arXiv:1804.00588v1 [math.CO] 2 Apr 2018

ENDS, TANGLES AND CRITICAL VERTEX SETS

JAN KURKOFKA AND MAX PITZ

ABSTRACT. We show that an arbitrary infinite graph G can be compactified
by its ends plus its critical vertex sets, where a finite set X of vertices of an
infinite graph is critical if its deletion leaves some infinitely many components
each with neighbourhood precisely equal to X.

We further provide a concrete separation system whose Rg-tangles are pre-
cisely the ends plus critical vertex sets. Our tangle compactification |G|r is
a quotient of Diestel’s (denoted by |G|e), and both use tangles to compactify
a graph in much the same way as the ends of a locally finite and connected
graph compactify it in its Freudenthal compactification.

Finally, generalising both Diestel’s construction of |G|g and our construc-
tion of |G|r, we show that G can be compactified by every inverse limit of
compactifications of the sets of components obtained by deleting a finite set of
vertices. Diestel’s |G|g is the finest such compactification, and our |G|r is the
coarsest one. Both coincide if and only if all tangles are ends. This answers
two questions of Diestel.

1. INTRODUCTION

The ends of a locally finite, connected graph naturally compactify it in its
Freudenthal compactification [2,3]. For a non-locally finite graph, however, adding
its ends usually no longer suffices to compactify it. This is where its tangles of
infinite order, its No-tangles, enter the scene: Recently, Diestel [5] combined Halin’s
notion of an end of an infinite graph ([I0], from 1964) with Robertson and Sey-
mour’s notion of a tangle ([13], from 1991) as follows: He first observed that every
end induces an Ng-tangle by orienting every finite order separation of the graph
towards the side where the end lives, and then proceeded to show that adding all
No-tangles to an arbitrary infinite graph (possibly disconnected and not locally fi-
nite) does again suffice to compactify it, yielding the tangle compactification |Gle
of G. Here and in the following, we let 2 and © denote the set of ends and of
No-tangles of a graph G respectively.

Like the Freudenthal compactification, |G|e has a totally disconnected remain-
der, i.e. the boundary at infinity contains no non-trivial connected components.
Moreover, if G is locally finite and connected, then its Nyp-tangles turn out to be
precisely its ends—and the tangle compactification coincides with the Freudenthal
compactification.

Our aim in this paper is twofold: First, we want to provide a comprehensive
study of the tangle compactification |G|e, as well as other related compactifica-
tions of infinite graphs, and secondly, to apply some of these insights in order to
answer the following two questions of Diestel’s paper [5l §6]:

(i) “For which G is |G|e the coarsest compactification in which its ends appear
as distinct points?”

(ii) “If it is not, is there a unique such [compactification], and is there a canon-
ical way to obtain it from |Gle ¢”
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Let us call a compactification of G that also extends the ends in a meaningful way
an Q-compactification of G (see Section 3| for a precise definition). Answering the
first question, we shall see in Theoremthat the tangle compactification |G|e is
the coarsest 2-compactification of G if and only if deleting any finite set of vertices
from G leaves only finitely many components, a property which we call tough. This
property turns out to be equivalent to the assertion that there are no Wy-tangles
other than the ends.

To answer the second question, we construct a new compactification |G|r whose
remainder is formed by the ends plus the critical vertex sets of G (a finite set
X C V(Q) is critical if its deletion leaves some infinitely many components each
with neighbourhood precisely equal to X). We show that |G|r is again a tangle-
type compactification, and that it can be obtained from |G|g as a natural quotient.
Strengthening these observations considerably, we then proceed to show that for a
natural class of compactifications of G—which we call Q2-compactifications induced
by a €-system—our newly constructed |G|r is the least such compactification and
Diestel’s |G|e is in fact the unique largest such compactification, see Theorem [7.7]
Phrased differently, this means that |G| is a quotient of every Q-compactification
induced by a €-system which in turn is always a quotient of |G|e. In particular,
we may rephrase our answer to question (i), observing that |G|e is the coarsest
compactification in which its ends appear as distinct points if and only if the class
of Q-compactifications induced by a @-system is trivial.

This paper is organised as follows. In Section 2] we provide details on tangles and
briefly review the construction of Diestel’s tangle compactification. In Section [3]
we formally introduce the concept of Q-compactifications and present our answer
to question (i) announced above.

In Section [4, we formally introduce critical vertez sets, and show that every
infinite graph G is compactified by its ends plus its critical vertex sets, giving
rise to a compactification |G|p. Furthermore, we show that the critical vertex
sets naturally partition the Np-tangles that are not ends (the so-called ultrafilter
tangles). This defines an equivalence relation ~ on © such that |G|g/~ is an Q-
compactification of G with the desired remainder QUcrit(G), where crit(G) denotes
the collection of all critical vertex sets. Notably, the number of critical vertex sets
is bounded above by the cardinality of the graph’s vertex set, and the number of
ultrafilter tangles is bounded below by the cardinal number |crit(G)] - 2°.

In Section [f] we show that |G|r (or equivalently: the quotient |G|e/~) is again a
tangle-type compactification. More precisely, we use critical vertex sets to explicitly
describe a collection S; of finite order separations of G such that the Wy-tangles
of S, tangles of infinite order that only orient the separations in S, correspond
precisely to the ends plus critical vertex sets. The Ng-tangles of S; differ from the
original Nyp-tangles in that they do not orient all the finite order separations, just
those in Si, and so there are significantly fewer of the new ones compared to the
original ones.

Next, in Section [6} we formally introduce the concept of €-systems. Recall that
the graph-theoretic ends of a graph (i.e. equivalence classes of rays) correspond
precisely to elements of the inverse limit of the system {€x,cx/ x, X} where X
denotes the collection of all finite subsets of V' (G) directed by inclusion; where €y is
the set of components of G—X and for X’ O X, the bonding map cx/ x: €x — €x
sends each component of G — X’ to the unique component of G — X including it.
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Diestel showed that the limit of the inverse system {8(¢x),8(cx/ x), X'} describes
the space © of Rg-tangles, where §(%x) is the Stone-Cech compactification of the
discrete space ¢’x and the bonding maps B(cx+ x) are provided by the Stone-Cech
property. From this description, the inclusion 2 C © is now evident. Generalising
this idea, we call an inverse system {a(%x),ax’ x, X'} of Hausdorff compactifica-
tions of the component spaces €x a €-system (of G) if the bonding maps ax/ x
continuously extend the underlying maps cx/ x. As our main result of this section,
Theorem we show that every %-system induces an 2-compactification of G in
the way Diestel used his %-system to compactify G.

Finally, in Section [7} we shall see that also our newly constructed compactifica-
tion |G|r is in fact induced by a €-system. Indeed, adding to any €x the critical
vertex sets contained in X yields a natural Hausdorff compactification I"x of €’x
with finite remainder, which in turn give rise to a %-system. We then proceed
to compare the different compactifications induced by %-systems. In particular,
we show that these I'x form the least €-system with respect to a natural partial
ordering. Consequently, the 2-compactification |G|r it induces turns out to be the
coarsest of its kind, whereas the tangle compactification |G|g is the finest one, The-
orem We conclude this paper by showing that |G|r and |G|e are equivalent if
and only if every ¥x is finite, i.e. if and only if the graph is tough, if and only if
all No-tangles are ends.

Acknowledgement. We thank Johannes Carmesin and Reinhard Diestel for inter-
esting discussions on the topic of infinite-order tangles.

2. REVIEWING DIESTEL'S TANGLE COMPACTIFICATION

2.1. Compactifications. A compactification of a topological space X is an ordered
pair (K, h) where K is a compact topological space and h: X — K is an embedding
of X as a dense subset of K. Sometimes we also refer to K as a compactification
of X if the embedding h is clearly understood (e.g. if h is the identity on X). The
space K \ h[X] is called the remainder of the compactification.

If (K,h) and (K’,h') are two compactifications of X we write (K, h) < (K', ')
whenever there exists a continuous mapping f: K’ — K for which the diagram

X
K+ K
commutes. Then (K, h) is said to be coarser than (K’,h’), and (K’,h’) in turn
is said to be finer than (K,h). When we want to say that (K,h) < (K',h/)
is witnessed by a map f: K’ — K we write f: (K',h') > (K,h) for short. If
there exists a homeomorphism f: (K',h') > (K,h), then we say that the two
compactifications (K, h) and (K',h') of X are (topologically) equivalent (this is
symmetric). Since every continuous map into a Hausdorff space is determined by
its restriction to any dense subset of its domain (cf. [I5, Corollary 13.14]), the
witness f: (K’,h’) > (K, h) is unique provided that K is Hausdorff.
Lemma 2.1 ([I5, Lemmas 19.7 and 19.8]). Let (K, h) and (K', 1) be two Hausdorff
compactifications of a topological space X .
(i) If f: (K',h") > (K,h) then f | W'[X] is a homeomorphism between h'[X]
and h[X], and f[K'\ K'[X]] = K \ h[X].
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(ii) The compactifications (K, h) and (K', h') are topologically equivalent if and
only if both (K, h) < (K', 1) and (K',h') < (K, h) hold.

