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Abstract

We propose a general control framework for two-phase flows with vari-
able densities in the diffuse interface formulation, where the distribution
of the fluid components is described by a phase field. The flow is governed
by the diffuse interface model proposed in [Abels, Garcke, Griin, M3AS
22(3):1150013(40), 2012]. On the basis of the stable time discretization
proposed in [Garcke, Hinze, Kahle, APPL NUMER MATH, 99:151-171,
2016] we derive necessary optimality conditions for the time-discrete and
the fully discrete optimal control problem. We present numerical exam-
ples with distributed and boundary controls, and also consider the case,
where the initial value of the phase field serves as control variable.
Keywords: Optimal control, Boundary control, Initial value control,
Two-phase flow, Cahn—Hilliard, Navier—Stokes, Diffuse-interface models.

1 Introduction

In this paper we study a general discrete framework for control of two-phase
fluids governed by the thermodynamically consistent diffuse interface model
proposed in |Abels et al., 2012]. For the discretization we use the approach
of |Garcke et al., 2016|, where the authors propose a time discretization scheme,
that preserves this important property in the time discrete setting and, us-
ing a post-processing step, also in the fully discrete setting including adaptive
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mesh discretization. As control actions we consider distributed control, Dirichlet
boundary control, and control with the initial condition of the phase field.

For the practical implementation we adapt the adaptive treatment devel-
oped in |Garcke et al., 2016] to the optimal control setting. On the discrete
level, special emphasis has to be be taken for the control with the intial value
of the phase field, since the distribution of its phases is an outcome of the op-
timization procedure and thus a-priori unknown. In this case we combine the
variational discretization from [Hinze, 2005b| with error estimation techniques
to find a good mesh for the numerical representation of the a-priori unknown
phase distribution.

Let us comment on related literature on time discretizations and control of
(two-phase) fluids. For investigations of further time discretizations we refer
to [Aland, 2014, Hintermiller et al., 2015,|Griin and Klingbeil, 2014} |Garcke
et al., 2016,|Guillén-Gonzales and Tierra, 2014} /Guo et al., 2014,|Griin et al.,
2016]. Concerning optimal control and feedback control of fluids there is a wide
range of literature available. Here we only mention |Gunzburger and Maservisi,
2000}, [Hinze and Kunisch, 2004, [Fursikov et al., 1998, Berggren, 1998|Bewley
et al., 2001}[Hinze, 2005a].

Let us further comment on available literature for control of Cahn—Hilliard
multiphase flow systems. In [Hintermiiller and Wegner, 2012| distributed op-
timal control of the Cahn—Hilliard system with a non smooth double obstacle
potential is proposed, and in [Hintermiiller and Wegner, 2014] this work is ex-
tended to time-discrete two-phase flow given by a Cahn—Hilliard Navier—Stokes
system with equal densities. Both works aim at existence of optimal controls
and first order optimality conditions. In [Hintermiiller et al., 2015] the authors
consider time discrete optimal control of multiphase flows based on the diffuse
interface model of |Abels et al., 2012|. This work aims at establishing existence
of solutions and stationarity conditions for control problems with free energies
governed by the double obstacle potential, which is achieved through an appro-
priate limiting process of control problems with smooth relaxed free energies.
The focus of the present work is different in that we consider numerical analysis
of the fully discrete problem, propose a tailored numerical adaptive concept for
the control problem, and present numerical examples which clearly show the
potential of our approach.

We also mention the work of [Banas et al., 2014], where optimal control for
a binary fluid, that is described by its density distribution, is proposed.

Let us finally comment on feedback control approaches for multiphase flows.
Model predictive control is applied to the model from [Abels et al., 2012] in
|Hinze and Kahle, 2013|Kahle, 2013|[Kahle, 2014].

The paper is organized as follows. In Section [2] we state the model for the
two-phase system and summarize assumptions that we require for the data. In
Section [3| we state the time discretization scheme proposed in |Garcke et al.,
2016] and summarize properties of the scheme which we need in the present
paper. We formulate the time discrete optimization problem in Section In
Section [4 we consider the optimal control problem in the fully discrete setting
and present numerical examples in Section [f]




2 The governing equations

The two-phase flow is modeled by the diffuse interface model proposed in |[Abels
et al., 2012].

pOv + ((pv+ J) - V) v —div(2nDv) + Vp
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Here ¢ denotes the phase field, p the chemical potential, v the velocity field and
p the pressure. Furthermore J = —22524bv 1 is a diffuse flux for .

In addition Q c R™, n € {2,3}, denotes an open, convex and polygonal (n = 2)
or polyhedral (n = 3) bounded domain. Its outer unit normal is denoted as vq,
and I = (0,7] with 0 <T < oo is a time interval.

The free energy density is denoted by W and is assumed to be of double-well
type with exactly two minima at +1. For W we use a splitting W = W, + W_,
where W, is convex and W_ is concave.

The density is denoted by p = p(p), fulfilling p(-1) = p; and p(1) = po,
where p1, p2 denote the densities of the involved fluids. The viscosity is denoted
by 1 =n(p), fulfilling n(-1) =n; and n(1) =72, with individual fluid viscosities
11, m2. The constant mobility is denoted by b. The gravitational force is denoted
by K. By Dv = % (Vv + (Vv)t) we denote the symmetrized gradient. The scaled
surface tension is denoted by ¢ and the interfacial width is proportional to e.
We further have a volume force f and boundary data g, as well as an initial
phase field g and a solenoidal initial velocity field vyg.

Concerning results on existence of solutions for f under different as-
sumptions on W and b we refer to [Abels et al., 2013al{Abels et al., 2013bl/Grin,
2013).

Assumptions

For the data of our problem we assume:

(Al) W:R — R is twice continuously differentiable and is of double-well type,
i.e. it has exactly two minima at +1 with values W (1) = 0.

(A2) W and its derivatives are polynomially bounded, i.e. there exists a C' >0
such that [W(z)| < C(1 +|z|7), [W.(z)| < O(1 +|=|71), W' (x)| < C(1 +



2|77, [W!(2)| < C(1+|z]772), and [W”(z)| < C(1+]x|972) holds for some
ge[2,4]if n=3 and g€ [2,00) if n = 2.

(A3) There exists ¢, < -1 and ¢ > 1, such that p(p) = p(p.) for ¢ < ¢,, and
() = plpp) for ¢ > pp. For p, < ¢ < @y the function p(¢p) is affine linear,
ie. p(¢) =2 ((p2—p1)e+ (p1+p2)), and we define ps := 7("2;’”).

Further, n(p) = n(pa) for ¢ < ¢,, and n(p) =n(pp) for ¢ > @p. For ¢, <
© < pyp the function n(¢p) is affine linear, i.e. n(p) = % ((ne —m)e+(n1 +12)).

We define p > p >0, 77> 7> 0 fulfilling
* p2p(p)2p>0,
e n2n(p)2n>0,
see Remark
(A4) The mean value of ¢ is zero, i.e. there holds ﬁfﬂgpdx = 0. This can
be achieved by choosing the values indicating the pure phases accordingly

and considering a shifted system if required. In this case the values +1
change to some other appropriate values.

Remark 1. The Assumptions|(A1)H(A2) are for example fulfilled by the poly-

nomial free energy density

W) = 2 (1-¢%)’.

Another free energy density fulfilling these assumptions is the relazed double-
obstacle free energy density given by

A(y) = max(0,y - 1) + min(0,y + 1),

£ 1+2s++V4s+1

2s
5= 5 (1-€) = SO,
W) = 5 (1-(€)%) + SN +6 ©

where s > 0 denotes a relaxation parameter. W* can be understood as a relaz-
ation of the double-obstacle free energy density

WM(SO):P@—@?) if Il <1,

0 else,

which is proposed in [Oono and Puri, 1988,|Blowey and Elliott, 1991|] to model
phase separation. We note that here we use a cubic penalisiation to obtain the
required reqularity from and that € is chosen such that W* takes its minima
at £1 and 0 is such that W*(x1) = 0.



In the numerical examples of this work we use the free energy density W =
W*®. For this choice the splitting into convex and concave part reads

W) = sz e, W(9) = 5 (1 (60)*) +4.

Remark 2. For the weak formulation of — we later require affine linearity
of p on the image of . The affine linearity of n is assumed for simplicity. Note
that in view of Assumption this essentially implies a bound on ¢, namely
v € (pa,pp) as stated in Assumption|(A3)

Using W* as free energy density we argue, that for s sufficiently large (see
[Garcke et al., 2016, Rem. 6]) |¢| <1+ 6 holds, with 0 sufficiently small, and
in (Kahle, 2015] it is shown for the Cahn—Hilliard equation without transport,
that for the energy () in fact |¢] () <1+ Cs™'12 holds.

In a general setting one might use a nonlinear dependence between ¢ and
p, see e.g. [Abels and Breit, 2016], or choose a cut-off procedure as proposed
in [Grin, 2013, Guillén-Gonzdles and Tierra, 2014).

