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Abstract

We consider shape and topology optimization for fluids which are governed by the
Navier—Stokes equations. Shapes are modelled with the help of a phase field approach
and the solid body is relaxed to be a porous medium. The phase field method uses
a Ginzburg-Landau functional in order to approximate a perimeter penalization. We
focus on surface functionals and carefully introduce a new modelling variant, show
existence of minimizers and derive first order necessary conditions. These conditions
are related to classical shape derivatives by identifying the sharp interface limit with
the help of formally matched asymptotic expansions. Finally, we present numerical
computations based on a Cahn—Hilliard type gradient descent which demonstrate that
the method can be used to solve shape optimization problems for fluids with the help
of the new approach.

Key words. Shape optimization, phase-field method, lift, drag, Navier—Stokes equa-
tions.
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1 Introduction

Shape optimization problems are a very challenging field in mathematical analysis and
has attracted more and more attention in the last decade. One of the most discussed and
oldest problems is certainly the task of finding the shape of a body inside a fluid having
the least resistance. This problem dates back at least to Newton, who proposed this topic
in a rotationally symmetric setting. Nowadays, there are a lot of important industrial
applications leading to this kind of questions. Among others we mention in particular the
problem of optimizing the shape of airplanes, cars and wind turbine blades in order to have
least resistance or biomechanical applications like bypass constructions. The wide fields of
applications may be one of the reasons that shape optimization problems in fluids received
growing attention recently. Nevertheless, those problems turn out to be very challenging
and so far no overall mathematical concept has been successful in a general sense.
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One of the main difficulties certainly is that shape optimization problems are often
not well-posed, i.e., no minimizer exists, compare for instance [20, 23| 28]. There are
some contributions leading to mathematically well-posed problem formulations, see for
instance [25], but the geometric restrictions are difficult to handle numerically. The most
common approaches used in practice parametrize the boundary of the unknown optimal
shape by functions, see for instance [0, 24]. However, those formulations do not inherit
a minimizer in general. For numerical simulations typically shape sensitivity analysis is
used. Here, one uses local boundary variations in order to find a gradient of the cost
function with respect to the design variable, which is in this case the shape of the body.
The necessary calculations are carried out without considering the existence or regularity
of a minimizer. But in the end one obtains a mathematical structure that can be used for
numerical implementations.

In [I4], a phase field approach was introduced for minimizing general volume func-
tionals in a Navier—Stokes flow. For this purpose, the porous medium approach proposed
by Borrvall and Petersson [4] and a Ginzburg-Landau regularization as in the work of
Bourdin and Chambolle [5] were combined. The latter is a diffuse interface approximation
of a perimeter regularization. This leads to a model where existence of a minimizer can be
guaranteed, and at the same time necessary optimality conditions can be derived and used
for numerical simulations, see [15]. In particular, this approach replaces the free boundary
I' of the body B by a diffuse interface. Hence, it is a priori not clear how to deal with
objective functionals that are defined on the free boundary T

In this work, we study the following boundary objective functional:

th(m, Vau,p,v) dHEL (1.1)

where h is a given function, u denotes the velocity field of the fluid, p denotes the pressure,
v is the inner unit normal of the fluid region, i.e., pointing from the body B into the
complementary fluid region £ = B®. The velocity u and pressure p are assumed to obey
the stationary Navier—Stokes equations inside the fluid region F, and the no-slip condition
on I', namely,

-dive+(u-V)u=fin E, (1.2a)
divu =0 in E, (1.2b)
u=0onT, (1.2¢)

where o = pu (Vu + (Vu)T) —pI denotes the stress tensor of the velocity field w, p > 0
denotes the viscosity of the fluid, f denotes an external body force, and I denotes the
identity tensor.

An important example of h is the hydrodynamic force component acting on I' with
the force direction defined by the unit vector a:

h(z,Vu,p,v)=a- (ov) =a- (u(Vu+ (vu)l) - pI)v, (1.3)
and so becomes
fra-(a'l/) A :a-(/;al/d’}-[dfl). (1.4)

If a is parallel to the direction of the flow, then (1.4) represents the drag of the object
B. If a is perpendicular to the direction of the flow, then (1.4]) represents the lift of the
object.



In the work at hand we propose an approach on how to deal with boundary objective
functionals in the phase field setting. To be precise, we aim to minimize an appropriate
phase field approximation of the functional , and also the functional , which can
be considered as one of the most important objectives in shape optimization in fluids.
The fluid is assumed to be an incompressible, Newtonian fluid described by the stationary
Navier—Stokes equations .

For this purpose, we first discuss how we model the integral over the free boundary I
if it is replaced by a diffuse interface and how the normal v can be defined in this setting,
see Section Afterwards, we analyze the phase field problem for both and and
discuss the existence of a minimizer and optimality conditions, see Section [d In Section
we focus on the hydrodynamic force functional and the corresponding phase field
problem is then related to the sharp interface free boundary problem with a perimeter
regularization by the method of matched formal asymptotic expansions. We find that the
formal sharp interface limit of the optimality system gives the same results as can be found
in the shape sensitivity literature.

We then solve the phase field problem numerically, see Section [6] For this purpose,
we derive a gradient flow equation for the reduced objective functional and arrive in a
Cahn—Hilliard type system. After time discretization, this system is treated in every time
step by a Newton method. We numerically solve shape optimization problems involving
drag and the lift-to-drag ratio.

2 Notation and problem formulation

Let us assume that Q c RY, d € {2,3}, is a fixed domain with Lipschitz boundary. Inside
this fixed domain 2 we may have certain parts filled with fluid, denoted by E, and the
complement B := Q\ E is some non-permeable medium. In the following we will denote by
v the outer unit normal of B, i.e., the inner unit normal of the fluid region. The aim is to
minimize the functional, given by , where I' := 0B n (), subject to the Navier—Stokes
equations . We additionally impose a volume constraint on the amount of fluid. For
this purpose we choose € (-=1,1) and only use fluid regions E c 2 fulfilling the constraint
1B = L ).

We prescribe some inflow or outflow regions on the boundary of €2 and choose for this
purpose g € H %(89) such that [y, g - vaq dH® ! = 0. Additionally, we may have some
body force f € L?(2) acting on the design domain. Note that throughout this paper we
denote R%valued functions and spaces consisting of R%valued functions in boldface.

As already mentioned in the introduction, problems like this are generally not well-
posed in the sense that the existence of a minimizer can not be guaranteed. Hence, we
use an additional perimeter regularization. For this purpose, we add a multiple of the
perimeter of the obstacle to the cost functional . In order to properly formulate
the resulting problem we introduce a design function ¢ : Q - {1}, where {9 =1} = F
describes the fluid region and {p = -1} = B is its complement. The volume constraint
reads in this setting as [, ¢ dx = 8[Q].

The design functions are chosen to be functions of bounded variation, such that the
fluid region has finite perimeter, i.e., ¢ € BV(Q,{+1}). We shall write Po(FE) for the
perimeter of some set of bounded variation £ ¢ 2 in 2. Besides, if ¢ is a function of
bounded variation, its distributional derivative D¢ is a finite Radon measure and we can
define the total variation by [D¢y|(£2). For ¢ € BV (2, {£1}), it holds that

D[ (€2) = 2Pa({ = 1}). (2.1)



For a more detailed introduction to the theory of sets of finite perimeter and functions
of bounded variation we refer to [II, I7]. We hence arrive in the following space of
admissible design functions:

B0 i {¢ e BV(Q, {+1})] [ pdx - ,3|Q|}. (2.2)

Let v > 0 denote the weighting factor for the perimeter regularization. Then, we
arrive at the following shape optimization problem for the functional ((1.1)) with additional
perimeter regularization:

. 1
min JO(@au)p) = / _h(xuvu)pvyso)d |D90|+ 1 |DSO| (Q)7 (23)
(p,up) Q2 2

subject to p € ®°, and (u,p) e H'(E) x L*(E) fulfilling

—pAu+(u-V)u+Vp=fin E={p=1}, (2.4a)
diveu=0 in E, (2.4b)

u=g on 0N nIE, (2.4c)
u=0onT'=QnJE. (2.4d)

Here, we used the relation (2.I) to replace the perimeter of E with 3 |D¢g| (). Fur-
thermore, by the polar decomposition

Dy = v, [Dy| for ¢ € BV (Q, {1}), (2.5)

of the Radon measure Dy into a positive measure [Dyp| and a S%'-valued function v, €
L' (9, |Dy|)?, see for instance [1, Corollary 1.29], we replace the product of the normal
and the Hausdorff measure in by 2v,d |Dy|. In particular, v, can be considered as
a generalised unit normal on OF.

We remark that the shape optimization problem for the hydrodynamic force
component have been studied extensively in the literature. In the work of [2], the
boundary integral is transformed into a volume integral. This is also done in [7,
25, but in the latter, the compressible Navier—Stokes equations are considered. We also
mention [2I], which utilises the approach of Borrvall and Petersson [4] and the volume
integral formulation. The shape derivatives for general volume and boundary objective
functionals in Navier—Stokes flow have been derived in [26]. Finally, we mention the work
of [3], which bears the most similarity to our set-up. Under the assumption that the set
E ={p =1} is C? and that there is a unique, sufficiently regular solution u to , the
analysis of [3] obtained, via the speed method, that the shape derivative of

J(E) = ﬁ a- (p(vu+ (Vu)l) - plydHd?
with respect to vector field V' is given by (see [3, Theorem 4, Equation 39]) |I|

DJ(E)[V] = fr (V(0),)(f - a+ udyq- dyu)dHT! (2.6)

"We remark that in [3], the normal n is pointing from the fluid domain to the obstacle, i.e., in comparison
with our set-up, n = -v.



where g is the solution to the adjoint system (see [3, Equation 33.2]):

~pAq+ (Vvu)lg-(u-v)g+Vr=0 in E, (2.7a)
divg =0 in E, (2.7b)

g=aonTl, (2.7¢)

g=0o0n002nok. (2.7d)

Here, we denote the normal derivative of a scalar a and of a vector 3 as
a:=Va-v, 0,0:=(VE)v. (2.8)

We note that as u satisfies the no-slip boundary condition (2.4d)), u has no tangential
components on 2N JE. Thus, we obtain

=d,u®vonl =QnJE. (2.9)

Using the divergence free condition ([2.4b)), and the no-slip condition (2.4d)), we obtain on
I

d
0=divu =tr(Vu) = Y dpuiv; = dpu-v — (vu) v = (dyu-v)v =0, (2.10)
i=1
which in turn implies that
J(E) = /F a-(ov)dH ! = frw (uvu-pI)rdH® . (2.11)

This is similar to the setting of |26, Remark 12] and by following the computations in [26]
one obtains ([2.7) as the adjoint system and the shape derivative of (2.11]) for a C? domain
in the direction of V is

DIENV]= [(V(0).0) (-40(0u) - @+ Dypla-v) + ndg - Ou) dH

2.12
_/FW(O)aV)din(M(Vu)Ta-pa) dnet (2.12)

where divr denotes the surface divergence. We introduce the surface gradient of f on I" by
Vrf with components (D, f)1<k<d, and with this definition we obtain divrv = Zgzl Dy vy
for a vector field v. Moreover, in components, we have

d
8,,(8,,11,) a = Z Viai(Vjajuk)ak.
i,j,]f:l
Remark 2.1. In [26, Remark 12], the term pud,(d,u)-a appearing on the right hand side
of (2.12) is originally given as Z;-ij el Vi%ujak. This is related to Oy, (Opu) - a by the
sJ 7 j
formula

d 9%u
Z B ujak =0y (0pu)-a- Z v;0;0;0juay, (2.13)
k=1 z;0 Zj i,5,k=1

where U = (Uj)1<j<d denotes an extension of v off the boundary I' to a neighbourhood U > T’
with || =1 near T’ and U |p=v.