A one-point compactification is a compactification with singleton remainder. It is
well known (cf. [I2, Theorem 29.1]) that a topological space X has a one-point Haus-
dorff compactification (wX,¢) if and only if X is locally compac‘ﬂ and Hausdorff
but not compact, and that (wX,¢) is unique up to topological equivalence.

Suppose now that X is a discrete topological space. Since X is locally compact,
X is open in all of its Hausdorff compactifications (cf. [8, Theorem 3.6.6]).

e If X is infinite and * is a point that is not in X we can extend X to its
one-point Hausdorff compactification wX := X U {*} by declaring as open
in addition to the open sets of X, for every finite A C X, the sets wX \ A
and taking the topology on wX this generates.

e If we pair the space SX of all ultrafilters on X carrying the topology whose
basic open sets are of the form {U € 8X | A € U}, one for each A C X, with
the embedding that sends every x € X to the principal ultrafilter on X gen-
erated by {z}, then this yields the finest Hausdorff compactification of X,
its Stone-Cech compactification (which is unique up to topological equiva-
lence). By the Stone-Cech property every continuous function f: X — T
into a compact Hausdorff space T" has a continuous extension 8f: 8X — T
with 8f [ X = f (cf. [8 Theorem 3.5.1]).

Theorem 2.2 ([1, Corollary 7.4]). If X is an infinite set, then |5X| = 22!,

2.2. Graphs with ends, and inverse limits. Given a graph G = (V, E) we
write X for the collection of all finite subsets of its vertex set V', partially ordered
by inclusion. A (combinatorial) end of a graph is an equivalence class of rays, where
a ray is a 1-way infinite path. Two rays are equivalent if for every X € X both have
a subray (also called tail) in the same component of G — X. In particular, for every
end w of G there is a unique component of G — X in which every ray of w has a tail,
and we denote this component by C(X,w). The set of ends of a graph G is denoted
by Q = Q(G). Further details on ends as well as any graph-theoretic notation not
explained here can be found in Diestel’s book [2], especially in Chapter 8.

If w is an end of G, then the components C(X,w) are compatible in that they
form a limit of an inverse system. Before we provide more details, we dedicate a
paragraph to the definition of an inverse limit:

A partially ordered set (I, <) is said to be directed if for every two i,j € I there
is some k € I with k > 4,j. Let (X; | i € I) be a family of topological spaces
indexed by some directed poset (I, <). Furthermore, suppose that we have a family
(@ji: X; = X, )i<jer of continuous mappings which are the identity on X, in case
of i = j and which are compatible in that ¢; = @094, forall¢ < j < k. Then both
families together are said to form an inverse system, and the maps ¢;; are called
its bonding maps. We denote such an inverse system by {X;, ¢;i, I} or {X;, i}
for short if I is clear from context. Its inverse limit fim X; = %im(Xz |iel)is
the topological space

@Xi = {(xi)iel ‘ (pji(ﬂl‘j) =T; for all 4 S_]} - HXz
i€l

L\ topological space X is locally compact if for each of its points there is some compact
subspace of X which includes an open neighbourhood of that point.
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Whenever we define an inverse system without specifying a topology for the spaces
X; first, we tacitly assume them to carry the discrete topology. If each X; is (non-
empty) compact Hausdorff, then so is lim Xj;.

Now we describe an inverse system giving the end space: We note that X is
directed by inclusion, and for every X € X we let ¥x be the set of components of
G — X. Then letting cx/ x : ¥x» — €x for X’ O X send each component of G — X’
to the unique component of G — X including it turns the sets €x into an inverse
system {€x, cx’ x,X}. Clearly, its inverse limit consists precisely of the directions
of the graph: choice maps f assigning to every X € X a component of G — X such
that f(X’) C f(X) whenever X’ D X. In 2010, Diestel and Kiihn [7] showed that

Theorem 2.3 ([7, Theorem 2.2]). Let G be any graph. Then there is a canonical
bijection between the (combinatorial) ends of G and its directions, i.e. Q = @%X.

Before we provide details on the Freudenthal compactification, we turn G into
a topological space. In the I-complez of G which we denote also by G, every edge
e = xy is a homeomorphic copy [z,y] := {z}UéU{y} of [0,1] with é corresponding
to (0,1). The point set of G is V' U| |, €. Points in ¢ are called inner edge points,
and they inherit their basic open neighbourhoods from (0,1). The space [z,y] is
called a topological edge, but we refer to it simply as edge and denote it by e. For
each subcollection ' C E we write F' for the set |_|ee € of inner edge points of
edges in F. The basic open neighbourhoods of a vertex v of G are given by unions
UQGE(U) [v,4.) of half open intervals with each i, some inner edge point of e. The
1-complex of G is compact if and only if the graph G is finite.

Convention. For edges e and edge sets F' we always mean é and F in the sense
above, not the interior with respect to some ambient topological space.

We extend (the 1-complex of) G to a topological space |G|q = GUS by declaring
as open in addition to the open sets of G, for all X € X and all € C ¥x, the sets

061 (X, %) :=U T U E(X,U%) UQAX, %)

and taking the topology on |G|q that this generates. Here, (X, %) denotes the
collection of those ends w of G with C(X,w) € ¥. Given X € X and an end
w of G we write C'(X,w) for O\ (X, {C(X,w)}). For graphs G that are locally
finite and connected, their Freudenthal compactification coincides with |G|q. For
arbitrary G this is not true. However, |G|q still is a reasonable extension of G also
in the non-locally finite case, with a new point living at each end of the graph. But
beware that |G|q is compact if and only if every @x is finite (cf. [6l Theorem 4.1];
we provide a short proof in Lemma .

2.3. Tangles. Next, we formally introduce tangles for a particular type of ‘sepa-
ration system’, referring the reader to [4] for an overview of the full theory and its
applications. A (finite order) separation of a graph G is a set {A, B} with AN B
finite and AU B = V such that G has no edge between A\ B and B\ A. The
ordered pairs (A, B) and (B, A) are then called the orientations of the separation
{A, B}, or (oriented) separations. Informally we think of A and B as the small side
and the big side of (A, B), respectively. Furthermore, we think of the separation
(A, B) as pointing towards its big side B and away from its small side A. If S is
a collection of unoriented separations, then we write S for the collection of their
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orientations. A subset O of S is an orientation of S if it contains precisely one of
(A, B) and (B, A) for each separation {4, B} in S.
We define a partial ordering < on S by letting

(A,B) < (C,D):=ACCand B2 D.

Here, we informally think of the oriented separation (A, B) as pointing towards
{C, D} and its orientations, whereas we think of (C, D) as pointing away from
{A, B} and its orientations. If O is an orientation of S and no two distinct separa-
tions (B, A) and (C, D) in O satisty (A, B) < (C, D), i.e., no two distinct separations
in O point away from each other, then we call O consistent.

We call a set o C S of oriented separations a star (in S) if every two distinct
separations (A, B) and (D, () in o point towards each other, i.e. satisfy (A4, B) <
(C, D). The interior of a star o = { (A;, B;) | i € I} is the intersection (., B; of
all the big sides. We say that an orientation O of S awvoids a subcollection F C S
if no subset of O is contained in F.

Definition 2.4. Let S be a collection of finite order separations of a graph G and
let F be a collection of stars in S. An F-tangle (of S) is a consistent orientation
of S that avoids F.

2.4. Ends and Tangles. We conclude this section by giving a summary of Diestel’s
paper [B]. From now on, let G = (V, E) be a fixed infinite graph and let S be the
collection of all its finite order separations. We write T<y, for the set of all finite
stars in S of finite interior, and we write 7 for the set of all stars in S of finite
interior (so T<x, C T). Instead of Ty,-tangles (of S) we say No-tangles (of G),
and we write © for the collection of all No—tanglesﬂ Clearly, every T-tangle is an
No-tangle. If w is an end of G, then letting

7 ={(A,B)e S| C(ANB,w) CG[B\ 4]}

defines a bijection w — 7, between the ends of G and the T-tangles. Therefore,
we call these tangles the end tangles of G. By abuse of notation we write {2 for the
collection of all end tangles of G, so we have 2 C ©.

