the paper is to show convergence of the finite
element discretized Tikhonov-regularized solutions to a sought source function. Another main result is
the interpretation of an occurring condition of solution smoothness as a range-type source condition of
Lavrentiev’s regularization method. This allows us to establish error bounds and corresponding convergence
rates for the regularized solutions.

We conclude this introduction with a remark that since the main interest is to clearly state our ideas, we
only treat the model elliptic problem (|1.1)) while the approach described here can be easily extended to more
general models, e.g., for the source identification problem in diffusion-reaction equations

~V-(QV®) + K’ = finQ, QVP-ii+0® = ;' on 9Q and ® = g’ on 90 (1.17)

from a measurement (js, gs) of (j',g"), where @ satisfying the condition (L.4)), 0 # x = k(z) € L>(1), i.e
the set {z € Q|k(z) # 0} has positive Lebesgue measure, and 0 = o(x) € L (0Q) with ¢ > 0 are given.
The variational approach is now formulated as the minimizing problem with the misfit

/ QV (Rfj5 — ng(s) -V (Rfj5 — ng(g) dx Jr/ I€2 (Rfj(; — ng5)2 dx + / o (Rfj5 — ng5)2 dx
Q Q aQ
over f € L?(Q), where R and D are the Robin operator and the Dirichlet operator relating with the

equation (1.17)), respectively. Recently obtained results concerning the inverse source problem for ([1.17)) on
the identification together with numerical algorithms can be found in, e.g., [II 3 @ [10].

Throughout the paper we use the standard notion of Sobolev spaces H'(€2), H(2), W*?(Q), etc from, for
example, [44]. If not stated otherwise we write [, --- instead of [, ---dx.

2 Preliminaries

We first mention that the solution N j satisfies the following estimate

‘ 1+Cq (.
sy < S (10 1 oy ) + I o
< Cyx (||j||H—1/2(aQ) + ||f||L2(Q)) ; (2.1)
where C 1= %max <1, |7||£(H1(Q),H1/2(am)) . Next, we can rewrite Dyg = vo + G, where G = v~ g

and vy € H(Q) is the unique solution to the variational problem fQ QVuy -V = (f,¢) — fQ QVG -V for



all ¢ € H}(Q). Since Gl g1y < 1| 91l £71/2 (50 » We thus obtain the priori estimate

c(m/2(00),H ()

1+ Cq
1Ds9ll g1y < llvoll o) + Gl 1) < Caq <Hf||L2(Q) + d[|Ql Lo (yaxe ||G||H1(Q)) + Gl g1 (0
]. + CQ 1 —|— CQ 1
< g Wl + (dcﬂq Qe + 1) 177 o120y 1) 91 o
< Cp (Iflzae) + 19200 ) (2.2)

- C C, - N
where Cp = max(lgﬂy, (dnggQHQHLOC(Q)dxd +1) H'y 1HL(H1/2(69)7H1(Q)>> and Q@ = (¢rs)i<po<cq €
sofendxd -
L) with Q| oo (yaxa 1= maxi<r,s<d 1grs || oo (0 -

In view of the identities (1.12)), where N0 and D0 are linear operators of f, we deduce for each f € L?*(Q)
that the action of Fréchet derivatives of N7j and Dyg in the direction £ € L?(Q) are given by

73(8) =N'(f)§ =Ne0 and Dig(§) :=D'(f)§ = De0. (2.3)
Lemma 2.1. (i) The map T : L2(Q) — L(Q) defined by
T(f) := N;0 —D;0
is linear, bounded and self-adjoint, i.e. (T(f),w) = (f, T(w)) for all f,w € L*(Q).
(ii) For any fized (j,g) € H=Y/2(0Q) x H'/?(0Q) the map L : L*(Q) — L*(Q) defined by

L(f):=Nyj—Dsg = T(f) + Noj — Dog

is affine linear, continuous and monotone, i.e. (L(f)— L(w), f —w) >0 for all f,w € L*().

Proof. (i) It follows from that
(T(f), w) = / QVN,0- V(N0 —D;0) / QVN,0- VA0 —/ QVN,L0-VD;0,  (2.4)
Q Q Q
and similarly,
(f, T(w)) = / QVNfO~VNwO—/QVNfO-VDwO. (2.5)
Q Q

Using f again, we get
/ QVN,0-VD;0 = (w,Ds0) = / QVD,0-VDs0
@ @ (2.6)
/ QVN;0-VD,0 = (f,D,0) = / QVD;0-VD,0

Q Q

and the self-adjoint property of T now follows directly from (2.4)-(2.6).
(ii) Denoting by £ := f — w, we get from (1.10) that

(L(f) = L(w), f —w) = (T(f) = T(w), f — w) = (T(€),€) = / QUN:0- V(N0 —De0).  (27)

We further have from f that
/ QVD:0 - V(N0 — De0) = 0. (2.8)

Q

Combining with (2.8), we arrive at (L(f) — L(w), f — w) = [, QV(N¢0 — D¢0) - V(N0 — De0) > 0,
which finishes the proof. O



We now briefly discuss the character of the null-space ker(T) of the operator T occurring in the above lemma.
For simplicity we assume that the known matrix Q = Iy, the d X d-unit matrix. Then the counterexample
of [3] shows that ker(T) # {0}. Furthermore, one can easily see that for any ¥ € C?(f2), the space of
all functions having second-order derivatives with compact support in €2, the negative Laplace —AW of ¥
satisfies —AW € ker(T).

We remark that due to the inequality

Caq
15 Co el ) < /QWP Vo < d||Ql o (yexallelliny, Ve € Ho(Q), (2.9)

the expression
[u,v] == / QVu - Vv (2.10)
Q

generates a scalar inner product on the space H}(2) which is equivalent to the usual one.