Anyway, since we later require linearity of p on the image of ¢ we state
Assumption and note that this assumption is fulfilled in our numerical
ezamples in Section [5]

Notation

We use the conventional notation for Sobolev and Hilbert Spaces, see e.g.
[Adams and Fournier, 2003]. With LP(£2), 1 < p < oo, we denote the space
of measurable functions on €2, whose modulus to the power p is Lebesgue-
integrable. L () denotes the space of measurable functions on 2, which are
essentially bounded. For p = 2 we denote by L?(f) the space of square inte-
grable functions on Q with inner product (-,-) and norm | -|. By W*P?(Q),
k> 1,1 < p < oo, we denote the Sobolev space of functions admitting weak
derivatives up to order k in LP(Q). If p = 2 we write H*(Q).

For f e H'(2)"™ we introduce the continuous trace operator v : H'()" —
H%(BQ)” as vf := floq. We further note that for g € H%(aﬁ)" with g v =0
there exists § € H'(Q)", (divg,q) = 0¥q € L*(Q) with 7§ = g and |§] g1 q)n <
CHgHH%(aQ)n’ where C' is independent of g.

The subspace HJ(Q)" ¢ H'(Q)" denotes the set of functions with vanishing
boundary trace. We further set

L{5y(9) = {ve L*(Q) [ (v, 1) = 0},
and with
Hy(Q) = {ve H'(2)"|(div(v),q) = 0¥g e L*(2)}

we denote the space of all weakly solenoidal H'(Q) vector fields. We stress
that there is no correspondence between the subscript ¢ and the scaled surface



tension. We denote both terms using o since these are standard notations. We
further introduce

Hy o (Q) = Hy()" n H,(Q).

For ue LY(Q)", ¢>2ifn=2,¢>3ifn=3, and v,w e H(Q)" we introduce
the trilinear form

a(u,v,w):%/{;((u-v)v)wdx—%fg((u-v)w)vdx. (10)

Note that there holds a(u,v,w) = —a(u,w,v), and especially a(u,v,v) = 0.
We have the following stability estimate by Holder inequalities and Sobolev
embedding

la(u, v, w)| < Clul poylv]ar @) llwl a0

For a square summable series of functions ( fm)f\f:l e VM where (V,|-|v) is
a normed vector space, we introduce the notation |(f™)M_, 2, = M, | fml?..

3 The time-discrete setting

In [Garcke et al., 2016] existence of time discrete weak solutions for (I)-({) is
shown for the case of ¢ = 0 and f = 0. In this section we formulate a time
discrete optimization problem for 7, where we use g, f, and ©° as controls,
and show existence of solutions together with first order optimality conditions.

Let 0=tg <ty <...<tp_1 <ty <tms1 <...<tpy =T denote an equidistant
subdivision of the interval I = [0,T] with 7,41 — 7y, = 7 and sub intervals
Iy = {0}, L, = (tm-1,tm], m = 1,..., M. From here onwards the superscript
m denotes the corresponding variables at time instance t,,, e.g. ©™ = ©(t;).
For functions f € L2(0,T,V) we introduce f™ := f; f(t)dt e V. Note that this
can be seen as a discontinuous Galerkin approximation using piecewise constant
values.

We now introduce the optimal control problem under consideration. For this
purpose we interpret ¢, f, and g as sought control that we intend to choose,
such that the corresponding phase field ¢ is close to a desired phase field ¢q4
in the mean square sense. If ¢, is the measurement of a real world system, then
finding ¢° such that the corresponding phase field ™ is close to ¢g resembles
an inverse problem.

We denote by w € U the control, where

U=U;xUy xUg =K x L*(0,T;R") x L*(0,T; R“)
is the space of controls, where

K= {ve H'(Q)] vadxzo, o] <1} € HY(Q) nL™(Q)



denotes the space of admissible initial phase fields.
By

B:U — H (Q)n L= (Q) x L*(0,T; L*(Q)"™) x L*(0, T; (H/?(0Q))™)

we denote the linear and bounded control operator, which consists of three com-
ponents, i.e. B =By, By, Bg], where Br(ur,uy,up) = Bruy := uy, which is the
initial phase field for the system, By (ur,uy,up) = Byuy with Byuy (¢,z) =
Y fi(z)ul, () where f; € L>(2)™ are given functions, which is a volume force
acting on the fluid inside Q, and Bg(ur,uy,up) = Bgupg, with Bpup(t,z) =
i gi(z)uly(t) where g; € HY?(09Q)™ denote given functions, and this is a
boundary force acting on the fluid as Dirichlet boundary data. To obtain a
solenoidal velocity field, Bgug has to fulfill the compatibility condition [ o0 BBuB:
vods =0, and in the following for simplicity we assume ¢g;-vo =0,1=1,...,up,
point wise.

Given a triple (ag, ay,ap) of non negative values with ay +ay +ap =1 we
introduce an inner product for v = (us,uy,ug) € U and v = (vr,vy,vg) € U by

(u,v)v = ar(Vur, Vor) 2 ) + av(uv,vv ) 2 0,rree ) + @B (UB, UB) L2(0,T5R)
(11)

and the norm |u|? = (u,u)y.

We use the convention, that «, =0, € {I,V, B}, means, that we do not
apply this kind of control. If a; = 0 we use ¢ as given data, if ap = 0, we
assume no-slip boundary data for v. For notational convenience, in the following
we assume o, # 0 for all ~ € {I,V, B}.

We stress, that we do not discretize the control in time, although the state
equation is time discrete. Thus we follow the concept of variational discretiza-
tion [Hinze, 2005b]. Anyway, the control is discretized implicitly in time by the
adjoint equation that we will derive later. We also note, that in view of the
state equation, this allows us to dynamically adapt the time step size 7 to the
flow condition without changing the control space.

Following |Garcke et al., 2016] we propose the following time discrete coun-
terpart of 7:

Let ue U and vy € Hy(2) n L™= () be given.

Initialization for m =1:
Set ©° = u; and v° = vg.
Find o' e HY(Q)nL®(Q), p' e W3(Q), v! € Hy(Q), with y(v') = Bguk, such



that for all w e Hy ,(Q), ® € H'(Q), and ¥ € H'(Q) it holds

1 (1
T fg (*( L)l —Povo)wdx +a(pto” + I 0t w)

T 2
1h,1. 1y, 0 0 1 -
+f9217 Dv .Dwdaz—/ﬂu Vo w+p KU’dI_(BVUV7U’)H71(Q)7H&(Q)—07
(12)
1
*f(sﬁl—Wo)q’dIJf[(UO'VsDO)\I/dmfqu1~V\Ifdo::O,
T JQ Q O
(13)
UGLV@I'V@d.Z‘—'/f\Zul‘I)dx+gL(Wi((pl)+W_,(QOO))(I)d$=O,
€
(14)

where J! := —psbvpul.

Two-step scheme for m > 1:

Given ™2 e H{(Q)NL>®(Q), " e HY(Q)nL®(Q), p™ L e WH3(Q), v™ L e
H,(%),

find v™ € H,(Q), v(v™) = Bpu'y, »™ € H'(Q) n L=(2), p™ € W3(Q) such
that for all w e Hy ,(2), ¥ e H'(Q), and ® € H'() it holds

1 m—1 m—2
= [ (Mvm - pm_va_l) wdx + / 20" Dv™ : Dwdx
T Ja 2 Q

+a(pm_1vm_1 +JmLgm, w)

—‘/Q#mVSﬁmilw"'pmiledx_<BVU7\7/T’U})H*1(Q),H[}(Q):Oa (15)
sDrn_som,—l
f7\11dx+/(vm-V<pm_l)\I/d:r+/qum-V\I/dx:O, (16)
Q T Q Q

ae[ﬂVgpm-V@dx—fQumq)dx-rgfQ(Wi(cpm)+Wi(g0m71))<I>dx:0, (17)
€

where J™ ! = —psbvu™ . We further use the abbreviations p™ := p(¢™) and
n" = n(e™).

We note that in l) the only nonlinearity arises from W) and thus
only the equation s nonlinear. A similar argumentation holds for (12])—
(14). The regularity vu™ ! e L3(f) is required for the trilinear form a(-,-,-),
see (|10]).

Remark 3. We note that 7 s a two-step scheme for the phase field
variable ¢, and thus we need an initialization as proposed in 7. Here,
as in [Garcke et al., 20106] the sequential coupling of f and s used
as proposed in [Kay et al., 2008].

Another variant might be to require initial data on time instance t_1 for the
phase field and at to for the velocity field. Equations (16)-(17) can than be
solved for ©° and p° to obtain initial values, see [Hintermiiller et al., 2015].

Since we are later also interested in control of the initial value @y we propose

the initialization scheme f here.



Theorem 4. Let v° € H, () n L*®(Q)" and v e U be given data.
Then there exists a unique solution (v', o', ut) to 7, and it holds

H”l | 1 (ym +H901 | 2 ) + ||M1 | 2 )

Bpug| (18)

< C1(v0)C (Hul |1y | Bvuy |22 oyn H%(an)n)

and @', b can be found be Newton’s method. The constant Co depends polyno-
mially on its arguments.