In order to understand the Ny-tangles that are not ends, Diestel studied an
inverse limit description of © which we introduce in a moment. First, we note that
every finite order separation {A, B} corresponds to the bipartition {€, %"} of the
component space €y with X = AN B and

{A,B} ={V[€]uX,XUV[¢]}

where V[€] = oy V(C), and this correspondence is bijective for fixed X € X.
For all € C €x we write

sxoe = (V\V[€], XUV[F]) and sgx = (V[€]UX,V\V[¥])

whereas we write sx ¢ and sc—,x instead of sx_,(cy and s{c), x, respectively.
Hence if 7 is an Ng-tangle of the graph, then for each X € X it also chooses
one big side from each bipartition {#, %"’} of €x, namely the & € {€,%’} with

2Diestel [5] showed that this definition is equivalent to Robertson and Seymour’s [13].
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Sx—x € T. Since it chooses theses sides consistently, it induces an ultrafilter
U(r,X) on €x, one for every X € X, which is given by

U(T,X):{Cfgcfx|5)(_><g€7},

and these ultrafilters are compatible in that they form a limit of the inverse system
{B(¥x), Blcx.x), X }. Here, each set €x is endowed with the discrete topology
and B(€x) denotes its Stone-Cech compactification. Every bonding map j (cx7.x)
is the unique continuous extension of c¢x+ x that is provided by the Stone-Cech
property. More explicitly, the map B(cx/ x) sends each ultrafilter U’ € 5(€x/) to
its restriction

Ul X={¢C%x|3¢ cU:¢2% | X} epB(@x)

where ¢’ | X = cx/ x[%"']. Resuming Diestel’s notation, we write Ux for (%)
and fx/ x for B(cxs x). As one of his main results, Diestel showed that the map

T (UnRX)]| X eX)

defines a bijection between the tangle space © and the inverse limit i/ := limUx.
Moreover, he showed that the ends of G are precisely those Ny-tangles whose induced
ultrafilters are all principal.

For every Ng-tangle 7 we write X for the collection of all X € X for which
the induced ultrafilter U(7, X) is free. Equivalently, X is the collection of those
X € X for which the star {sc,x | C € €x } is included in 7. The set &, is
empty if and only if 7 is an end tangle. An Rg-tangle 7 with X non-empty is called
an ultrafilter tangle, and we write T for the collection of all ultrafilter tangles,
ie. T=0\Q =UN\Q For every ultrafilter tangle 7 the set X, has a least
element X of which it is the up-closure. Later, we will characterise these elements
combinatorially as the critical vertex sets (cf. Theorem |4.10)).

Theorem 2.5 (|5, Theorem 2 and Lemma 3.1]). Given X € X, each free ultrafilter
U on €x determines an ultrafilter tangle 7 of G with U(r,X) =U.

We conclude our summary of ‘Ends and tangles’ with the formal construction of
the tangle compactification. To obtain the tangle compactification |G|g of a graph
G we extend the 1-complex of G to a topological space GLI© = G UU by declaring
as open in addition to the open sets of G, for all X € X and all ¥ C ¥, the sets

Olgle (X, €) :=UFCUEX,UE)U{(Uy:Y eX)el|CecUx}
and taking the topology this generates.

Theorem 2.6 ([5l, Theorem 1]). Let G be any graph.

(i) |Gle is a compactification of G with totally disconnected remainder.
(ii) If G is locally finite and connected, then |Glo = |Gla coincides with the
Freudenthal compactification of G.

Teegen [14] generalised the tangle compactification to topological spaces.

3. COARSEST COMPACTIFICATIONS EXTENDING THE END SPACE

When Diestel asked for the coarsest compactification of a graph “in which its
ends appear as distinct points”, he kept things informal deliberately. Choosing a
way to make this precise is where we start:
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Q-compactification (of G) if aG \ E is a Hausdorff compactification of |G|o \ E.

Example 3.2. Diestel’s tangle compactification |G|g is an Q-compactification of G.
If G is locally finite and connected, then its Freudenthal compactification coincides
with |Glq = |Gle and hence is an Q-compactification of G.

Every Q-compactification of G is in particular a compactification of G. Requiring
an -compactification to be a compactification of |G|q ensures that it extends the
end space as well as the graph and endows G U ) with a meaningful topology.
Considering only Hausdorff compactifications of G is not an option since the tangle
compactification is not Hausdorff (however, its singleton subsets are closed in it).
As a result in an upcoming paper [11] we show that the remainder of a Hausdorff
compactification of any non-locally finite G cannot be totally disconnected. Since
the tangle space O is totally disconnected, this means that there is no way to extend
the topology of © to one on G LI © so as to yield a Hausdorff compactification of
G. In this sense the topology of the tangle compactification is best possible.

However, working with non-Hausdorff compactifications can be cumbersome, and
since |Gle \ E is Hausdorff one might think that requiring in the definition of an
Q-compactification only the subspace aG \ F to be Hausdorff would allow us to
apply standard results about Hausdorff compactifications also to 2-compactifica-
tions. But this requirement does not suffice to ensure that aG'\ E is a Hausdorff
compactification of [Gla \ E: indeed, E need not be open in aG (recall that the
notion E does not depend on any topology) so aG \ E need not be compact, and
moreover |G| \ E need not be dense in aG \ E (e.g. some point in oG \ |Gl might
have an open neighbourhood basis in aG' of sets meeting |G|q only in ). That is
why we decided to require oG \ E to be a Hausdorff compactification of |G|q \ E.

Convention. Even though we speak of an (2-compactification ‘of G’, we formally
treat it as a compactification of |G|g. For example, if 6G > aG holds for another
Q-compactification G, then any f: 6G > aG is required to fix 2 as well as G.
Likewise, a one-point Q-compactification aG of G is one with |aG \ |G|q| = 1.

As our first main result, we give a combinatorial characterisation of the graphs
admitting a one-point Q2-compactification. This requires some preparation.

Definition 3.3. We call a graph G tough if deleting a finite set of vertices leaves
only finitely many components. An end w of G living in a tough component C (X, w)
for some X € X we call tough. A graph with all ends tough we call end-tough.

Tough graphs are end-tough. Readers familiar with the notion of ¢-tough will
note the similarity to our definition of tough. However, a tough graph need not be
t-tough for any ¢, so we decided to leave it at that. It is known (cf. [6, Theorem 4.1])
that precisely the tough graphs are compactified by their ends. Our next lemma
derives this result from the compactness of the tangle compactification:

Lemma 3.4. Let G be any graph. The following are equivalent:
(i) |Gla is compact.
(ii) |Gla \ E is compact.
(iii) G is tough
) Q

(iv
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777

F1GURE 1. This graph is neither tough nor end-tough and it has
no 2-compactification with remainder of size at most one

Proof. (iv)—(i)—(ii). If all Ro-tangles are ends, then |G|e coincides with |G|q.
(if)—(iii). If (iii) fails there is some X € X with @y infinite, and then

{{a} |2 e X} U{ O, (X {CH\E|Ce®x}

is an open cover of |Glq \ E which admits no finite subcover.
(iii)—(iv). If G is tough then X, is empty for every Ro-tangle 7. O

Equipped with this lemma, we are ready to investigate an example:

Example 3.5. Let G be the non- tough graph depicted in Fig. 1] and note that its
sole end is not tough. Lemma [3.4] tells us that |G|q \ E is not compact. Let us
suppose that GG has a one-point Q compactification aG. Then aG \ E is the one-
point Hausdorff compactification of |G|o \ E, so |Gl \ E is locally compact and the
sole end w of G has a compact neighbourhood 4 in [G|q \ E. Consider some open
neighbourhood C'(X,w)\ E C A of w in aG \ E. Then this open neighbourhood
actually is a homeomorphlc copy of the non-compact space |Gla \ E so we find a
bad covering of it by open sets of |G|q \ E. Since w is the only end of G and {v} is
open in |G|\ E for each vertex v of G, we can extend the bad covering of that open
neighbourhood to one of A in |G| \E by adding singletons. Therefore, G is a graph
that neither has a trivial Q-compactification nor a one-point Q2-compactification.

Our next theorem states that the overall structure of this example is essentially
the only obstruction to the existence of a one-point 2-compactification:

Theorem 3.6. Let G be any graph. The following are equivalent:

(i) G has a one-point Q2-compactification.
(ii) G is end-tough but not tough.

In particular, every rayless graph has a one-point Q-compactification.

Proof. We start with the ‘in particular’ part, assuming (ii)—(i). Since G has no
end, it is end-tough. Hence by (ii)—(i) it suffices to show that G is not tough. And
G is indeed not tough, since otherwise 2 = @%X is non-empty as inverse limit of
non-empty finite spaces, yielding a ray in G' contrary to our assumptions.

()—(ii). If aG is a one-point 2-compactification of G, then aG \ E is the
one-point Hausdorff compactification of |Glq \ E, so |G lo \ E is locally compact
but not compact. Hence G is not tough by Lemma [3.4] and it remains to verify
end-toughness.

For this, we assume for a contradiction that some end w of G is not tough. Since
|G|o \ E is locally compact, we find a compact neighbourhood A of w in |Glq \ E.
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Next, we pick an open neighbourhood C(X,w)\E C A of win |G|q\ E. Let X' € X
witness the non-toughness of C'(X,w) and put 2= X U X’. Then

{{z} |2 €2} U{OEACY\ E|Cc %)

is a cover of |G |Q\E by open sets which admits no finite subcover of A, contradicting
the compactness of A.