Let T* : HY(Q) — L*(Q) be the adjoint operator of T : L3(Q) — H(2), where H!() is equipped with the
scalar inner product (2.10) above and T(f) := T(f) € H.(Q). For all f € L?(Q) and ¢ € HL(Q) we thus
have

[77.9] / QUN0- Vo — / QVD;0- V6 = (£.6) / QVD;0- Vo = (f,T*9), (2.11)

by (1.10). We now decompose H(f2) into the orthogonal direct sum H}(Q) = Hg (£2) EBH&(Q)J‘ with respect
to the inner product (2.10). We note for all g € H? (0Q) that Dog € H} (Q)l Furthermore,

Vg, g2 € H?(09), g1 #92 = Dogi # Doge

which implies dim H} (Q)L > dim Hi/Q(aQ) = o0o. For all f € L*(Q) we deduce from and (2-11) that
¢ € Hy(Q) < / QVD;0-Vo = (f,¢) = (f,T¢) =0 T'¢ =0« ¢ € ker T,
Q

or in other words ker T* = H(Q). Furthermore, for all ngS € H} (Q)l we get fQ QVDs0 - ngAS = 0, since
D0 € HL(2). Again, the equation ([2.11]) follows that

(;8) = (£.T°9) forall feL?(Q), ée H)(Q)".
Therefore, T"‘HI(Q)l is the compact embedding H} (Q)L < L2(Q). The operator T : L2(Q) — H(Q) and
hence T : L?(Q) — L? (2) as a composition with a continuous embedding operator are compact operators.
Next, we show that dim(T) = oo. For derlvmg a contradiction we assume that dim range(T) < oo. Then
we can write H!(Q) = range(T) & range(T) with respect to the inner product (2.10). By (2.11)), for

all p € mnge('i‘)L we get [, QVDs0 - Vo = (f,¢) holding for all f € L*(Q) which implies that ¢ €

- L _ -
H} (). Therefore, H&(Q)L C (range(T)L) = range(T) = range(T) and this yields the contradiction
00 = dimH&(Q)J‘ < dimrange(T) < oo. Consequently, T : L2(Q) — L2() is compact operator and
possesses an infinite dimensional range. Therefore, it should be noted at this point that all linear operator
equations with forward operator T mapping in L?(Q2) are ill-posed of type II in the sense of Nashed ([35]).

Finding an element f € Z (jT, g7), i.e. a solution to the identification problem (ZP), is equivalent to solving
an operator equation (see for notations and details Lemma above)

Such an implicit inverse problem model was generally introduced in the monograph [7, Section 1.2]. Due to
Lemma the forward operator F' in the operator equation is affine linear with respect to f and we
can rewrite as T(f) + B(j',g") = 0 with the remaining term B(j, g) = Nyj — Dog, where for fixed
(57, g") the magmtude B(j%, g") is a constant function in L?(Q) and T is a linear, bounded and self-adjoint



operator monotone mapping in L2(Q) such that L is a continuous, affine linear and monotone operator. The
monotonicity of L allows us to apply Lavrentiev regularization for stabilizing the inverse problem for given
noisy data (js, gs) by using the solution of the singularly perturbed version

F(f,35,95) + p(f = [*) = Nyjs = Dsgs +p(f = f) = 0 (2.13)

of the original operator equation as regularized solution. One simply sees that the uniquely determined
Lavrentiev-regularized solution satisfying (2.13|) and the Tikhonov-regularized solution f, s satisfying
coincide. Hence, computing the regularized solutions is rather simple and requires, given noisy data js and
g5, only to solve one Neumann problem for finding Ny js as well as one Dirichlet problem for finding Dygs.
No extremal problems have to be solved.

Remark 2.2. For analytic reasons, not for computational use, one can make the Lavrentiev regularization
explicit as
T(f)+p(f = f*) = Dogs — Nojs. (2.14)

where the solutions of Dirichlet and Neumann problems for the homogeneous elliptic partial differential
equation with noisy data in the form —B(j', g") occur on the right-hand side of equation . This is a
singularly perturbed version of the equation T(f) = Dogs —Nojs, which is ill-posed in the sense of Nashed as
discussed above and moreover locally ill-posed everywhere (cf. [I3, Definition 1.1]). Taking into account the
saturation result from [37], our Lavrentiev-regularized solutions cannot converge to the f*-minimum norm
solution with a convergence rate better than || f, 5 — f*||12(q) = O(Vd) as 6 — 0. As Corollarywill show,
we achieve this optimal rate with our method.

Lemma 2.3. The function Js defined by (1.14) is convex and weakly sequentially lower semi-continuous.

Proof. The above operator T : L?(2) — H!(Q) is compact, so it is continuous. Using the equivalent inner
product (2.10]), we therefore conclude that

T5(f) = Wyjs — Dygs, Nyjs — Dygs) = [T(f) + Nojs — Dogs, T(f) + Nojs — Dogs

is convex and weakly sequentially lower semi-continuous, which finishes the proof. O

Proposition 2.4. The problem (P, s) attains a unique solution f, s, which as reqularized solution represents
an approximation of the f*-minimum-norm solution fT to the identification problem (IP).

Proof. The proof of existence of solutions is based on Lemma in combining with arguments of [40]
Proposition 4.1], therefore omitted here. Furthermore, since the cost function of (P, ) is strictly convex,
the minimizer is unique. O

3 Finite element discretization

Let (Th)o <hel be a family of regular and quasi-uniform triangulations of the domain € with the mesh size
h. For the definition of the discretization space of the state functions let us denote

Vi={"eC@) | v ePU(T), VT € T"} and VI =V NHI(Q)and V]'(:= V' N Hj(Q) C V],
where P; consists all polynomial functions of degree less than or equal to 1.

Proposition 3.1. (i) Let f be in L*(Q) and j be in H=/2(9Q). Then the variational equation
[ Quu 9t = (£6") + (i) for all o € VL, (31)
Q
admits a unique solution u" € Vfo. Furthermore, the estimate

1" 11y < N (1 1z2gey + 1017200 ) (3.2)



is satisfied. The map N : L?(Q) — Vﬁo from each f € L?(Q) to the unique solution u" ] of (3.1 . is
then called the discrete Neumann operator.

(ii) Let f be in L2(Q) and g be in Hi/Q(E?Q), The equation
/ QVV" - vy = (f, ") for all " € V] (3.3)
Q
has a unique solution v € Vﬁo with yv" = g. Furthermore, the inequality

10" |11y < o (I 2y + lgllirrr200) ) (3.4)

is satisfied. The map D" : L*(Q) — VI, from each f € L*(Q) to the unique solution v" =: D}‘g of (3.3)) is
called the discrete Dirichlet operator.

Similar to (2.3]), one sees that the discrete operators N, D" are Fréchet differentiable on L2?(f2). For each
f € L2() the Fréchet derivatives N’ (f)¢ =: N;”j(é) €V}, and DM (f)¢ = D?/g(é) € V' in the direction
¢ € L3(Q) satisfy the equations

/. /
[ Quati© v = (6.e) md [ QUDY o) Vu" = (6.0") (35)
for all o € VI, and " € V}';. We now can introduce the strictly convex, discrete cost function
Y44(9) = T+ 0l = I ey with ) = [ @V (NP~ Dlan) ¥ (s ~ D)
Theorem 3.2. The problem

: h h
[uin T, s(f) (7’,,,5)

attains a unique minimizer f which satisfies the equation
. 1 ,
f—f :_;(N;L%_D?gé)~ (3.6)

Remark 3.3. Since N;}jg and D]’}gg are both in V}, so is f, provided that f* € V}. Thus, taking this into
account, a discretization of the set L%(£2) can be avoided.