Proof. The existence of (¢!, ul) e HY(Q) x H(Q) follows from ( [Hintermiiller
et al., 2011]). There the corresponding system without the transport term v°vu;
is analyzed. This term is a given volume force, that can be incorporated in a
straightforward manner. From this we directly obtain the stability inequality

I zr ey + 1t o) < CL(v*)Collur] 1))

Since |W/(¢)| < C(1+ |¢|?]), ¢ < 3 we have W/ () € L*(R2) and by L?
regularity theory we have ! € H2(£2) and

lo 20y < Ot eys |9 ey 1wl v @))-

We further have v°Vu; € L?(Q) and thus we have p' € H?(Q2) and the
stability inequality

| a2y < C1(vo) Colllur | iy, €' 1 (e))-

Convergence of Newton’s method directly follows from [Hintermiiller et al.,
2011]. Note that the only nonlinearity W, is monotone.

With 0%, !, uy, and p! given data, defines a coercive and continuous
bilinear form on H, and thus existence and stability of a solution follows from
Lax-Milgram’s theorem. This uses the antisymmetry of the trilinear form a and
Korn’s inequality. O

Theorem 5. Let v™ ! € H, (), ™2 e HY(Q)n L=(Q), ¢™ ' e H(Q) n
L>(Q), and p™t e W3(Q), be given data. Then there exists a unique solution

(Um,@m7ﬂm) to 7'
It further holds ™ € H*(Y) and if additionally o™ 1 € WH3(Q) we have
u™ e H*(Q) and the stability inequality
o™ HHI(Q)ﬂ*HMmHm(Q) + H‘PmHHZ(Q)
<C (||Um71HH1(Q)"7 le™ sy, 9™ 2 1m0

| Bvuy| 2oy, | Beupg HH%(@Q)H) ’

holds. The constant C depends polynomially on its arguments.



Proof. In |Garcke et al., 2016 the existence for v(Bguly) = 0 and Byuj} =0 is

shown using a Galerkin approach. The additional volume force is incorporated

in a straight forward manner, and the boundary data Bguy can be introduced

by investigating a shifted system, see Theorem [

We define e := m and use w = v"™ — e as test function in 7 U=pym
as test function in , and ® = 771(¢™ — p™1) as test function in , and
add the resulting equations. Using the properties of W, and W' we obtain
(compare |Garcke et al., 2016, Thm. 3])

1
E(vm,cpm,gomfl)-kifpm72\vm—vm71|2do:+27'[nm71|Dvm|2dz
Q Q

7 [P e+ T - vt

Q

m—1 m—2
- - - +p -2 _m-1

sEvml,ml,m2+f PxP ym_ g2y, edx

( P | 5 p
+7'a(pm_1vm_1+Jm_1,vm,e)+27/;2nm_lem:Ded:E
-7 f pmve™ redr + (P K, 0™ - e) + T(Byul, o™ - e)r2(Q)n-

Q

By using the inequalities of Holder, Korn and Young, together with Assump-
tion and the stability of the extension operator ~ the claim follows. The
regularity o™, u™ € H%(Q2) follow as in the proof of Theorem |4, but now using
Vo™ te L3(Q) and v™ € H, — L°(). O

Let us next introduce the optimization problem under investigation. For
this we first rewrite 7 in a compact and abstract form and introduce

Y =H, ()M x (H'(Q) n L=(2))" x W3 (@)™,
Yo i=Ho o ()M x (H' () 0 L=())" x W3 ()™,

y =", ™ ™) €Y,
Z = (Ho o ()M x HY(Q)M x HY(Q)M)"

e:YoxU — Z,
e(yo,u) =0 (19)

10



The operator e is defined as follows

(gve(yoau))z*,z =

B

(500 )0+ Baug) - 000,01 + (ot + 1o + B, o)
+ (20" D(v} + Bpuk,), DiY) - (u' vuy + p° K, %)

- (Bvuy, ')

+77 ! —ur, @) + (VOVur, @) + (bVpt, V)

+oe(Ve', Vi) - (u' iY)

+oe H(Wi(e") + W (ur), ")

g (1 m— m— m m— m— S - ~m
+ [T 1(§(p L p" ) (vt + Bpulp) - p" 2 (vg " + Bpu ), o )
m=2

+a(p" (gt + Bpulnl) + I o + Bpuln, i™)

+ (20" ' D(vg" + Bpuly), D™) = (V™ + p" T K, 6™

- (Byuy,™)

+ 7N (" =L@ + (v + Beulp) Vg™ @) + (bvpu™, V™)
+oe(Ve™, vi™) - (™, @g™)

+ae_1(Wl(<pm) + W_'(SOm_l)7 ﬂm)]

with Yo = (Uéna%@mvﬂm 71\7{:1 € }/07 and g = ((ﬂm rAr/LI:I’(@m rAr/LI:I’(/]m %:1)))) ¢
Z*. Here again p™ = p(¢™), 1™ = (™) and especially p° = p(us), n° :=
n(ug).

Now the time-discrete optimization problem under investigation is given as

1
. m\M _ = M _ 2
I;?EIZ?J((SD m=17u) - 2“" r d||L2(Q)

o € _
+5(a1fﬂ§|Vu1|2+e "W, (ur) dz )

+avfuv g rgeny + anlunliao rae)
s.t. e(y,u) =0.
Here 4 € L*(f) is a given desired phase field, and a > 0 is a weight for the
control cost. For the control cost of the initial value we use the well-known
Ginzburg—Landau energy of the phase field u; with interfacial thickness e. Here
we use the double obstacle free energy density W, = W given in Remark[l] In

our numerical examples it is advantageous to use this non-smooth free energy
density instead of the smoother one used for the simulation.

Theorem 6. Let v° € H, () n L>(Q), ueU be given.

11



Then there exists a unique solution to the equation e(y,u) =0, i.e. there exist

(™, ™, u™M_ €Y such that (v™, o™, ™) is the unique solution to f
form=1,..., M. Moreover there holds

I(™ %:1“111(9)" + (™ %=1HH2(Q) +I (™ %:1“}12(9)

<C1 (0°) Ca url sy | (Bra) s sy | BBl s oy )

Further e(y,u) is Fréchet-differentiable with respect to y, and ey(y,u) €
L(Yy,Z) has a bounded inverse. Thus Newton’s method can be applied for find-
ing the unique solution of for given u.

Proof. The existence and stability of the solution for each time instance follows
directly from Theorem [4] and Theorem

The equation e(y,u) = 0 is of block diagonal form with nonlinear entries on
the diagonal. Thus solving reduces to solving each time instance with given
data from the previous time instance. As argued in Theorem [ and Theorem
[] these nonlinear equations can be solved by Newton’s method. Applying this
argument for all time instances we obtain that e, (y,u) € £L(Yy, Z) has a bounded
inverse. O

Lemma 7. The functional e : Yo x U - Z is continuously differentiable with
respect to y and u. Furthermore the equation e(yo,u) = 0 for each u admits a
unique solution y(u), and e, (yo,u) is continuously invertible.

The functional J(yo,u) is continuously differentiable with respect to yo and
U.

Based on Lemma @ we introduce the reduced functional .J(u) = J (yo(u), u)
and state the following theorem.

Theorem 8 (Existence of an optimal control). There exists at least one solution
to[P], i.e. at least one optimal control.

Proof. Since J is bounded from below, there exists a minimizing sequence u;
with J(w) — J* and J* := inf, J(u).

Since J is radially unbounded, there exists a closed ball V' c U, bounded,
convex and closed such that w; ¢ V' and thus there exists a weakly convergent
subsequence, in the following again denoted by (u;). Since closed convex sets
are weakly closed, (u;) = u, € V holds. Let y; = (v;, ¢, 117) denote the unique
solution of (12)—-(17) for w;. Then y; - y. € Y, with y. = y.(u.), and (u.,y.)
solves -. This can be shown as in |Garcke et al., 2016, Thm. 6].

It remains to show, that J(u,) = J*. Since y; — y. especially pM —~ ¢ and
thus by the lower weak semi continuity of norms together with an embedding
argument for W,, we have

J(u,) < liminf J(u;) = J*.

Thus u, is an optimal control. O
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We next derive first order optimality conditions in the abstract setting. We
introduce an adjoint state p € Z* and the Lagrangian as

L(yvpuu) = J(yvu) - <pve(y7u)>Z*,Z .

By Lagrangian calculus we then obtain the following first order optimality
conditions.