*We remark that in [26, Remark 12] the term divr(u(Vu)a) appears instead of divr(u(vu)’a),
which we believe is a typo.



By (2.9), we see that Ojuy, = Oyukv; on I', and so

d d d
Z uiﬁiﬂjﬁjukak = Z uiﬁiﬁjujé?uukak = Z %z/ﬁ,;(|z7j|2)0yukak =0. (2.14)
i7j7k:1 i»j)kzl i7j7k:1

Thus, the last term in (2.13)) is zero and we have the relation

Zd: v —82uk viag = 0u(Jpu) - a (2.15)
i jak = Op\Up - a, .
’i,j,kil 8.%8.7}] J

when u=0 on .

Based on Remark if (u,p) are sufficiently regular, then a short computation in-
volving (2.15)) shows that on I,

~ pdivr((vu)a) - pd, (d,u) -a+ dyp(a-v) + divr(pa)

d d
=12, D;i(Osug)a; —p 7 vidw(iug)vka; + Vp-a
i=1 ijk=1

= -pAu-a+Vp-a=f-a+(u-V)u-a=f-a,

where we have used the no-slip condition (2.4d), and hence (2.12) is equivalent to ([2.6]).

3 Derivation of the phase field formulation

The problem derived in the previous section has several drawbacks. First, it is not clear
if this is well-posed, i.e., if for every ¢ € ©2d there is a solution of the state equations
and if there exists a minimizer (¢, wu,p) of the overall problem -. Second,
optimizing in the space BV () is not very practical. Deriving optimality conditions is
not easy and it is not clear how to perform numerical simulations on this problem. Hence,
we now want to approximate the complex shape optimization problem — by a
problem that can be treated by well-known approaches. To this end we introduce a diffuse
interface version of the free boundary problem by using a phase field approach.

3.1 The state equations in the phase field setting

In this setting, the design variable ¢ : - R is now allowed to have values in R, instead
of only the two discrete values +1, and inherits H'(Q) regularity. In addition to the two
phases {¢ =1} (fluid region E) and {¢ = -1} (solid region B), we also have an interfacial
region {-1 < ¢ < 1} which is related to a small parameter £ > 0. By [22], we know that the
Ginzburg-Landau energy

€ 1
EHNQ) ~R. E9)= [ SIvel dx + Zu(p) dx (3.1
approximates ¢ — co [Dg| () = 2coPo({¢ = 1}) in the sense of I'-convergence. Here,

o = % [11 V2 (s)ds (3.2)

and ¥ : R - R is a potential with two equal minima at +1, and in this paper we focus on
an arbitrary double-well potential satisfying the assumption below:



Assumption 3.1. Let ¢ € CHY(R) be a non-negative function such that ¥(s) = 0 if
and only if s € {1}, and the following growth condition is fulfilled for some constants
c1,c0,t0 >0 and k > 2:

et <y(t) <eot® Vit

Additionally, we use the so-called porous medium approach for the state equations,
see also [I4], I5]. This means that, we relax the non-permeability of the solid region B
outside the fluid by placing a porous medium of small permeability (a.)! « 1 outside the
fluid region E. In the interfacial region {-1 < ¢ < 1} we interpolate between the equations
describing the flow through the porous medium and the stationary Navier—Stokes equations
by using an interpolation function a. satisfying the following assumption:

Assumption 3.2. We assume that a. € C1(R) is non-negative, with a-(1) =0, ae(~1) =
a. >0, and there exist sq, sp € R with s, < -1 and sp > 1 such that

as(8) = a:(sq) for s < sq,

a:(8) = ac(sp) for s> sy. (3.3)

Moreover, we assume that the inverse permeability vanishes as € \ 0, i.e., limg\ g Qe = 00.

In particular, we have that

0<as(s)< sup a.(t)<oo VseR,

te[sllvsb]

i.e., a. € L*(R). The resulting state equations for the phase field problem are then given
in the strong form by the following system:

a:(@)u—pAu+ (uw-V)u+Vp=fin Q, (3.4a)
dive =0 in , (3.4b)
u =g on JfL. (3.4c)

Later we add [, %ag(cp) lu|* dx to the objective functional and this ensures that in the
limit ¢ N\ 0, the velocity w vanishes outside the fluid region, and hence the medium can
really be considered as non-permeable again.

In the following, we will use the following function spaces:

H},(9) = {ve HY(Q) | divo =0}, H}, ()= {veH ()] v] =g, dive=0},

and for the pressure we use the space LZ(Q) := {p e L?(Q) | [opdx = 0}. The function
space of admissible design functions for the phase field optimization problem will be given

correspondingly to (2.2) as

Cui={pe (@) [ odx =i}

3.2 The cost functional in the phase field setting

We are now left to transfer the boundary integral in to the diffuse interface setting
where the free boundary I' is replaced by an interfacial region. To this end, we apply a
result of [22] and approximate the perimeter regularization term with &;(g@). Mean-
while, keeping in mind the polar decomposition ([2.5) and the relation , we consider



the vector-valued measure with density %Vgo as an approximation to v dH%!. Thus, we
may approximate (2.3 with

1
A; ih(xa Vu,p, VSO) dx + ;7056((10)

Alternatively, we may appeal to the property of equipartition for the Ginzburg—Landau
energy, i.e., it holds asymptotically that (see for instance, (5.29) in Section[5] or [9, Section
5.1]):

1 €
/ “¢(%) -z |V<Pe|2 dx ~0ase 0.
Qle 2

Hence, together with (2.1)), and the fact that I-limit of £.(¢) is the functional ¢q|Dep| (2),
defined for functions with values in {1}, and +oo otherwise, we have loosely speaking

_ € 1 2
2c0HT LT ~ ¢y [Dyg| ~ 3 IVel” + EZD(%O) ~ giﬂ(@), (3.5)

where § Vel + %Qp(go) and %w(go) are interpreted as measures on 2, by using their values
as densities. Here, we have identified " = 9{¢ = 1} n Q with its reduced boundary, then it
holds that 1 [D| = ‘DX{¢:1}| = H4 L LT, see for instance [I, Theorem 3.59].

The generalised unit normal v can be approximated by %. To rewrite this into
a more convenient form, which is in particular differentiable with respect to ¢, we use

equipartition of energy and replace |V| by %\/Zw(gp), and obtain the approximation

vy 1
V2¢(p) €

Hence, we may also approximate (2.3)) with

1 gl
o oV R T p. vy dx ¢ S (3.7)

when we extend h(z, Vu,p,-) from unit vectors to all of R™ such that h is positively one

homogeneous with respect to its last variable. This allows us to extract the factor y/ @.

We note that in the bulk regions { = £1}, we have ¢ () = 0 and hence the functional
(3.7) is not differentiable with respect to ¢. Hence, we add a small constant d. to 1 in
order to have 1(s) +d. > 0 for all s € R. However, we neglect the addition of this constant
for the Ginzburg—Landau regularization £.(y¢) in the objective functional because adding
a constant to the cost functional will not change the optimization problem.

In fact, for the analysis of the phase field problem, it is only important that J. > 0. In
Section [b| where we perform a formal asymptotic analysis, we will require lim.\d. = 0 at
a superlinear rate (see Remark .

P(p)dx = MVgodx. (3.6)

Coude_l ~E 9

3.3 Optimization problem in the phase field setting

Combining the above ideas, we arrive in the following phase field approximation:
1 1 1

min J2 (p.u,p) = [ au(@) P + 5= (5196 + 20(0)) ax

(p:u,p) (3.8)

v [ M(@)h(e, Vu.p. Vi) dx.

8



subject to ¢ € ®qq and (u,p) € H, ,(€2) x LE(Q) fulfilling
/Qoze(gp)u-v+uVu-Vv+(u-V)u-v—pdivvdx = [Qfmdx Voe HI(Q). (3.9)

Notice, that (3.9) is a weak formulation of the state equations (3.4)). Moreover, based
on the discussions in Section the function M(¢) can be chosen to be

1 1
M(p) = 5 or M(p) = =V hepds (3.10)

The phase field approximation for the shape optimization problem with the hydrody-
namic force (1.3]) is obtained from (3.8]) by substituting

h(l‘, Vu,p, VQP) =Ve- (H(vu + (vu)T) _pI)a'

Le.,

) 1 1 (¢ 1
min T (p.w.p) = [ Sac(@)uf + 5 (5196l + Zu(e)) dx
(.1.p) Q2 2¢o \2 € (3.11)

v [ M@@)¢- (u(u+ (Fu)) -pTads,

subject to ¢ € @4 and (u,p) € H;O(Q) x L3(2) fulfilling 1)

3.4 Possible modifications
3.4.1 Double obstacle potential

We could also use a double obstacle potential ¢ : R - Ru {+o0} instead of the double-well
potential in Assumption [3.1] i.e.,

s(1-¢%)  ifpe[-1,1],

_ (3.12)
+00 if || > 1.

Y(p) = {

Then, one has to treat the constraint |p| < 1 a.e. in the necessary optimality system
either by writing the gradient equation in form of a variational inequality or by includ-
ing additional Lagrange parameters. Numerical simulations could be implemented by a
Moreau-Yosida relaxation as in [I5]. A Moreau-Yosida relaxation also leads to a differ-
entiable double well potential, and here we restrict ourselves to a differentiable potential
where both settings can then be included in the above mentioned way.

3.4.2 Inequality constraint for fluid volume

Another possible modification of the problem setting would be to replace the equality con-
straint [, ¢ dx = §|Q| by an inequality constraint [, ¢dx < 3|Q|. This would make sense
in certain settings, if a maximal amount of fluid that can be used during the optimization
process is prescribed and not the exact volume fraction. This would not change anything
in the analysis, only that the Lagrange multiplier for this constraint would have a sign
and an additional complementarity constraint appears in the optimality system.



3.4.3 Objective functionals with no dependency on the unit normal

We may also consider objective functionals with no dependence on the normal, i.e., the
boundary objective functional ([2.3]) takes the form

[F Kz, v, p) dHO (3.13)

An example of (3.13)) is the best approximation to a target surface pressure distribution
in the sense of least squares:

1
k(.ﬁC, Vuap) = 5 |p_pd|2a

where py denotes the target surface pressure distribution. Then, using (3.5)), we deduce
that the phase field approximation of (3.13]) is given by

1 1
o J, @)k vu.p) s,

If k(-,-,-) satisfies similar assumptions to Assumptions and (see below), one can
adapt the proofs of Theorems and to obtain existence of a minimiser and the
corresponding first order necessary optimality conditions.

