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Abstract

We prove that the parallel transport of a flat (higher) gerbe on any given target space gives rise
to an extended homotopy quantum field theory. In case the target space is the classifying space
of a finite group, we provide explicit formulae for this homotopy quantum field theory in terms of
transgression. Moreover, we use the geometric theory of orbifolds to give a dimension-independent
version of twisted and equivariant Dijkgraaf-Witten models. Finally, we introduce twisted equivari-
ant Dijkgraaf-Witten theories which in the 3-2-1-dimensional case give us a new class of equivariant
modular tensor categories.
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1 Introduction

Bundle gerbes with connection are higher analogues of U(1)-bundles with connection which provide
the mathematical framework for the treatment of Wess-Zumino terms in two-dimensional field theory,
see [Wal07] for an introduction. The bundle gerbes with connection on a manifold M are classified
by the second hypercohomology H2(M ; D2) with coefficients in the second Deligne complex. For
each bundle gerbe with connection one can define a field strength, which is a 3-form on M ; and the
bundles gerbes with connection having vanishing field strength, the so-called flat gerbes, are classified
by H2(M ; U(1)), i.e. by ordinary (singular) cohomology with coefficients in the constant sheaf U(1).
Hence, flat gerbes can be described in purely topological terms.

More generally, we will say that for any topological space T the cohomology Hn(T ; U(1)) classifies
flat n− 1-gerbes on T , i.e. a flat gerbe on T can be described by a singular cocycle θ ∈ Zn(T ; U(1)).

The Wess-Zumino terms for the sigma model of a flat gerbe θ ∈ Zn(T ; U(1)) on a space T can now
be understood as follows: For a given map ψ : Σ −→ T from a closed oriented n-dimensional manifold
Σ to T (Σ can be understood as a (higher dimensional) worldsheet), the Wess-Zumino term is given
by

〈ψ∗θ, µΣ〉, (1.1)

i.e. by the evaluation of the pullback of θ along ψ on the fundamental class µΣ of Σ. It is also referred
to as the (higher) holonomy of θ with respect to ψ. Of course, it is highly desirable to be able to
compute the amplitude (1.1) by cutting Σ into simpler pieces. This locality principle for the holonomy
of flat gerbes was made precise in [Tur10, I.2.1] by the statement that a cocycle θ ∈ Zn(T ; U(1)) gives
rise to a homotopy quantum field theory with target space T , a so-called primitive homotopy quantum
field theory. The main goal of this paper is to make this locality statement precise one categorical
level higher and to construct from θ an extended homotopy quantum field theory with target space
T in the sense of [SW18]. Thereby we get a very accessible class of examples for extended homotopy
quantum field theories and, by specifying T to be the classifying space BG of a finite group G, for
extended G-equivariant topological field theories. These theories are invertible (Definition 2.4).

The flatness assumption throughout the article ensures that gerbes and their parallel transport
can be described in purely topological terms. A description of non-flat gerbes is much more involved
due to smoothness issues. The interpretation of the parallel transport of gerbes in the non-flat case in
terms of homotopy quantum field theory has been addressed in the two-dimensional non-extended case
in [BTW04](See also [BW] for the open-closed case). Our results can be seen as a higher categorical,
but purely topological version of this approach.

This paper is organized as follows: In Section 2 we recall the notion of an extended homotopy
quantum field theory as introduced in [SW18] generalizing [Tur10]. Then, given an n-cocycle θ ∈
Zn(T ; U(1)) on a space T , we construct in Section 3 an extended homotopy quantum field theory Tθ
with target space T (Theorem 3.19) that can be understood as an extended version of the primitive
homotopy quantum field theory. In physical terms it should be understood as the parallel transport
operator for the flat gerbe θ from which the Wess-Zumino terms can be obtained.

In Section 4 we explore the relation between extended primitive homotopy quantum field theories
and transgression. More precisely, we prove that for a cocycle θ ∈ Zn(BG; U(1)) the associated
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extended field theory gives rise to a 2-line bundle over the groupoid of G-bundles over any closed
oriented n−2-dimensional manifold, which is entirely determined by a transgression of θ (Theorem 4.5).

When combined with the orbifold construction from [SW18], our extended primitive theories allow
for a very elegant description of twisted Dijkgraaf-Witten theories (Definition 5.1).

Using the pushforward construction from [SW18], we endow the equivariant Dijkgraaf-Witten
models from [MNS12] with a twist, thereby obtaining a new class of examples of extended homo-
topy quantum field theories (Definition 5.7) and, by evaluation of those on the circle, a new class of
equivariant modular tensor categories (Theorem 5.10).
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2 Extended homotopy quantum field theories

For the notion of a homotopy quantum field theory from [Tur10] there exists an extended version.
The full definition is given in [SW18] and will be recalled below.

The domain of definition for an extended homotopy quantum field theory with target space T is
the symmetric monoidal bordism bicategory T -Cob(n, n− 1, n− 2) of T -bordisms.

In order to define T -Cob(n, n − 1, n − 2), the notion of a manifold with corners is needed which
we recall now based on [SP11, Section 3.1.1]: An n-dimensional manifold with corners of codimension
2 is defined to be a second countable Hausdorff space M equipped with a maximal atlas of charts

M ⊇ U ϕ−→ V ⊂ Rn−2 × (R≥0)2.

For a point x ∈ M the index of x is the number of coordinates of (pr(R≥0)2 ◦ ϕ)(x) which are equal
to 0 for one chart ϕ (and therefore all charts). We define a connected face of M as the closure of a
maximal connected subset of points of index 1, a face as the disjoint union of connected faces and
manifold with faces as a manifold with corners having the property that every point of index 2 is part
of precisely two different connected faces.

Lastly, we define an n-dimensional 〈2〉-manifold as an n-dimensional manifold M with faces
equipped with a decomposition ∂M = ∂0M ∪ ∂1M of its topological boundary into faces having
the property that ∂0M ∩ ∂1M is the set of corners of M . Here ∂0M is called the 0-boundary of M
and ∂1M the 1-boundary of M .

Definition 2.1. For n ≥ 2 and any non-empty topological space T , which we will refer to as the
target space, we define the bicategory T -Cob(n, n− 1, n− 2) as follows:

(0) Objects are pairs (S, ξ) consisting of a n − 2-dimensional oriented closed manifold S and a
continuous map ξ : S −→ T (hereafter just referred to as map).

(1) A 1-morphism (Σ,ϕ) : (S0, ξ0) −→ (S1, ξ1) is an oriented compact collared bordism (Σ,χ−, χ+) :
S0 −→ S1 (by this we mean a compact oriented n − 1-dimensional manifold Σ with boundary
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equipped with orientation preserving diffeomorphisms χ− : S0 × [0, 1) −→ Σ− and χ+ : S0 ×
(−1, 0] −→ Σ+ with Σ−∪Σ+ being a collar of ∂Σ), and a map ϕ : Σ −→ T making the diagram

Σ

S0 × {0} S1 × {0}

T

ϕ

χ−

ξ0◦prS0

χ+

ξ1◦prS1

commute. No compatibility on the collars is assumed. We define composition of 1-morphisms by
gluing of bordisms along collars and maps. The collars are needed to define a smooth structure
on the composition. The identities are cylinders equipped with the trivial homotopy, where
trivial means constant along the cylinder axis.

T

M

Σa

Σb

ϕa

ϕb

ψ

ξ0 × [0, 1]

ξ1 × [0, 1]

Figure 1: Sketch of a 2-morphism.