Proof of Theorem[3.3 The existence and uniqueness of a minimizer to the problem (73[}’5) are exactly

obtained as in the continuous case, therefore omitted here. It remains to show (3.6).

Let f € L?*(Q) be the minimizer to (Pg’ 5). The first-order optimality condition yields that T S (H)E =
P(F)E+2p(E. f — f*) =0 for all € € L2(€), where

706 =2 [ @V (N}is(€) = D} 95(6)) - ¥ (Vs — Do)
—2 / QUNY js(€) - ¥ (N1js — Dltgs) +2 / QVDlgs - VD! gs(€) — 2 / QAT js - TD g5(6).
Q Q
By (3.5)), it follows that [, QVN;L/jg(f) (N Js — fg(;) = (f,N}ng - ) while and (3.1)) yield

| @D}as - 0} 35(6) = (1,24 5(6))
Q
and

| QNG VD a5(€) = (£.% 5(9)) + (s ¥ 5(©)) = (£.DF ).

We thus infer that J2'(f)(€) = 2 (g,N;Ljé - 'D?gg) and so obtain (g, L (N;l js — D’}ga) Ff- f*) — 0 for
all ¢ € L?(Q2), which finishes the proof. O



4 Convergence

From now on C' is a generic positive constant which is independent of the mesh size h of 7", the noise level
0 and the regularization parameter p. Before presenting the convergence of finite element approximations
we here state some auxiliary results.

Lemma 4.1. A projection operator 1" : L1(Q) — Vfo exists such that
i = " for all o™ € V{"’O and HQ(H&(Q)) C Vﬁo C V{L)O.

Furthermore, it satisfies the properties

: h
Jim |9 — HQﬁHHl(Q) =0 foralve HXQ) (4.1)

and
|9 — HfﬁﬁHHl(Q) < Ch||d|| g2 for all¥ € H(Q) N H*(Q). (4.2)

Proof. Let TI" : LY(Q) — V} be the Clement’s mollification interpolation operator, see [I8] and some
generalizations [I1} [12] [4T]. We then define the operator

1
Ity =1y — T V1M e VY, V9 e LY(Q)
109 Jo
which has the properties (4.1) and (4.2]). The proof is completed. O

On the basis of (4.1 and we introduce for each ® € H! ()
0 = || @~ TE@| 4, - (4.3)
We note that lim_,o 0% = 0 and
0<oh<Ch (4.4)
in case ® € H?(1). Furthermore, let (f,j,g) € L*(Q) x H~/2(9) x Hi/Q(aQ) be fixed, we denote by
a?,j = HN;LJ _ijHHl(Q) and B}L,g = HD}LQ - ngHHl(Q)' (4.5)
Then limy_, a?yj = limp_,0 5?79 = 0. In particular, if N3j € H*(Q) and Dyg € H*(Q), the error estimates
ol ; < Chand B}, < Ch (4.6)
are satisfied (cf. [14, [17]).

Lemma 4.2. Let (f1,71,91) and (f2,72,92) be arbitrary in L*(Q) x H~Y2(dQ) x Hi/2(3Q). Then the
estimates

[N 1 —N,}éhHHl(Q) <Cy <||f1 = fallp2) + 171 — j2HH71/2(8Q)> (4.7)
and

Hpj‘}lgl - D?292HH1(Q) < CD (Hfl - f2||L2(Q) + ||g1 — ngHl/g(aﬂ)) (48)
hold for all h > 0.

Proof. According to the definition of the discrete Neumann operator, we have for all " € Vﬁo that
/QQVN}iji V" = (v + (fin ") withi=1,2.
Thus, <I>j7\'/ = ./\/'hljl — ./\/';‘23'2 is the unique solution to the variational problem
/QQV@/}Q Ve = (4 —j2,790h> + (fi = f2,¢")

for all " € Vi, and so that (4.7) is satisfied. Likewise, we also obtain ([4.8). The proof is completed. [
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Lemma 4.3. Let (Th") be a sequence of triangulations with lim, oo hy, = 0. Assume that (js,,9s,) i

sequence in H~/2(9Q) x Hi/Q(GQ) convergent to (js, gs) in the H=/2(0Q) x H'/2(9Q)-norm and (f,) is
a sequence in L*(Q) weakly convergent in L?(Q) to f, then there holds the inequality

liminf 73 (fn) > T5(f). (4.9)
Proof. In view of (3.2]), the sequence (N;L:jgn)n C H!(Q) is bounded in the H!(2)-norm, a subsequence not

relabelled and an element ®x € HZ(Q) exist such that (N ;‘n" js, ) converges weakly in H(2) to ®xr. Using
the operator I1"* in Lemma for all ¢ € H!(Q) we have that

(3505 7P) + (Frs ©) = (s> Y)Y + (fr, 1 0) + (s, v (0 = T 0)) + (fny o — ingp)

where I € Vﬁg. We note that

‘<¢7'5n"7 (‘p - HQH@)M < |lJs.. H-1/2(8Q) H7 (cp - Hfj”(p) HH1/2(8$2)
< ||j5nHH*1/2(8Q) ||,Y||L(H1(Q),H1/2(BQ)) HQD - HZHQOHHl(Q) <C HSO B HZW’(‘DHHl(Q) —0

as n — oo. Likewise, lim, o0 |(fn, ¢ — IEm )| = 0. We thus get for all ¢ € H(Q) that
(s, v0) + (fo9) = Tim (s, ,19) + (fr0)) = lim ((fs,, 115" 0) + (fu, 1L 0))

= lim [ QVN}"js, - VIII"e = lim / QVN{"js, - Vo + lim / QVN{»js, - V (ko — o)
Q n—roo Q n—roo Q

n—oo

— lim [ QAT Vo= [ Qvay- Ty
Q Q

n—oo

and so that ® = Nyjs. Similarly, we can show that the sequence (D?: Jgn )n has a subsequence not relabelled

which converges weakly in H!(2) to D¢gs. The inequality (4.9) now follows from the weakly sequentially
lower semi-continuous property of the norm defined by (2.10). The proof is completed. O

Lemma 4.4. The problem
mi — % IP —- MN
feI(;P,gT)”f f ||L2(Q) ( )

attains a unique solution, which is called the f*-minimum-norm solution of the identification problem.