Theorem 9 (First order optimality conditions in abstract setting). Let u e U,
y €Y be an optimal solution to . Then there exists an adjoint state p € Z* and
the triple (u,y,p) fulfills the following first order optimality conditions:

e(y,u)=0¢Z, (20)
(ey(y,u))'p=Jy(y,u) €Yy, (21)
(Ju(y,u) + (eu(y,u)) p,w - u)U*)U =0 VYwel. (22)

Proof. From Lemma [7| we have that e and J fulfill the assumptions of [Hinze
et al., 2009, Cor. 1.3], which in turn asserts the claim. O

To state the first order optimality system we introduce Lagrange multiplier
peZ*, p= (pzn,pg,p:f M e Hé”o x HY ()M x HY ()M and define the La-
grangian

LU x (Hop)™ x (H'(9) 0 L2 (@)™ x W @)V
x (Ho,o )M x H' ()M x H' ()M - R

13



as
L m m m _m _m . m ._} M _ 2
(uv Vo sP s 5Py Dy s Py ) = 2”90 Qod”L?(Q)
+ 5 | aviw 2o rreey + @sluslizorre) + a1 /Q §|Vul| + EWu(UI) dx

2
m 1+ m—2 _ — "
(p(v6”+BBU’£)—pm *(vg"™ + Bpup™), vy

- [ .
+a(p" 7 (o™ + Bpug )+ I (v + Bag) o)
+ (Qnm_lD(UgT + BBug)v Dp:)n)

) ~ (oK) - (Buad ) |
- Z [l(éﬂm— ,p¢)+((v0 +BBu )WWe™ 1,p¢)+(bvu , VY ]

— Z I:O.e(VLPm vpm _( nL’an)_‘_ (W‘:(@m)+W_/((pm—1)’pzz):|
m=2
[ 1 p1 + po

T 2

(v + Bpul) - povo,p})) +a(p'® + J (v + BBU}B),pi)
+(2n'D(v' + Bguk), Dp,) - (' Vur,py) - (0° K, p,,) - (Bvulv,pi)]

1
- =(¢" —ur,py) + (VOVur,pg) + (bVp', Vpi;)]
L T

[ g ! !
- |oe(ve', Vb)) - (u',p),) + - (Wi(e") + Wf(uz),p,ﬁ)] :

Here again p™ := p(©™), n™ := n(¢™) and especially p° := p(u1), 7% := n(uy). In
the following we write v™ := vf* + m

The optimality system is now given by (DL(x),Z —x) > 0, where x ab-
breviates all arguments of L and T denotes an admissible direction. For all
components of x except uy it even holds (DL(x),Z) = 0 since there no further
constraints apply, while U; is a convex subset of H'(Q)n L= ().

Derivative with respect to the velocity
The derivative with respect to v{® for m =2,..., M into a direction ¥ € Hy, is
given by

(Dyn L(... 0™,...),7) =

L( pm "t +p™ m-
- (( v y Py ) (p 1U » Py +1))
T 2

—a(p™v,vy"" +BBum+1>Pvm+1) (23)
—a(p™ (vt + BBu}_Q’l) +J™E B pm)

- (2™ ' Do, Dp}) - (5v¢™ 1, pll) = 0.

14



For m =1 we get

(D L(...,v"...),0) =
1, . ~ S
—(0"0,07) — alp'®,v5 + Bpuj;,py)

1 X — X i
- E((Pl +p")0,py) —alp' (v) + Bpul) + J',9,p,) - (20" D&, Dp,) = 0.
(24)

Note that for notational convenience here we introduce artificial variables v+,

pM+L M+ and set them to v}*! = pM+l =0, w1 = 0.

Remark 10. Note that we derive the adjoint system in the solenoidal setting.
Introducing o variable p for the pressure in the primal equation leads to an
additional adjoint variable p, for the adjoint pressure and to an additional term

(~divd, pp).

Derivative with respect to the chemical potential
The derivative with respect to the chemical potential for m = 2,...,M in a
direction i e WH3(Q) is
(Dpym L(..., 1™, ), 1) =
= a( Ty i, 0™ o) + (V™ ) = (b, VP + () = 0.

(25)

For m =1 the equations is

(Dpr L(...y ity ), ) =
1~ 2 2 1~ 1,1 ~ 1 ~ 1 ~ 1\ _
—G(JHM,’U 7pv)_a(Jp:U/7v 7pv)+(uvu17pv)_(bvua ngp)-‘—(/’['apg) =0.

(26)
Here for m =1,..., M we abbreviate J;'i = —psbV i, and for notational conve-
nience we introduce artificial variables vM*! = vé‘/“l + BBu%“l, pﬂ/“l, and set
them to vM+1 = pM+l =,

The above also contains the boundary condition
Vp?ﬁ/g =0 m=1,..., M,

in weak form, which for smooth pg' follows from integration by parts.

Derivative with respect to the phase field
The derivative with respect to the phase field ¢™ in a direction ¢ € H*(Q) n

15



L*(Q)isform=2,....M

(D L(..., 0™, ...), &) =

6mM(@m_@d>¢)_7 P v y P
T 2

_a(p (pvm m+17pv +1) (277 (pDUm+l me+1
+ (’um+1v¢’pm+1) + (p (pK " +1)

_;((('Zj’pqo) (@»p¢+1)) (vmﬂv(p7 +1)

-o0e(V,Vp)) - ;(Wi'(wm)sﬁ,pﬂ‘) - ;(W_"(wm)@,pl?”) =0,

1 (p,vm+1pm+1 +1}m+2p17)n+2 ~) N % (p, m+1 m+2 ~)

(27)
where d,,)s denotes the Kronecker delta. For m =1 we get

(DpL(..., 0" ...),¢) =
1.4 i .
- *(%%02173) —a(p'@vt, 0%, pl) - a(p'¢v° 0" py)

— (20/¢Dv*, Dp2) - (20 ¢Dv", Dp}) - (1> Vépl) - (p' 3K, p) (28)

1, . - o -
+=(0.p}) ~ (PP p5) - —(W/(9)2,0}0)

1,09 4 1
_;(7 7pv)_7(907p<p) UE(V¢’VPH)_7(W"(901)907pp.) 0.

Here for notational convenience we introduce artificial variables v

Bpull*t M2 = l+2 4 B uMJ’Z, pM*L pM+2 " and set them to zero.

The above also contains the boundary condition

M+1 _ v(J)V]+1 +

VpT v =0 m=1,... M,

in weak form, which for smooth pj* follows from integration by parts.

Derivative with respect to the control
Finally we calculate the derivative with respect to the control for the three parts
of the control space.

For a test direction w € Uy we have

(D L0 = 00y [y dis 3 (Buw™ 7)oy =0

m=1

and thus the optimality condition is
arayuy + Byp,'=0eR"™ m=1,...,.M (29)
Here Byp;' is defined as

By = ((f1,00" ) r2)n )i

16



Concerning the derivative with respect to ug we have for a test function
w € UB

(P’ 5—
(DupL(u,...),w) = aap fI(UB’w)Rub dt -7~ 5 Bpw!, p,

—a(p*® + J', Bpw!,pl) - 2(n* DBpw?, Dp?)
m—1 m—2

M R
— Z |:7'_1 (p;pBme7pvm) _ (pm_QBme_lprn) (30)
m=2

+a(,0m_1vm_1 +JmL Bpw™,p') + a(pm_lBmefl,vm,an)

+2(n™ ' DBpw™, Dp™) + (BmeVgom’l,pZL ] =0.

For smooth solutions we use the derivative with respect the velocity, the
no-flux boundary condition for v™ as well as for p™ and integration by parts to
observe

(Duy L(u,...),w) = aap f(uB,w)]Rub dt
I

M
- Z / 277m_1Dp;n-VQBme ds — [ 27]1Dp,[1)'1/QBB'lU1 ds
o2 Jon o0
and thus the optimality condition in a strong formulation is

aapruf - ((2n™ "' Dpy’ - VQ7gl)H*1/2(BQ),H1/2(6Q))?:1 =0eR™ Vm=2,...,M,

aaBTu]lg - (27}1Dp11} : I/Q,gl)H—l/Q(aQ)’Hlﬂ(aQ) =0eR",
(31)

The derivative with respect to the initial condition u; in a direction w—wuy €
U[ is

(DUIL(u,...),w—uI)ULm = %a[ (e(VuhV(w—u]))+6‘1fQW7:(uI)(w—u1)dx)

1 1
"9 (Pl(w - ul)v2vp12;) + . (Pl(w - UI)Ul,P?;)

1 1
~ o (p'(w - UI)Ulapi) + p (Pl(w - UI)UOapvlj)

+ (' (w=-ur),py) + (p'(w-ur) K, py)
o
€

+ %((w —u;),p;) - (°V(w —ul),p;) - f(W,”(uI)(w—uI),plll) > 0.

(32)
We note that u; € H(Q) n L*°(2) and thus that there exists no gradient rep-
resentation for D, L. This is reflected later in our numerical approach.