(2) A 2-morphism (Σ,ϕ) =⇒ (Σ′, ϕ′) between 1-morphisms (S0, ξ0) −→ (S1, ξ1) is defined to be
an equivalence class of pairs (M,ψ) consisting of an n-dimensional collared compact oriented
bordism M : Σ −→ Σ′ with corners and a map ψ : M −→ T (see figure 1). Recall that an
n-dimensional collared compact oriented bordism is a 〈2〉-manifold M equipped with

• a decomposition of the 0-boundary ∂0M = ∂0M− ∪ ∂0M+ and orientation preserving dif-
feomorphisms δ− : Σ × [0, 1) −→ M− and δ+ : Σ′ × (−1, 0] −→ M+ to collars of this
decomposition,

• a decomposition of the 1-boundary ∂1M = ∂1M− ∪ ∂1M+ and orientation preserving dif-
feomorphisms α− : S0× [0, 1)× [0, 1] −→ N− and α+ : S1× (−1, 0]× [0, 1] −→ N− to collars
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of this decomposition making for some ε > 0 the diagrams

S0 × [0, 1)× [0, ε) M S1 × (−1, 0]× [0, ε)

Σ × [0, ε)

α−

χ−×id

α+

χ+×id
δ− , (2.2)

Σ′ × (−ε, 0]

S0 × [0, 1)× (1− ε, 1] M S1 × (−1, 0]× (1− ε, 1]

δ+

α−

χ′−×id−1

α+

χ′+×id−1
(2.3)

and
M

S0 × [0, 1] tΣ S0 × [0, 1] tΣ′

T

ψ

α−tδ−

ξ0◦prS0tϕ

α+tδ+

ξ1◦prS1tϕ
′

commute. Again no compatibility on the collars is assumed.

We define two pairs (M,ψ) and (M̃, ψ̃) to be equivalent if we can find an orientation-preserving

diffeomorphism Φ : M −→ M̃ such that the diagram

M

Σ × [0, 1) Σ′ × (−1, 0]

M̃

Φ

δ−

δ̃−

δ+

δ̃+

,

and a similar diagram involving the collars of the 1-boundary commute and if moreover ψ = ψ̃◦Φ
holds.

In order to define the vertical composition of 2-morphisms we fix a diffeomorphism [0, 2] −→ [0, 1]
which is equal to the identity on a neighborhood of 0 and given by x 7−→ x−1 in a neighborhood of 2.
Now we define the vertical composition by gluing using the collars of 0-boundaries. We use our fixed
diffeomorphism to rescale both the ingoing and outgoing 1-collars.

We define horizontal composition of 2-morphisms by gluing manifolds and maps along 1-boundaries,
where the new 0-collars arise from the old ones by restriction to [0, ε) in a way (2.2) and (2.3) allow
us to glue them along the boundary and then rescale the interval. By disjoint union the structure of
a symmetric monoidal bicategory with duals on T -Cob(n, n− 1, n− 2) is obtained.

Definition 2.4. An n-dimensional extended homotopy quantum field theory with target space T
and values in a symmetric monoidal bicategory S is defined to be a symmetric monoidal functor
Z : T -Cob(n, n− 1, n− 2) −→ S fulfilling the property of homotopy invariance: Given 2-morphisms
(M,ψ), (M,ψ′) : (Σa, ϕa) =⇒ (Σb, ϕb) between 1-morphisms (Σa, ϕa), (Σb, ϕb) : (S0, ξ0) −→ (S1, ξ1)
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such that ψ is homotopic to ψ′ relative the boundary of M we require that

Z(S0, ξ0) Z(S1, ξ1)Z(M,ψ)

Z(Σa,ϕa)

Z(Σb,ϕb)

= Z(S0, ξ0) Z(S1, ξ1)Z(M,ψ′)

Z(Σa,ϕa)

Z(Σb,ϕb)

.

An extended homotopy quantum field theory Z : T -Cob(n, n− 1, n− 2) −→ S is called invertible
if it takes values in the sub-2-groupoid of S containing the objects, 1-morphisms and 2-morphisms
of S which are invertible with respect to the tensor product, i.e. if it takes values in the Picard
sub-2-groupoid of S.

Remark 2.5. In this article we use the 2-category of Kapranov–Voevodsky (KV) 2-vector spaces
2VectC [KV94] as codomain of our field theories. The codomain will also be referred to as the
coefficients. For a discussion of alternative targets see [BDSPV15, Appendix A]. The most common
coefficients for extended field theories contain 2VectC as a sub-2-category. The objects of 2VectC
are KV 2-vector spaces, i.e. semi-simple abelian FinVectC-module categories with a finite number of
isomorphism classes of simple objects. We denote the action of a finite-dimensional complex vector
space V on a 2-vector space X by V ∗ · : X → X . The 1-morphisms are linear functors, i.e. FinVectC-
module functors, and the 2-morphisms are natural transformations. The Deligne product � makes
2VectC into a symmetric monoidal bicategory. Note that every KV 2-vector space is equivalent to
(FinVectC)n for some integer n ≥ 0. Using this equivalence we can express a linear functor up
to natural isomorphism as a matrix with vector spaces as entries. A natural transformation can be
described as a matrix with linear maps as entries [Mor11].

3 Construction of the parallel transport homotopy quantum field
theory

In this section we state our main result as Theorem 3.19: To a flat n− 1-gerbe on a topological space
T represented by a singular cocycle θ ∈ Zn(T ; U(1)) we associate an extended homotopy quantum
field theory

Tθ : T -Cob(n, n− 1, n− 2) −→ 2VectC

which can be understood as the parallel transport operator of θ. The evaluation of Tθ on an n-
dimensional closed oriented manifold M together with a map to ψ : M −→ T yields an element in
U(1), namely the holonomy of θ with respect to ψ. As explained in the introduction, the homotopy
quantum field theory nature of the parallel transport operator reflects a high degree of locality of the
Wess-Zumino term.

3.1 Definition on objects

Consider an object (S, ξ) in T -Cob(n, n − 1, n − 2), i.e. S is a closed oriented n − 2-dimensional
manifold and ξ : S −→ T a continuous map. The extended homotopy quantum field theory Tθ assigns
to (S, ξ) a 2-vector space Tθ(S, ξ) that we are going to define in this subsection.

To this end, denote by Fund(S) the groupoid of fundamental cycles of S. Its objects are funda-
mental cycles of S, i.e. those elements of Zn−2(S) representing the fundamental class in Hn−2(S).
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A morphism σ −→ σ′ between two fundamental cycles is an n − 1-chain τ such that ∂τ = σ′ − σ.
Composition is given by addition of n− 1-chains.

The objects in Tθ(S, ξ) are generated via biproduct from the object set of Fund(S), i.e. formal
finite sums

⊕n
i=1 Vi ∗ σi, where the Vi are finite-dimensional complex vector spaces and the σi are

objects in Fund(S). Sometimes we write σ for C∗σ. The space of morphisms between σ, σ′ ∈ Fund(S)
seen as objects of Tθ(S, ξ) is given by

HomTθ(S,ξ)(σ, σ
′) :=

C[HomFund(S)(σ, σ
′)]

∼
, (3.1)

where C[HomFund(S)(σ, σ
′)] is the free complex vector space on the set HomFund(S)(σ, σ

′), and for two
morphisms τ, τ̃ : σ −→ σ′ we make the identification

τ̃ ∼ 〈ξ∗θ, λ〉τ, (3.2)

whenever τ̃ − τ = ∂λ for some λ ∈ Cn(S). By angular brackets we denote the evaluation of cochains
on chains. Note that in (3.2) the choice of λ does not matter. In order to obtain the morphism spaces
between all objects in Tθ(S, ξ), (3.1) has to be extended bilinearly, i.e.

HomTθ(S,ξ)

 n⊕
i=1

Vi ∗ σi ,
m⊕
j=1

Vj ∗ σj

 =
⊕
i,j

Hom(Vi, Vj)⊗HomTθ(S,ξ)(σi, σj)

for all formal finite sums. Composition is defined by matrix multiplication and composition in Fund(S).