(ii)—(i). We extend |G|q to a topological space aG = |G| U {x} by declaring as
open in addition to the open sets of |G|q, for every X € X and each cofinite subset
@ of €’x that contains all the non-tough components, the sets

O*(X, %) = UEX,U%)UQX,%) U {x}

and taking the topology on oG this generates. To see that this really generates
a topology, it suffices to show that for every two neighbourhoods O*(X, %) and
O*(Y, 2) of x there is some such neighbourhood of * included in their intersection.
Since €x \ € is a finite set of tough components of G— X, the set ¢’ := c;(tyyX (%) is
a cofinite subset of €xy containing all the non-tough components of G — (X UY).
Similarly, 2’ := C;(lLJY,Y(‘@) is cofinite in ¥xyuy and contains all the non-tough
components of G — (X UY), yielding

«€ON(XUY, ¢ N2 C O (X, €) N0 (Y, D).

Next, we verify that |G|q is an Q-compactification of G. Since G is non-tough,
all basic open neighbourhoods of * meet the vertex set: Indeed, consider any basic
open O*(X,%). If €x is infinite, then so is €. Otherwise €x is finite; then some
component of G — X is non-tough, since otherwise G itself is tough contrary to
our assumptions. In both cases € is non-empty, so O*(X, %) meets V as claimed.
Consequently, |G| is dense in aG and |G| \ E is dense in aG \ E. To see that
aG\ E is Hausdorff it suffices to find disjoint open neighbourhoods of an arbitrary
end of G and * in aG. Given any end w of G we pick an X € X such that C'(X,w) is
tough. Then C'(X,w) and O*(X, €x \ {C(X,w)}) are disjoint open neighbourhoods
of w and * in oG, respectively, as desired.

It remains to show that aG is compact. For this, let O = O*(X, %) be any basic
open neighbourhood of * . It suffices to show that aG \ O is compact. Write H
for the subgraph G — |J%. Clearly, |H|q is homeomorphic to aG \ O, so it suffices
to show that |H|q is compact. Since @x \ € is a finite set of tough components of
G — X, the graph H is tough, and hence |H|g is compact by Lemma O

It is well-known that every continuous surjection f: X — Y from a compact
space X onto a Hausdorff space Y gives rise to a homeomorphism between Y and
the quotient X/{f~1(y) | y € Y} over the fibres of f. Thus, each Hausdorff
compactification is a quotient of all finer ones. Since {2-compactifications may be
non-Hausdorff, proving a similar result for them takes some effort even if we consider
only ones whose topology comes with a nice basis:

Definition 3.7. In the context of a given graph G we call a set M crude if it satisfies
MNE =U,cnmny E(v). If a topological space X O G has a basis consisting of the
basic open sets of G and sets that are crude, then we call both the basis and the
space X crude.

Example 3.8. Both |G|q and |Gle are crude, and so is the one-point Q2-compac-
tification constructed in the proof of Theorem
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Lemma 3.9. If X O G is a crude topological space, then every open set O ofX\EO
extends to an open set O UJ,cony E(v) of X.

Proof. We let B be a crude basis for the topology of X and note that G is open
in X. Since O is open in X \ £ there is some open set W of X with W\ E = O
and W 2 U, conv E( ). Next, we choose a subcollection O C B of basic open sets
with W =JO. If O := OU UveOnV E(v) is a proper subset of W, then there is
some B € O with B ¢ O. This B cannot be crude, and hence must be basic open
in G. Since B cannot be a basic open neighbourhood of a vertex of GG, there is an
edge e of G with B C é and no endvertex of this edge may lie in O. In particular,
B avoids O. Therefore, discarding every such B from O results in 0= Uo. O

Proposition 3.10. Let G be any graph, and let oG and G be two crude Q2-com-
pactifications of G with f: G > aG. Then oG and G/{ f~1(¢) | £ € aG} are
topologically equivalent.

Proof. Let ~; be the equivalence relation on the remainder of G induced by f,
namely the one with 6G/~; = 6G/{ f71(£) | £ € aG }. The map f also gives rise to
a continuous bijection F': §G/~; — aG. Since (6G/~y) \E is compact and aG\E
is Hausdorff, general topology yields that the restriction F of F to (6G/~ ¥ \E is
a homeomorphism onto aG \ E. We use this to show that F is open.

For this, let any open set O of 6G/~ be given, and let B be a crude basis for
the topology of dG. Since | JO is open in 6G, we find a subcollection O C B with
UJO = O. Since ~; only affects the remainder of G and F is the identity on G
we may assume without loss of generality that every set in O is crude. Then [JO
is crude as union of crude sets, so O is crude as well. By Lemma [3.9] the open set
W := F[O\ E] of oG \ E extends to the open set W := Wu Uverwny E(v) of aG.
Clearly, W and F'[O] agree on oG\ E. The fact that O is crude implies that W
and F[O] agree also on E. O

The following lemma is folklore; we include it for the sake of convenience:

Lemma 3.11. Let X be a topological space with a Hausdorff compactification aX,
and let = be a non-trivial equivalence relation on the remainder such that aX /=~ is
again a Hausdorff compactification of X. Then aX/~ < aX.

Proof. The non-injective quotient map is the unique witness of aX > aX /=, thus
aX < aX/~ would force it to be a homeomorphism (cf. Lemma [2.1)). O

As a consequence of this lemma, every graph with a vertex of infinite degree has
no coarsest Hausdorff compactification, but we will not use this observation. We
are now ready to answer Diestel’s questions:

Theorem 3.12. Let G be any graph. The following cases can occur:

(i) If G is tough, then every Q2-compactification of G coincides with |G|q.

(ii) If G is not tough but end-tough, then G has a crude one-point Q2-compacti-
fication which is the coarsest crude Q-compactification; which is a quotient
of every crude Q-compactification; and which is not equivalent to |Gle.

(iii) Lastly, if G is neither tough nor end-tough, then G has no Q-compactifi-
cation with remainder of size at most one. Moreover, G has no coarsest
Q-compactification, not even if we consider only crude Q-compactifications.

In particular, |G|e is the coarsest Q-compactification of G if and only if G is tough.
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Proof. (i). If G is tough, then |G|q \ E is compact by Lemma In particular,
|G|\ E is compact Hausdorff and hence every Hausdorff compactification of |G|\ E
must have empty remainder.

(ii). Lemma ensures that no Q-compactification of G has empty remainder.
Let aG = |G|g U {*} be the crude one-point Q-compactification of G that we
constructed in the proof of Theorem [3.6] Given any crude Q-compactification 6G
of G we have to find an f: 0G > aG. Since oG\ F is the one-point Hausdorff com-
pactification of |G\Q\E‘, we find some f: 5G\E > aG\E‘, and we put f = fUidg.
We must show that f is continuous. For this, let O be any basic open set of aG. If
O is open in G we are done, so we may assume that O is of the form O*(X,%). In
particular, O is crude. By Lemma the open set f1(O\ E) of 6G \ E extends
to an open set of §G which coincides with f~1(O) since O is crude. Thus f is
continuous. By Proposition [3.10] we know that aG is a quotient of dG. To see
that oG and |G|e cannot be topologically equivalent note that aG has singleton
remainder while |G| \ |G|a = T has size at least two by Theorem [2.5

(iii). By Lemma and Theorem [3.6| we have |aG \ |G|q| > 2. Hence we may
choose some distinct two points z and y in aG \ |G|q. Then oG/{z,y} is again an
Q-compactification of G, and aG < oG /{z,y} is impossible since otherwise

G\ B < (aG/{z.y}) \ B = (aG\ B)/{z,y}
would contradict Lemma If oG is crude, then so is aG/{z,y}. O

This answers Diestel’s questions, but the existence of a giant class of graphs that
do not have a coarsest {2-compactification (crude or not) is not a satisfying answer if
one hopes to find interesting compactifications that might help generalising results
about locally finite graphs to arbitrary ones. That is why we do not stop here.

4. COMPACTIFYING ANY GRAPH WITH ENDS AND CRITICAL VERTEX SETS

In this section we introduce critical vertex sets and show how they can be used
together with the ends to compactify an arbitrary graph.

We call a finite set X of vertices of a graph critical if deleting X leaves some
infinitely many components each with neighbourhood precisely equal to X. More
formally, we introduce some notation first:

Notation. For every X € X and each Y C X we write €x(Y") for the collection of
all components C' € ¥x with N(C) =Y.

Definition 4.1. A finite set X € X is critical if ¥x(X) is infinite.

Notation. The collection of all critical elements of X is denoted by crit(G). Given
X € X we write crit(X) for the collection crit(G) N 2% of all critical subsets of X.