Proof. Since (jT, gT) is the exact data, the set Z (jT, gT) is non-empty. Furthermore, in view of the notations
T and L of Lemma 2.1 we can rewrite

(5% 9") = {f € L*(Q) | T(f) = Dog" — Noj'} .
Since the operator T is linear, we deduce that 7 ( gt gT) is closed and convex, the problem (ZP — M N) then
has a unique solution, which finishes the proof. O
We now show the convergence of finite element approximations to the identification problem.

Theorem 4.5. Let f1 be the unique f*-minimum-norm solution to the identification problem (IP), which
solves the minimization problem (IP — MN). Assume that lim,,_, o h, = 0 and (§,,) and (pn) any positive
sequences such that

h h
S oy Byt
pn — 0, %O,M%OGndM%Oas’n—M}o, (4.10)

where oz;ﬁ? ;i and ﬁ?r"gr are defined by ([&5). Furthermore, assume that (js, , gs, ) is a sequence in H—1/2(9Q)x
12 (09) satisfying

ij?n - jTHHfl/z(aQ) + Hg5n - gTHHl/Z(BQ) < On

11



and fp, = fg 5, s the unique minimizer of (PZ 5n) for each n € N. Then:
(i) The sequence (f,) converges in the L?*(Q)-norm to fT.

(i) The corresponding state sequences N;L:jgn) and (D;ﬁ:g(sn) converge in the H'(Q2)-norm to the unique
weak solution ®F = &T (fT,jT, gT) of the boundary value problem (1.1)—(1.3).

Before going to prove the theorem, we make the following short remark.

Remark 4.6. In case the weak solution &t = ®f (f‘L,ij, gT) of (1.1)—(1.3) belonging to H?(2), the estimate
shows that 0 < osz S ﬂfT o < Chy,. Therefore, in view of (4.10)), the above convergences (i) and (ii)
are obtalned if the sequence (p,,) is chosen such that

— 0 and — 0 asn — oo.

pn — 0,
D V/Pn

By regularity theory for elliptic boundary value problems, the regularity assumption ®7 € H?() is satisfied
if the diffusion matrix @ € CO’I(Q)dXd, gt e HY2(09), gt € H3/2(0Q) and either 99 is smooth of the class
C%! or the domain  is convex (see, for example, [21, [44]).

Proof of Theorem[{.5, We have from the optimality of f,, that
Tat (fa) + pallfu = 22y < To (F1) + pall /1 = 11220 (4.11)

Since at fT there holds the equation Ny1jT = D1 g', we infer from Lemma |4.2] that

2
Jir(fh<c HN}T%” —D}7gs,

H'(Q)
— hn — — — T
_CHNfT=75 = Niri' +Dg" = Diigs, + Nji it = Npnj' + Dyrg! f*gHHwQ)
{5 -5
S ( T]5 Hl(Q)+ 1t 96 ng Q)
2
|Vt = Ny +HDng_ ol (412)
Al HY(Q) ST @)

. .+ + h h 2 2 h ? h ?
< (s = Nir-sromy 196, = 9 oy + g0+ 80,0 € (32 () (80,0))

which implies from (4.11)) that

Tm T () =0 (4.13)
and, by the assumption (4.10)),

. * x (|2

limsup | fo = f*1720) < 17 = £ - (4.14)

So that the sequence (f,) is bounded in the L?(2)-norm. A subsequence not relabelled and an element
f € L?(Q) exist such that (f,) converges weakly in L?(Q2) to f and

< liminf || f, — 720 (4.15)

For any f € L*(2) we denote by Jo(f) := [, QV (NyjT — Dyg") - V (NyjT — Dyg') . By ([1.7)), we have

AgTH < 1+ Ca
()~ Cagq

(i Jo(F). (4.16)
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Furthermore, applying Lemma we have that Jy (f) < liminf, o J, 5’1" (fn) = 0, here we used (4.13).
Combining this with (4.16)), we get Nfﬂ = ngT which infers fe T (jT, gT) . Now we show f: fT and the

sequence (f,) converges to ]?in the L2(2)-norm. By the definition of the f*-minimum-norm solution and

(.14)—(4.15), we get that

11 = ey < I1F = £711;

. * . * %|2
L2(9) < hnl'I_l>lol’Olf ||fn —f H%Q(Q) < hrl;n_iip ||fn - f H%?(Q) < HfT —f

L2(©)

*|2 N *
and so that ||fT —f HLQ(Q) = Hf— f
norm solution and the sequence (f,) weakly converging in L?(Q) to ]?7 we conclude that f = ft and the
sequence (f,,) in fact converges in the L?(Q)-norm to f.

|2L2(Q) =lim, o0 || fn — f* H%Q(Q). By the uniqueness of the minimum-

Finally, we show the sequences (./\/';1".]'5”) and (D'J}S gs,.) converge to ®T = N;1j7 = Dy gt in the H' (Q)-norm.

n

Indeed, by Lemma we obtain that

s ] = W50

5= i =0

<
HY(Q) ‘ H1() + ‘ H1()

<C (Hjén _jTHHfl/z(aQ) + | - fTHLQ(Q) + O‘??,ﬁ) — 0asn—oco.

. . o
Similarly, we also get HDf" gs,, — DngTHHl(Q) <C (Hgtgn — gTHHl/Z(aQ) + an — fTHL2(Q) + ﬂfngf) — 0 as
n tends to oo, which finishes the proof. O

5 Convergence rates

In this section we investigate convergence rates for the regularized solutions with respect to the f*-minimum-
norm solution of the source identification problem. We recall that solutions of Tikhonov’s and Lavrentiev’s
method coincide here. The condition (1.16)) (repeated as equation (5.1]) below) will play a prominent role in
this context.

Remark 5.1. Assume that f € Z (57, ") and a function w € L*() exists such that f — f* = N,j! — Dyg.
Then f is the unique f*-minimum-norm solution of the problem (ZP — M N).