The FinVectC-module structure is given by

∗ : FinVectC × Tθ(S, ξ) −→ Tθ(S, ξ)

V ×

(
n⊕
i=1

Vi ∗ σi

)
7−→

(
n⊕
i=1

(V ⊗ Vi) ∗ σi

)
.

It is now easy to see that Tθ(S, ξ) is a 2-vector space with one simple object, i.e. a 2-line.

3.2 Definition on 1-morphisms

Let (Σ,ϕ) : (S0, ξ0) −→ (S1, ξ1) be a 1-morphism in T -Cob(n, n − 1, n − 2). Again, we denote by
Fund(Σ) the groupoid of fundamental cycles of Σ, i.e. the groupoid of relative cycles in Cn−1(Σ)
representing the fundamental class of Σ in Hn−1(Σ, ∂Σ). For fundamental cycles σ0 and σ1 of S0 and
S1, respectively, we denote by Fundσ1σ0(Σ) the subgroupoid of Fund(Σ) spanned by all fundamental
cycles µ of Σ with ∂µ = σ1−σ0. Here we suppress the inclusion of the ingoing and outgoing boundary
into Σ in the notation. By [Bre93, VI., Lemma 9.1] the groupoid Fundσ1σ0(Σ) is non-empty and
connected.

In order to define the 2-linear map Tθ(Σ,ϕ) : Tθ(S0, ξ0) −→ Tθ(S1, ξ1) we define on the free vector
space C[Fundσ1σ0(Σ)] the equivalence relation

µ′ ∼ 〈ϕ∗θ, ν〉µ

for any ν ∈ Cn(Σ) such that ∂ν = µ′ − µ. We use the notation

Σϕ (σ1, σ0) :=
C[Fundσ1σ0(Σ)]

∼

7



for the quotient and observe that Σ (?, σ0) extends to a functor Fundopp(S1) −→ FinVectC, which is
defined on a morphism λ : σ1 −→ σ2 in Fund(S1) by

Σ (?, σ0) (λ) : Σ (σ2, σ0) −→ Σ (σ1, σ0)

µ 7−→ µ− λ .

A straightforward calculation shows that this is well-defined.

Now Tθ(Σ,ϕ) : Tθ(S0, ξ0) −→ Tθ(S1, ξ1) is defined on objects by the coend

Tθ(Σ,ϕ)σ0 :=

∫ σ1∈Fund(S1)

Σ (σ1, σ0) ∗ σ1

and linear extension. The coend can be replaced by an end, since it is taken over a groupoid and
limits and colimits over groupoids taken in a 2-vector space coincide.

Before completing the definition of Tθ we already show that it respects the composition of 1-
morphisms up to coherent natural isomorphism. This is a crucial part of the 2-functoriality of Tθ.
For the proof we will need the following Gluing Lemma. It is a special case of the Gluing Lemma for
〈2〉-manifolds, which will appear as Lemma 3.12 below, hence we omit the proof. In the statement we
suppress the inclusions of boundary components in the notation.

Lemma 3.3 (Gluing Lemma for manifolds with boundary). Let Σa : S0 −→ S1 and Σb : S1 −→ S2 be
1-morphisms in Cob(n, n− 1, n− 2), and let ν ∈ Cn−1(Σa) and ν ′ ∈ Cn−1(Σb) be fundamental cycles
with ∂ν = σ1− σ0 and ∂ν ′ = σ2− σ1 for fixed fundamental cycles σj ∈ Zn−2(Sj), j = 0, 1, 2. Then by
ν ′ ◦ ν := ν ′ + ν ∈ Cn−1(Σb ◦Σa) we get a fundamental cycle of Σb ◦Σa satisfying ∂(ν ′ ◦ ν) = σ2 − σ0.

Lemma 3.4. Tθ respects the composition of 1-morphisms up to coherent natural isomorphism.

Proof. The coherence isomorphisms consist of natural isomorphisms

Φ(S,ξ) : idTθ(S,ξ) =⇒ Tθ(idS,ξ) (3.5)

for all objects (S, ξ) ∈ T -Cob(n, n− 1, n− 2) and

Φ(Σa,ϕa),(Σb,ϕb) : Tθ(Σb, ϕb) ◦ Tθ(Σa, ϕa) =⇒ Tθ((Σb, ϕb) ◦ (Σa, ϕa)) (3.6)

for all composable 1-morphisms (Σa, ϕa) : (S0, ξ0) −→ (S1, ξ1) and (Σb, ϕb) : (S1, ξ1) −→ (S2, ξ2) in
T -Cob(n, n− 1, n− 2).

Using the enriched co-Yoneda lemma we can write the identity as the coend

idTθ(S,ξ)(?) ∼=
∫ σ∈Tθ(S,ξ)

HomTθ(S,ξ)(σ, ?) ∗ σ.

Without lost of generality we can evaluate this at a generator σ0 ∈ Fund(S1)

σ0
∼=
∫ σ∈Tθ(S,ξ)

HomTθ(S,ξ)(σ, σ0) ∗ σ ∼=
∫ σ∈Fund(S)

HomTθ(S,ξ)(σ, σ0) ∗ σ. (3.7)

On the other hand we have

Tθ(idS,ξ)(σ0) =

∫ σ∈Fund(S)

(S × [0, 1])ξ×[0,1](σ, σ0) ∗ σ (3.8)
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There is a natural isomorphism

(S × [0, 1])ξ×[0,1](σ, σ0) −→ Hom(σ, σ0)

µ 7−→ −pS∗µ

using the projection pS : S × [0, 1] −→ S. It induces an isomorphism between the coends in (3.7) and
(3.8) and gives us the desired isomorphism (3.5).

To specify the natural isomorphism (3.6) for 1-morphisms (Σa, ϕa) : (S0, ξ0) −→ (S1, ξ1) and
(Σb, ϕb) : (S1, ξ1) −→ (S2, ξ2) in T -Cob(n, n− 1, n− 2), we note that for a generator σ0 ∈ Fund(S0)

(Tθ(Σb, ϕb) ◦ Tθ(Σa, ϕa))σ0 =

∫ (σ1,σ2)∈Fund(S1)×Fund(S2)

Σϕa
a (σ1, σ0)⊗Σϕb

b (σ2, σ1) ∗ σ2

∼=
∫ σ2∈Fund(S2)

(∫ σ1∈Fund(S1)

Σϕa
a (σ1, σ0)⊗Σϕb

b (σ2, σ1)

)
∗ σ2,(3.9)

where we have used Fubini’s Theorem for coends. The action of a morphism λ1 : σ1 −→ σ′1 ∈ Fund(S1)
in the covariant component is induced by

Σϕb
b (σ2, σ1) −→ Σϕb

b

(
σ2, σ

′
1

)
µ 7−→ µ− λ1.

To compute the inner coend in (3.9) we observe that

Φσ1,σ2 : Σϕa
a (σ0, σ1)⊗Σϕb

b (σ1, σ2) −→ (Σb ◦Σa)ϕb∪ϕa (σ2, σ0)

µ1 ⊗ µ2 7−→ µ1 + µ2 .

is a canonical isomorphism by Lemma 3.3. Here ϕb ∪ ϕa : Σb ◦ Σa −→ T is the map obtained from
gluing ϕa and ϕb. We now obtain∫ σ1∈Fund(S1)

Σϕa
a (σ1, σ0)⊗Σϕb

b (σ2, σ1) ∼=
∫ σ1∈Fund(S1)

(Σb ◦Σa)ϕb∪ϕa (σ2, σ0)

∼=
∫ σ1∈Fund(S1)

(Σb ◦Σa)ϕb∪ϕa (σ2, σ0)⊗ C

∼= (Σb ◦Σa)ϕb∪ϕa (σ2, σ0) ,

where in the last step we used that Fund(S1) is connected. Insertion into (3.9) yields isomorphisms

(Tθ(Σb, ϕb) ◦ Tθ(Σa, ϕa))σ0
∼= (Tθ((Σb, ϕb) ◦ (Σa, ϕa))σ0,

which give us after linear extension the natural isomorphism (3.6).