The following two lemmas will be used all the time without further mentioning:
Lemma 4.2. The power set of X € X induces a finite partition of €x, namely
{ex(Y) Y e 2% }\{0}. O
Lemma 4.3. For every X € X we have
crit(X) = {Y € 2% | €x(Y) is infinite }.
Proof. This is immediate from €x(Y)={C e &% Y)|CNnX =0} O
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Notation. For all X € X we write € for the finite set of those components of
G — X that are not contained in €x(Y) for any critical Y € crit(X), i.e.

¢y =%¢x\ || Ex).

Y ecrit(X)

If Y € X is critical, then there are infinitely many independent paths between
any two distinct vertices in Y. Therefore, if X € X does not include Y there is a
unique component of G — X that meets Y. Since every component in %y (Y) sends
an edge to every vertex in the non-empty set Y\ X, all of the components in 6y (V)
avoiding X are included in the same component of G — X as Y \ X.

Notation. For every X € X and Y € crit(GQ) \ 2% we write Cx(Y) for the unique
component of G — X meeting YV (equivalently: including |J €xuy (Y)).

Now that we are familiar with the basics of critical vertex sets, our next aim is
to link them to Diestel’s ultrafilter tangles:

Lemma 4.4. If 7 is an ultrafilter tangle, then €x_(X,) € U(1,X,).
Proof. We recall that U(r, X;) is free and that €’x_ admits the finite partition

{x ()| Y € 2% 3\ {0}.

By Lemma there is some unique Z € crit(X;) with €x_(Z) € U(r, X;). We
assume for a contradiction that Z is distinct from X, and write € = €x_(Z). In
particular, Z is a proper subset of X, so the ultrafilter U(7, Z) is principal and
hence generated by {C} for some component C' of G — Z. The components in €
are also components of G—Z, so we have € =€ | Z € U(r, Z) and C € % follows.
By U(r,Z) =U(7,X,) | Z we find some ¢’ € U(r, X;) with €' | Z C {C}. Since
C € ¥ is a component of G — X as well, the only possibility for €’ is {C}, so
{C} € U(r,X) is the desired contradiction. O

Corollary 4.5. If 7 is an ultrafilter tangle, then X, is critical. O
Corollary 4.6. If 7 is an ultrafilter tangle and X € X., then €x(X;) € U(T, X).

Proof. We write € = €x_(X,). This set is contained in the free ultrafilter U (7, X )
by Lemma [£-4] Let 2 be the collection obtained from % by discarding the finitely
many components meeting X from it, i.e. let 2 = €N Ex. Then 2 = €x(X,)
holds, and 2 being a cofinite subset of € implies 2 € U(7, X,). Due to U(7, X;) =
U(r,X) | X; we find some 2’ € U(r, X ) with 2’ | X; C 9. Then 2 C ¥x implies
PNV X, =950 9 €U(r,X) and 9 C 9 C6x imply Z € U(r, X). O

Lemma 4.7. For all X € X, every Y € crit(X) and each free ultrafilter U on
€x(Y) there is a unique ultrafilter tangle T with U(r,X) N 2¢xY) = U, and this
ultrafilter tangle T satisfies X, =Y.

Proof. We let U’ be the ultrafilter on €x given by the up-closure of U. This U’
determines an ultrafilter tangle 7 by Theorem In particular, we have ¥ € X..
For every Y~ C Y the set €x(Y) | Y~ is a singleton in U(7,Y ™) witnessing
Y~ ¢ X.,s0Y = X, follows from X, = | X, ]| x. |

Lemma 4.8. For every ultrafilter tangle 7 and each X € X \ X; we do have
X: C X UCx(X;) and the ultrafilter U(7, X) is generated by {Cx (X;)}.
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Proof. By Corollary [4.5| we have X, € crit(G). In particular, X, C X U Cx(X,).
Put X’ = X UX,. Then Corollary [1.6] yields ¢x/(X;) € U(r, X’). Finally, we note
that {Cx(XT)} =Cx/ (XT) [ X e U(T,X) O

Definition 4.9. On the set T of ultrafilter tangles we define the equivalence rela-
tion ~ by letting

T~ e X=X

Theorem 4.10. Let G be any graph.
(i) The map [7]~ — X, is a bijection between Y/~ and crit(G).
(ii) For every critical X € crit(G) the map

7 U(r, X) N 26x (0

s a bijection between the ultrafilter tangles T with X, = X and the free
ultrafilters on €x(X). Moreover, the number of ultrafilter tangles T with
X, =X is 22" where k = |€x(X)| > N.

(iil) |erit(G)| < V.

(iv) |erit(G)| - 2° < |X|.

Proof. (1). This map is well-defined by Corollary By definition of ~ it is
injective, and it is surjective by Lemma [£.7]

(ii). This map is well-defined by Lemma and bijective by Lemma The
number of free ultrafilters on ¥ (X) is 22" by Theorem

(iii) is immediate from crit(G) C X = [V]<Ro.

(iv) follows from (i) combined with (ii). O

As a consequence of Theorem (i) the quotient |G|/~ witnesses that
Theorem 4.11. FEvery graph is compactified by its ends plus critical vertex sets. [

Later, Theorem [7.7] will yield a more explicit description of the topology of the
quotient |G|e/~, and it will show that |G|eo/~ is a crude Q-compactification.

We close this section with a short lemma which we do not need for the remainder
of this paper, but which we deem worth a few lines:

Lemma 4.12. The vertices of infinite degree are precisely the vertices that either
dominate an end or lie in a critical vertex set.

Proof. 1t suffices to show that every vertex of infinite degree that is not contained
in any critical vertex set dominates some end. For this, let any such vertex be given
and write ) for the directed poset formed by the X € X containing it. Next, for
all X € )Y we let Zx consist of the components of G — X to which our vertex sends
an edge. Since our vertex is not contained in any critical vertex set, we deduce
that each Zx is finite, and our vertex having infinite degree ensures that no Zx
is empty. Hence { Zx, ¢cx/ x | Zx/, Y} is an inverse system of non-empty finite
spaces, so its limit is non-empty. Using Theorem [2.3] and the fact that Y is cofinal
in X, we obtain an end that is dominated by the given vertex. (I

5. ENDS AND CRITICAL VERTEX SETS AS TANGLES

Theorem raises the question whether it is possible to find a subset S’ of
the set S of finite order separations and a collection F of stars in S’ such that the
F-tangles of S’ are precisely the ends plus the critical vertex sets of G, i.e., whether
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|G|e/~ is again a tangle-type compactification. As the main result of this section,
we show that this is the case.

Definition 5.1. Let X € X be given. We call a subcollection ¥ C €x tame if for
no Y € crit(X) both €x(Y)NE and €x (V) N (€x \ €) are infinite. If {€, €'} is
a bipartition of ¥x with both € and %’ tame, then we call it tame. Furthermore,
we call the corresponding finite order separation and its orientations tame.

Example 5.2. Finite subsets of €x are tame, and for all Y € 2% each cofinite
subset of €x(Y) is tame.

Notation. We write Py for the set of all tame subsets of €x, partially ordered by
inclusion. We write S; for the set of all tame finite order separations, and we write

<tN0 for the set of all finite stars in S} of finite interior. Instead of ’7'<tNO—tangles of
S; we shall say No-tangles of Si, and we write Oy for the set of all Rp-tangles of S;.

Our first aim in this section is to find an inverse limit description of ©;. For
this, we will show that every Ny-tangle of S; induces, for every X € X, a particular
type of filter on the poset Py. However, we need some technical lemmas first:

Lemma 5.3. Given X € X, any tangle 7 € © containing sx ¢ and Sx_q for
some two subsets € and P of €x also contains sx_s¢na.

Proof (adapted from [5, Lemma 1.2]). Given X € X, a tangle 7 € ©; and subsets ¢
and 2 of €x with sx_s¢ € 7 and sx_. € T we note first that sx_,¢no is tame so 7
contains one of sx_,¢n9 and s¢gng_s x. Assume for a contradiction that 7 contains
s¢na—x. Clearly, sx_, » is tame for & = €U(%x \ Z). By consistency, sx_» <
Sx—% € T implies sx_, » € 7. But then the star { s¢gno—x, Sx—.x, Sx—o + has
interior X and is included in 7, so 7 does not avoid T<tN0’ a contradiction. O

Every No-tangle 7 of S; induces, for every X € X, the filter
F(r,X)={¢ € Py |sxseg €T}
on the poset Py as the next lemma shows:
Lemma 5.4. For every 7 € ©y and X € X the set F(r,X) is a filter on (P, C).

Proof. The star {sx_,g} € Ty, is avoided by 7, ensuring ) ¢ F(7,X) as well
as €x € F(r,X). For any two ¢,2 € F(r,X) we have ¥ N ¥ € F(1,X) by
Lemma Finally, for any ¢ € F(7,X) and 2 € P{ with € C 2 we also have
2 € F(t,X) by consistency of 7. O

Proposition 5.5. For every T € O and X € X exactly one of the following holds:

(i) There is a component C of G — X such that F(7,X) is the principal filter
on the poset Py at {C}, i.e. such that F(r,X) = [{C}]p;.