4 Analysis of the phase field problem

In this section we want to analyze the phase field problem - derived in the
previous section as a diffuse interface approximation of the shape optimization problem of
minimizing for a Navier—Stokes flow. For this purpose, we introduce some notation
for the nonlinearity in the stationary Navier—Stokes equations. We define the trilinear
form

b: H'(Q) x H'(Q) x H'(Q) > R,

d
b(u, v, w) ::—/Q(u~v)'v-de: > /Quiaivjwjdx.

i,j=1
We directly obtain the following properties:

Lemma 4.1. The form b is well-defined and continuous in the space H' () x H' () x
H}(Q). Moreover we have:

b, v, w)| < Ko Vul 20y IV0 |20 [ Vel 2oy Vo, w e HY(Q),0 e HY(Q),  (4.1)

with
Hal* ifd=2
Kq=12 ’ 4.2
' {2T\/§|Q|1/6 ifd=3. -
Additionally, the following properties are satisfied:
b(u,v,v) =0 Yue H(Q), divu=0, veH}(Q), (4.3)
b(u,v,w)=-b(u,w,v) Vu e HY(Q), divu = 0, 'v,'weH&(Q). (4.4)

10



Proof. The stated continuity and estimate (4.1) can be found in [I3, Lemma IX.1.1] and
(4.3)-(4.4) are considered in [I3, Lemma IX.2.1]. O

Besides, we have the following important continuity property:

Lemma 4.2. Let (ty,)nen, (Vn)nen, (Wi )nen € HY(Q), u,v,w e H(Q) be such that u, —~
u, v, —~v and w, —~w in HY(Q) where v,|pq = v|sq for alln e N. Then

Jim b(w, vp, W) = b(u,v,®) Vb € H'(Q). (4.5)
Moreover, one can show that

H' (Q)x HY(Q) 5 (u,v) ~ b(u,-,v) e H(Q) (4.6)
18 strongly continuous, and thus

lim b(wp, vy, wy) = b(u, v, w). (4.7)

mn—>00

Proof. We apply the idea of [32, Lemma 72.5] and make in particular use of the compact
embedding H'(Q) < L3(Q) and the continuous embedding H'(Q) < L%(Q). The strong
continuity of follows from [32, Lemma 72.5]. In addition, from the boundedness of
the sequences (wn)nen, (Vn )nen, (Wn)nen, and (4.6)), we have

‘b(unfvnawn) _b(uv/v?w)‘
= |b(wy — u, vy, wy)| + |0(u, vy, W, — w)| + [b(w, v, — vV, W)|

< Jun —ulps) [Vonl L2y lwnll Loy + 1wl Loy [Vonl L2 (o) lwn — w|Ls o)

+ ‘b(uavn - ’U,’UJ)| .
———
22750 by (@0)

4.1 Existence results

In this section, we want to analyze the solvability of the state equations (3.9)). Afterwards,
we will show existence of a minimizer for the overall optimization problem ([3.8))-(3.9)).

Lemma 4.3. Let Assumption hold. Then, for every ¢ € L'(Q) there exists at least
one pair (u,p) € H;’U(Q) x LE(Q) such that the state equations (3.4)) are fulfilled in the
sense of (3.9). This solution (w,p) fulfils the estimate

lwl o) + 1Pl 2200y < C(1s e, f,9,82), (4.8)
with a constant C' = C(u, ae, f,g,) independent of .

Proof. We refer to [14, Lemma 4], where the existence and uniqueness statements for the
velocity field u are discussed. We point out, that the restriction to functions ¢ € L'(Q)
with |¢| <1 a.e. in Q used in [14] is only necessary because the function a. in [14] is only
defined on the interval [-1,1]. But of course, the same arguments apply to our case where
. is bounded and ¢ € L1(Q).
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Now for every ¢ € L'(Q) and u € Hglp(Q) fulfilling
/Qaa(np)u-'er,uVu-V'v +(u-V)u-vdx = [Qf-'vdx Vo e H&,U(Q),
we find by [27, Lemma I1.2.1.1] a unique p € LZ(£2) such that (3.9) together with

Iplz2(0) < C(Q)|lac(p)u — pAu+ (u- V)u - f|g-1(0)
is fulfilled. Combining this with the previous statements we can conclude the lemma. [

This motivates the definition of a set-valued solution operator

S:(9) = {(u,p) € Hg o (2) x L§(2) | (u,p) fulfil BI)} for p e L'(Q).  (4.9)

Remark 4.1. If there is some u € S.(¢) with |Vu|r2q) < 4, where Kq is defined in
(4.2). Then Sc(v) = {(u,p)}. Le., there is exactly one solution of (3.9)) corresponding to

@ (see for instance [18, Lemma 11.5] or [1], Lemma 5]).
Moreover, we show a certain continuity property of the solution operator:

Lemma 4.4. Under Assumption assume (¢)ken € LY(Q) converges strongly to ¢ €
LY(Q) in the L'-norm and (wy,pr)rey € HY(Q) x L?(Q) are given such that (uy,pr) €
S:(¢k) for all k e N. Then there is a subsequence, which will be denoted by the same, such
that (g, pr)ren converges strongly in H'(2) x L2(Q) to some element (u,p) € Se(¢).

Proof. Let (¢r)geny and (wg, P )keny be chosen as in the statement. By passing to another

subsequence, denoted the same, we can without loss of generality assume that ¢ — ¢

almost everywhere. Invoking (4.8)), we obtain a uniform bound on (uy,p;) in H'(Q) x

L%(2) because (uy,pr) € S-(¢r). And so there is a subsequence, which will be denoted by

the same, such that uj converges weakly in H'(Q) and strongly in L?(Q) to some limit

element u € H, £%’C,(Q) and pj, converges weakly in L?(Q) to some limit element p € L2(9).
We now aim to show that

Fy:H, ,(Q) >R,
__ 1 2 M 2
Fi@)s= [ Zac(o o + 5 9ol + (ue- vyuo - £ 0ds,
I'-converges in H, ;,O'(Q) equipped with the weak topology to
Foo : H, () > R,

1
Foo(v) :=](2§a5(g0)|v|2+%|Vv|2+(u~v)u-v—f-vdx,

as k — oo. To see this we first notice that for any sequence (v )gen € H, ;70(9) converging
weakly in H'(Q) to v e H;U(Q), by Fatou’s lemma it holds that

A%wwﬁwagyﬁ%wmm%x

Applying the boundedness and continuity properties of the trilinear form b(:,-,-), see
Lemma and we can deduce that limg_o b(ug, ug,vi) = b(uw,u,v). As the re-
maining terms of F}, are weakly lower semicontinuous in H'(Q) and independent of ¢y,
we directly obtain

Foo(v) < h]gniank(Uk)-

12



Let ve H, ;,U(Q) be chosen. We will show, that the constant sequence (v)gen defines a
recovery sequence. For this purpose, we notice that due to the boundedness and continuity
of a, we have from Lebesgue’s dominated convergence theorem

li f 2 dx = [ ? dx. 4.10
Jlim a:(er) |v|” dx a:(p)|v|” dx (4.10)
Invoking (4.5) in Lemma we deduce that

khm b(uk,’LLk,’U) = b(u,u,’u),

and thus, we obtain that limg ., Fx(v) = Foo(v). This shows that the T-limit of (F)gen
in H;U(Q) with respect to the weak topology equals Fe,.

Now we notice, that u; is exactly the unique minimizer of Fj, in H, £%70.(9), as it fulfils
per definition the necessary and sufficient first order optimality conditions for the convex
optimization problem minyeg (q) F.(u). Hence, the weak H'(Q) limit of (w,)gey, which

isue H;U(Q)7 is the unique solution of mingcp1 (o) Fs(u), thus it holds that
fﬂas(cp)uw +uvVu-Vo+ (u-V)u-vdx = fQ frodx Vwve H&yU(Q). (4.11)

By [27, Lemma II.2.1.1] we can associate to a unique p € L3(Q) such that is
fulfilled, and hence p = p. Altogether we have shown (u,p) € Sc(¢p).

To show the strong convergence in H'(Q)xL?(2), we note that from the I'-convergence
of (Fx)ken to Foo we obtain additionally that limy_, e F(ug) = Feo(u). Invoking Lemma
4.5 below we find

I f 2 dx = f 2 dx.
fm foas(op) lurl” dx = [ ac(@) ful” dx
In addition, by means of (4.7) from Lemma we have

khm b(uka Uk, ’U,k) = b(“’? u, ’U,)

These two results allow us to deduce from the convergence of the minimal functional values
of (Fi)ken that limy_eo [, |Vl dx = fo |Vul® dx. Then, together with wj, — w in H'(Q)
this yields that limy e |ug — w| g1 () = 0.

Subtracting the state equations written for ¢ from the state equations
written for ¢y, we find from Lemma below that

fQ(pk -p)divedx = ]Q(oze(gok)uk —as(p)u) v+ puV(ug —u) - Vodx
+b(ug, ug,v) - b(u,u,v)

< e (er)ur — ac(@)ulL2o) v L2 + 1wk — vl mi@) (vl H Q)
N ——

k—oo k—oo

—>0 —>0

+[|b(ug, ug, ) = b(w, w, )| 1) ] m1(0)-

k—oo
—)0

Thus limg.eo [V(Pr —P) | -1(q) = 0. Using now the pressure estimate, see for instance [27,
Lemma II.1.5.4], we find

k—oo

Ipx =Pl 20y < el V(pk =P H-1(0) — 0.

Therefore, we deduce that (py)gey converges strongly in L2(Q) to p. O
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In the previous proof we made use of the following lemma:

Lemma 4.5. Under Assumption assume that for (o) ken € LH(Q), (ur)ren ¢ L2(Q)
and p € L} (), u e L*(Q),

lim o =l =0, wr =@ ae and lim fuy —ufLzg) =0.
Then it holds that
tim [ oc(on) sl dx = [ 0o uf? dx and Jim Joe(or)us -0z (p)ul 2 = 0.

Proof. Using the ideas of [18, Theorem 5.1] and [I4, Theorem 1] we find that

| [ st el - (o) u? dx

— [ (o) (= uf?) dx
+ [ (0e(pr) - ac(@)) uf” dx

and from a. € L*(R) we obtain

k}—>(>0
fQOés(Wk) (lurl - Jul?) dx < || o ry | + w) z2 () lun - wlL2i@) —— 0.

Moreover, the uniform bound on a. yields by Lebesgue’s dominated convergence theorem

lim [ (ac(n) = ac()) uf® dx =0,

which combined with the previous step yields the first assertion.
Using a similar idea we find

lae (o) ur = ac(@)uf L2y < lac(er) (ur - w)|L2) + [ (e (or) — ac(9))ulL2(a)
k—o0

< lae| Lo mylluk =l L2y + [(ae(pr) — a:(¢))u| L20) — 0,

where we applied Lebesgue’s dominated convergence theorem in order to deduce from
e € L (R) that limgoo | (0 (1) ~ () )u g2y = 0. 0

We make the following assumption regarding h:

Assumption 4.1. Let h: Qx R>? xR xR? - R be a Carathéodory function, which fulfils
1. h(-, A, s,w): Q- R is measurable for each w e R%, s e R, A e R*?, and
2. h(z,--) :R” xR xR > R is continuous for almost every x € ).

Moreover, there exist non-negative functions a € LY(Q), by,ba,b3 € L®(Q) such that for
almost every x € Q) it holds

|h(z, A, s,w)| < a(x) +bi(z) |[A]* + ba () || + b () [w]?,

for allweR% s eR, A e R™?,
Furthermore, the functional H: H'(Q) x L?>(Q) x HY(Q) - R defined as

Hlu,pp) = [ M(@)h(a, Tu.p, T¢) dx,

satisfy the following properties
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(i) H |H;J(Q)xL§(Q)x<I>ad is bounded from below, and
(ii) for all pn, — ¢ in HY(Q), u, - u in HY(Q), p, - p in L2(Q), it holds that

H(u,p, ) <liminf H(wn, pn, on)-
n—oo

We then obtain the following existence result for (3.8))-(3.9)):

Theorem 4.6. Under Assumptions and [ 1], there exists at least one minimizer
of the optimal control problem (3.8)-(3.9).