3.3 Definition on 2-morphisms

To a 2-morphism (M,ψ) : (Σa, ϕa) =⇒ (Σb, ϕb) between 1-morphisms (Σa, ϕa), (Σb, ϕb) : (S0, ξ0) −→
(S1, ξ1) in T -Cob(n, n − 1, n − 2) we assign the 2-morphism Tθ(Σa, ϕa) =⇒ Tθ(Σb, ϕb) between the
1-morphisms Tθ(Σa, ϕa), Tθ(Σb, ϕb) : Tθ(S0, ξ0) −→ Tθ(S1, ξ1) consisting of the natural maps

Tθ(Σa, ϕa)σ0 −→ Tθ(Σb, ϕb)σ0

for σ0 ∈ Fund(S0) which are the maps between the respective coends induced by the linear maps

Tθ(M)σ1,σ0 : Σa(σ1, σ0) −→ Σb(σ1, σ0) (3.10)
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defined as follows: For µa ∈ Fundσ1σ0(Σa) we can find a fundamental cycle ν of M with

∂ν = µb − µa + (−1)n−2(σ0 × [0, 1]− σ1 × [0, 1]) (3.11)

for some fundamental cycle µb ∈ Fundσ1σ0(Σb). Mapping µa to 〈ψ∗θ, ν〉[µb] yields a well-defined linear
map C[Fundσ1σ0(Σa)] −→ Σϕb

b (σ1, σ0), which descends to Σϕa
a (σ1, σ0) and gives us the needed map

(3.10).

In order to prove that Tθ strictly preserves the vertical composition of 2-morphisms, we need a
Gluing Lemma for 〈2〉-manifolds:

Lemma 3.12 (Gluing Lemma for 〈2〉-manifolds). Given two n-dimensional 〈2〉-manifolds M1 and M2

with representatives for the orientation class ν1 and ν2 such that ∂νi = µi,0 + µi,1 for i = 1, 2, where
µi,0 and µi,1 are representatives for the fundamental class of the 0 and 1 boundary, respectively (note
that this implies ∂µi,0 = −∂µi,1). Now assume we have an orientation reversing diffeomorphism from
a connected component Σ of, say, the 1 boundary of M1 onto the 1 boundary of M2 compatible with
the fundamental cycles picked above, i.e. µ0,1|Σ = −µ1,1|Σ . Then ν1 + ν2 is a representative of the
fundamental class of the manifold obtained by gluing M1 and M2 (see figure 2).

M1

M2

U

Σ

Figure 2: Sketch of the manifolds involved in lemma 2.8.

Proof. We denote the composition of M1 and M2 by M . Obviously, ν1 + ν2 is a cycle relative ∂M .
We have to show that it represents the orientation class of M . To this end, we use the long exact
sequence

· · · → Hn(∂M ∪Σ, ∂M)→ Hn(M,∂M)→ Hn(M,∂M ∪Σ)→ Hn−1(∂M ∪Σ, ∂M)→ . . .(3.13)

in homology associated to the triple ∂M ⊂ ∂M ∪ Σ ⊂ M and compute the relevant terms occurring
in it by means of a collar U ∼= Σ × (−1, 1) in M (the collar exists by [Lau00, Lemma 2.1.6]; see figure
2 for a pictorial presentation):

• For the computation of H∗(∂M ∪ Σ, ∂M) we define V := ∂M ∩ U and find by excision of the
complement W := ∂M \ V of V in ∂M

H∗(∂M ∪Σ, ∂M) ∼= H∗((∂M ∪Σ) \W,∂M \W ).

Since the inclusion (Σ, ∂Σ) −→ ((∂M ∪Σ) \W,∂M \W ) is a homotopy equivalence we arrive
at

H∗(∂M ∪Σ, ∂M) ∼= H∗(Σ, ∂Σ). (3.14)
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• For the computation of H∗(M,∂M ∪Σ) we use that the inclusion (M,∂M ∪Σ) −→ (M,∂M ∪U)
is a homotopy equivalence. After excising Σ in (M,∂M ∪ U) we find

H∗(M,∂M ∪Σ) ∼= H∗(M0 \Σ, ∂M0 ∪ U−)⊕H∗(M1 \Σ, ∂M1 ∪ U+),

where U− and U+ is the image of Σ×(−1, 0) and Σ×(0, 1) in U , respectively. Since the inclusion
(M0 \ Σ, ∂M0 ∪ U−) −→ (M0, ∂M0 ∪ U− ∪ Σ) induces an isomorphism in homology and since
Σ −→ U− ∪ Σ is a homotopy equivalence, we obtain H∗(M0 \ Σ, ∂M0 ∪ U−) ∼= H∗(M0, ∂M0)
and analogously H∗(M1 \Σ, ∂M1 ∪ U+) ∼= H∗(M1, ∂M1). Thus, we are left with

H∗(M,∂M ∪Σ) ∼= H∗(M0, ∂M0)⊕H∗(M1, ∂M1). (3.15)

Using (3.14) and (3.15) we obtain from (3.13) the exact sequence

0 −→ Hn(M,∂M) −→ Hn(M0, ∂M0)⊕Hn(M1, ∂M1) −→ Hn−1(Σ, ∂Σ) ,

where the morphism Hn(M0, ∂M0)⊕Hn(M1, ∂M1) −→ Hn−1(Σ, ∂Σ) takes [ν1]⊕ [ν2] to [∂ν1 + ∂ν2].
Evaluating the kernel of this morphism yields an isomorphism Hn(M,∂M) ∼= Z([ν1] ⊕ [ν2]). This
shows that ν0 + ν1 is a generator of Hn(M,∂M), i.e. an orientation of M . This orientation agrees
with the orientation of M in a neighbourhood of an arbitrary point away from the gluing boundary,
hence they agree.

Lemma 3.16. Tθ preserves the vertical composition of 2-morphisms strictly.

Proof. Given two 2-morphisms (M,ψ) : (Σa, ϕa) =⇒ (Σb, ϕb) and (M ′, ψ′) : (Σb, ϕb) =⇒ (Σc, ϕc)
between 1-morphisms (S0, ξ0) −→ (S1, ξ1) it suffices to show that for fundamental cycles σ0 and σ1 of
S0 and S1, respectively, the composition of linear maps

Σa(σ1, σ0)
Tθ(M)σ1,σ0−−−−−−−→ Σb(σ1, σ0)

Tθ(M ′)σ1,σ0−−−−−−−−→ Σc(σ1, σ0)

as defined in (3.10) is equal to

Σa(σ1, σ0)
Tθ(M ′◦M)σ1,σ0−−−−−−−−−−→ Σc(σ1, σ0).

Picking fundamental cycles ν and ν ′ for M and M ′ as in Lemma 3.12 this follows from

〈ψ∗θ, ν〉 · 〈ψ′∗θ, ν ′〉 = 〈(ψ′ ∪ ψ)∗θ, ν + ν ′〉,

where ψ′ ∪ ψ : M ′ ◦M −→ T is the map obtained by gluing ψ and ψ′.

Lemma 3.17. Tθ is defined such that it fulfills the axiom of homotopy invariance from Definition 2.4.

Proof. Consider 2-morphisms (M,ψ), (M,ψ′) : (Σa, ϕa) =⇒ (Σb, ϕb) between 1-morphisms (S0, ξ0) −→
(S1, ξ1) with ψ

h' ψ′ relative ∂M . Let σ0 and σ1 be fundamental cycles of S0 and S1, respectively.
Now for µa ∈ Fundσ1σ0(Σa) and µb ∈ Fundσ1σ0(Σb) we find a fundamental cycle ν of M adapted to µa
and µb as in equation (3.11). By definition of Tθ on 2-morphisms it suffices to show

〈ψ∗θ, ν〉 = 〈ψ′∗θ, ν〉.