Indeed, we have with £ € {€ € L2() | NejT = Degt} that
1 * 1 *
5”5 — 720 — §Hf — 720
1 * * .
= §|‘§_f||%2(ﬂ)+<f_f 7£_f> > (f_f 7£_f): (Nw]T_Dng7€_f)
= [ QUNGH T (Wi = Dugl) = (577 (Wit = D))
- /Q QVNf]T -V (MujT - DUJQT) + <jT7'7 (JV'wj]L - Dng)>
:/QQV (Nejt = Npst) -V (Nowjt — Dugh) .
Since YNgjT = yNyiT = ¢, it follows that NejT — Npjt € HE(S2). We thus obtain from the last inequality
1 X 1 . . . . . .
5”5 — 1720 — §||f — 122 = /QQVN’W.]T -V (Neit = Nyj') —/QQVDng -V (Nejt — Ny

= (w, Nej" = Npjt) + (31,7 (Nedt = Nipi®)) = (w, Negt — NysT) =0,

which finishes the proof.

We are now in a position to state the main theorem on convergence rates for the general case of finite element
discretized regularized solutions with noise level (6 > 0 and h > 0).
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Theorem 5.2. Assume that for [ € I(jT,gT) there exists a function w € L?(Q) such that the source
condition

f—=f= w] _Dng (5'1)

holds true. Then, according to Remark f is the uniquely determined f*-minimum-norm solution f1 and
minimizer of the problem (ZP — M N). Moreover, we have the error estimate and convergence rate

HN}I’% fhgéH 1" = 1 g

H(Q)

2 2
(52 (aff jf) + (B?Tyf) + PQjL\/wjf + PQﬁ/f”f + PQ%MNwﬂ_gt +dp + /-)2> ) (5.2)

where ft = f,})l,é is the unique minimizer of <77£’5) and DoyNyjt — gt is the unique weak solution to the
Dirichlet problem

—V-(QVv) =0 in Q and v =yNyj' — g' on 0Q
and aﬁﬁ, Bff gt QN i QN gt 97 nd QDO’YNw]T gt come from (4.3) and .
Remark 5.3. In case (cf. Remark N1, NouwiT, Doy Nwit — gt € H?(2), by and ([4.6)), we have
0< a?wwﬁ?t,gm th\/wjm le\/f”-m Q%Oﬂ,/\fwjpgf <Ch
and so that the convergence rate
[ wds - D’;hg(sH;(Q) ol = 1Dy = O (8% 4 h% - hp+3p+ )

is obtained.

Remark 5.4. Let & = &f (fT,jT,gT) be the weak solution of (1.1))—(1.3]). Then the convergence rate

2
S s

H(Q) H(Q)

2 2
=0 (62p_1 + (a}}ﬁﬁ) Pt (’6?7751*) P+ ‘Q/}{fwﬂ T Qﬁ/ﬂﬁ + Q%OWijT*QT totpt O/}T,j* + 6?*@*)
is also established. Indeed, the desired equation directly follows from ([5.2)) and the following inequalities
s = K03y = € (=M im0y 157 = 5 gy )

=C (5 + " - fTHL?(Q) + a};*,ﬁ)

h
. (6 + Hf —ff HLQ @t ﬁﬁ gT) , here we used Lemma

1(Q)

and [D%.g5 — Dyrgl

2 2
Proof of Theorem[5.3, In view of ({.12)) we first have that J*(fT) < C (52 ( oy ]T) + (5?1,91) > . The

optimality of f" yields j(;h(fh) —I—prh - f* LZ(Q) < j(;h(ff) + prJr — f*||L2(Q). This gives

ol = £

o\ 1/2
L2() <Cp'? (52 (O‘ﬂﬁ) + (5?*,9*) ) "'/’HfT - f*HL2(Q)

<C (52 + (a;w)2 + (5?191)2 +p> : (5.3)
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and

* 2
vy~ 1" = P ey + 1" = £y

<c (52 t (o) + (B?T,gff) T2 (- fT ). (5.4)

T +ollf" = £y < TG + o (1= 17

Since N1 jT = Dy g, it follows from that
(FF =1 £ = ) = (1 = £ Nud® = Npid?) + (£ = £, Dprgt = Dug). (55)
From (L.10), we infer
(ST Nuit = Npijt) = /Q QVNpj -V (Mgt = Npg®) = (5T (Nad® = NpiiT))
and
(" Nad = Npd®) = [ QUNpuit - (Wit = Npui?) = (0117 (Vs = N1
This in turn implies
(1 = " Nad =Npei1) = [ @V (Wpus' = Npus?) - (Wit = Nyis)
= /QQV (Npijt = Dpng’) - V (Nows' — NjigT) +/Q QV (Dyrg' — Npnjt) - V (Nuwit = Nyijt) . (5.6)
Since v (Dy1g" — Dug') = 0, it follows from that
(1 = ".Dpig = Dug’) = [ QVDpg -V (Dpig' = Dug) = [ Q9D -V (Dpg' ~ Dug)
= /Q QV (Dyig' = Dprg") - V (Dyig" = Dug') (5.7)
holds. We thus infer from (5.5)~(5.7) the identity
(1 =11 = 1) = [ QV(Dprg! =Npus) -V (Wod! =N )
+/QQV WNyti" = Dpng") - V (N = Np15T) +/QQV (Dyig" = Dyng") -V (Dyig" = Dug’) . (5.8)

We note again that NijT = DngT and ~ ’DngT — thgT) = 0. Then, together with (1.10) and (1.11]), the
last two terms on the right hand side of (5.8]) satisfy

/QQV Nyt =Dypng) - V (Nt = Ny 1) +/QQV (Dsig" —Dpng') -V (Dyig" — Dug’)
= /QQV (pﬁgT _thgf) v (ijT _ Dng)
= (. Dyig" = Dprg") + (5,7 (Dyig" = Dyng')) = (w, Dyig" = Dprg’) = 0.
Thus, we obtain from
(1 =18 = 1) = [ @V (Dyg! = Npus) - (Vo' = Ny ).
Next, we abbreviate W = N,,jT — N;151 and note

AW = Nwjt =g (5.9)
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Then we get
(F =11~ 1) = [ @V (Dpug’ =) - vW
= /QQV Dyg’ — Dlgt) - VIV — /Q QV (Npnj' = NjT) - wW
+/QQV (Dlng" — Dl -VW—/QQV (Mg = Ny ) - I W
+ /Q QV (D}th(g —N;zja) VW =1 + I + Is. (5.10)
To prepare the estimation of those three addends we start with writing
/QQV (Dyrg' = Dlg") - vW
- /Q Qv (th gt - Db, g*) VDAW + /Q QV (th gt =Dl gf) VI (W — Doy W)
+ /Q Qv (thgT - D(;h,gT) V(W = Dy W — T (W — Doy W) .
Since Dyngl — D;‘thr € Hi(Q), we then get
Qv (Dyrg = Dhugh) - VDW= [ QvDy v (Dyrg" = Phigt) =0.