Proof. We may restrict ourselves to considering ¢ € ®,4 with ¢ € [sq4, sp] a.e. in Q. In fact,
we define as in [22, Proof of Proposition 1] for arbitrary ¢ € ®,4 the truncated functions
@ := max{s,, min{y, s} } and find &.(3) < E-(¢), where &, is defined in (3.1]). Moreover,
by (3.3)), we have a.(¢) = a-(¢) and hence also S(¢) = S=(¢). Therefore we obtain

T (@, u,p) < T (@, u,p) for all (u,p) € S-(p) = S=(#).

By Assumption H |H§,U(Q)><L§(Q)><<I>ad is bounded below by a constant Cp, and so
T ® 4y x H;J(Q) x L3(12) is bounded from below by a constant Cy. Thus, we can choose
a minimizing sequence (@n, Un, Pn)neN € Pag ¥ H;U(Q) x LE(Q) with (w,,pn) € Se(py,) for
all n and

Tim J2 (o0, tn, pr) = T (o, u,p) > —o0.

in
@Eéady(u’p)esE(Qp)
In particular, from the non-negativity of 1) and «., we see that for p > 0, there exists an
N such that n > N implies

Co + %HV()OHHL%Q) < Jah(()o?%un?pn) < @e@ad,(il,r,lg)ess(go) Jah(‘p?u:p) +p-

Thus, {V¢n}nen is bounded uniformly in L?(€). Moreover, without loss of generality,
we may assume that ¢, () € [sq,sp] for a.e. x € Q and every n € N. And so, we deduce
that {©n }ney is bounded uniformly in H(2) n L= (), and we may choose a subsequence
(#n Jken that converges strongly in L?(Q) and pointwise almost everywhere in 2 to some
limit element ¢ € ®q.

Using Lemma we can deduce that there is a subsequence of (up, , Pn, )ken, denoted
by the same index, such that

Jim Jup, —ulgi) =0, lm [pa, = plrzo) =0, (4.12)

and (u,p) € S:(¢p).
From Lemma [4.5| we deduce additionally that

. 2 2
lim [ ac(on,) funef* dx = [ ac(0) uf® dx. (4.13)

As supgey |9 (¢n, )| (@) < o0 we can use Lebesgue’s dominated convergence theorem
to deduce limy_oo [ ¥(¢n, ) dx = [ (¢)dx. Finally, the weak lower semicontinuity of
HY Q) 30w [Vl dx yields

€ 2 1 .. 3 2 1
fﬂglwl +-¥(p)dx Shgglffﬂi\wnky + 0 (m,) dx. (4.14)
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Together with the lower semicontinuity assumption on H from Assumption we
deduce that

T (p,u,p) < lim inf T (Prgs Ung s Py ) = I u,p),

in
Pe®yq,(u,p)eSe (@)

and so (¢, u,p) is a minimizer of (3.8)-(3.9). O

By the same arguments, one can show an analogous existence result for the optimal

control problem {(3.9), (3.11)} involving the hydrodynamic force (|1.3)):

Theorem 4.7. Under Assumptions[3.1] and[3.3, there exists at least one minimizer of the
optimization problem {(3.9), (3.11)} involving the hydrodynamic force (1.3)).

Proof. We will prove the assertion for the choice M(p) =/ %’ and the analogous
assertion for the choice M(yp) = % follows along the same lines.

We first show that {J.(¢,u,p) | ¢ € Pog, (u,p) € Sc(¢)} is bounded from below. We
may restrict ourselves to considering ¢ € ®,4 with ¢ € [sg4, sp] a.e. in Q as in the proof of
Theorem

Now let ¢ € ®,4 be arbitrarily chosen with ¢ € [sq4,s5] for a.e. x € Q and choose
(u,p) € Sc(¢). From (4.8)), we find a constant Cs > 0 independent of ¢ such that

lul ez ) + 1Pl 22(0) < Co.
By construction, we have
¢ €[8a,8] = HZZJ(SO)”Lw(Q) < (s,

for some constant C3 > 0 independent of ¢. Then, using Cauchy—Schwarz’s inequality, and
Young’s inequality we have

1
afg\/iWW- (1 (Ve + (va)") - pI) adx

1
y \/§||V90\/ () + 0c| 2yl (Ve + (Vu)") @ - pal 2 (a)
0

1 /& e
> - a\/%HV(;JHLQ(Q) (2uCa + C3) > _8_C(]||V(p||%2(ﬂ) —Cu,

with some constant Cy > 0 independent of . The non-negativity of a. and 1 yield that

1 O 9
Jg(go,u,p)zfQ%\/%V@-(u(Vqu(Vu)T)—pI)aJrQ—ZO§|V90|2 dx

(4.15)
yE 2 23 2 _ e 2 _ _
2—8—00||V<P||L2(Q)_C4+4—CO||V<P||L2(Q) - %”wD“L?(Q) Caz=Ci.

This shows that {J-(p,u,p) | ¢ € Puq, (u,p) € S-(p)} is bounded from below. Hence we
may choose a minimizing sequence (@n, Un, Pn)neN € Pag X H;U(Q) x L3(Q) with

lim J, , U, = inf Je(p,u,p) > —oc0.
1, Je (¢, tn, Po) e (wp)Se () (9 up) > oo

As before, we deduce that {, }ney is bounded uniformly in H'(Q)n L*®(Q), together
with Lemma we have subsequences (¢n, , Un, , Pn,, )keN, that satisfy

lim fon, —@lr2@) =0, Hm fun, —ulgi@) =0, lm [pn, = plLzo) =0,
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and (u,p) € Se(¢).
To deduce that (¢, u,p) is a minimizer of {(3.9)), (3.11)}, we only need to show that

hgglffﬂ\/mwnk-(M(Vunk+(Vunk)T)—pnkI)adx
> [+ 50 (n(Tu+ (va)") - pT) ads,

as the other integrals in (3.11)) are shown to be weakly lower semicontinuous in the proof
of Theorem We apply now an idea of [22] and define

(4.16)

60 = [ VI Tads (@) = 9l ()

a

Then we see that

Dwy,, () = ¢'(¢n, (2))Dn, (2) = (V1 (¢n, (7)) + 3:) Doy, (2).
By the uniform boundedness of (¢n, )iey in H(2) 0 L=(), we find that (v(pn,))key is
uniformly bounded in L* (), and so by the Cauchy—Schwarz inequality,

|wn, \\%2(9) < fQ(san - 8a) (/S:;nk (¥(s) + 6€)ds) dx

< sup (¥(5)+0.) [ lom —sal” dx,

SE[SG«7Sb]

€

Thus, we deduce that (wp, )ren is bounded uniformly in H1(2), and hence there is a
subsequence, denoted by the same index, that converges weakly in H'(2) and pointwise
almost everywhere in Q to some limit element w € H'(Q). Since ¢ is continuous and
im0 ¢, (z) = ¢(x) for almost every x € Q, we know that w = ¢(¢). In particular, the
weak convergence of Dw,,, to Dw implies that

VU(ny) +06:Vpn, ~ V(@) + 6V in L*(9). (4.17)

Combining (4.12)) and (4.17)) we obtain from the product of weak-strong convergence:
Jim fQ VO (ng) + 0V on, - (1 (Vi + (Vg )T) = pn, T) @ dx
= _/Q\/WV@- (p(vu+(vu)")-pI)adx.
Using , and , we deduce that

J€(907u7p) < h]gng)lf J&(Sonk7unkapnk) =

(4.18)

inf J-(o,u,p),
we@ad,(u,p)esg(go) E((P )

and so (¢, u,p) is a minimizer of {(3.9)), (3.11))}. O

Remark 4.2. Note that, for the choice M(p) = %, the proof of Theorem 1s completed
once we showed that J. is bounded from below, which can be shown similarly as in ,
and (i) in Assumption has been verified. This follows the product of weak-strong
convergence:

i [ T, (1 (T, + (T, )T) = i T)

(4.19)
- /Qmp. (M(VU"' (Vu)T) —pI)adx.
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4.2 Optimality conditions

This section is devoted to the derivation of a first order necessary optimality system for the
optimal control problem —. For this purpose, we first show Fréchet differentiability
of the solution operator. We will only be able to show differentiability at certain points
where the solution to the state equations is unique. Otherwise we cannot apply the implicit
function theorem in order to deduce the statement. To be precise, we obtain the following
result:

Lemma 4.8. Under Assumption let p. € HY(Q) n L®(Q) be given such that there
is (ue,pe) € Se(pe) with [Vue|p2q) < KLQ Then there is a neighborhood N of e in
HY(Q) n L>(Q) such that for every ¢ € N the solution operator consists of exactly one
pair, and hence we may write Se : N ¢ HY(Q) n L®(Q) - HY(Q) x L%(Q). This mapping
is then differentiable at p. with DS:(¢:)(p) =t (u,p) € HE(Q) x LA(Q) being the unique
solution of the linearized state system

aL(p:)pue + ac(pe)u - pAu+ (u- V)ue + (ue - V)u+Vp =0 in , (4.20a)
divu =0 in €, (4.20b)
u =0 on 9N. (4.20c)

Proof. As already mentioned, we want to apply the implicit function theorem to get the
statements of the lemma. For this purpose, we first note that, by [13, Lemma I1X.4.2],
there exists a G ¢ H;U(Q), i.e., G satisfies

divG=0in Q, G lsa=g.
We define
F:(HN(Q)nL®(2)) x Hy(2) x L§(Q) » H () x L§(Q),  F = (F1, F),
by
Fl(go,u,p)'v::_[Qas(gp)u~v+,uVu-V'u+(u-V)u-v—pdiV'v—f-vdx
+/Q(u-V)G-U+(G-V)u-v+a5(g0)G-v+,uVG'-Vv+(G'V)G-vdx,
Fy(p,u,p) = divu,

for all v e H}(Q).

Hence, F(p,u - G,p) = 0 if and only if (u,p) € Sc(¢). Thus in particular we have
F(pe,u: — G,p:) = 0. Besides, we directly see that the Fréchet differential D(up) ' exists
and is given at (., u: - G,p.) as

D(u,p)Fl((p&‘)ua _GapE)(u7p)v = Aa8(@5)u'v +/,LV’LL Vv + (u v)ua "UdX

+fﬂ(u5-v)u-v—pdivvdx,

D (up) Fo( s, ue — G, p:)(u,p) = diva.

The assumption |Vue| 2 < KLQ, equations (4.1)) and (4.3) ensure that

H&U(Q) x H&U(Q) > (u,v) ~ [Qas(gos)u-v +uvVu-Vo+ (u-V)ue - v+ (us - V)u-vdx
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defines a coercive, continuous bilinear form. Hence, we may use the Lax—Milgram theorem
and standard results for the solvability of the divergence operator, see for instance [27,
Lemma I1.2.1.1], in order to obtain that Dy, ) F' (e, ue — G, pe) is an isomorphism.

Next, we want to consider the differentiability of F' with respect to its first argument.
For this purpose, we have to consider o, : L°(Q2) — L%(Q) as a Nemytskii operator,
making in particular use of the embedding H'(Q) < L%(Q). The results in [29, Section
4.3.3] ensure that a. : L°(Q) — L: (2) defines a Fréchet-differentiable Nemytskii operator,
which follows from the assumption . € L®(R) n C11(R). We can then conclude directly
that F' is Fréchet differentiable with respect to its first argument with

D, Fi(p,u-G,p)(P)v = fgaé(@cﬁu-vdx, D, (¢, u—-G,p) =0.