Indeed, if we see h as a map defined on M × [0, 1] we find a chain homotopy between the chain maps
ψ∗ and ψ′∗ given by

11



ψ∗p − ψ′∗p = ∂Hp +Hp−1∂ for all p ∈ Z,

where Hp := h∗p+1Dp and

Dp : Sp(M) −→ Sp+1(M × [0, 1]), c 7−→ c× [0, 1]

is defined using the cross-product, see [Bre93, IV.16]. Hence,

〈ψ∗θ, ν〉 − 〈ψ′∗θ, ν〉 = 〈θ,Hn−1∂ν〉 = 〈h∗θ, ∂ν × [0, 1]〉. (3.18)

The homotopy h being stationary on the boundary entails

h|∂M×[0,1] = ψ ◦ p∂M

with the projection p∂M : ∂M × [0, 1] −→ ∂M . This yields

〈h∗θ, ∂ν × [0, 1]〉 = 〈ψ∗θ, p∂M ∗(∂ν × [0, 1])〉

We have

∂ (p∂M ∗(∂ν × [0, 1])) = 0,

where we use that the boundaries corresponding to the [0, 1] part cancel under the projection, i.e.

pX∗(X × ∂[0, 1]) = 0,

for any space X with projection pX : X × [0, 1] −→ X. This shows that p∂M ∗(∂ν × [0, 1]) is a cycle.
For dimensional reasons it must be a boundary as well. This shows that (3.18) vanishes and finishes
the proof.

3.4 The Main Theorem

We can now state our main result:

Theorem 3.19. For any topological space T and any cocycle θ ∈ Zn(T ; U(1))

Tθ : T -Cob(n, n− 1, n− 2) −→ 2VectC

is an invertible homotopy quantum field theory with target T .

Proof. Thanks to the Lemmata 3.4, 3.16 and 3.17 it remains to prove the following:

• Horizontal composition: Given 1-morphisms

(Σa, ϕa) : (S0, ξ0) −→ (S1, ξ1),

(Σb, ϕb) : (S1, ξ1) −→ (S2, ξ2)
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and 2-morphisms

(M,ψ) : (Σa, ϕa) =⇒ (Σb, ϕb),

(M ′, ψ′) : (Σb, ϕc) =⇒ (Σc, ϕc)

we have to show that for fundamental cycles σ0, σ1 and σ2 of S0, S1 and S2, respectively, the
square

Σϕa
a (σ1, σ0)⊗Σϕb

b (σ2, σ1) (Σb ◦Σa)ϕb∪ϕa(σ2, σ1)

Σϕb
b (σ1, σ0)⊗Σϕc

c (σ2, σ1) (Σc ◦Σb)ϕc∪ϕb(σ2, σ1)

Φ

Tθ(M)σ1,σ0⊗Tθ(M ′)σ2,σ1 Tθ(M ′◦M)σ2,σ0

Φ

featuring as the horizontal arrows the isomorphisms from the proof of Lemma 3.4 commutes.
By picking representatives for the fundamental classes as in Lemma 3.12 this can be verified
directly.

• Symmetric monoidal structure: There are natural equivalences of categories

ιθ : Tθ(∅) −→ FinVectC

σ∅ 7−→ C

and

χθ((S0, ξ0), (S1, ξ1)) : Tθ(S0, ξ0) � Tθ(S1, ξ1) −→ Tθ(S0 t S1, ξ0 t ξ1)

σS0 � σS1 7−→ σS0 + σS1 ,

where we suppress the inclusion into the disjoint union and denote by σ∅ the unique fundamental
cycles of the empty set (that it has by convention). The modifications which are part of the
structure of a symmetric monoidal 2-functor (Definition B.12 [MS17]) are trivial, since the
corresponding diagrams commute on generators. The simple form of the coherence isomorphism
makes it straightforward to check that the corresponding diagrams commute.

The field theory Tθ is obviously invertible.

Remark 3.20. Restricting Tθ to the endomorphisms of the empty set induces a non-extended homo-
topy quantum field theory

Tθ : T -Cob(n, n− 1) −→ FinVectC ,

which admits the following concrete description

• To a closed n−1 dimensional manifold Σ equipped with a map ϕ : Σ −→ T it assigns the vector
space Tθ(Σ,ϕ) = Σϕ(∅, ∅) = C[Fund(Σ)]/∼.

• To a morphism (M,ψ) : (Σa, ϕa) −→ (Σb, ϕb) it assigns the linear map

Tθ(M,ψ) : Tθ(Σa, ϕa) −→ Tθ(Σb, ϕb)

[σΣa ] 7−→ 〈ψ∗, σM 〉[σΣb ] ,

with ∂σM = σΣb − σΣa .

This is the primitive homotopy quantum field theory constructed in [Tur10, I.2.1].
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4 Aspherical targets and transgression

We arrive at an interesting special case of Definition 2.4 if we choose as the target space of our sigma
model the classifying space of a finite group.

Definition 4.1. Let G be a finite group and set G-Cob(n, n− 1, n− 2) := BG-Cob(n, n− 1, n− 2).
Then we call an extended homotopy quantum field theory

Z : G-Cob(n, n− 1, n− 2) −→ 2VectC

an extended G-equivariant topological quantum field theory.

In the non-extended case these appear as homotopy quantum field theories with aspherical targets in
[Tur10]. Three-dimensional extended G-equivariant topological field theories are discussed in [MNS12]
using the language of principal fiber bundles and with an emphasis on theories of Dijkgraaf-Witten
type. A definition of extended G-equivariant topological field theories of arbitrary dimension and
a detailed investigation of the three-dimensional case including a relation to equivariant modular
categories is given in [SW18].

The goal of this section is to describe the extended equivariant topological quantum field theories
associated to a cocycle on the classifying space of a finite group by transgression of this cocycle.

4.1 Classification of 2-line bundles

Let us briefly recall the definition of a line bundle: A vector bundle over a groupoid Γ is a functor
ρ : Γ −→ FinVectC. Although in algebraic terms this is just a representation of Γ , the geometric
viewpoint has proven to be profitable, see e.g. [Wil05] or [SW17a].

A line bundle L : Γ −→ FinVectC is a vector bundle for which all fibres, i.e. images ρ(x) for x ∈ Γ ,
are one dimensional vector spaces. Formulated differently a line bundle takes values in the maximal
Picard subgroupoid of FinVectC. The Picard groupoid corresponding to FinVectC is equivalent to
the category C//C× with one object C and C× as endomorphisms. Hence, we can factor every line
bundle up to a natural isomorphism as

Γ FinVectC

C//C×

L

L̃ . (4.2)

This shows that the groupoid of line bundles over Γ is equivalent to the groupoid [Γ,C//C×] of functors
Γ −→ C//C×. Hence, line bundles over Γ are classified by

π0[Γ,C//C×] = [|BΓ |,K(C×, 1)] = H1(Γ ;C×)

where

• |BΓ | is the geometric realisation of the nerve BΓ of Γ ,

• K(C×, 1) is the aspherical Eilenberg-MacLane space with fundamental group C×

• and H1(Γ ;C×) the first groupoid cohomology with coefficients in C×.

Categorifying the definition of a vector bundle over a groupoid we arrive at the following notion, see
[SW17b]:
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Definition 4.3. A 2-vector bundle over a groupoid Γ is a 2-functor

ρ : Γ −→ 2VectC ,

where we consider Γ as a 2-category with only trivial 2-morphisms. A 2-line bundle over Γ is a
2-vector bundle which takes values in the full Picard sub-2-groupoid of 2VectC.