Since
YW —=DoyW) = AW — yDoyW :’YW*’YW:()

we infer IIZ (W — DpyW) € VI, = VI' 1 H} () and then obtain from and (3.3) that
/Q Qv (th gt — Dyt ) VI (W = Doy W) =0
holds. Hence we have
’/QV thg *th VW‘
‘/ Qv 'thg ~Dhg ) V (W = Doy W — It (W — D(WW))‘

gC’Hthg —thg*H [W = Doy W =TI (W = Doy W) ||

H(Q) ()

¢ (HthL2(Q) + HgTHHl/Z({)Q)) (HW - HZW”Hl(Q) + || PoyW — HZ,DO’YWHHl(Q))

< C (1120 + 19 L 20))

(Ve = TN | g gy + NG = TN s gy + [PV W = TEDOAW |11 )
=C (HthL2(Q) + Hg HH1/2(6Q)) (Qijf + QNijT + QDO'yijfng) ) (5.11)

where we use (5.9)). Similarly, since II?W € V* and by (T.10)) and (3.1)), we get

[ @7 (Npnit =) | < (1 iy + 137 o) (s + ) 512

Now we are in the position to estimate I; — Is. Combining (5.11) with (5.12)), we obtain with the help of
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p|11] —p’/ QV 'thg —'thg ) .VW_/QQV (thjT —Nﬁhﬂ) _VW‘
<Cp (HthLz(Q) + HQTHHUZ(BQ) + HJTHHa/z(aQ)) (Qﬁ/wjf + Qf{gm + Q%OVNMT_QT)
c (52 n (a'}wf + (ﬁ}%,m)Q + p> (@ﬁfwﬁ + o, t Q%o'vajT—gT)
+Cp (gjl\/mjT + le\[ijT + Q%MMJ*—QT)
<C (52 + (a?hﬁ>2 + (Wr,gr)z + pd, it + pgﬁ/ﬂﬁ + p@%owwﬁgo . (5.13)
Now, using Lemma [I.2] we arrive at

p|]2| =p ‘/ QV (D?;LQT fhgg -VW — / QV fh th]é) . VW‘
Q

SCp(HD?hgT fhgéHHlﬂ) H i _Nh](sHHl(Q))
< Cp (1195 = 9l srs2(00) + 135 = 3"l - 1/20my ) < COp. (5.14)

Since for a.e. in Q the matrix Q(z) is positive definite, the root Q(z)/? is then well defined. Thus, using
the Cauchy-Schwarz inequality and Young’s inequality, we estimate I3 as

plI3] = P‘/ QV fngé th]é VW‘ = p

QWV (thg(; N}th(s) ~Q1/2VW‘

1/2 1/2
<p (/Q 2y (D?hga —Nﬁm) .Q\2y (’thg& - N}’ﬂg)) </Q QV2yW - Ql/sz>

<Cp (jgh(fh))uz < 02p2+ %‘75h(fh) < CP2+iu75h(fh)~ (5.15)

It follows from ([5.10) and (|5.13)—(5.15)) that
20 (f1 = £ 1= 1"
2 2 1
<C (52 + (a}}’“]"f) + (5?1,91) + pole, i + pQX/ijT + POy N jt—gt T PO+ P2> + §~75h(fh)

holds, which together with (5.4) implies

L ohgen h 2
575 (f") + ol /"~ fTHLz(Q)
2 2
<C <52 + (a?’ryjf) + (5??@) + pg_’fl\[wjf + Ple\ff”-f + PQ%O—Yijtfgt +p6 + P2> . (5.16)
2
Since Hthg(s ;th(; HHl( < th (fh) ) now directly follows from (5 , which finishes the proof. [

The proof of Theorem [5.2]is much simpler if one considers with focus on the Lavrentiev regularization setting
the noisy data, but the non-discretized case (6 > 0, but h = 0). Taking into account Remark we will
show this by formulating and proving the following corollary. This proof gives also essential insights into
the character of as a range-type source condition, which is the benchmark condition in the theory of
Lavrentiev’s regularization method.

Corollary 5.5. Assume that, for the f*-minimum-norm solution f1, there exists a function w € L*(Q) such
that the source condition f1 — f* = Nyjt — Dug' holds true. Then we have the convergence rate

1fp.5 — fTllL2@) = O(V9) as =0

whenever the regularization parameter p is chosen a priori as cvVo < p(8) < v/ with some constants
O<c<e<oo.
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Proof. The Lavrentiev-regularized solutions f = f, s under consideration solve the equation (2.14]) with the
monotone bounded linear operator T and (j5.1)) represents the corresponding benchmark source condition
fT— f* € range(T), since

T(w— 1) =Ny 10 =Dy 10 = Noy0 — N0 — Dy0 + D10

= Nw0 + NojT = (N510 + NojT) = (D0 + Dog') + Dyi 0 + Dog'

= Nuwj' = Dug’ — (Npij" = Dyigh)

= ij - Dng>
by the equation Ny gt — fogT = 0. Under this benchmark source condition, however, the rate assertion
with associated choice of the regularization parameter p of the corollary is a well-known result of Lavrentiev
regularization theory (cf., e.g., [43, Theorem 2.2] and [25] § 4.2]) whenever the noise on the right-hand side
of (2.14]) is of order §. Precisely, we have to show that the norm difference between the noisy right-hand side

Dogs — Nojs of (2.14) and its the noise-free counterpart Dog' — Nyjt can be be estimated above as by K§
with some positive constant K for sufficiently small § > 0. Indeed, by the inequality

1(Dogs — Nojs) — (Dog' — NojDllL2y < Cwllis — 5Tl -1200) + Collgs — 9"l 200y

based on the formulas (4.7) and (4.8) for h = 0 of Lemma we derive this with K = max{Cy,Cp} by
taking into account the noise assumption ([1.5). The proof is completed. O

6 Conjugate gradient method

In this section we will utilize the conjugate gradient (CG) method (see, for example, [22 27]) to find the
minimizes of the strictly convex, discrete regularized problem (7327 5). Let VTZ s(fr=2 (N ;L s — Dj}gts) +
2p(f — f*) be the L?-gradient of the cost function T’;’g at f (see Proof of Theorem , where f* € V]

Then the sequence of iterates via this algorithm is generated by f° € L2(Q) N VP and f*1 := f* +tkd" for
k > 0, where