Additionally, we need that F' is Fréchet differentiable in a neighborhood of (., ue, pe).
To show this, we will use [31, Proposition 4.14], i.e., we show that the partial derivatives are
continuous in order to conclude that F' is Fréchet differentiable. Thus let (¢k, Uk, i) ken ©
(HY(Q)n L™ (Q)) x H} () x LE(2) be sequences with

Jim lug = u| gy =0, Jim lpk = pllr20) =0, Jlim ok = @l a1 (@)nze= (o) =0
As a.: L5(Q) - L3 (€2) defines a continuous Nemytskii-operator, making additionally use

of the continuity properties of the trilinear form as stated in Lemma [4.2] we can deduce
that

,}gglo 1D () F (Pt s Pie) = D p) (05w, D) | £ o3 () £2(0), -1 ()22 (02)) = O-

Moreover, from o’ € C%! and standard results for Nemytskii operators we find that
L5(9) 3 ¢ = al(p) € L°(Q) is continuous. And thus we also find by direct calculations
that limyeo |DeF (¢r, wk, pr) = D F (@, %, )| £a1 (), 51 ()x22(0)) = 0- Therefore, we
obtain that F' is Fréchet differentiable.

Finally, applying the implicit function theorem, we obtain for || — e || g1 (Q)nr=(0) < 1
the existence and uniqueness of a pair (u,p) such that F(p,u - G,p) =0, i.e., (u,p) €
S:(¢). This implies the first part of the statement. The second part of the lemma is a
consequence of the differentiability statement of the implicit function theorem:

-1
DSE(QOE) =- (D(u,p)F(Sosa Ue — Gaps)) ° D@F(Spsa Ue — G7ps)a

which reads in our setting as divu =0 and

faé(sos)wue-v+ae(sos)u-v+wu-Vvdx
; (4.21)
+/Q(U‘V)Us"U+(u5-V)u"U—pdivvdx:O VveH&(Q).

We denote by D;h(x, A, s,w) for i € {1,2,3,4} as the differential of

OxRP” <« RxR?> (z, A, s,w) > h(z,A, s, w)

with respect to the i-th variable, respectively.
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Assumption 4.2. In addition to Assumption assume further that x — h(z, A, s, w)
is in WHL(Q) for all (A,s,w) e R*? xR x R? and the partial derivatives

Doh(z,-, s,w), Dsh(x, A,-,w), Dyh(z, A,s,-)
exist for allw e R?, seR, A e R, and almost all z € Q. Moreover, we assume that
|Dih(z, A, s,w)| < a(x) + by (x) |A| + ba(x) |s| + bs(z) |w|, forie{2,3,4}, (4.22)
for some non-negative a € L*(2), by, ba, bz € L=(12).
From Assumption .2 we see that

(L2(Q))¥?5 Ao Doh(-, A, s,w) € L*(Q),

L*(Q) 3 s+ D3h(, A, s,w) € L*(Q),

(L2(2))? 5w ~ Dyh(-, A, s,w) € L*(Q),

are well-defined Nemytskii operators for A € (L2(Q))%?, s e L?(Q), and w € (L?(Q))? if
and only if (4.22) is fulfilled. Moreover, the operator

(L)) x L2(Q) x (L2(2))%3 (A, s,w) = h(-, A, s,w) € L}()

is continuously Fréchet differentiable.

Next, by Assumption ¥ e CH1(R), we have that Dy, (1/¥(y) + &) is locally Lipschitz
and thus the Nemytskii operator

L% () 3 o= /() + 6 € LT(Q)
is continuously Fréchet differentiable. Hence, we find that
M H (@) x LA(Q) < HY () 0 L7(9) 3 (u,p,9) = [ M(@)h(a, Vup, V) dx
is continuously Fréchet differentiable and its distributional derivative is given as
DH(w,p, 2)(0,5,1) = [ M) (D25, Dsh, Dah) s gy (0,5, 9n) s
+th(x,Vu,p,V90)M'(<p)ndx.

We note that for the choice M(p) = %, the second integral on the right hand side of

(4.23) vanishes as the Fréchet derivative of % is the zero functional. On the other hand,
for the choice M(p) = %\/ M, the Fréchet derivative is given as

1 !/
PV e ) (4.24)
€0 2\/2(¢(¢p) +6c)
Before formulating the optimality system we want to discuss the adjoint system. The
pair of adjoint variables (g.,7.) € HJ(Q) x L?(Q) is the weak solution of the adjoint

system, which is given as follows: find (g, 7.) € HJ(2) x L?(Q) such that

045(805)((15 - us) - pdiv (qu + (V(IE)T) + (VUE)T(k - (Us : v)(Is + Ve

(4.23)

= —div (M(p)D2ah) in Q, (4.25a)
divg. = -M(p)D3h + 9 in Q, (4.25b)
q:-=0 on 02, (4.25¢)

where Doh, D3h are evaluated at (z, Vue,pe, Vo) and

’195 = ]l(;_/\/l(g@)Dgh(;U, Vus,p57 Vgps)dx (426)
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Remark 4.3. The parameter ¥, € R can be interpreted as a Lagrange multiplier for the
constraint [opdx = 0. By carrying out the formal Lagrange method as described for
instance in [19,[29] and appending the mean value condition on the pressure p with some
Lagrange multiplier 9. to the Lagrangian, one obtains that 9. appears in the adjoint system
as in (4.25)).

The next lemma shows that the system (4.25)) is uniquely solvable:

Lemma 4.9. Let Assumptions and hold, and let p. € HY(Q2) n L*®(Q) and

U € H;U(Q) such that |Vu.| g2 < KLQ be given. Then there exists a unique solution

pair (ge,me) € H(Q) x L?(Q) of the adjoint system (4.25)).
Proof. First, we notice that by definition of 9. , it holds that
./S; M(QO)Dgh(I, vuaap&v VQOE) - 198 dx =0.

As oo € L=(Q2), we have M(p) € L*(Q) for either choices. Thus, by Assumption we
obtain that M(@)Dzh € L*(R2). So, from standard results, see for instance [27, Lemma
I1.2.1.1], we deduce the existence of some w € H} () such that

divw = -M(p)D3h + 9.

Note that, by the density of C¢,(Q2) := {v € (Ce ()| dive = 0} in H&,U(Q) (see [27,
Lemma I1.2.2.3]), for any v € H&’U(Q), there exists a sequence {v"},y ¢ CF,(€2) such
that

[v"™ = v| g1 (q) = 0 as n - oo.

Thus, for any y € H}(Q),v ¢ H&jU(Q), we find that by the commutativity of second
derivatives,

fQVy-(V’U)TdX = lim /QVy-(V'v")de

d d
lim Z [Q(?Z-yjajvfdx =nlim Z (fBQyjajvfan,id'Hd_l —[Qyjaj(?w?dx) (4.27)
7=1

n—oo . —>OOZ ._
J=

i,j=1

lim [ (y-V)v" - v dHe! —/Qy-v(divv”)dx:o.

n—oo JoN

We define the bilinear form a: H{ ,(Q) x HJ () - (H} () by

a(u,v) := _/Qag(goa)u v+ pvu- (Vo + (Vo)D) + (Vu)Tu-v - (u. - V)u-vdx
(4.28)
= fgas(gog)u v+ pVu- Vo + (Vu) Tu-v - (u. - V)u-vdx,

where we have used ([£.27) for u,v € Hj (). Making use of |Vuc| 2. < 7o (1),
(4.3), and the Poincaré inequality, we can establish that a(-,-) is a coercive bilinear form,
i.e., there exists a constant c(u,|2|) > 0 such that,

a(u, u) = ‘/Q 045(906) ‘u‘z + i |Vu]2 dx + b(u, u67u) - b(uaa u,u)
N—— ~—

>0 =0 by
> 1| Vuls ) - KalVul3agy | Tusl o) > (i 9D uls g
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Meanwhile, the boundedness of the bilinear form a(-,-) in H&U(Q) X H&U(Q) can
be shown using , the boundedness of «., Holder’s inequality and the assumption
IVue| L2 ) < KLQ Thus, by the Lax-Milgram theorem, we obtain a unique § € H&’U(Q)
such that

a(q,v) = fﬂ as(pe)te v+ M(p)(Dah-Vv)dx —a(w,v) VYove H&U(Q). (4.29)

We note that the integral terms are well-defined due to Assumption [4.2) and the bounded-
ness of a.. We set g. := ¢ + w. The existence of 7. € L?(Q) follows from standard results,
see for instance [27, Lemma I1.2.2.1]. Thus, (g.,7:) is the unique weak solution of the

adjoint system (4.25)). O

Now we can formulate necessary optimality conditions for our optimal control problem:

Theorem 4.10. Let (pc,ue,p:) € (Pagn L°(Q)) x H;U(Q) x LE(Q) be a minimizer of Jh
such that |Vuc| g2(q) < KLQ Then the following optimality system is fulfilled: There exists
a Lagrange multiplier A\ € R for the integral constraint such that

1
(a;(sos) (5 e ~ e - qa) " 22051//(%) e s Mg, Tue e, Vpe), C)Lm)

€ o0
+ (M(soa)szh(mVua,pa,wa) + ;—wa,vg) =0 Y¢eHY(Q)nL®(Q).
co L2(Q)
(4.30)
Here, (e, ) € HY(Q) x L*(Q) is the unique weak solution of the adjoint system (4.25)).

Proof. We rewrite the problem — as a minimizing problem for a reduced objective
functional defined on an open set in H'(Q) n L= () by making use of Lemma In
particular, at least in a neighborhood N c H'(Q)n L™ () of ., the solution operator S.
is not set-valued, but for every ¢ € N we have S.(¢) = {(u,p)}. Thus we may define the
reduced functional j? : N - R by

(@) = Tl (. S(¥)).

Then, . is also a local minimizer of j?. Hence, the gradient equation
D)) =0, Ve H'(Q), [ pdx =0, (4:31)

would be fulfilled if j* would be differentiable.

We will show in the next step that j” is differentiable at . as a mapping from H*(2)n
L*(Q) to R. Lemma already ensures that the solution operator S; is differentiable
from H'(Q) N L=(Q) to HY(Q) x L2(2). Thus we now look at dependence of J" on the
first variable.