A 2-vector space is invertible with respect to the Degline tensor product if and only if it is 1-
dimensional, i.e. equivalent to the category of vector spaces. Every linear functor between two 1-
dimensional 2-vector spaces can be described up to natural isomorphism by a vector space. A functor
is invertible if and only if this vector space is 1-dimensional. This shows that the Picard 2-subgroupoid
of 2VectC is equivalent to FinVectC//id//C×. Hence, for every 2-line bundle L : Γ −→ 2VectC there
is a diagram

Γ FinVectC

FinVectC//id//C×

L

L̃

commutative up to a 2-isomorphism.

Using the higher categorical analogue of (4.2), we arrive at a classification of 2-line bundles in
terms of

π0[Γ,FinVectC//id//C×] = [|BΓ |,K(C×, 2)] = H2(Γ ;C×) .

For a 2-functor L̃ : Γ −→ FinVectC//id//C× there is only one choice for the definition on objects,
1-morphisms and 2-morphisms. The only non-trivial information contained in such a 2-functor are
the coherence isomorphisms, which amount to a complex number α(g1, g2) ∈ C× for every pair of
composable morphisms g1 and g2 in Γ . These numbers form a groupoid 2-cocycle, see [Kir04] for the
case of equivariant linear categories, [SW17b] for general 2-vector bundles and [MS17] for a detailed
discussion of 2-line bundles. Given a 2-line bundle we can construct the corresponding 2-coycle by first
choosing trivializations and then calculating the number corresponding to the coherence isomorphisms.

4.2 A reminder on transgression

Let us briefly recall the concept of transgression, see e.g. [Wil05]: Let M be an `-dimensional closed
oriented manifold with fundamental class σ. For a topological space T and a class in Hk(T ; U(1)) with
k ≥ ` represented by a cocycle θ we can define the class τMθ ∈ Hk−`(TM ; U(1)) as being represented
by the cocycle given by

(τMθ)(λ) := (ev∗θ)(λ× σ)

for any k− `-simplex λ : ∆k−` −→ TM , where ev : TM ×M −→ T is the evaluation map. Here TM is
the space of maps M −→ T equipped with the compact-open topology. This gives rise to a map

τM : Hk(T ; U(1)) −→ Hk−`(TM ; U(1)),

the so-called transgression. If T is aspherical, then TM is equivalent to the groupoid Π(M,T ) of maps
from M −→ T with equivalence classes of homotopies as morphisms. In that case the transgression
can be seen to take values in Hk−`(Π(M,T ); U(1)), i.e. in groupoid cohomology.
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4.3 Invariants of closed oriented manifolds equipped with bundles and transgres-
sion

By Theorem 3.19 we get for any flat n−1-gerbe on the classifying space of a finite groupG, i.e. a cocycle
θ ∈ Zn(BG; U(1)) an extended G-equivariant topological quantum field theory Zθ : G-Cob(n, n −
1, n− 2) −→ 2VectC. As any extended G-equivariant topological quantum field theory it gives us an
invariant for closed oriented manifolds of dimension n, n− 1 and n− 2 equipped with a map from the
manifold to BG, i.e. a G-bundle over this manifold.

For a closed oriented n-dimensional manifold M this invariant is a complex number given by the
function

Zθ(M, ?) : Π(M,BG) −→ C, ψ 7−→ 〈ψ∗θ, µM 〉

on the groupoid Π(M,BG). This function is constant on isomorphism classes, i.e. it is a 0-cocycle
in the cohomology of the groupoid Π(M,BG). This cocycle is given by the transgression of θ.
More precisely, Z(M, ?) ∈ H0(Π(M,BG); U(1)) is the image of θ under the transgression map
τ : Hn(M ; U(1)) −→ H0(Π(M,BG); U(1)).

We will now show that the invariant obtained from Zθ for manifolds of dimension n− 1 and n− 2
equipped with bundles can also be described by an appropriate transgression of θ.

Evaluating the primitive theory Zθ on a closed n − 1-dimensional Σ manifold gives a line bun-
dle Zθ(Σ, ?) : Π(Σ,BG) −→ FinVectC. To see this, we see Zθ as a non-extended G-equivariant
topological quantum field theory, see Remark 3.20, and apply [SW17a, Proposition 2.10].

Proposition 4.4. Let G be a finite group and θ ∈ Zn(BG; U(1)). Then for any n − 1-dimensional
closed oriented manifold Σ the class 〈Zθ(Σ, ?)〉 ∈ H1(Π(Σ,BG); U(1)) describing the line bundle
Zθ(Σ, ?) : Π(Σ,BG) −→ FinVectC is given by

〈Zθ(Σ, ?)〉 = τΣθ,

i.e. by the transgression τΣθ of θ to Π(Σ,BG).

Proof. By abuse of notation we will denote the non-extended theory that Zθ gives rise to in the sense
of Remark 3.20 also be Zθ. We fix a fundamental cycle σΣ of Σ. This induces a linear isomorphism

Zθ(Σ,ϕ) −→ C
[σΣ ] 7−→ 1

for all ϕ : Σ −→ BG. Given a morphism h : ϕ1 → ϕ2 in Π(Σ,BG), i.e. a map h : Σ × [0, 1] → BG.
We can factor h as follows

Σ × [0, 1] BG

Σ ×BGΣ
id×h

h

ev◦T
,

where we denote by T : Σ ×ΣBG → ΣBG ×Σ the flip map and the image of h under the adjunction
Σ×? a ?Σ again by h. The cocycle Z(Σ, ?) evaluated on h is given by

Zθ(Σ, ?)(h) = 〈h∗θ, (−1)dim(Σ)σΣ × [0, 1]〉
= 〈ev∗θ, (−1)dim(Σ)T∗σΣ × h〉
= 〈ev∗θ, h× σΣ〉
= τΣθ ,

where we used T∗(a× b) = (−1)deg(a)·deg(b)b× a, see e.g. [Hat02, Section 3.B].

16



By [SW18, Proposition 2.5] we obtain by evaluation of Zθ on a n − 2-dimensional closed oriented
manifold S a representation Zθ(S, ?) : Π2(S,BG) −→ 2VectC of the second fundamental groupoid
of the mapping space BGS of maps from S to BG. Since BG is aspherical, this reduces to a 2-line
bundle

Zθ(S, ?) : Π(S,BG) = Π1(S,BG) −→ 2VectC

over the groupoid of maps S −→ BG with equivalence classes of homotopies as morphisms, i.e. the
groupoid of G-bundles over S. This is accomplished by pulling back along a fixed equivalence

?̂ : Π1(S,BG) −→ Π2(S,BG)

being the identity on objects and sending a class h of homotopies to an arbitrary, but fixed represen-
tative ĥ. The coherence isomorphisms for ?̂ are unique.

Theorem 4.5. Let G be a finite group and θ ∈ Zn(BG; U(1)). Then for any n − 2-dimensional
closed oriented manifold S the class 〈Zθ(S, ?)〉 ∈ H2(Π(S,BG); U(1)) describing the 2-line bundle
Zθ(S, ?) : Π(S,BG) −→ 2VectC is given by

〈Zθ(S, ?)〉 = τSθ,

i.e. by the transgression τSθ of θ to Π(S,BG).

Proof. We need to compute Z̃θ(S, ?) : Π(S,BG) −→ FinVectC//id//C×. To this end we define for
each ξ ∈ Π(S,BG) the equivalence

χξ : Zθ(S, ξ) −→ FinVectC, V ∗ σ 7−→ V

and fix the choice of a fundamental cycle σS of S to obtain a weak inverse

χ−1
ξ : FinVectC −→ Zθ(S, ξ), V 7−→ V ∗ σS .

Next for any morphism h : ξ0 −→ ξ1 in Π(S,BG) we define the vector space V
ĥ

by the (weak)
commutativity of the square

Zθ(S, ξ0) Zθ(S, ξ1)

FinVectC FinVectC

Z(S×[0,1],ĥ)

χξ0

?⊗V
ĥ

χ−1
ξ1

,

i.e.