Remark 11. From we see, that in fact uy has a discrete structure with
respect to time, namely it is piecewise constant over time intervals, as the adjoint
variable p, is. The same holds for upg.
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4 The fully discrete setting

We next use finite elements to discretize the optimal control problem [P]in space.
For this we use finite elements on locally adapted meshes. At time instance ,,,
m =1,...,M we use a quasi-uniform, triangulation of { with N7}, triangles
denoted by Ty, = {T;} X1 fulfilling @ = UNT™ T
On 7,, we define the following finite element spaces:

VE ={veC(T)|vlr e PHT)VT € Tpn},

Vi, ={v e C(To)" [vlr € PX(T)" VT € Ta},
where P!(S) denotes the space of polynomials up to order I defined on S. We

note that by construction V!, ¢ W1 (T,,) and V2, ¢ W1 (T,,)" holds. We
introduce the discrete analog to the space H,(2):

Hy = {v eV} | (dive,q) =0¥g eV, n L*(Q)},
and
HO,o,m = {U € Ha,m | 7(1}) = O}

We further introduce a linear H'-stable projection operator P™ : H'(2) —
V! satisfying

I[P 0] e (@) < Clv]Le(e), and [VP™v]

L) < C|vv|Lr ),

for ve HY(Q) with r € [1,2] and pe [1,6] if n =3, and p € [1,00) if n =2 and
H.Pm'l)—'UHI_Il(Q) -0

for h — 0 for v e H*(Q) Typically examples are the Clément operator or, by re-
stricting the preimage to C'(Q) n H'(Q), the Lagrangian interpolation operator.
Using these spaces we state the discrete counterpart of 7:

Let uw e U and vg € H, n L (Q)™ be given.
Initialization for m =1:
Set ¢ :=uy, v° :=vg. Find v} € Hy 1, y(vi) = U (Bpuy), ¢;, € Vi, uj, € Vi such
that for all w e Hy 1, ¥ e Vi, ® € V] it holds:

1
1 (00h+ Aok = o) + apla® + T v w)

2
+(2n; Dvy, Dw) = (Ve + ppg,w) — (Byuy, w) =0, (33)
1
;(wi ~ Py, W) + (bVpp,, V) + (000, W) = 0, (34)
ag
oe(Viph, V) + —(Wilp) + WL(P'&}), @) = (s, ®) =0, (35)

where J*' = —psbV ;.
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Two-step scheme for m > 1:
Given o2 eVl . om eVl | teVl JomteH, ., find v € H, pm,
vy = TI™(Bpu'y), ¢y € Vi, uit € VX such that for all w e Ho g, ¥ €V},

® eV}, it holds:

-1 1 m—1 m—2\, m m-2, m-1 m—-1, m-1 m-1 _m
T (g(Ph +pn )R = pR v 7w)+a(Ph v T ot w)

+(2n ' Do, Dw) = (U Ve~ + pit g, w) - (Byulf, w) =0,

(36)
1 m m _m— m m m—
;(SOh = Pmop W) + bV, V) + (v Vet ¥) =0,
(37)
m o m m m— m
oe(Veoy', VO) + z(Wi(@h )+ W (P o), @) - (', ®) =0,
(38)

where J}7 = —psbv L
We introduce

V2, i= {ufon v e V2, fm vloa - va ds = 0}

and define II"™ for m = 1,..., M as the L?(952) projection onto the trace space
of an’b. This projection is used to incorporate the boundary data and fulfills
[T g — g 2oy — 0 for all g € H'Y?(0Q) with Jo0 9 vads=0.

We require bounds with respect to W' (2)-norms for the solution of (33)-
(38) and prepare these with the following lemmas.

Lemma 12. For all 1 < p < oo there exists a continuous function C(p), such
that

Vu,Vn
[Vuliroy < C)  sup V)
nerac@y.neo | V[ La(a)
(n,1)=0
where % + % = 1. Further, from the generalized Poincaré inequality, [Alt, 2010,
Thm. 8.16], we obtain |n|w1.a() < C|VnlLaq) and thus

Vu,Vn

[Vulliogoy < C(p)  sup 22V
neL9(2),7#0 H77HW1v<1(Q)
(n,1)=0

Proof. The proof follows as in |[Barrett et al., 2005, Lem. 1.1] and uses LP-
stability for u shown in [Geng and Shen, 2010, Thm. 1.2]. O

Lemma 13. For ve W1P(Q) let Qnv e V), be defined by

(VQnv,Vw) = (Vu,Vw) Yw eV}, (39)
fQ Qpudx = [Q vdx. (40)
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Let 1 <p<oo. Then it holds

HQhUHWLP(Q) < C(P)HUHWLP(Q)- (41)

Proof. The proof follows the lines of [Brenner and Scott, 2008, Ch. 8]. However,
from the fact that the boundary data is of Neumann type new difficulties arise
and we refer to [Barrett et al., 2005 and |Nirnberg and Tucker, 2015] how to
deal with these issues. O

Lemma 14. Let uj, € V., c WH49(Q). Then it holds

Vup, V
|Vun| Loy < Clp)  sup (Vun, Vi)
npeVil, mp#0 H77hHWl,q(Q)
(n,1)=0
where L +1 =1.
P q

Proof. Directly follows by combining Lemma the definition of Qv in
and the stability estimate , compare [Nirnberg and Tucker, 2015, Thm.
2.3]. O

Theorem 15. For given vg € H'(Q)" n L=(Q)", u € U there exist v}, € Hy 1,
v(vi) =Y (Bpul), ¢}, € Vi and pj, € Vi solving B33)-[B5). It further holds

I lwracoy + lenlwrac) + vl m o)

Bpug|

< o ()0 (Jurl oy, 1Bl Lsgonn, o)

and Newton’s method can be used to find the unique solution to 7.

Proof. For 7 the existence of a unique solution and the applicability of
Newton’s method follows from [Hintermiiller et al., 2011]. Also the stability in
H' is proven there.

To obtain the estimates of higher regularity we use Lemma It holds

CHN}LHWW(Q) < HVN}zHLS(Q) + ||N111”L3(Q)
<Npnlpso) +C sup (Vip, Vop)

vp €V (v, 1)=0

lonll ;3 =1
wl ()

1
<Clluh ey + Csup |~ (oh = Pt un)| + |09 wn)

<Cllupl iy + Csup (llon = Proplr2ylvnlzz) + [v°Venl L2y vl z2))
<Cluplm) + Clen - Prodlrzay + Clv°Ved| Lz ayn

SC(HU}LHHl(Q) + Héﬁ}lz HHl(Q) + H‘P% HHl(Q) + HUO ||L°°(Q)"

@2 HHl(Q))

(42)
which, together with the already known bound for | u}lLH H1(Q) states the bound
on pp in W3(Q). Note the continuous embedding W3 (Q) - L%(Q) used for
Vh -
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For w}L we argue similarly and estimate

Clienlwra)
<lehlriqy +C sup ((Ven, Von))

1.4
vpeW 3 (Q),(v),,1)=0
ol ;4 =
w3 (Q)

ag
Tk + WP ). )
<Clop () + Clunl L2y + Csup [(1+]@p|97 Jon]) + (1 +[P1) |97 on]) ]
<Clenlm) + Clunl 2o
+C (1L +1onl* 2y + 11+ 1P ol 22 (e) sup [vn ] r2(a)
50“@% HHl(Q) + CHMflL”m(Q) + C(l + H@;leHl(Q) + H@?LHHl(Q))-

<Clgh e oy +0sup(|<uz,vh)| "

We note the continuous embeddings W13 (Q) - L2(Q) and H'(Q) - LS(Q).
The existence of a unique solution for and stability for vfll then follows

from standard arguments for the Oseen equation, since we use an LBB-stable

finite element pair. O

Theorem 16. For given u € U, o™ 2 e VI , o™ leVl —umteVl ||
v™ ! € Hypot, and for all m = 2,...,M there exist v]" € H, p, y(vJ') =
"™ (Bgul), ¢ € Vy, and pjt € V), solving ([36)—(38).

It further holds

|k lwrs oy + len Twracoy + 1on" L (@yn

<C (v ey lefHwray, lon ™ wray,

| Bvut? | 2 (q)n, HBB“g”H%(aQ)n) :

and the constant depends polynomially on its arguments.

Proof. In |Garcke et al., 2016| the existence of unique solutions to f
together with bounds in H*(£2) on the solution is shown for the case By uf? = 0,
Bpu} =0, using [Temam, 1977, Lem. II 1.4]. The volume force By uf} is given
data that enters the proof in a straightforward manner. The boundary data
Bpu’g can be incorporated by investigating a shifted system as in Theorem

The estimates of higher regularity follow as in Theorem [I5] There the bound
for ,u,ll relies on L*°(2) regularity of v°, that is not available here. Instead in
[#2) we can use a L5(2) bound for v} that directly follows from the H'(Q)
bound by Sobolov embedding, together with the L*(2) bound for vVey~t. O

Theorem 17. Let v° € HY(Q)" n L>(Q), uw € U be given. Then there ex-
ist sequences (V™)M_ € (Hym)M_ 1, (0™M_ 1, (p™)M_ e (WM, such that

(0™, ™, u™) is the unique solution to f form=1,... .M. Moreover
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there holds
[ o)z L ) + 1 et lwrs ) + 1 (@R ) m=r lwace)

< C1(e)Ca ([t s LB MLy BB At oy )

Here the constants Cy,Cy depend polynomially on their arguments.