For this purpose we find first as in the proof of Lemma that a. : L5(Q) — L%(Q)
is a Fréchet differentiable Nemytskii operator, and hence

H Q)90 [ a(e) uf dx

is Fréchet differentiable for any w ¢ H'(§). With similar results, i.e. by making use of
[29, Section 4.3.3], we also find that

L@ 2 wlp) L), LY@ 20 [ d(p)dx,

HY(Q)3 00 Vo LAQ),  H'(Q)30 ~ [ Vel dx
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are differentiable. Combining these results and the Fréchet differentiability of H, we find
that jg” : N - R is differentiable. Hence we may conclude by the minimizing property of
©- that the gradient equation (4.31)) is fulfilled. We then find from (4.31]) that

0=Dj?(<pe)(<p—]g<pd><) =Dj?(soe)(<ﬁ)+kafgsodx Vo e H'(Q), (4.32)
where we defined
Ae = - |Q|_1 Dje(pe) €R. (4.33)

In particular, we interpret A. € R as a Lagrange multiplier for the integral constraint

Jopdx =3[9

We now want to rewrite (4.32)) into a more convenient form by using the adjoint variable
ge, which is defined as the solution of (4.25)). For this purpose we start calculating the
derivative of j? . We find for every ¢ € H'(2) the following formula:

. 1
D]::Z(SOE)SO = _/5; 5042(905)30 |u5|2 + ae(pe)ue - udx
e / . 1 ! d
+ 500 Q&Vgog Vo + 61/1 (pe)pdx
+ [ M(p2)(D2h, Doh. Dah) [ 9u . o) (T2, T0) dx

* v/S; h(l‘7 vuaup&v VQOE)M/(SOE)SOdX :

(4.34)

where S:(¢:) = {(us,pe)} and (u,p) := DS:(pe)p is the solution of the linearized state
equation (4.20). Now we use the adjoint state g. as a test function in the linearized state
equation (4.20) and find that

fﬂ aL(pe)pue - g + ac(pe)u - g- + pVu - V. dx

(4.35)
+ fQ(u VU - ge + (ue - V)u-ge +p(M(p:)Dsh —9.) dx =0,

where Dsh is evaluated at (x, Vue, pe, Ve ).
Then we use the linearized state u € H&, -(£2) as a test function in (4.29) and obtain

fﬂ e (pe)qe - u+pvgs - Vu + (Vue) g - u - (u. - V)g. -udx

(4.36)
= [ @l ur M) (Dah- Tu) dx,
where Dah is evaluated at (z, Vue, pe, Ve ).
Comparing (4.35)) and (4.36)) yields the following identity
L aé(@e)@“e e + ae(pe)ue - u+ M(pe) (D2h - Vu + pD3h) dx =0, (4.37)

where we have used that p e L3(2), divu. =0 in Q, u = g- = 0 on 92, and thus

9. d :ﬁgf dx =0,
Jypoeds = e [ pax

fg(ug-v)qs-u+(u5-v)u-q€dx:fﬂug-v(qg-u)dx:o.
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Hence, by using (4.37)), we can rewrite (4.34]) as follows:

. 1 ve ~
Dj-(pe)p = fgaé(%)w (5 uel® — e - (k) + —V. Vo + mw'(%)wdx

260
+ AM(¢5)D4h($avuaapaav¢a) -Vpdx (4.38)
+ ‘/(; h(x, Ve, Pe, VSOE)M,(SDE)SO dx.
Together with (4.32)), this yields the statement of the theorem. O

The analogous optimality condition for the optimization problem {(3.9)), (3.11)} in-
volving the hydrodynamic force ([1.3)) is given as follows:

Theorem 4.11. Let (pe, ue,pe) € (@admL‘x’(Q))XH;J(Q)XL%(Q) be a minimizer of opti-
mization problem {(3.9), (3.11)} involving the hydrodynamic force (L.3)) with |Vuc| g2(q) <
KLQ, thus in particular, Sc(pe) = {(ue,pe)}. Then the following optimality system is ful-
filled: There exists a Lagrange multiplier A. € R for the integral constraint such that

1
(a;(@a) (5 |u5|2 - Ue - QS) + QL@D,(SOS) + A + M () Ve - (0-a) vC)
CoE L2(Q)
. (4.39)
¢ (Mlpdoeas Eve,ve) 20 Ve HU(@)nL7(9),
260 L2(Q)
where o = pu(Vue + (Vu:)")) - p. I, and (g, 7.) € H}(Q) x L*(2) is the unique weak
solution of the adjoint system

e(pe)(qe —ue) —puv - (Ve + (qu)T) + (VUE)TqE —(ue-V)qe + Ve

=—p (div (M(pe)Vepe)a -V (M(p:)Vee)a) in ),  (4.40a)
divg. = M(p:)Vp:-a - ]g./\/l(cps)ch6 ~adx inQ,  (4.40b)
g-=0 on 08).  (4.40c)

Proof. Note that for the hydrodynamic force :
h(z, Ve, pe, Vpe) = Ve - ((Vue + (Vue) ") - pe1) - a,
and so we compute that
Doh=pu(Vee®a+a®Vy:), Dsh=-a-Vee,
Dyh = (u(Vu. + (Vu)') - p.1)a.

As a is a constant vector, (4.22) in Assumption is satisfied and the statements follow
from the application of Theorem [4.10) O

Remark 4.4. After using integration by parts, we find that we can rewrite the gradient
equation (4.39)) for the hydrodynamic force formally in the strong form as

1 1 . .
_2100 (5A‘Pe - E@ZJ,(%—:)) + A + a{s(@s) (5 |uz-:|2 — U - QE) - M(p:)div(o.a) =0 in Q,
(4.41)
with the boundary condition
%&:ng Vga + M(pe)vaq - (za) =0 on 99. (4.42)
0
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Moreover, with sufficiently smooth solutions, we can make use of the state equation

(3.4a)) to rewrite (4.41)) as:
1 1
- L (5A905 - _¢,(‘P€)) + e+l (e) (_ |u5|2 — U QE)
2co € 2
+ M(p:) (f - ae(pe)us — (u: - V)ue) -a =0.
Remark 4.5. We note that the above analysis of (3.8)-(3.9) can be modified to include

a Dirichlet condition for the design function p. on 0X), for instance p. =1 on 0. This
amounts to changing the space of admissible design functions to

(4.43)

@ad:{goeHl(QH/ngdX:mm and@zlonaﬁ}.

Then, in the optimality conditions (4.30) and (4.39)), and also in (4.31)) and (4.32)), we
use test functions ¢ € HY () n L®(Q), and ¢ € H}(Q). Moreover, from Remark the

strong form of the resulting gradient equation (4.39) remains as (4.41) (or (4.43)), but

now with the boundary condition

we =1 on 0N.

5 Sharp interface asymptotics for the hydrodynamic force

In Section |3 we introduced the diffuse interface problem — as an approximation
of the shape optimization problem — for a general functional h. In Section
the existence of a minimizer (., uc,p:) to — for every fixed € > 0 is guaranteed
by Theorem and the first order necessary optimality condition is given in Theorem
4.10 The analogous results for the hydrodynamic force problem {, } are also
presented in Theorem [£.7] and Theorem

In this section, we focus only the hydrodynamic force problem {, } and carry
out a sharp interface limit of the system {, , } by the method of formally
matched asymptotic expansions. We hereby recover the optimality conditions expected
by classical shape sensitivity analysis presented in Section 2] in the limit € \ 0. For an
introduction and more detailed discussion of the techniques and basic assumptions used
in the method of formally matched asymptotic analysis we refer for instance to [12, [16].

In the asymptotic analysis, we assume there are sufficient smooth solutions to the

system {(3.4)), (4.40)), (4.41)) }, and hence we consider (4.43)) instead of (4.41]) in the sequel

as the analysis is comparatively easier.

Assumption 5.1. We assume that for small €, the domain £ can be divided into two
open subdomains Q*(g), separated by an interface I'(e). Furthermore, we assume that

there is a family (=, Ue,Pe,qz, Tey Aey Ve )es0 of solutions to {(3.4), (4.40), (4.43) }, which

are sufficiently smooth and have an asymptotic expansion in € in the bulk regions away
from T'(g) (the outer expansion, see Section , and another expansion in the interfacial
region (inner expansions, see Section , see also [12, [16] for a detailed formulation.

For the remainder of this section, we will make use of the following assumptions ex-
tensively:

Assumption 5.2. The correction constant d. and the interpolation function ae fulfill

1
e = 5k7 k>1, a&(t) = Ed(t)>
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where & € CYH(R) n L®(R) satisfies the following properties:
a(-1)>0, a(1)=a&(1)=0, &(t)#0 fort#1. (5.1)

Moreover, we assume that the potential 1 € C*(R) satisfies:

P(x1) =9 (1) = 0. (5.2)
For the terms involving the square root, we make use of the following expansion for
a=ayg+eal +e2as+.. ., which holds due to Taylor’s theorem:

Va+ 6. —\/a0+5a1+...+ek(ak+1)+...

_\/_0+

[5a1+...+5k(ak+1)+...]

\/_

[sa1+...+5k(ak+1)+...]2+....

1
4./ ag
5.1 Outer expansions

We assume that for v. € {p., uc, pe, Ae, V¢, g, 7 }, the following outer expansions hold:

Ve =V +€EV +....

Applying Taylor’s theorem and (/5.3]), for the choice M(¢.) = \/-%Cox/w(goe) + 0¢, we obtain

following outer expansion
M(pe) = M(po+ep1+...)
1 / k k
:chO(W’(*”O)*w (o) (Epr 41 )+ ) () (o + ) +)

= \/%00 (\/@0(900) + % +O(52)) = Mo (o) + eM1(p0)p1 + hoo.t..

We remark that, for the classical smooth double-well potential ¢(¢) = §(1-¢?)?, one can
compute that

(5.4)

W), ()
NG )
and so My (z1) is well-defined for the smooth double-well potential.

We denote ()g to be the order 8 outer expansions of equation (-).
To leading order ([3.4al) 51 gives

6&(@0)11,0 =0. (5.5)
By 1’ if g # 1, we then obtain ug = 0. Similarly, to leading order 1} 51 gives
&(0)qo = & (o) uo- (5.6)

Thus, if g # +1, then qo =ug =
Meanwhile, 1 07 -07 and 4.40] O give

divug =0 in €,
ug=g, ¢qo=0 on J.
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To order -1, (4.43 51 gives
R 1
/(o) (3 1wol? = w0 q0) = =" (p0). (5.7
2 2¢q

If ¢o # 1, then from (5.5)), (5.6]), and (5.1]), we have that
() = 0. (5.8)

Hence, pp must be a piecewise constant function that takes values equal to the roots of
Y'(-). The stable solutions to (5.8) are pg = £1. In particular, we can define the fluid
region and the solid region by

E={zeQ|po(z)=1}, B={zxeQ|py(z)=-1},
respectively. Moreover, from (5.5 and (5.6) we have
ug=¢qo=0in B. (5.9)

Furthermore, as pg = +1, we have V¢ = 0 in E and B, and so, from the definition (4.26))

that 99 = 0. From 4.40()% we have

divgy=0in FuB. (5.10)
The next order || gives
&' (o) prug + a(wo)uy — pAug + (uo - V)ug + Vpo = f. (5.11)
By , for ¢p =1, we obtain
—puAug + (wg - V)ug + Vpo = f in E. (5.12)

Similarly, 1} gives
&' (p0)p1(go — o) + (o) (g1 — 1) - pdiv (Vgo + (Vo) ")
+ (Vo) qo - (uo - V)qo + Vo = 0. (5.13)
For ¢g = 1, we obtain
~1uAgqo + (Vug)Tqo - (wo - V)qo + Vo = 0 in E,

where we have used (5.10)) to simplify the divergence term.

5.2 Inner expansions and matching conditions

Now we consider the interfacial region, i.e. near some free boundary I' = 0F n B which
is assumed to be the limiting hypersurface of the zero level sets of ¢.. For studying the
limiting behaviour in these parts of €2 we introduce new coordinates. For this purpose we
introduce the signed distance function d(z) to I and set z = g as the rescaled distance
variable. Here we use the sign convention d(z) >0 if x € E.

Let v(s) denote a parametrization of I by arc-length s, and let v denote the outward
unit normal of I". Then, in a tubular neighbourhood of I', for sufficiently smooth function
v(x), we have

v(z) =v(v(s) +ezv((s))) = V (s, 2).
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In this new (s, z)-coordinate system, the following change of variables apply, see [16]:
1
Va0 = ~0.Vr + vV + ho.t.,
5

where Vr f denotes the surface gradient of f on I" with components (D, f)1<k<q and h.o.t.
denotes higher order terms with respect to €. Moreover, if v is a vector-valued function,
then we obtain

1
div,v=-9,V -v+divrV + h.o.t..
€
In particular, using the fact that the normal v is independent of z, we have

1 1
Av = div,(Vv) = —28sz +—divp(9,Vv) + h.o.t.,
€ e~ 7
=—k0.V

where k = —div v is the mean curvature.
We denote the variables ¢., u., pe, g, T in the new coordinate system by ®., U, P-,
Q., II.. We further assume that they have the following inner expansions:

Ve(s,2) =Vo(s,2) +eVi(s,2) +...,
for V. € {®.,U,, P-,Q.,I1.}. We then obtain,

M(D.) = Mo(Pg) +eM71(Py)P1 + h.o.t.,

where My, M are as defined in ([5.4)) if we consider M(y) = %\/ %.