—vYh (fk) k=0 ||VTh5(fk)H2
dk — p,0 ) h k — N po I d tk — . ,rh k —l—tdk ’
{—VTZ’J(fk) Lgrat wkso VS e (e arg min T 5(f )
A short computation shows that
b fQ Qv (kaO—DZkO) -V (N;lkjg—'D’J}kgé> _|_p(d/€7f'k _f*) 1 (dkavrg,g(fk))
Joy QV (N0 = DI,0) - V (N0 — D0) + p [[d¥][7 2 g 2 (@ N0~ D0) 4 p | Py

Consequently, the CG method then reads as follows: giving an initial approximation f° € V}, number of
iterations N and a positive constants 71, 72. Computing

2
19° (|72 0

1
VYL 5(f0) =2 (Nfojs — Dhogs) +2p(f° = f*), d® = =VYh5(f°), t° ==
" / / " 2 (d°y N0 — Dh,0) + p ||d0||2L?(Q)

and setting

fl=72+1%" and k=1, Tolerance := HVTh,(;(fk)HLZ(Q) -7 — TQHVYZL76(fO)HL2(Q).
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while (Tolerance > 0) & (k < N) do

r

_ _ 2 2
r= HVTZ,é(fk 1)HL2(Q)7 r= HVTZ,(S(fk)HLz(Q)a ﬂk = =
(% 918 5())

1
d* = —Vrhs(fF) + prd T, = 2
2 2 (dk, N30 — DI0) + p [[d*

)

FRHLZ ph gk gk
Bim k41, Tolerance = [ VT4 (%) gy ~ 7~ 2955 () oo

end
Algorithm 1: CG iteration

7 Numerical test

In this section we illustrate the theoretical result with numerical examples. For this purpose we consider the
the boundary value problem

—V-(QVe) = fTinQ, (7.1)
QV® -7 = ;" on 9Q and
® =g on 9Q (7.3)
with Q = {z = (71,22) € R? | — 1 < 21,22 < 1}. We assume that entries of the known symmetric diffusion

matrix @ are discontinuous which are defined as

Q11 = 33X T XQ\Qu1s 912 = XQu2» 022 = 4X 020 + 2X0\Qu2
where xp is the characteristic function of the Lebesgue measurable set D and

Q1 = {(z1,22) € Q| |z1] < 1/2 and |zo| < 1/2}, Q1o := {(21,22) € Q | |21] + |z2| < 1/2} and
Qap 1= {(z1,32) € Q| x] +a3 < 1/4}.

The identified source function fT € L2(Q) in (7.1)) is assumed to be discontinuous and defined as

5%

T—9 _ v
f X = X2 + oo Xa\@iuna)s

where

Q1 == {(z1,22) € Q ’ 9(z1 4+ 1/2)* + 16(z2 — 1/2)> < 1} and
Q= {(w1,22) € Q| (21— 1/2)" + (22 +1/2)* < 1/16} .

For the discretization we divide the interval (—1, 1) into £ equal segments and so that the domain Q = (—1,1)?2
is divided into 2¢? triangles, where the diameter of each triangle is hy = @. In the minimization problem

(73;‘75> we take h = hy and p = py = 0.01hy. We use Algorithm |1{ which is described in the last paragraph
of Section [6| for computing the numerical solution of the problem (P;L;’ &). As an a-priori estimate and the

initial approximation we choose f* := 0 and fO(x) := X(0,1]x[=1,1] — X[=1,0]x[~1,1]-

Example 7.1. In this first example jT € H~1/2(9Q) in the equation (7.2)) is chosen to be the piecewise
constant function defined by

3T = X% (-1} = X[-1.0)x {1} F 2X(0.1]x {1} — 2X[-1,0]x {1}

(7.4)
+ 33X {1y x (1,00 — 3X{1}x(0,1) T 4X{13%(=1,0] — 4X{-1}x(0,1)-
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Then ¢g' € Hi/Q(BQ) in the equation is defined as gf = ’y./\/fth where fojf is the unique weak
solution of ( . . We mention that to avoid a so-called inverse crime, we generate the given data on
a finer grid than those used in the computations. For this purpose we first solve the problem (7.1)— on
the very fine grid with £ = 128, and then use this numerical approximation as substitute for (j ,gT) in our
computational considerations below.

For observations with noise we assume that
(Js,,95,) = (jT + 6, ij,gT +0;-Ryt) for some 6, >0 dependingon /, (7.5)

where R;+ and Ryt are OM he x 1-matrices of random numbers on the interval (—1,1) which are generated by
the MATLAB function “rand”, and OM" is the number of boundary nodes of the triangulation 7"¢. The
measurement error is then Computed as 0y = || 360 —J H L2(69) + || 9s, — To satisfy the condition

gTHL?(BQ)'
0r - py 2 L 0asl—ooin Theorem.we below take 0y = he\/pe.

We start with the coarsest level £ = 4. At each iteration k we compute

Tolerance := HVTW,M féc) -7 7'2HVTZ;Z 8¢ (fl9>HL2(Q)’

[
where 7 := 10~ Ghé/ and 7 := 10~ 4]11/2 Then the iteration was stopped if Tolerance < 0 or the number
of iterations reached the maximum iteration count of 600. After obtaining the numerical solution of the first
iteration process with respect to the coarsest level £ = 4, we use its interpolation on the next finer mesh ¢ = 8
as an initial approximation f° for the algorithm on this finer mesh, and proceed similarly on the preceding
refinement levels.

Let f; be the function which is obtained at the final iterate of Algorithm [I] corresponding to the refinement
level £. Furthermore, let Nhe £, Js and D 795, denote the computed numerical solution to the Neumann and
Dirichlet problem

-V - (QVu) = foin Q and QVu -7 = js, on IQ and —V-(QVv)= frin Q and v = g; on 99,

respectively. The notations N 5T and thgT of the exact numerical solutions are to be understood similarly.
We use the following abbrev1at10ns for the errors

L?‘ = | fe - fTHLz(Q)’LJQ\f = ||Nhej5f Nh THL2(Q)7 Hyr = HN}?M _N;LfejTHHl(Q) and

= HDh[géz ||Dheg(sl

TQTHL?(Q) Tg HHl(Q)'

The numerical results are summarized in Table [I|and Table [2] where we present the refinement level ¢, mesh
size hy of the triangulation, regularization parameter p;, measured noise dp, number of iterations, value of
tolerances and errors Lf‘-, L3, L3, Hy, and Hj,. Their experimental order of convergence (EOC) is presented

in Table where EOCg := In©(h1) —InO(hs)
ln hl ln hg

All figures presented correspond to ¢ = 64. Figure[I]from left to right shows the computed numerical solution
feo of the algorithm at the final 579th. iteration, and the differences N f]Jf — ./\/';Zejgé, D’”g —ph ’3952 and

I he
Dugég foj(ﬂ'

and O(h) is an error function of the mesh size h.