V
ĥ

= χξ1

∫ σ∈Fund(S)

(S × [0, 1])ĥ(σ, σS) ∗ σ ∼= (S × [0, 1])ĥ(σS , σS). (4.6)

Note that we have a canonical isomorphism

V
ĥ
−→ C, (−1)dimSσS × [0, 1] 7−→ 1. (4.7)

For two composable morphisms h and h′ in Π(S,BG) we denote the composition by h′h and obtain
the 2-isomorphism

Zθ(S × [0, 1], ĥ)Zθ(S × [0, 1], ĥ′)
coherence

of Zθ−−−−−−→ Zθ(S × [0, 1], ĥ′ĥ)

evaluation of Zθ on

ĥ′ĥ'ĥ′h−−−−−−−−−−−−→ Zθ(S × [0, 1], ĥ′h).
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By (4.6) this amounts to a map

V
ĥ
⊗ V

ĥ′
−→ V

ĥ′ĥ
−→ V

ĥ′h

which by means of (4.7) can be seen as an automorphism of C, i.e. an invertible complex number. By
construction this is the number α

Z̃θ(S,?)
(h, h′), i.e. the evaluation of α

Z̃θ(S,?)
∈ Z2(Π(S,BG); U(1)) on

the 2-simplex defined by the composable pair (h, h′).

By definition of Zθ we find

α
Z̃θ(S,?)

(h, h′) = 〈H∗θ, ν〉,

where

• ν is a fundamental cycle of S × [0, 1]2 such that (see equation (3.11))

∂ν = (−1)dimSσS × ({0} × [0, 1]− {1} × [0, 1]− [0, 1]× {0}+ [0, 1/2]× {1}+ [1/2, 1]× {1}) (4.8)

• and H : ĥ′ĥ −→ ĥ′h is a homotopy relative boundary.

Using the triangulation of [0, 1]2 given by

ν∆

ν− ν+

we get a fundamental cycle ν� = ν− + v∆ + ν+ of [0, 1]2. Then ν := σS × ν� satisfies (4.8). To get
a representative for H we pick a 2-simplex H̃ : ∆2 −→ BGS such that ∂0H̃ = ĥ′, ∂1H̃ = ĥ and
∂2H̃ = ĥ′h. This is possible since BGS is aspherical. Using the map � : [0, 1]2 −→ BGS sketched in
figure 3 we define

H : S × [0, 1]2
id×�−−−→ S ×BGS ev◦T−−−→ BG,

where ev : BGS × S −→ BG denotes the evaluation.

Now we find

α
Z̃θ(S,?)

(h, h′) = 〈H∗θ, ν〉

= 〈θ,H∗(σS × ν−)〉+ 〈θ,H∗(σS × ν∆)〉+ 〈θ,H∗(σS × ν+)〉.

Without loss of generality we can work with a normalized representative for θ which then vanishes on
the degenerate simplices H∗ν− and H∗ν+. Hence, we are left with

α
Z̃θ(S,?)

(h, h′) = 〈θ,H∗ν∆〉 = 〈ev∗θ, T∗(σS ×�∗ν∆)〉 = 〈ev∗θ, H̃ × σS〉 = τSθ(h, h
′).

This proves the assertion.
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ĥ2 ◦ ĥ1

ĥ2 ◦ h1

BGS

∆h2,h1

H̃

Figure 3: Sketch for the definition of � : [0, 12]→ BGS . The map is constant along the vertical lines.

5 Twisted equivariant Dijkgraaf-Witten theories

Dijkgraaf-Witten theory is an extended topological quantum field theory that can be associated to a
finite group G. It is based on the ideas in [DW90] and was developed further in [FQ93] and [Mor15].
In this section we explain how twisted Dijkgraaf-Witten theories are obtained by orbifoldization of
extended equivariant topological quantum field theories coming from cocycles.

For θ ∈ Hn(BG; U(1)) the associated extended field theory Zθ : G-Cob(n, n − 1, n − 2) −→
2VectC can be seen as a classical gauge theory with topological twist θ. The corresponding quantized
theory can be obtained by the orbifold construction given in [SW18], i.e. by means of applying the
orbifoldization functor ?/G from n-dimensional extended G-equivariant topological field theories to
n-dimensional extended ordinary (i.e. non-equivariant) topological field theories. The orbifoldization
combines a sum over twisted sectors with the computation of (homotopy) invariants by means of the
parallel section functor developed in [SW17b].

Definition 5.1. For a finite group G and θ ∈ Hn(BG; U(1)) the n-dimensional θ-twisted Dijkgraaf-
Witten theory

DWθ : Cob(n, n− 1, n− 2) −→ 2VectC

with gauge group G is defined to be the orbifold theory Zθ/G of the extended field theory Zθ :
G-Cob(n, n− 1, n− 2) −→ 2VectC associated to θ.

This generalizes the description of the non-extended twisted Dijkgraaf-Witten theory in [SW17a,
Example 3.48] and the construction of three-dimensional extended twisted Dijkraaf-Witten theory in
[Mor15], as we will explain in more detail below.

Let us first give the following formula for the number of simple objects in the category DWθ(Tn−2)
obtained by evaluation of the twisted Dijkgraaf-Witten theory on the n − 2-dimensional torus Tn−2.
It follows as a special case from [SW18, Theorem 4.19]:
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Proposition 5.2. For a finite group G, θ ∈ Hn(BG; U(1))

#{simple objects of DWθ(Tn−2)} =
1

|G|
∑

g1,...,gn∈G
mutually commuting

〈ψ∗g1,...,gnθ, µTn〉 , (5.3)

where

• ψg1,...,gn : Tn −→ BG is a classifying map for the G-bundle P over Tn specified by the holonomy
values g1, . . . , gn ∈ G,

• µTn is the fundamental class of the torus.

It is worth looking at Definition 5.1 for n = 2:

Proposition 5.4. For any finite group G and θ ∈ H2(BG; U(1)) the evaluation of the topological
quantum field theory DWθ = Zθ/G : Cob(2, 1, 0) −→ 2VectC on the point is given by the category
of θ-twisted projective representations of G.

Proof. The groupoid Π(?,BG) is equivalent to the groupoid ?//G with one objects and automorphism
group G. By Theorem 4.5 (note that the transgression is the identity in that case) we find that the
2-vector bundle Zθ(?, ?) is given by

?//G
θ−→ FinVectC//id//C× −→ 2VectC ,

where θ is understood as a 2-functor. According to the definition of the orbifold construction in
[SW18], the 2-vector space DWθ(?) is given by the category of 1-morphisms from the trivial line
bundle over ?//G to Zθ(?, ?), i.e. by the parallel sections of Zθ(?, ?). Spelling this out we see that
DWθ(?) is the category of projective representation twisted by θ, see [MS17, Section 3.4] for more
details.

Example 5.5. Given the explicit description of DWθ(?) provided by Proposition 5.4 in the two-
dimensional case, we can compute the number of irredudible θ-twisted representation of G by using
Proposition 5.2. The right hand side of (5.3), i.e. the value of θ-twisted Dijkgraaf-Witten theory on
the torus, already appears in (6.40) of [DW90], although we should note that the reasoning in the proof
of Proposition 5.2 is only valid because we have described twisted two-dimensional Dijkgraaf-Witten
theory as an extended quantum field theory. Now (5.3) reduces to

#{irreducible θ-twisted representation of G} =
1

|G|
∑
gh=hg

θ(h, g)

θ(g, h)

and hence to the result found in [Wil05, Corollary 13] by algebraic methods.