(i) There is some Y € crit(X) such that F(7,X) is the up-closure in Py of the
cofinite filter on €x(Y).

Proof. We have seen in Lemmathat F(r,X) is a filter. If 7 contains sx_,¢ for
some component C of G— X, then (i) is the only possibility for our filter F'(7, X), so
we may assume that no sx_,¢ is in 7. We recall that €y is the set of all components
C € €x that are not in €x(Y) for a critical Y € crit(X). The set

{SC‘)X ‘ C e (f); } @] {chx(y)_,x | Y € CI‘it(X)}
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is a star in 7y, so 7 avoids it. Due to our assumption there is some Z € crit(X)
with sx_,¢.(z) € T witnessing that 7 avoids this star, and this Z is unique by
consistency. Next, we verify that F'(7, X) includes the cofinite filter on €x(Z). For
this, let any cofinite subset € of €x(Z) be given. As before, the set

{80-}X|C€%};} U {S(gx(y)ﬁx|Y6Crit(X)\{Z}}
U {Sc_>x|c€ch(2)\cg} U {chﬁx}

is a star in T<tNo which 7 must avoid. Since 7 contains none of the sx_.~ and
none of the sx_ ¢, (y) for Y # Z by the uniqueness of Z, it must contain sx .,
yielding ¢ € F (7, X) as desired. Thus F(7, X) includes the cofinite filter on €x (Z).
Since F(7,X) is a filter, it also includes the up-closure in P of said cofinite filter.
If F(r,X) is a proper superset of this up-closure, then this is witnessed by some
€ € F(r,X) with €x(Z)\ ¢ infinite. The separation sx_,¢ is tame, so € NEx (Z)
must be finite. But then F(7, X) contains both €x(Z) \ € and ¢ N €x(Z), so it
also contains the empty set which is impossible. Hence (ii) holds. O

This proposition already hints to the possibility of a connection between the
No-tangles of Sy and the ends plus the critical vertex sets of G. Now we construct
our inverse system: We take, for every X € X, the set

I'x = %x Ucrit(X)

and take the bonding maps fx/ x: I'ys — I'y for X’ DO X which coincide with
cx’,x on €x; which are the identity on crit(X’) N crit(X); and which send each
Y € crit(X') \ crit(X) to the unique component Cx (Y) of G — X meeting Y. This
completes the construction of the inverse system {I'x, fx x, X'} whose inverse limit
we denote by

I o=1lim(Ix | X € X).

Notation. For every Y € crit(G) we write (Y) for the limit (px | X € &) in T
defined by setting px =Y for all X € |Y]x and px = Cx(Y') otherwise.

Observation 5.6. The limits in I" that are not ends are precisely the critical vertex
sets, i.e. T=QU{(X)| X € crit(G) }. O

In order to link the Ng-tangles of S; to the limits of this inverse system, we define
maps px: ©; — ['x, one for each X € X, by letting them send every 7 € O to the
unique C' € €x or Y € crit(X) given by Proposition Once we have shown two
technical lemmas, we shall see that these maps are compatible with the bonding
maps of the inverse system, so they combine to a bijection between O and the
inverse limit I' = @F X

Lemma 5.7. Let {A,B} € S; and {C,D} € S be such that both AANC and BAD
are finite. Then {C,D} € S;.

Proof. We assume for a contradiction that the separation {C, D} is not in S,
witnessed by some Y € crit(C N D). Let {€, 2} be the bipartition of €cnp(Y)
with V[¢] C C\ D and V[2] C D\ C. By choice of Y, both ¢ and & are infinite.
Next, we put

¢ ={Ke?¢|KNANB=0}and 2 ={KeZ2|KNANB=10},
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and observe that both ¢\ ¢’ and 2\ 2’ are finite since so is AN B. By choice of
{C, D} we know that all but finitely many of the components in ¢ are included in
G[A\ B] and all but finitely many of the components in 2’ are included in G[B\ A4].
We write " and 2" for the infinite collections of these components, respectively.
Finally, we check two cases and derive a contradiction for both:

First, if Y ¢ crit(A N B) then the component C4np(Y) of G — (AN B) includes
both |J%" and | 2”. But exactly one of G[A\ B] and G[B\ 4] includes Canp(Y),
contradicting | %" C G[A\ B] and | 2" C G[B\ A] as desired.

Second, if Y € crit(ANB), then Y together with " and 2" witness {A, B} ¢ S,
contradicting our assumptions. (I

Lemma 5.8. Given 7 € O, and (A, B) € 7, if (A", B') € § is such that both ANA’
and BAB' are finite, then (A',B’) € 7.

Proof (adapted from [B, Lemma 1.10]). By Lemma all of the three separations
{A",B'}, {AUA', B’} and {A, BUB'} are in S;. It suffices to show (AUA’, B’) € 7,
since then (A’,B’) € 7 follows from (A’,B’) < (AU A',B’) € 7 and 7 being
consistent. Due to (A,BU B’) < (A,B) € 7 the consistency of 7 implies that
(A,BUB') € 7. Now the set {(A,BUB'),(B’,AU A)} is a star in T}y, so the
only possibility for {A U A’, B’} to be oriented by 7 is (AU A’, B) € 7. O

Lemma 5.9. The diagram

Oy

@‘7 Y‘x’
FX fx/,X FX’

commutes for all X C X' € X.

Proof. Given 7 € ©y we put £ = fx/ x(px/(7)) and check two cases:

For the first case we assume that £ is a component C' of G — X, and we put
¢ = c}}’X(C’). It suffices to show sx/_ ¢ € T, since then Lemma yields
sx—»c € T so {C} € F(r,X) implies px(7) = C as desired. For this; we first
note that Lemma and sx_,¢c € gt ensure Sx/_yg € §t. Next, we claim that
¢’ € F(1,X’) holds: Indeed, if ¢ x/(7) is a component of G — X' then by definition
of fx/ x it must be a component in ¥’ and ¢’ € F(r,X’) follows. And otherwise
wx/(7) is some critical Y € crit(X’) with Cx(Y) = C, so U%x/ (Y) C Cx(Y)
implies €x/ (Y) C ¢”, also resulting in ¢’ € F(1, X’). Thus we have ¢’ € F(r,X’)
which is tantamount to sx/_y¢ € T.

For the second case we assume that & is a critical vertex set Y € crit(X). Then
wx/ (1) =Y follows. We assume for a contradiction that Y is distinct from ¢x (7).
By definition of ¢x (7) we find some cofinite subset ¢ of €x (Y') with € ¢ F(r, X).
To yield a contradiction, it suffices to show sx_,& € 7. For this, set ¢’ = c}}’x(%).
Then px/(7) =Y yields ' € F(r,X’) since €” is a cofinite subset of €x/(Y). In
particular, we have sx/_,¢ € 7 which implies sx_, € 7 by Lemma 5.8 O

Theorem 5.10. Let G be any graph. The Xg-tangles of Sy are precisely the limits of
the inverse system {I'x,fx/ x, X'}, which in turn are precisely the ends and critical
vertex sets of G, i.e. Oy =T = QU crit(G).
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Proof. We already noted I' = U crit(G) in Observation The map

= (px(m) [ X € X)

from O to I' is well-defined by Lemma [5.9] and it is injective by definition: If 7
and 7' are distinct tangles in Oy, then this is witnessed by some separation {A, B}
with (A,B) € 7~ 7" and (B,A) € 7'~ 7,80 F(r, AN B) and F (7', AN B) are also
distinct, causing @ anp(T) # @anp (7). Hence it remains to verify surjectivity.

For this, let any & € T" be given. If £ is an end w of G, then 7, N S, (here, 7, is
the Nyp-tangle of S D S} induced by w) gets mapped to €. Otherwise £ is of the form
{Y') by Observation Theorem yields an ultrafilter tangle 7 (an No-tangle
of S D S; that is not an_aend) with X, =Y. Due to Sy C S and T<tNo C Tex,
it is immediate that 7 N Sy is an Ng-tangle of S;. It remains to check that it gets
mapped to (V). For every X € X\ X, the ultrafilter U(7, X) is generated by
{Cx(X;)} according to Lemma s0 ox (7N S;) = Cx(X,) follows. For every
X € X, the ultrafilter U(7, X) is free and contains €x(X,) by Corollary SO
ox (7N S;) = X, follows. Thus 7 NS, € O gets mapped to (V) as desired. O

6. COMPACTIFICATIONS INDUCED BY %-SYSTEMS

From a topological point of view, the compactness of the tangle compactification
ultimately is a consequence of the Stone-Cech property giving rise to the compact
Hausdorft extension @ﬁ (¢x) =U of @%X = 1 and the way the inverse limit
topology of U is extended to interact with G in G UU = |G|e. In the spirit of our
paper, this raises the question whether there exists a coarsest compactification of
G among those that are induced in this particular way by the limit of a & -system,
an inverse system of Hausdorff compactifications of the discrete component spaces
¢x with bonding maps that continuously extend the underlying maps cx/ x.