Proof. The existence of the solution for each time instance follows directly from
Theorem [15] and Theorem The stability estimate follows from iteratively
applying the stability estimates from Theorem [I5} O

Remark 18. The bounds with respect to higher norms are required in Sec-
tion [{.1] for the limit process h — 0.

To derive first order necessary optimality conditions we argue as in the case
of the time discrete optimization problem and show that Newton’s method can
be used for solving the primal equation f on each time instance.

Theorem 19. Newton’s method can be used for finding the unique solution to
7 on each time instance.

Proof. For m = 1 this is argued in Theorem For m > 1 we abbreviate
equation 7 by F((v", i, 1), (w,®,¥)) = 0. Then F is Fréchet differ-
entiable, since all terms are linear beside the term W, which is differentiable by
Assumption|(A1)l The derivative in the direction (v, 8@, du) € Ho o.mx Vi x V)
is given by

(G(oR"son' 1) (60,00, 0p), (w, D, W) :=

1 pm—l +pm—2
T (2

+ (™' Dév, Dw) - (5pve™ !, w)

ov, w) +a(p™ ™t T Su,w)

+ 2 (80, W) + (00, V) + (0v" ), W)
+0c(T8p, V) + Z (W (¢])0, @) - (51, D).

The existence of a solution (dv,d¢,du) can be shown following |Garcke et al.,
2016, Thm. 2], using Brouwer’s fixpoint theorem. The boundedness of (év, §¢, o)
follows from the same proof. O

We next introduce the fully discrete analog to problem .
1
: my\M i M2
min J((@h Im=1,u) = 9 I @d||L2(s1)

o (o ([ gt v o Watur) i) (Pu)

vavlur ey + s lus o ra)

st. (33) - (39).
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We stress, that we do not discretize the control for the initial value. However
for a practical implementation we need a discrete description for wy. This will
be discussed after deriving the optimality conditions, see Section [5}

Theorem 20 (Existence of an optimal discrete control). There exists at least
one optimal control to [Pyl

Proof. The claim follows from standard arguments, compare Theorem [§ O

We next state the fully discrete counterpart of the first order optimality
conditions from Section [3l
For this we introduce adjoint variables (pj WM e (Hoom)M 1, (V28 WM e

(VI)M_ | and (V% WM e (V™M || For convenience in the following we often

write vy = UO , + Bu'g.
By the same Lagrangian calculus as in Section [3] we obtain the following
fully discrete optimality system.

Derivative with respect to the velocity
The derivative with respect to v, for m =2,..., M into a direction ¥ € V2 is
given by

(Dop L. v, ..),8) =

77ap:)7?h)_(ph v y Py ;7:1)) (43>
_a(phﬁ U apv Zl)_a(pm ! m 1+J$7176ap$h)
- (20" Do, Dp,) - (0Vep'~ 1,p¢,h) = 0.

For m =1 we get

(D'U}llL( ’Ul )7'L~)):

_7((ph+p )U pv h)+ (p 0 pv h) a’(phv Uh7pvh) (44)
- a(ﬂh”h + thvﬂpv,h) - (277hva Dpy,h) =0.

Note that for notational convenience here we introduce artificial variables vM +1

p%fl, and set them to uMﬂ —p%ﬂ - 0.

3

Derivative with respect to the chemical potential
The derivative with respect to the chemical potential for m = 2,..., M in a
direction ji € V!, is

Dy Lo ), 0) =

m+

= a(Jufi, o ) + (Ve pit) = (bV A, Vo n) + (i, p),) = 0.
(45)
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For m =1 the equations is

(D L(. it ) i) =
- a(J/JAI[)/7U}2'L7p’l2)7h) - a’(‘];},laa ’U%mp'};,h) + (lavulapqu,h) (46)
= (bVia, Vo p) + (1,9, 1) = 0-

Here for m = 1,..., M we abbreviate J,'i = —psbV[i and for notational con-

M+1 M+1

venience we 1ntr0duce artificial variables vy, and p,°;"", and set them to

M+1 _pM+1 =0.

Derivative with respect to the phase field
The derivative with respect to the phase field ¢}* in a direction ¢ ¢ V1 s for
m=2,....M

(Do L(.... 01", -..),¢) =
m+1 m+1 m+2, m+2

m - 1 Pon TV "Pun . 1 mal ma2 ~
St (07, —wd,w)—( ,s0)+T(p' Tl 9)

2
_ a(pl(py}wln7 v}rln-#l’pvm;b—l) (277 (PDUm+1 me+1

m+1

+ (v e, pait) + (o' 29, P
1 ~ m m ~ . m m m
=~ ((@.2fn) = (P 2pg50)) = (0 v, pp!

~ m g my = m m m m ~ m
- 0e(VP,Vpy'n) - ;(Wf(@h )Py Dyin) = ;(Wi,(P Hopmypmtt 1Dy, M =o.
(47)
Here d,,0s denotes the Kronecker delta of m and M. For m =1 we get
(Dgr L(-+ s @ty ), @) =
1(p7,~22) (I~122) (l~011)
- 9 P VhPy,h) = AP PV, Vpy Py p) — AP PV Ups Py b
— (20 @Dvj,, Dp}. ) - (20 @Dy, Dp, 1) = (1 VEpa ) = (0 9. 12 1)
1 - - o N
+=(P*0.p5) - (viw,pi n) =~ (W (PP01)P*$,pj,.0)
p (p ” 1y~ 1 _
*( pv I (%1% ) —oe(Vp, Vp# R) - (W+ (Pn)Ps P n) = 0.
(48)

Here for notational convenience we introduce artificial variables vM*+1, M +2

h I h )
va}:’l, and pM+2 and set them to zero.

Remark 21. We note that the projection operator P™ enters f acting

on the test function @.

Derivative with respect to the control
Finally we calculate the derivative with respect to the control for the three parts
of the control space.
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For a test direction w € Uy we have

M
(Duy L(u,...),w) = aay /I(Uv,w)Ruu dt+ Y (Byvw™,p) 20 =0,
m=1
and thus the optimality condition is
atayuy + Bypy, =0eR™ m=1,..., M. (49)

Here By,p;" is defined as

B\*/P:;n = ((fz,pgfh)m(mn)f!l-

Concerning the derivative with respect to up we have for a test function
w € UB

(en+ P’ 5—5
(DUBL(ua"')aw) =aap \/[(UB,U))R“Z; dt -1~ ( 5 BB'wlvpv,h)
—a(pj° + Ji, Bpw',p), ,) - 2(np DBpw', Dp), )

g 1 P;n_1+9;1n_2 e 25 e

_ Z [7_ ( 3 5 Bme,p::’Lh)_(pZ“_ Bme—l,pZ,Lh) (50>
m=2

(o= o+ I B o) + alof B gl

+ 205" DB, Dyl + (Brom v~ iz
= aap /I(uB,w)Rub dt + Fy(w) = 0.

Here Fj,(w) abbreviates the action of the discrete normal derivative of p, j,, see
e.g. |[Hinze et al., 2009).

The derivative with respect to the initial condition u; in any direction w—uy €
U] is

(Du, L(u,...),w = ur)us v, = %O&] (e(VuI,V(w—uf))+e—1fQWl’L(u[)(w—uI)dx)

1

1
=57 (0w =)o, p ) + = (o (w = ur)oy, b7 )

2T
+ (:U“}lzv(w - uf)apqu,h) + (p,(w - ’UJ)K,p}}’h)

1
(P’(w - UI)Uiapqu,h) + o (P'(w - UI)UOap}J,h)

# (=), pbn) = (09w =), ) = SOV ) (w - un). k) 2,

(51)
and this inequality holds for all w € Uj.

Remark 22. We use the finite element space Vi for the representation of u;.
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4.1 The limit A =0

We next investigate the limit i — 0 for problem [Py} Let u*,¢* denote a solution
to[Pland u, ¢ denote a solution to [Pyl Since up, ¢, is a minimizer for J in the
discrete setting, we have J(un,¢n) < J(Pru™, Pop™) < CJ(u*, ") = Cj, where
P, denotes any H'-stable projection onto the discrete spaces. Thus

1 «@ € _
*Hwﬂl—tﬂd||2+*(a1f*IVUI7h|2+€ "W (urp) do
2 2 Q2 (52)

+ay|up,n |2L2(0,T;R“v) + O‘BHUV,hH2L2(0,T;R%)) <Cj.

Note that the mean value of uyp is fixed and thus by Poincarés inequality we

have [urpl g1 ) < C(1+[Vurl)-

Thus from (52)) we obtain the following bounds uniform in h:

HUI,hHHl(Q) + HUB,h |L2(O,T;]R“v) + HUV,h”H(o,T;R%) <C.