As a special case of Theorem 5.10 below we will find that the evaluation DWθ(S1) of the 3-2-1-
dimensional θ-twisted Dijkgraaf-Witten theory on the circle is given by the category of τS1θ-twisted
representations of the action groupoid G//G. By [Wil05, Proposition 8 and Theorem 17] this category
is the representation of the twisted Drinfeld double. Hence, we have proven:

Theorem 5.6. For any finite group G and θ ∈ H3(BG; U(1)) the evaluation of DWθ = Zθ/G on the
circle is given by the representation category of the θ-twisted Drinfeld double of G [DPR90].
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This result implies for instance that we can get by mean of Proposition 5.2 an easy topological proof
of the formula for the number of irreducible representations of the θ-twisted Drinfeld double given in
[Wil05, Theorem 21].

Moreover, we see that the θ-twisted Dijkgraaf-Witten theory of Definition 5.1 generalizes the θ-
twisted Dijkgraaf-Witten theory given in [Mor15] for the 3-2-1-dimensional case to arbitrary dimension
because they yield the same modular category upon evaluation on the circle, which is sufficient by the
classification result of [BDSPV15].

As a generalization of the orbifold construction we get for any morphism λ : H −→ J of finite
groups a pushforward map λ∗ from H-equivariant to J-equivariant topological field theories, see
[SW17a, Section 6] for the non-extended case and [SW18, Remark 3.5] for the extended case needed
here. We use this construction to define a new class of extended field theories generalizing work of
[MNS12]:

Definition 5.7. Let λ : H −→ J be a morphism of finite groups and θ ∈ Hn(BH; U(1)). The θ-
twisted J-equivariant Dijkgraaf-Witten theory DWλ

θ := λ∗Zθ : J-Cob(n, n− 1, n− 2) −→ 2VectC is
defined to be the pushforward of Zθ along λ.

Given a 3-dimensional extended equivariant topological quantum field theory Z : J-Cob(3, 2, 1) −→
2VectC. We pick a base point of S1 and identify a principal bundle with its holonomy around S1 in
the direction induced by the orientation. This identifies the groupoid of J-bundles on S1 with the
action groupoid J//J . It is convenient to form the category

CZ =
⊕
j∈J

Z(S1, j),

where we identify a bundle with its holonomy. As proven in [SW18, Theorem 4.29], CZ carries the
structure of a J-multimodular category. By [SW18, Theorem 4.28], CZ is J-modular if and only if the

tensor unit of CZ is simple. Before calculating CDWλ
θ we recall the following definition:

Definition 5.8. Let Γ be a groupoid and α ∈ H2(Γ ;C×) a cohomology class represented by a
normalized 2-cocycle (also denoted by α). A projective functor F : Γ −→ FinVectC with respect to
α assigns to every object g ∈ Γ a vector space F (g) ∈ FinVectC and to a morphism ϕ : g1 −→ g2 a
linear map F (ϕ) : F (g1) −→ F (g2), such that

F (ϕ2) ◦ F (ϕ1) = α(ϕ2, ϕ1)F (ϕ2 ◦ ϕ1)

for composable morphisms ϕ1, ϕ2 ∈ Γ and

F (idg) = idF (g)

for all g ∈ Γ . Natural transformation between projective functors can be defined as usual. We denote
by [Γ,FinVectC]α the 2-vector space of projective functors with respect to α.

By chasing through the definition of parallel sections of a 2-vector bundle in [SW17b] and using (3.15)
and (3.16) in [MS17], we can observe the following:

Lemma 5.9. Given a normalized groupoid 2-cocycle α described by a 2-functor

α : Γ −→ FinVectC//id//C× −→ 2VectC,

the 2-vector space [Γ,FinVectC]α of α-projective functors can be equivalently described as the 2-
vector space of parallel section of α seen as a 2-vector bundle in the sense of [SW17b], i.e. as 2-vector
space of 2-natural transformations from the trivial 2-vector bundle to α.
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Theorem 5.10. Let λ : H −→ J be a morphism of finite groups and θ ∈ H3(BH; U(1)).

1. The category assigned to S1 by the extended J-equivariant θ-twisted Dijkgraaf-Witten theory
DWλ

θ is given by

CDWλ
θ =

⊕
j∈J

[λ−1
∗ [j],FinVectC]q

∗
j τS1θ , (5.11)

where λ−1
∗ [j] is the homotopy fibre over j ∈ J under the functor λ∗ : H//H −→ J//J induced by

λ and qj : λ−1
∗ [j] −→ H//H is part of the structure of the homotopy fibre. The category (5.11)

carries a J-multimodular structure.

2. If λ is surjective, (5.11) reduces to

CDWλ
θ =

⊕
j∈J

[λ−1(j)// kerλ,FinVectC]τS1θ|kerλ , (5.12)

where λ−1(j) is the preimage of j ∈ J under the group morphism λ. The category (5.12) is
J-modular.

Proof. 1. Equation (5.11) can be obtained directly from Lemma 5.9 and Theorem 4.5. The J-

multimodularity of CDWλ
θ follows from [SW18, Theorem 4.29] because the category comes from

a J-equivariant topological field theory.

2. If λ : H −→ J is surjective we can pick a set theoretical section of s : J −→ H of λ. Every
object (h, j̃ : λ(h) −→ j) ∈ λ−1

∗ [j] in the homotopy fiber is isomorphic to (s(j̃)hs(j̃)−1, 1) by
the isomorphism s(j̃). For this reason λ−1

∗ [j] is equivalent to its full subgroupoid consisting of
objects of the form (h, 1) with h ∈ λ−1(j). A morphism h̃ : (h, 1) −→ (h′ = h̃hh̃−1, 1) satisfies

λ(h) λ(h′)

j
1

λ(h̃)

1

.

This implies that h̃ ∈ ker(λ) and hence λ−1
∗ [j] ∼= λ−1(j)//ker(λ), which proves (5.12). In order

to see that (5.12) is in fact J-modular, it suffices to show that the unit of (5.12) is simple. This
follows from [SW18, Proposition 4.34]. Again, surjectivity of λ enters.

Remark 5.13. 1. For θ = 0 and surjective λ this result agrees with [MNS12, Proposition 3.22].
Hence, our construction is a natural extension to non-trivial cocycles.

2. Let us give the following physical interpretation of the techniques developed in this section:
Suppose that we are given a finite group G and a 3-cocycle ω ∈ H3(BG; U(1)). This data gives
rise to a 3-2-1-dimensional topological quantum field theory, namely the ω-twisted Dijkgraaf-
Witten theory DWω, see Definition 5.1. Suppose now we are given a weak action of a finite
group J on G, see [MNS12, Definition 3.1], preserving ω. Such a weak action should be seen as
a symmetry of our theory. We can ask whether it is possibble to gauge this J-symmetry, i.e.
whether we can find a J-equivariant topological quantum field theory whose neutral sector is
given by DWθ. To this end, we note as in [MNS12] that the weak J-action on G amounts to a
short exact sequence

1 −→ G −→ H
λ−→ J −→ 1
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of finite groups. If there is a θ ∈ H3(BH; U(1)) such that

θ|G = ω, (5.14)

then indeed, by Theorem 5.10 DWω occurs as the neutral sector of DWλ
θ . In general, there are

obstruction for finding such a θ as in (5.14). Physically this is the appearance of so-called ’t
Hooft anomalies. In a forthcoming paper we will discuss this point in more detail.

3. Our construction can be generalized as follows: Given a sequence of finite groups

G0
λ1−→ G1

λ2−→ . . .
λn−→ Gn

and 3-cocycles θj ∈ H3(BGj ; U(1)) for 0 ≤ j ≤ n we can construct theGn-equivariant topological
quantum field theory

λn∗(· · · (λ2∗(λ1∗Zθ0 ⊗ Zθ1)⊗ · · · )⊗ Zθn−1)⊗ Zθn .

Corresponding to this theory there exist a potentially interesting Gn-multimodular tensor cate-
gory.
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