As our two main results of this section we show that every %-system gives rise
to an {d-compactification of G in the way Diestel used his @-system {Ux, fx/ x}
to compactify G in his tangle compactification, and we show how %-systems can
be partially ordered in a natural way that extends to the 2-compactifications they
induce. We will put these insights to use in the next section in order to find the
coarsest ()-compactification that is induced by a %-system.

Definition 6.1. We call an inverse system { («(¥x),ax), ax/ x , X } of Hausdorff
compactifications (a(%x), ax) of the discrete spaces €x a €-system (of G) if

ax/ X O QX = Qx OCX/ X (1)
holds for all X C X’ € X, i.e. if the diagram

Cx/ x

(gX — %X/

axj jax,

Q(%X) <7UX’,X O[(%X/)
commutes for all X C X' € X.

Notation. We write € for the €-system { (a(%€x),ax), ax/ x } and Z® for its
inverse limit @a(%x).
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Since every continuous map into a Hausdorff space is determined by its restriction
to any dense subset of its domain (cf. [I5 Corollary 13.14]), condition ensures
that the bonding maps ax/ x are unique.

Example 6.2. If G is tough, then {%x, cx/ x} is a ¥-system giving the end space
Q0 =1im € (cf. Theorem that compactifies G in |G|q.

Example 6.3. Diestel’s {Ux, fx/ x} is a @-system giving the tangle space © =
U =limUx that compactifies G in his tangle compactification |Gle.

Notation. We write €Y for the €-system {Ux, fx’ x }.
By Theoremwe have 2 = 1'&1‘5)(, so condition ensures that the mapping

> Q — A
(Cx‘XEX) — (ax(CX)|X€X)

is a well-defined injection. As our first main result of this section, we generalise
Diestel’s construction of the tangle compactification and show that every %&-system
gives rise to an 2-compactification:

Given any €-system € of G we let the map 7% : Z% — a(%x ) be the continuous
restriction of the Xth projection map pry: [[ycr @(€y) = a(€x) to . Now
we extend the 1-complex of G to a topological space aG = G LU Z* by declaring
as open in addition to the open sets of G, for all X € X and every open set O of
a(%x), the sets

Ouc(X,0) =% UB(X,U%) U (x%) 1 (0)

where ¢ = a;(l(O) C ¥x, and taking the topology on aGG this generates; since it is
not clear that we really defined a basis here, we formally verify this in Lemma
By a general result on inverse limits, the open sets (7$)~1(0) of Z% form a basis
for the topology of Z¢ (cf. [9, Lemma 1.1.1]), so aG includes Z¢ as a subspace.
For ease of notation we write mx instead of 7§ if the affiliation is clear. Before we
prove that aG really is an Q2-compactification of GG, we check three technical facts:

Fact 6.4. The diagram

IO&
7\'(;( 7";/
a(@x) 2% o(Ex)

commutes for all X C X' € X.
Lemma 6.5. For all X C X' € X and every open set O of a(€x) we have
OaG(Xv O) 2 OaG(le a)_(}7X(O))
Proof. We write O’ = a}},X(O). Fact yields 73 (0) = 73/ (0') so it remains
to verify that |Jay'(O) 2 |Jay, (O') which is easily calculated:
_ 1, - () _ - _
UC“X}(O/) = Uax}(ax},X(O)) = CX},X(axl(O)) - Uaxl(0)~ U

Lemma 6.6. The open sets of the 1-complex of G together with the sets Ona(X, O)
form a basis for a topology on oG = G UZL®.
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Proof. 1t suffices to show that for every £ € 7% and every two neighbourhoods
Ouc(X,0) and O,a(X',0’) of £ there exists a third neighbourhood of this form
included in the intersection Oug(X,0)NOua(X',0'). Write = = X U X', The set

Ouc(E, az’x(0) Naz k. (0"))
is such a neighbourhood by Fact and Lemma [6.5 O

Theorem 6.7. Let G be any graph. If €% is a €-system of G, then oG is an
Q-compactification of G.

Proof. Lemma [6.6] ensures that oG is a topological space.

First, we show that aG is compact. For this, we generalise Diestel’s proof of
his [5, Theorem 1 (i)] in that we replace his Lemmas 2.3 and 3.7 by topological
arguments. Let O be any cover of aG\G by open sets O, (X, O) of aG. The inverse
limit Z% of compact Hausdorff spaces is again compact Hausdorff, so aG \ G = I¢
is compact and the cover O admits a finite subcover of the form

O’Z{OQG(X,O)() |X EX/}

(with X' C X finite) that covers Z% Our aim is to show that G \ [JO’ is the
1-complex of a finite graph, since then G \ [JO' = oG \ |J O’ will be compact as
desired. For this, we put = = [JX’, and for each X € X’ we let O% := a;X (Ox).
Recall that Ouc (2, 0% ) € Onc(X, Ox) holds by Lemma The collection

{0ac(E,0) | X € X'}
still covers Z¢ by Fact Now we consider the set

¢:=%=\ |J oz'(O%).
Xex
If |J% is finite, then GIEUV[¥]] 2 G\ |JO’ is compact and we are done. Hence
we may assume for a contradiction that | J% is infinite. The set

A=a(t=)\ |J Ok
Xex
is closed in a(%=) and satisfies az'(A) = €. For all Y € |Z|x put Ay = ay=(A).
Every Ay is compact Hausdorff as closed subset of a(%éy ). Since |J € is infinite, it
follows that every ¢y (%) is non-empty. Combined with a=[%¢] C A and this
implies that every Ay is non-empty, witnessed by oy [c;la(‘ﬁ )] € Ay. Consequently
we find a limit of the inverse system { Ay, ay'y | Ay/, |Z]x } and this limit
determines a £ € Z® since | =]y is cofinal in X. In particular,

cenz'(A)=1°\UO

is a contradiction. Thus aG is compact.

Second, we show that aG induces the correct subspace topology on G Ll t*[€].
For this we assume without loss of generality that (* is the identity on 2. Each
basic open set Oa (X, O) of aG induces on G U the open set O, (X, ax (O)).
Conversely, every basic open set O|g, (X, Z) of |G|q is induced by the basic open
set O (X, ax[2]) of aG (recall that ax[€x] is open in a(%x)).

Finally, we deduce that aG is an Q-compactification of G. We have shown that
aG is a compact space including |G|g as a subspace. From Z¢ being Hausdorff
and the choice of our basis for the topology of aG it is immediate that oG \ Eis
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Hausdorff. Since E is open in aG, it follows that aG \ E is compact. Therefore, it
remains to show that |G| is dense in oG and that |G|q \ E is dense in oG\ E. For
this, it suffices to show that an arbitrary basic open set O,g(X,0) with O non-
empty meets V. Since ax|[€x] is dense in a(€x) we know that O meets ax[€x],
so Jay'(O) is a non-empty subgraph of G, and hence Oy(X,0) meets V. O

Definition 6.8. We call an Q-compactification of G a €-compactification of G if
it is induced by a %-system of G.

Fact 6.9. All ¢-compactifications are crude (cf. p. [10).
Our next definition provides a way to compare %-systems:

Definition 6.10. If ¥* = (Oé(ch), Oéx) , AX X } and %6 = { ((5(%}(),5){) 5 DXI)X }
are two €-systems of G, then we write € <¢ €?° if for every X € X there is some
fx:(0(€x),0x) > (a(€x),ax) and these maps are compatible in that

fxodxx =ax/xo fx (2)
holds for all X C X' € X (a diagram follows below).

Recall that the maps fx are unique. Condition together with condition
ensures that the left-hand diagram

Cx/ x

Cxr

6,‘(’

0/,

§(€x) = 6(€x)

A xt
le lfx’

a(Cx) o5 (Cx)

commutes so that our compatible continuous surjections fx (cf. Lemma [2.1]) com-
bine to a well-defined continuous surjection

wéa: I& s T
(px [ XeX) = (fx(px)[XeX)

from one inverse limit onto the other (cf. [, Corollary 1.1.5]), and that 1)°® fixes
in that ¢°% 0 1% = 1 (see the right-hand diagram above). When we are given two
concrete €-systems € and %° later, verifying € <4 ¢° will be easy:

Lemma 6.11. If €% and €° are €-systems with fx: (6(€x),0x) > (a(€x), ax)
for all X € X, then (@ holds for all X C X' € X. In particular, € <& €°.