Using Theorem [I7] we further get the bounds

[ oR ) mmt Ly + 1 mm sy + 10 ) et Twagey < C-

Using Lax-Milgram’s theorem and the above bounds we further obtain bounds

[ (p:?h)rﬂr/Ll:lHHl(Q)" +]| (P:f,h)n]\fﬂHHl(Q) +]| (Pﬁh)%:l”fﬂ(ﬂ) <C

for the adjoint variables.
Now there exist u} € H(Q), u}, € L*(0,T;R*), uy € L*(0,T;R") such
that

Urp =~ Ui, Uyp Uy, UBR— Ug.
There further exist (v™*)M_ e (H'(Q)™)M, (¢™*)M_ ¢ WH(Q)M, and
(u™*)M_ e W13(Q)M such that

* m m,*x

m m, N s mo_
Up —U ) Ph ' ’ Hh K

m,x

¥Ym=1,...,M.

And there further exist (p™*)M_, e H1(Q)M, (pg" M e HY(Q)M, and (pf’*)ﬂil €
H'(Q)M such that
Pon =Dy Pon =R, pan = ppt Ym=1,..., M.
Now let us proceed to the limit in the fully discrete optimality system. To
this end we will especially show the following strong convergence results
en @™ i HY(Q),
pp - p™ i WH(Q),
vpt > 0™ in Hy (),

Ur,h = Uy in Hl(Q),
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form=1,...,M.

The limit A — 0 in the primal equation

The convergence of to and of to follows directly from the
proposed weak convergences together with the strong convergence ¢} - ¢™ in

L®° obtained by compact Sobolev embedding. To obtain strong convergence in
H' () we argue as in the proof of Theorem
Let B : HY(2) x H'(Q) - R denote the coercive bilinear form B(u,v) =
oe(Vu, Vo) + (u,v) and let Q! € VI denote the projection of p! onto V! with
respect to B fulfilling [Qne' — ' | g1 (q) = 0 for h — 0, since ¢! € H*(Q).
Then it holds

len = ey < lon = Que' I @) + 1Qne" — 'm0y,

and

Cleor - QeI

< B(on - Qo' 0h ~ Que') = B(o, — ¢ 01~ Qng')
<I(uh = 1ty 0 = Que )l + s = @ L2l - Que |2 (o)

+ ZIWL(eh) = WY 0k = Queh)] + TNV (PHR) = W/ (). ) = Q)|
<[l = 1t 2@ lon = @uet L2 + on = ' 2@l o - @t L2 (o)

+ ZIWLh) = WL ooy 03~ Qne vz

o
+ . HWi(Pl‘P%) - W—,(@O)HLS/S(Q) ||<Pi11 - Qe HL5/2(Q)'

Using Sobolev embedding H' () = LP(£2), p < 6 and dividing by ¢}, ~Qne" [ m1(0)
the resulting differences tend to zero by compact Sobolev embedding, or by
Lebesgue’s generalized convergence theorem and Assumption The same
arguments apply for the case m > 1.

The convergence of equation to and to is shown using

the strong convergence v® — v™ in L3(Q) together with weak convergence
Vert — ve™ ! in L?(Q) yielding weak convergence of the transport term
Vet in LS5 For m = 1 V) converges weakly in L?(2). Further,
strong convergence u;* — u" in H 1(2) follows as above.

To show strong convergence in W3 it is thus sufficient to show strong
convergence for Vui — vu' in L3(Q2). We define Q,v € Vi by

(V(Quv -v),Vwy) =0 Ywy, €V},
(thal) = (va]-)a

satisfying ||th|\W1,%(Q) < CHUHWL%(Q), Lemma
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We adapt the idea from Theorem [15| and proceed

Clvu, = Vit e o)
< osup o (Vg - pt), Vo) =sup [(V(ug - 1), VQRY) + (Vg — 1), V(v = Qnv)) ]

1,3
veW 2 (Q),(v,1)=0

[vll y 3 =1
w2 ()

<sup [(V(pp, — '), VQrv) + (V' V(Qrv - v))]

< Csup[|r7H (on =" Quo)l + [T (P = 9%, Qno)| + (07 V), - 0"V, Qo)
+Hr (@t = ", Qo = 0)| + (0" Ve", Qv - v)|]

<Cllen -9 Iz + IP'¢h - & 2o

+o" = @l r2(0) sup |Qnv — vl L2y + 100V’ L2 () sup [Qrv = v] r2(0) ]

+ Csup |(V°VQuv, 0 — ©°)]

<Cllgh - @' lr2) + 1P eh - @°l 2

+e" = % 20y sup [ Qrv = vl L2y + V0V’ | L2(0) sup |Qnv - v] £2(0) ]

+ CJ0° ey |05 = °ll L2 (-

Note that we used integration by parts to deal with the transport term. From
the Holder and Sobolev inequalities it follows

|Qnv — 0720 < [Qnv - vl 13 ) 1Qnv = vl L3 (0)-

The last term is bounded due to the fact, that |v| , , <1 and @y, is stable in

3 .
Wh2(Q). Since |Qnv - UHL%(Q) < ChHUHWL%(Q)
for h - 0 and thus the strong convergence of Vuy, in L3(2). If m > 1 we can

use the strong convergence @'t — ¢™ 1 in H'(Q) - L°() together with
[vptlLs(ay < C to treat the transport term.

Next we consider the convergence of to and to . Here the

convergence ("' Dvl" : Dw) —» (™ ' Dv™ : Dw) follows from the strong con-
vergence "1 — o™ in L*(Q) (by compact embedding W*(2) = L=(Q))
and the weak convergence Dv" — Dv™ in L?(§2). The convergence of the tri-
linear form is obtained by using the just shown strong convergence Vu;* - V'™
in L3(Q) together with the weak convergence of v/" —v™ in L5((2).

Let us finally show strong convergence v* — v™ in H'(Q)". Let B : H, x
H, - R denote the coercive bilinear form B(u,v) = (n} Du : Dv) + (u,v). The
coercivity of B follows from Korn’s inequality. Let wy, € H, 1 denote a sequence,
such that |wy, —v'| z1(qy» = 0 for b - 0 and wy oo = v} |so. The weak continuity
of TI' ensures that IT' (v} ) - v'|sn and thus such sequence wy, exists. Then we
have wy, —~ v} in H'(Q) for h - 0 and it holds

@)
we obtain [Qnv —v|r2() =0

lv = v @y < ok = wnllgr@ye + lwn =0 g1 @y
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Now we proceed with
CH’U}L — Wh H?Jl(Q)"

< B(vj, - wh,v,11 —wp) = B(U,ll,v}t —wp) — B(wh,v,l1 —wp)

< (Byuy, vy, = wn) + (14, Vh, v, = wh) + (Phg, vp — wh)

—a(ppn® + JE v, v —wp) -7t (ph2ph vp, — p%vo,v}ll—wh)

+ (v, vh —wn) = 2(n4 Dwn = D(vj, = wn)) = (wh, v, —wh)

0 1
< ”uv,hHL2(Q)”Uh = wh|r2(0) + H/thPhHL%(Q)HUh = wh |20
+ Hp?ngLQ(Q)" ||’U;1L —Wh HL?(Q)
1.0, 71 .1 1
+la(ppv” + Jp, 0p, vp — wh)|
- H*(Ph + Ph)”h PhUOHm(Q) ||U;1L —Wwp HLz(Q)

+ oy, - whHQL’Z(Q) + [2(m, Dwp, = D(vy, = wp,))|-

Now |(n: Dv' : D(vy —wy,))| = 0 for b — 0 since n} Dwy, - n*Dv' in L*(Q2) and
D(vy —wyp) = 0 in L*(2), and thus beside the trilinear form all terms directly
vanish for h — 0.

For the trilinear form we use the antisymmetry a(-,v} —wp, v} —wp) = 0 and
proceed

|(L(ph’U +Jh7vh7vh U)h)| |a(p v +J}];7whav}1_wh)|

1
- |3 nvuns ok wn) = 5 (v (0 - wn), wn)

< 5|\th |22 lwn |l 7 @) lon = wal L2 (o)

LtV (v} -
2
We note the strong convergence wy, — v* in L5(Q) and ¢, -t in L3(Q). Thus
the last term tends to zero for h — 0.
For m > 1 we use py*~' — p™™ 1 in L=(Q) to again obtain the strong conver-
gence py ot 4 gt o pmelymel g gmeln 13(Q).

The limit A — 0 in the dual equation

The convergence of and to and 7 i.e. the adjoint Navier—Stokes
equation, is shown as in the primal equation using the strong convergence of ¢y
in L=(Q) and 7 in W'3(Q) to show convergence of the trilinear form and of
the diffusion term.

The convergence of | and to and uses strong convergence
of p"“r1 in L*(Q) and of vm” in L°(Q), where the additional regularity for vy
is requ1red

The convergence of (47)) and (48 . ) to (27)) and (28]) also follows directly using
the above shown strong convergence of the prlmal varlableb Especially for the
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term (n’@Do™* @ Dp™l) we need the strong convergence v*! — ¢™*! in
neLrvy Poy.n g g h

HY(Q).