Convergence history
Y4 he pe de Iterate | Tolerance
4 1 0.7071 0.7071e-2 | 0.1916 312 -3.0822e-5
8 | 0.3536 0.3536e-2 | 9.3172e-2 | 387 -1.2739¢-6
16 | 0.1766 0.1766e-2 | 4.1174e-2 | 461 -1.4029e-6
32 | 8.8388e-2 | 0.8839e-3 | 2.0932e-2 | 505 -1.8559e-7
64 | 4.4194e-2 | 0.4419e-3 | 7.2765e-3 | 579 -7.3540e-9

Table 1: Refinement level ¢, mesh size hy of the triangulation, regularization parameter p;, measurement
noise &g, number of iterates and value of Tolerance.
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Convergence history
¢ | L2 L3 L% HY, HY
4 | 0.5215 2.0441e-2 | 2.0396e-2 | 6.9952e-2 | 6.9713e-2
8 | 0.3309 6.3175e-3 | 6.3083e-3 | 3.1374e-2 | 3.1311e-2
16 | 0.1915 2.0132e-3 | 2.0122e-3 | 1.7276e-2 | 1.7243e-2
32 | 0.1073 5.5434e-4 | 5.5426e-4 | 8.9136e-3 | 8.9130e-3
64 | 5.2568e-2 | 1.4669e-4 | 1.4666e-4 | 3.9352e-3 | 3.9347e-3

Table 2: Errors Lfc, L3, L%, Hyr and Hy,.

Experimental order of convergence
l EOC,; | EOC,g | EOCyy | EOC,y | EOCyy
8 0.6563 | 1.6940 | 1.6930 | 1.1568 | 1.1548
16 0.7891 | 1.6499 | 1.6485 | 0.8608 | 0.8607
32 0.8357 | 1.8606 | 1.8601 | 0.9547 | 0.9520
64 1.0294 | 1.9180 | 1.9181 | 1.1796 | 1.1797
Mean of EOC | 0.8276 | 1.7806 | 1.7799 | 1.0380 | 1.0368

Table 3: Experimental order of convergence between finest and coarsest level for L2, LJQV, L%, HJ{/ and H3,.

Figure 1: Computed numerical solution f; of the algorithm at the final iteration, and the differences ./\/;Lf gt —

he . oh h h he -
Nl jse, Dyigh — Dyl gs, and Dyl gs, — Ny s,

Example 7.2. In present example we assume that multiple measurements are available, say ( jg, gf;)

i=1,..,I'
Then, problem (77;‘,5) in Sectionis given by

1
_ 1 ) . ) . _
in Th (f):= min [ =Y [ QV (N}j; - Dhg;) -V (N}is — Dligi - I3 "
&t Yoo = Ioin, Ii_l/QQ (N5ds = Dyga) -V W5 = Pigs) +o 1l = I lliee) (PM)’

::jgh(‘I)

which also attains a solution f;‘ s- The Neumann boundary condition in the equation (7.2) is chosen in the

same form as ([7.4)), i.e.

ng,B707D) =A-Xo01x{-1} — A X[—1,0x{1} + B X0,1x{1} — B X[=1,0/x{~1} (7.6)

+C X—13x(=1,00 — C - X{13x0,1) T D - Xq13x(=1,00 — D - X{=1}x(0,1)>
and depends on the constants A, B,C and D. Let gELA B.C,D) ‘= ’nyijrA B,C.D) and assume that noisy
observations are given by

.(A,B,C,D) (A,B,C,D)\ _ (.t t
(.]55 7952 ) - (J(A,B,C,D)—’—H'R‘T 7g(A’B’C’D)+9'R T >7 (77)

J(a,B,c,D) 9(A,B,C,D)
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where R and R i denote OM"™ x 1-matrices of random numbers on the interval (—1,1).

J(a,B,c,D 9(a,B,c,D)
Different from (7.5]), the constant 6 appeared in the equation ([7.7) is now independent of the grid level ¢.

In the case (A4,B,C,D) = (1,2,3,4) we have a single noisy measurement couple, i.e. I = 1. We now
fix D = 4, and let (A, B,C) take all permutations S3 of the set {1,2,3}. Then, the equations 7
generate I = 6 measurements. Similarly, if (A, B, C, D) takes all permutations Sy of {1,2, 3,4} we get [ = 16
measurements. With 8 = 0.1 and £ = 64 we compute the noise level

|1|j<§:’273)4) - jgl,2,3,4)||L2(89) + HQS)Q’?)A) - 921,2,3,4)HL2(89) if (A,B,C,D)=(1,2,34),
60 = 6 Z(A,B,C)esa ng’B’CA) - jErA,B,CA)HL?(aQ) + HQE?BCA) - gELA,B,C,AL) ||L2(BQ) if D=4,
E Z(A,B7C7D)€S4 szg?’B’C)D) - ng,B,C,D)HLQ(BQ) + Hgéf,B,QD) o g(TA,B,C,D)Hm(aQ)'

The corresponding numerical results for the multiple measurement case are presented in the Table

Numerical results for ¢ = 64, § = 0.1 with multiple observations
I | Iterate | Tolerance e L? L3, L2 Hy, Hi,
1 ] 531 -3.2313e-8 | 0.3292 | 0.3280 | 5.9096e-3 | 5.9090e-3 | 0.1225 0.1221
6 | 517 -7.1620e-9 | 0.3331 | 0.2583 | 4.3125e-3 | 4.3122e-3 | 7.9322e-2 | 7.9320e-2
16 | 536 -6.4706e-8 | 0.3289 | 0.1747 | 2.8465e-3 | 2.8461e-3 | 5.2318e-2 | 5.2314e-2

Table 4: Numerical results for ¢ = 64, & = 0.1, and with multiple measurements I = 1,6, 16.

Finally, in Figure [2| from left to right we show the interpolation I {” fT of the exact source and the computed
numerical solution g, of the algorithm at the final iteration for £ = 64, 8 = 0.1, and I = 16, 6, 1, respectively.

Figure 2: Interpolation I {” fT, computed numerical solution f; of the algorithm at the final iteration for
¢ =64, 0 = 0.1, and with multiple measurements I = 16, 6, 1, respectively.
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