We remark that, for a sufficiently smooth function f independent of ¢,

f(x) = f(y(s) +ezv(s)) = fF(1(s)) +e2Vf(7(s)) v+ ho.t.
=: Fy(s) +eFi(s,z) + h.o.t.,

for x in a neighbourhood of I'. As a consequence, we see that
0,Fy=0. (5.14)

As the Lagrange multipliers \. and ¥, are constant, we assume that the inner expansions
are the same as the outer expansions. In particular, the leading order expansions of the
Lagrange multipliers do not depend on z.

The assumption that the zero level set of . converge to I' implies that

$0(0) = 0. (5.15)

In order to match the inner expansions valid in the interfacial region to the outer expan-
sions of Section [5.1| we employ the matching conditions, (for the derivation we refer to [16),
Appendix D)):
lim Vy(s,2) =§,
Z—>+x00
lim 0.Vy(s,z) =0,
Z—>+00

lim 9,Vi(s,z) = Vg v,
zZ—>+£00

Jim 0..Va(s,2) = (v 9) (v V) ) = 0 (D),
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where vj = limg\ g vo(p+ dv) for peI'. Then (5.18) and (5.19)) for vector-valued functions
read as

lim 9. Vi(s,2) = 00, lim 0::Va(s,2) =v - V(9yv{) = 0, (Dpv5).
As divu,. =0, we can rewrite
Au, = div (Vue + (Vue)T).

For a tensor A, let £(A) = %(A + AT). Then we can compute
2 2 2 ..
Au. = 50,(E(0.U: ®v)v) + =0,(E(VrU:)v) + —divr(E(Q. U @ v) + ...
€ € €
1 1 2 2
= gazzUE + 6—282(8ng V)V + gﬁz(E(VpUa)u) + R divp(€(0,.U:®@V) +....
We note that the same expansion holds for the divergence term in (4.40a)).
Similarly as in Section H we will denote ()? to be the order § inner expansions of

equation (+).

5.2.1 Inner expansions of the state equations

To order -1, }1 gives

8ZU0 V= az(Uo . V) = 0, (5.20)
while to leading order ([3.4al) }2 gives
-0, (0. Uy + (0,Up - v)v) = -0, Uy = 0, (5.21)

where we have used (5.20). Integrating with respect to z from —oco to z and applying the
matching condition (5.17)) leads to

0.Up(s,2) =0, (5.22)

and so Uy is independent of z. Integrating once more with respect to z from —oco to z and

by the matching condition ([5.16)), we hence find that
Uo(s,z) =u, =0, (5.23)

where we made in particular use of (5.9)). This implies

ug =ug = 0. (5.24)
To first order 1) gives
0.Uy-v+divrUy =0, Uy -v =0, (5.25)
where we have used . Using (5.23) and (5.25)), to first order }1 gives
-1, U1 + 0, Pyv = 0. (5.26)
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5.2.2 Phase field equation to leading order
To leading order }1 gives
——(3zz‘1>0—1/1 (®0)) + &' (o) (X [Uol? - Uy - Qo) - M(20)a(®0)Up-a=0  (5.27)

Using (5.23)), the above simplifies to

0., P0 — ' (®g) = 0. (5.28)
Along with the matching conditions ((5.16)) for ®:

Dy(s,z=+00) = £1,
we can choose @ to be independent of s and as the unique monotone solution to (|5.28))
satisfying ®o(z =0) = 0 (recall (5.15))). Moreover, taking the product of (5.28) with ®((z)

and integrating with respect to z from —oco to z leads to the so-called equipartition of
energy after matching:

1B = w(0(2) for [2] < o. (5:29)

Moreover, a short calculation using ((5.29), the monotonicity of @y, and a change of vari-
ables s » ®(z) shows that

= % [11\/2@0(8)015 = % fR\/W(@o(z))@g(z)dZ = % fR\%(z)f dz. (5.30)

5.2.3 Inner expansions of the adjoint equation

Before we analyse the adjoint equation, we first compute:

div (M(p:)Ve) = 8%82(/\4(@5)6@5) + divp (M@e) (éfme“ ¥ VF‘I’S)) (5.31)

+ h.o.t.,

and for any 1< j<d,
d
(V(M(Qpa)v(ﬂe)a)j = Zai(./\/l(gpa)ajgpa)ai
i=1
d | 1 .
-3t (M@ (200205 + D, ) ) as+ D (M(@.) (20000, + D) s+ ho,
so that

V(M(p:)Vpe)a = 6%(u ca)v0,(M(®.)0,P.)

+ é (v-a)0,(M(®.)Vrd:) + VI (M(D.)0,P.v)a) (5.32)
+Vr(Vr®:)a+ h.o.t..

To leading order }1 gives
9.Qo - v = Mo(Po) (v - a), (5.33)
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while to leading order (4.40a]) }2 gives
_NazzQO - Maz(azQO : V)V = _:U'az(MO((I)O)(I){))((V : a)V + a’)7 (534)
where we have used (5.31)), ((5.32) and that v is independent of z to simplify the right

hand side of (4.40d]);>
Integrating (5.34) with respect to z from —oo to z and using the matching condition
(5.17) leads to

9.Qo + (0:Qo - v)v = Mo(P0) @ ((v - a)v + a),
and upon adding the product of (5.33) with v leads to
8ZQ0(S, Z) = MO(CPO)(I)(')a. (535)

Integrating (5.35]) with respect to z from —oo to z, using the matching condition (|5.16))
and g =0 (see (5.9))), lead to

Qo(s,2) - ([M Mo(Do(2))0h(2) dz)a. (5.36)

In particular, the right hand side is independent of s, and so we can deduce that Qq is
also independent of s. Using the matching condition ([5.16]), we hence have

@i = ( [ Mo(@0(2)i(2) dz ) (5.37)

For the choice M(y) = 3, we see that

1
[ Mo(@o(2)@h(2)dz = 5 [ @f()dz =1, (5.38)
while for the choice M(p) = %\/ w, we see that by (5.4), (5.29), and (5.30)),
1 1 1 1 2
S Mo@o() @) dn = - [ BN () e = - [ S (@) s =1
Thus, in both cases, we obtain
q5 = a. (5.39)
To the next order, we obtain from 4.401)(1)
ale V= M0(<I>0)8z<bl(u . a) + Ml(@o)q)l(I)E)(V . a), (5.40)

where we used that Qg and @ are functions of z only, and ¥y = 0 from the outer expansions.

Meanwhile, from ([5.31)) and (/5.32)), }1 gives
a(®0)Qo — 110::Q1 — 119:(9:Q1 - v)v - 210 (E(VrQo) v - 2udivr (E(Qp ® v))
= —p(a+ (v-a)v)d,(My(90)0,P1 + M1 (Pg)D1D() (5.41)
- pdivp (Mo (Do) ®(v)a — uVr(Mo(Pg)Pyr)a.
Moreover, we can simplify, thanks to fact that ®y and Qg only depend on z:
2divr(£(Qpev)) = Vr(Qy)v + (divrr)Qg + (Vrv)Q + (divrQg)v
= —K,Qé + (Vrl/)Qé,
diV[‘(Mo(‘I)())(I)él/) = _MO(@Q)@BK/,
VF(M()(CI)())(P(/)V) = Mo(@o)(I)E)VFI/.
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Then, using the relation (5.35)), we obtain from (5.41]):
a(P0)Qo — 10-2Q1 — pd-(9.Q1 - v)v + urQq — u(Vrr) Qg

5.42
= —pla+ (v-a)r)d.(Mo(90)d.P1 + M1 (Do) P1P() + nQok — (Vi) Qp, (5:42)
and thus, upon cancelling the common terms, we have
(P - 822 - 82 az :
(P0)Qo — p0:.Q1 — p0:(0:Q1 - v)v (5.43)

= - u(a + (I/ . a)v)@z(/\/lo(fbo)az(l)l + Ml(q)o)q)lq)é)

5.2.4 Phase field equation to first order
Using (5.23)), we obtain from (4.43))% to first order:

(02 + KB + " (Do) D1 ) + Ag
2¢o (5.44)
- OAé,((I)O)Ul . QO + Mo(‘l)()) (F() - OAé(q)O)Ul) -a=0.

Making use of ((5.35)), after taking the product of (5.44) with ®; we have

0
2cg

— (6(®0))'U1- Qo + Q- (Fo — &(Po)Uy) = 0.

We note that by integrating by parts:

(<022 @104 + @1.(4' (o)) + @) + Ao}
(5.45)

- [(&(20) U1+ Qodz = [ &(20)(U1- Q)+ 0.U1 - Qo) dz - [a(B0) Ui - Qo
We use that &(1) =0, Qo(z = -o0) = g; = 0 to deduce that the jump term is zero. Hence,
- [(a(@0) U1+ Qudz = [ 4(20)(U1-Qf+0.U1 - Qo) dz. (5.46)
So, from integrating over R and using we obtain

f 21 (-0:2 @19 + @1 (1 (20)) + | @G| ) + Ao dz
R 2co (5.47)

+[Rd(<1>0)8ZU1-QO+Q6-FOdz - 0.

Considering the first line, we find that, after integrating by parts and applying match-

ing (5-16)-(5-17) for Py,

g 2
fR 2o (—az,z@l@g + 01 (¢ (29))" + 1 | @y ) + Ao ®( dz

_ 07 Y Y, Y zZ=+00
oo [0 (9~ (20)) + 510/ (@)1~ )20

’Y/ 112 [ /
+ K— ®y|" dz +A ®,dz = Ky + 2\,
“260 R‘ o‘ Z¥A0 [, Fodz =Ry 0
| S — —_———
=2co =2

where we made use of (5.28]), the relation (5.30]), and that  is independent of z. Thus it
remains to identify

(5.48)

fRFO-aZQO T+ &(D0).UL - Qpdz. (5.49)
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To this end, we take the scalar product of (5.43|) with 9,U; and use (5.25)) to obtain

OA‘((I)O)QO . 8zU1 - Mazle ' azUl
= - uazUl . a@z(/\/lo(@o)azél + M1((I)0)(I)1(I’6).

Integrating over R with respect to z, and applying integration by parts leads to
[ (@0)Qq-0.U1 dz
- fR 0..Q1 - O.U1 - 0.U, - ad, (Mo(P0)d. D1 + My (9) 1)) dz
= 1[0:Q1 - 0.U1 - 0.U1 - a(Mo(®0)0. D1 + My (Do) ®10p) ]
- fR 022Ut - (9:Q1 - a(Mo(20)0. @1 + My (D) @1%p)) dz.
Using , the matching conditions (5.16)), (5.17)), (5.18)) for ®g, and for Q4

and Up, we see that the jump term is
[0.Q1 - 0.U1 - 0.Uy - a(Mo(D0) 9. D1 + M1 (o) P19p)]
since, in the case M(y) = 3, we have Mo(®q) = 5 and My (®o)®; =0, while for the case
M(p) = %\/ M, using and the matching conditions, we have
[0.U1 - a(Mo(®0)0,®1 + My (Do) 2105)] 7

(5.50)

(5.51)

Z=+00

= [0vqo - Duuo]l,  (5.52)

zZ=—00

Z=—00

1 ‘a e e\
_ﬁco[azul (maﬂn NG \/W)]

Meanwhile, using (5.40|) and (5.26), the integral term is
fRuﬁzzw (0:Q1 — a(Mo(P0) 01 + M1 () 212()) dz
- fR—azpou- (8:Q1 - a(Mo (@), D1 + M (D) 1®))) dz = 0.