The limit A — 0 in the derivative w.r.t. the control
The convergence of to is shown using the strong convergence p’), in
L?(Q).

The convergence of to is shown using the various strong convergence
results.

Finally we show the convergence of to (32)). Since J(un,n) = J(u*, ¢*),
we observe convergence |Vur |2y = [|[Vus|r2(). Together with Poincaré’s
inequality and the weak convergence uy; — u} in H'(Q) we observe strong
convergence uy;, — u} in H'(Q). The convergence (51)) to now readily
follows.

5 Numerical examples

In this section we show numerical results for the optimal control problem
The implementation is done in C++ using the finite element toolbox FEniCS
[Logg et al., 2012| together with the PETSc linear algebra backend [Balay et al.,
2014] and the linear solver MUMPS [Amestoy et al., 2001]. For the adaptation
of the spatial meshes the toolbox ALBERTA |Schmidt and Siebert, 2005| is
used. The minimization problem is solved by steepest descent method. If the
initial phase field is not used as control, we use the GNU scientific library [gsl,
2013], if the initial value is used as control we use a self written implementation
using the H'! regularity of the control ;.

Let us next define some data, that is used throughout all examples. We use
p(p) = 2258 @+ 2502 and n(p) = 5@+ B2 where py, p2 and 71,7 depend
on the actual example. For the free energy we always use @, with s = le4, and
the mobility is set to b = ¢/500.

5.1 The adaptive concept

For the construction of the spatially adapted meshes we use the error indicators
that are constructed in |Garcke et al., 2016 for the primal equation and use
the series of meshes that we construct for the primal equation also for the
dual equation. This means that we use classical residual based error estimation
to obtain suitable error indicators. We note that following [Carstensen and
Verfiirth, 1999| the cell-wise residuals for the Cahn—Hilliard equation can be
subsumed to the edge-wise error indicators. We further note that from our
numerical tests we obtain that the cell-wise residuals of the momentum equation
is much smaller than the edge-wise indicators, while it turns out to be very
expensive to evaluate. Thus we neglect this term. The final error indicator
is the cell-wise sum of the jumps of the normal derivatives of the phase field
variable, the chemical potential and the velocity field over the cell boundary.
The final adaptation scheme for the primal equation is a Dorfler marking scheme
based on this indicator, see e.g. [Dorfler, 1996}|Garcke et al., 2016].
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For the Dérfler marking we set the largest cell volume to V4, = 0.0003,

while the smallest cell volume is set to Vi, = % (%)2 which results in 8 triangles
across the interface of thickness O(me).

Concerning the temporal resolution, we stress that we did not discretize the
control uy and up with respect to time, i.e. we use the variational discretization
approach from [Hinze, 2005b]. Thus we can adapt the time step size during
the optimization to fulfill a CFL-condition without changing the actual control
space. Thus we start with a given large time step size 7 and reduce this steps size

whenever the CFL-condition maxy g™ lrlr

diam(7) < 1is violated for any m=1,..., M

by halven 7.

5.2 A rising bubble

In this example investigate the pure boundary control ay = ay = 0. Here we use
ur = g as given data that we represent on a adapted mesh using the proposed
adaptive concept.

We investigate the example of a rising bubble, compare |[Kahle, 2014] and
use the parameters from the benchmark paper [Hysing et al., 2009|, i.e. p; =
1000, p2 = 100, n; = 10, 12 = 1. The surface tension is 24.5 which due to our
choice of free energy corresponds to o = 15.5972. The gravitational constant is
g=1(0,-0.981)" and the computational domain is = (0,1) x (0,1.5). The time
interval is I = [0,1.0] and we start with a step size 7 = e — 3, that is refined to
T = 2.5e — 3 throughout the optimization.

The initial phase field is given by
[sin((lz - M| ~r)e) i [z - My - rlfe < /2,
po(x) = { . (53)

sign(|z - My| -1) else,

with M; = (0.5,0.75)" and r = 0.25. The desired phase field is given by the
same expression but with M; = (0.5,0.5)". Thus we aim to move a bubble to
the bottom without changing its shape.

Concerning the ansatz functions for the operator Bp we introduce the vector
field

(T, €.) (@), = {cos((w/z)wl(x -ml)ifeziand € @-m)] <1,
0 else.

This describes an approximation to the Gaussian bell with local support. The
center is given by m and the diagonal matrix £ describes the width of the bell
in unit directions. We identify a scalar value for £ with £I, where I denotes the
identity matrix. The parameter c is the number of the component in which the
vector field f is non-zero. On the left and right boundary of 2 we provide 10
equidistantly distributed ansatz functions f[m;,&;,¢;](z). Here & = 1.5/10 and
& =1.0/10 if m; is located on bottom or top. We always choose ¢; such that the
ansatz function is tangential to 2.
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Figure 1: The initial phase field ¢q (left), the desired phase field ¢4 (middle)
and the control areas together with the zero-level lines of pg and ¢, (right)
for the rising bubble example. Note that each of the control areas contains 10
controls of the type f[m,&,c](z) that point tangential to 092 with overlapping
support.

We set o = 1e—10 and € = 0.04 and stop the optimization as soon as |VJ (u) ||
is decreased by a factor of 0.1.

In Figure [I] we present the initial phase field g, the desired phse field pq4
and the control areas together with the zero-level lines of g and 4.

The steepest descent method is able to reduce |VJ |y from 6e-2 to 4.6e-2 in
67 iterations and stagnates due to no further decrease in | VJ||y. Mean while the
functional J is reduced from 0.509 to 0.033. In Figure 2] we show the evolution
of ¢ for the optimal control together with the magnitude of the velocity field.

In Figure[3]we show the evolution of the control action over time. We observe
a rapid decay of the control strength at the end of the time horizon, while the
first peak corresponds to a strong control at the side walls in the region above
the bubble, that is rather inactive after this initial stage.

5.3 Reconstruction of the initial value

Finally we investigate an example of finding an initial phase field, such that
after a given amount of time without further control action a desired phase field
is achieved. Here we apply only initial value control, i.e. ay = ap =0, and we
use no-slip boundary conditions for the velocity field.

Let us turn to the representation of u;. We initialize u; with a constant value
uy = —0.8 and use a homogeneously refined initial mesh for its representation.
We use this mesh for 7.

After each step of the minimization algorithm we use the jumps accross edges
in normal direction of Vu; to construct a new grid for the representation of u;
and interpolate the current control to the new grid. The marking is evaluated
based on a Dorfler approach.

The parameter for this example are given as p; = 1000, p3 = 1, m; = 10,
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Figure 2: The evolution of the optimally controlled phase field and velocity
field at times ¢t = 0.25,0.5,0.75,1.0 (left to right) when control is only applied
to the side walls and not at the bottom and the top part of the boundary. The
pictures show the magnitude of the velocity field on the left and the phase field
on the right. For ¢t = 0.1 we additionally indicate the zero-level line of ¢4 by a
black line. Note that the velocity field coincides with Bgupg on the boundary.

Strength of control

[u(®)]

time

Figure 3: The evolution of the optimal control action over time, i.e. ||u(t)| for
the rising bubble example.
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Figure 4: The optimal control u; (left) and the resulting distribution at the end
of the time interval (right), where the bubble is shown in gray. The black line
indicates the zero level line of the desired shape.

ne = 0.1, 0 = 1.245 and g = -0.981. These are the parameters of the second
benchmark from [Hysing et al., 2009|, where o was rescaled due to our specific
choice of energy. We note that due to the large ratio in density, the bubble
undergoes strong deformation during rising. The optimization horizon again is
I=[0,1.5], and Q = (0,1)2. We set a = 0.2 and solve the optimization problem
for e = 0.02.

We initialize the optimization with u; = —0.8 and use a circle around M =
(0.5,0.6) with radius r = 0.1763040551 as defined in as desired shape. These
values are used such that /Q g —uydz =0 is fulfilled.

The optimization problem is solved using the VMPT method, proposed in
[Blank and Rupprecht, 2015|. It is an extension of the projected gradient method
to the Banach space setting. In our situation this is H'(2) n L=(Q).

We stop the allover algorithm as soon as |(DJ,,(:),v)| < le — 3, where v
denotes the current normalized search direction. In our example this is reached
after 31 iterations, where J is reduced from 3.8e-1 to 1.9e-1, and especially
[o® — 4]l is reduced from 0.43 to 0.16.

In Figure [f] we show the initial shape at the end of the optimization process,
on the left and the corresponding shape at the end of the optimization time
interval together with the zero level line of the desired shape on the right.

Remark 23. In first examples we used an energy for W, that fulfills Assump-
tions |(A1)H(A4) and the method of steepest descent to solve the resulting op-

timization problem. There we only got very slow convergence of the algorithm
and the resulting optimal u; had much broader interfaces. So it seems that it is
recommended to use the non-smoth free energy as we propose here.
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