Proof. We recall that the fx satisfy fx odx = ax, and for X’ O X we compute

()

fxodx/ xo0dx = fxodxoexrx = Qax ocxrx
()
= aX/7XoaX/ = aX’,XOfX’ O(SX/

so both sides of (2)) agree on dx/[€x/]. Since every continuous map into a Hausdorff

space is determined by its restriction to any dense subset of its domain (cf. [I5]

Corollary 13.14]), both sides of (2)) must agree on all of §(Fx+) as desired. O

Our next Lemma shows that <4 extends to %-compactifications:
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Lemma 6.12. If €% and €° are two €-systems with € <¢ €°, then we have
idg Uy%: G > aG.

Proof. We write v for the map idg U ¥°®. Since v fixes (2, it remains to verify
continuity of ¢. For this, let any basic open set of aG be given; we may assume
that it is of the form O,c(X,0). We claim that

¥ (0a6(X,0)) = Osa(X, fx(0)) (3)
holds where fx: (§(%x),0x) > (a(@x),ax). To see this we first note that both

sides of agree on G due to ay'(0) = 53" (fx'(0)). And second we note that
the diagram

71,5
70 X §(%x)

w“l lfx

I —— a(bx)
X
commutes, resulting in

@) (7% 7H0)) = (7)) (fx1(0))
which shows that both sides of (3| agree on Z°. O

Definition 6.13. If € and € are two % -systems with both ¢ <¢ &% and
€° <4 €°, then we say that € and € are € -equivalent.

Using Lemma [2.1] it is not hard to show that

Lemma 6.14. If € and €° are two € -equivalent € -systems, then both %% and
¥ are homeomorphisms and each other’s inverse. O

Corollary 6.15. If €“ and €° are two €-equivalent € -systems, then oG and
0G are topologically equivalent, witnessed by the homeomorphism idg U and its
inverse idg U 0.

Proof. We combine Lemma and Lemma [6.14] a

7. CRITICAL VERTEX SETS GIVE RISE TO THE COARSEST % -COMPACTIFICATION

Our aim in this section is to find the coarsest % -compactification. Surprisingly,
critical vertex sets will lead the way. In Section [5| we constructed an inverse system
{Tx,fx’ x} (cf. p. giving the Ng-tangles of S, i.e. with @Fx =T =06;. We
have seen in Proposition that every Ny-tangle of S; induces, for every X € X, a
particular type of filter on the poset P¥ of all tame subsets of €x: the up-closure
(in Py) either of a singleton {C} C €x or of the cofinite filter on €x (Y") for some
critical Y € X. With this in mind, we equip the sets I'x with a topology that
turns their inverse system into a ¢-system:

Given X € X we endow 'y = %x U crit(X) with the topology obtained by
declaring as open in addition to the open sets of the discrete component space %€y,
for all Y € crit(X) and all cofinite subsets 4 of €x (Y), the sets

Ory (Y, %) =6 U{Y}
and taking the topology on I'x this generates.
Lemma 7.1. FEvery I'x is a finite Hausdorff compactification of €x . g
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Lemma 7.2. The maps fx: x: I'xs — I'x are continuous.

Proof. For this, let any £ € I'x+ be given together with a basic open neighbourhood
O of fxr x(€) in T'x. We check two cases:

First, we suppose that £ is a component C’ of G — X’. Then fx/ x sends the
open neighbourhood {C’} of C’ into O.

Second, we suppose that £ is a critical subset Y of X’. If Y ¢ crit(X) then
fx' x(Y) = Cx(Y) is the component of G — X that includes |J€x/(Y), so fx' x
sends Or,, (Y,%x/(Y)) into {Cx(Y)} € O. Otherwise Y € crit(X) results in
Y = fx/ x(Y). Then O is of the form Or, (Y, %) for some cofinite subset € of
¢x(Y). Hence €' := € N €x is a cofinite subset of €x/(Y) with ¢x/ x[¢'] C €,
so Or,, (Y,%") is an open neighbourhood of ¥ which fx x sends into O. O

Altogether we have shown that
Proposition 7.3. {I'x,fx/ x} is a €-system. O

Notation. We write €T for the €-system {I'x,fx/ x} and we write |G|r for the
% -compactification of G which it induces by Theorem

We obtain an analogue of Diestel’s Theorem [2.6| for our |G|p:

Theorem 7.4. Let G be any graph.

(i) |G|r is an Q-compactification of G and |G|r \ G is totally disconnected.
(ii) If G is locally finite and connected, then |G|r = |Gla coincides with the
Freudenthal compactification of G.

Proof. The I'x are totally disconnected by Lemma and sois I' = @ 'x. 0O
The next two lemmas are all we need to show that €7 is the least @-system:

Lemma 7.5. If € is a €-system, then

ax[Ex(Y)INax[€x(Y)] =0 (4)
holds for all X € X and all distinct Y, Y’ € crit(X).

Proof. Let X € X and any two distinct Y, Y’ € crit(X) be given. Without loss of
generality we find some x € Y'\ 'Y, and we set X~ = X \ {z}. It is known (and

not hard to verify) that a continuous map h satisfies h| A] C h[A] for each subset
A of its domain (cf. [I5], Theorem 7.2]). Thus we compute

ax[Cx (V)| Nax[€x(Y')] Cax x-[ax[€x (V)] Nax x-[ax[€x(Y)]

ax-[ex x-[Ex (V)] Nax-[ex x- [€x (Y]]

= ax-[€x(Y)|N{ax-(Cx-(Y")}.
Write C for Cx-(Y’). The point ax-(C) is isolated in a(@x-) since {ax-(C)} is
open. Therefore, in order to verify (4) for Y and Y’ it suffices to show C' ¢ €x(Y).

The component C' meets Y/ in x and hence is not a component of G — X. In
particular, it cannot be contained in €x (Y) C €x N €x-- O

Lemma 7.6. Let X € X be given with a Hausdorff compactification (a(€x),ax)
of €x satisfying (4)) for all distinct Y,Y" € crit(X). ThenT'x < (a(€x), ax) holds.
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Proof. The finite set ax[%yx] (cf. p. is closed in the Hausdorff space a(%x).
Moreover, since ax[éx] is open in o(%x ), we conclude that the clopen set ax[€y]
avoids the closure of ax[€x (Y)] for all Y € crit(X). Therefore, gives rise to a
finite partition of a(%x) into closed sets:

a(tx) =ax[€x|U || ax[@x)].
Y ecrit(X)

Let f~: ax[€x] — €x send each ax(C) to C. This is continuous since ax[€y]
carries the discrete subspace topology. For Y € crit(X) we note that the closure of
€x(Y) in T'x is the one-point Hausdorff compactification of €x(Y'), yielding some

fri (ax[Ex(YV)], ax 1 €x(Y)) = 6x(Y) ©
Since the domains of f~ and the fy form a finite partition of a(%x) into closed sets,
these continuous mappings combine to one continuous f: a(éx) — I'x (cf. [12]
Theorem 18.3], also known as ‘Pasting Lemma’). Then f: (a(%¥x),ax) >T'x. O

Theorem 7.7. Let G be any graph. The following hold up to € -equivalence:

(i) €71 is the least €-system with respect to <.

(ii) €Y is the greatest € -system with respect to <.
Moreover, the following hold up to topological equivalence:

) g P potog q

(iii) |G|r is the coarsest € -compactification.

(iv) |Gle is the finest € -compactification.
Therefore |G|r is a quotient of every € -compactification which in turn is always a
quotient of |Gle. In particular, |G|r and |G|e/~ are topologically equivalent.

Proof. (i). Let € be any ¢-system. Lemmas|7.5{and [7.6|yield I'x < (a(%x),ax)
for all X € X. By Lemma this implies €1 < €.

(ii) is immediate from Lemma [6.11] and Ux = B(%x).

(iii) and (iv) follow from (i) and (ii), respectively, with Lemma [6.12}

For the last two statements we combine (iii) and (iv) with Proposition O

Theorem 7.8. Let G be any graph. The following are equivalent:
(i) |GIr and |G|e are topologically equivalent.
(ii) €T and €Y are € -equivalent.

(iii) G is tough.

(iv) Q=T=U.

Proof. Both (iv)<(iii) and (iii)—(ii) are clear, whereas (ii)—(i) holds by Corol-
lary Therefore, it suffices to show (i)—(iii).

(i)—(iii). Combining (i) with Theorem yields |Gle = |Gle/~. We assume
for a contradiction that (iii) fails, witnessed by some X € X with €x infinite. Then
crit(X) is non-empty and ~ is non-trivial by Theorem so Lemma yields
(IGle/~)\ E < |Gle \ E contradicting |G|e = |G|e/~ as desired. O

Observation 7.9. Let G be any graph. There are four ways to describe |G|r:

(i) |GIr = |Gle/~ where ~ can be described in terms of tangles.
(ii) |Glr = G U QU crit(G) involves only very basic combinatorics.
(iii) |G|lr = GU By is a tangle-type compactification.

(iv) |Glr = GUT is the coarsest € -compactification.
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