Together with (5.14)), i.e., Fy is independent of z, we obtain from ([5.52)), (5.53) that
E1) is

zZ=—00

(5.53)

fRFo -0:Qo + &(P0)0.Ui - Qodz = fo- [qo]L + p[dvqo - Opuo]”

= .fO'a"'Mauqa '8,,11,6,

as qy = uy = 0, and gj = a from (5.39). Thus, we obtain from ({5.47) the following
solvability condition for ®q:

(5.54)

2Xo + £y + fo-a+ pdugqy - Opul =0 on T

5.2.5 Sharp interface limit

In summary, we obtain the following sharp interface limit:

—pAug + (wg - V)ug+ Vpo = f in E, (5.55a)

~1Aqo + (Vuo) T qo - (uo - V)go + Vo = 0 in E, (5.55b)
divug =0, divgyo=0in E, (5.55¢)

up=g, ¢go=00nd02nE, (5.55d)

ug=gp=0in B, (5.55¢)

up=0, qo=aonT, (5.55f)
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together with the following gradient equation:
Ky 42X + pOuqo - Opug+ f-a=0on T, (5.56)

which is consistent with the adjoint system (2.7) and the strong form of (2.6) from [3],
taking into account the volume constraint (see (4.32))) and the additional perimeter regu-
larization.

Remark 5.1 (Linear scaling for the correction constant d.). Suppose 6. = €, then we

observe from (5.3|) that

1/1,(@0)(191 +1 +

P)+e= P €
VI(®) +2=1/1(®o) + NGICD)

h.o.t.,

i.e.,

_ 1 _ 1 w’((bo)q)1+1
Mo(q’o)—\/ﬁcg\/ﬂf(‘l’o)? /\/11(‘190)‘1>1—\/§C0 Ol

The presence of this extra factor of #@) in Mq(Po)®Py alters the jump term of (5.51)
0

to
Z=+00

[0.Q1 - 0.U1 - 0.Uy - a(Mo(D0)9.P1 + M1 (o)1) ]

Z=—00

a D/ Foree a
= [auq[) : auU'O]i - [—OazUl] =0uqo - Opug — — - Op U, -

2c0 | \/20(®0) . 2c
where we have used (5.29). Thus, instead of (5.56|), we obtain

m7+2>\0+,u6,,q0-8,,u0+Qia,,uo-ajtf'a:() on I
Co

6 Numerical computations

In this section we investigate the phase field approach numerically. We minimize the drag
and maximize the lift-to-drag ratio of an obstacle in outer flow and apply both phase field
approximations of the corresponding surface functionals.

Concerning numerical results in the literature we refer to the minimization of the drag
functional in [26] [6], where a sharp interface approach is used. In [2I] the porous medium
approach is used, where the authors argue, that the term a.u. is a valid approximation
for the hydrodynamic force.

Let us start with defining the free energy 1. Here we use

1[1(3/) = g (maxQ(O,y -1)+ min2(0,y + 1)) + %(1 - y2),

w(y):&(s:y)ﬁ(sl—l)' "

Note that ¢ can be obtained by using a Moreau-Yosida relaxation of the double—
obstacle free energy with the relaxation (or penalization) parameter s > 1, and the
scaling of the argument and the shifting are chosen such that ¢ has its minima at y = £1
with ¢ (+1) = 0.
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We further introduce the convex-concave splitting
Y= 1P+ +9-,
S .9 s
Yo(y) = = (max? (0, ——y - 1) +min® (0, ——y +1]],
s—1 s—1

w‘(y)ﬁ(l_(s—%y)j 2(51 1)

where 1, is the convex part of ¥ and _ is its concave part.
Next we define the interpolation function a. as

10 ity>1,
a .
ac(y) = - e -1)? 2 if1>p>0, (6.2)
min(1+3+9, —m(y+1)) it 6> ¢,

where @ is a given constant, and we choose 6 = 0.99. This function «a.(y) describes a
linear function between y = =2 and y = # and has a quadratic extension between y = 6
and y = 1. We fulfill Assumption with s, = -2 and s, = 1. Note that we do not fulfill
the regularity a. € CH(R) at s,. But this is not a severe violation since in practice it
holds that —2 < (. and we can control the violation of the bound -1 < ¢, by choosing an
appropriate relaxation parameter s.

For solving the optimization problem we use a mass conserving H '-gradient flow
approach, following [I5]. For this purpose we introduce an artificial time variable ¢ and
solve the following evolution equation for the phase field variable . (¢) which is obtained

from (4.30)):
atQDE = Aw,

1
we = =968 + 20/ (p) + alpo) (5 e — e g ) + I, (6.3
JLp = M/(@E)h(fﬂ, vu£7p57 VSOE) - le (M((,Og)D4h(LU, vqu?p&) V@a)) 9

where u, is obtained from , q. is obtained from and J, abbreviates the terms
arising from the differentiation of the functional h, as shown in Theorem Note that
we include the factor % into the parameter . Using the gradient flow approach allows
us to use nonlinear parts of the gradient, for example the derivative of v, , implicitly in
time in a time stepping scheme, which for the chosen free energy is favorable in view of
stability reasons.

After time discretization with variable time step size 7
solve the following problem:

k+1 we at each time instance

k+1

Given gps, find cp]”l, , Ue, De, qe, and 7. fulfilling the primal system

o (P e — pAue + (ue - V)ue +Vp. = f  in Q,
divus =0 in Q, (6.4)
u: =g on 0,
the adjoint system

045(905)115 - pdiv (Vqs + (V(k)T) + (vue)T(k - (us : v)‘]e + Ve

= a. () u. - div (M(@];)Dgh) in ©, (6.5)
div g. = ~M(pF)Dsh + 9. in Q, '
qg-=0 on 0f),
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and the Cahn—Hilliard system

k+1 _ Tk+1Aw§+1

pe = + cpf in €,

v
wett = e Al + - (YL (™) + vl(e0))
1 .
+504;(90];+1)|u6|2_O‘;(QDI;)UE'QE"'Jga in Q,
6.6
Ty = M (), Vue, pe, 7k (6:6)

- div (M(SOIEC)D4}L($7 Ve, e, vsplaﬁ—l)) )
0= ’YSVQOIEHI Vo + M(QOI;)VQQ : D4h on 6(2,

0= wa“ Vo0 on 0f).

As noted above, we evaluate 1, at the new time instance for stability reasons.

For the spatial discretization piecewise linear and globally continuous finite elements
are used for the variables (p];”, wf*l, pe, and m., while piecewise quadratic and globally
continuous elements are used for u. and g.. The meshes are adapted using the jumps of
the normal derivative of cpf” and wf” over edges of the underlying discretization mesh,

see [8, [30], together with a Dorfler marking [10].

6.1 Minimization of the hydrodynamic force of an obstacle

We investigate the minimization of the drag of an obstacle of fixed area in a channel flow
with block inflow profile.

The computational domain is 2 = (0,1.7) x (0,0.4). The initial phase field ¢° is defined
as a circle of radius r = 0.05 with center at M = (0.5,0.2). The boundary velocity is set to
g(z,y) = (1,0)T. We fix §. =0, s = 1 x 10%, and f = 0. We further set

T = gmin(hr |Vl |2 7).

where the minimization is carried out over all triangles T. Here, the diameter of triangle
T is denoted by hr, and £ is a positive scaling parameter typically set to & = 5. This
CFL-like condition prevents the interfacial region from moving too fast for the adaptation
process.

We restate the definition of the phase field approximation of the hydrodynamic force
in a direction a as

P = [ M)ve. - (n(vue + (Tu)") - pe1) - ads. (©.7)

When a is equal to the direction of the flow, i.e., a = (1,0)T, we denote the resulting
approximation as F”, which corresponds to the drag of the obstacle. Meanwhile, if a is
perpendicular to the direction of the flow, i.e., @ = (0,1)7, then we denote the resulting
approximation as F'¥, which corresponds to the lift of the obstacle.

From (4.40) and (4.43)), the terms arising from the derivatives of h in systems
and in the present setting are given as

(-div (M((pf)Dgh) ,V) = [QM(cp’;)thf . (V'v + (V'U)T) adx Vo e H} (),
(MADsh+0m) = [ (MATEa f MAIVEE-adx)ndx e L@,
(Jy,€) = /QM(golg) (—as(golg)us —(ue- V)ug) ~aldx V(e Hl(Q)
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Figure 1: Result for minimizing the drag using M(p.) = % %. In the left plot we
show the obstacle (i.e., p. < 0) and streamlines of u. in black, and the pressure outside
of the obstacle in gray. Darker gray means higher pressure. On the right we show |u.]|
in gray, where darker gray means lower velocity. The isoline . = 0 is shown in white
and again streamlines are displayed in black. The results for M(¢.) = % are visually
indistinguishable from these results. Note that we only show the computational domain

in the neighbourhood of the obstacle.

Next, we report on the numerical results for the case of minimizing F”. The param-
eters are chosen as € = 0.00025, @ = 0.03, x = 0.001, and v = 0.01. We note that we use
path-following with respect to the value of u, starting from g = 0.01, and also for the value

of v, starting from ~ = 0.1. In Figure [1| we show results obtained with our approach.

The drag for M(:) = 11/ 22 is given by FP = 3.9454 x 102 (3.9492 x 102), and
for M(pe) = % we have FP =3.9117 x 1072 (3.9499 x 1072). In brackets we give the drag
obtained by evaluating the surface formulation over the isoline . = 0. We see that both

formulations give very similar results.

6.2 Maximization of the lift-drag ratio of an obstacle

Based on the results of the previous section we now investigate the maximization of the
lift-to-drag ratio given by

R:=FL/FP,
To this end, we consider

_fQ M(p:) Ve - (p(Vue + (Vu)') - p.I)a* dx
JoM(@) Ve - ((Vue + (Vue)T) -p.I)adx

/S; M(@E)h(.’ﬁ’ vug7p57 VQDE) dX =

with @ = (1,0) and a* = (0,1)7.

The numerical setup is the same as in the previous section and the parameters are
chosen as € = 0.0005, @ =4, p=1/15, and v = 0.3. In this example we fix the y-coordinate
of the center of mass of the obstacle by a Lagrange multiplier approach in order to keep
it fixed at the initial position. We define the center of mass of the obstacle as

fQ 1_2% rdx

fa 1_2% dx

com =

In Figure [2| we show results for this parameter set.
We observe the expected optimal shape for both formulations, but for M(y.) =

1 P (ps)
2

@ we obtain a longer and thinner obstacle.

The lift-to-drag ratio for M(p.) = %\/ % is R =1.1104, and for M(yp.) = % it is
R =0.9885. We stress that, here we calculate with a rather small value of = 1/15 and
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32‘098e+00 =2.044e+00

16

4.226e-02 3.528e-02

Figure 2: Result for maximizing the lift-to-drag ratio using M(p.) = % % (left) and
M(pe) = % (right). The obstacle (i.e., ¢ < 0) and streamlines are shown in black and the
velocity magnitude in gray. Darker gray means larger velocity. Note that we only show

the computational domain in the neighbourhood of the obstacle.

that the minimal magnitude of velocity inside the obstacle is 4x1072, which is rather large.
However, we think that the results are a promising starting point for further investigations.
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