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Abstract

We study maximal independent families for sets in the projective hierarchy. Our
main result shows that in the Cohen model, there are no maximal independent families.
We also consider a new cardinal invariant related to the question of destroying and
preserving maximal independent families.

1 Introduction

In descriptive set theory, one often looks at objects defined in a con-constructive way, such as
ultrafilters, Bernstein-type sets, maximal almost disjoint families etc., and asks the question
“how low in the projective hierarchy do such objects first appear”? In this paper, we look
at maximal independent families, a close relative of the maximal almost disjoint families
studied in this way by the same authors in [1].

Definition 1.1. A family 7 C [w]® is called independent if whenever we choose finite disjoint
F,G CT, we get

o(F;G) = ( ﬂ A) N ( ﬂ (w\B)) is infinite.
AeF BeG

A family 7 C [w]® is called a mazimal independent family (m.if.) if it is independent and
maximal with regard to this property.

Note that maximality of Z is equivalent to:
VX € w*IF € [Z]¥AG € Z\ FI=¥ (6(F;G) C* X V o(F;G)N X =* 2).

By identifying the space [w]* with 2¢ via characteristic functions, one can consider
independent families as subsets of the reals and study their complexity in the projective
hieararchy.

Remark 1.2. If 7 is a ¥} m.if. then it is Al.
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Proof. Suppose Z is a £} m.i.f. Then VX € [w]* :

X¢T < JFe[I)~¥ 3G e [T\ FI=¥
(X¢FANX¢GA(o(F;G)C" XVo(F;G)NX =" 2)).
The last statement is easily seen to be .. O

Theorem 1.3 (Miller; [2]). There is no analytic m.i.}.

An analysis of Miller’s proof shows the following stronger result: X.(C) = #AX!-
m.i.f., for all n, where we use “3(C)” to denote the statement “all =} sets have the Baire
property”. In particular, it follows that in the Cohen model there is no E% m.i.f., that in
the Solovay and the Shelah model (for projective Baire Property without inaccessible) there
is no m.i.f. at all, and that AD = there is no m.i.f.

In this paper, we prove a much stronger result, namely, that in the Cohen model there is
no projective m.i.f. Since X3(C) is false in the Cohen model, this will show that the above
implication cannot be reversed in general.

On the other hand, it is easy to construct a m.i.f. by induction using a wellorder of the
reals. In particular, it is easy to see that in L, there exists a 33 m.i.f. In [2], Miller used
sophisticated coding techniques to show that, in fact, there is a II{ m.if. in L. Building
on an idea due to Asger Toérnquist [4], we will show that in fact this proof is unneccessary,
since one can show directly in ZFC that if there exists a 33 m.i.f. then there exists a IT]
m.i.f.

The paper is structured as follows: in Section 2, we prove the implication mentioned
above. In Section 3 we present a break-down of Miller’s original proof necessary for further
development. In Section 4 we prove the main theorem about projective m.i.f.’s in the Cohen
model, and in Section 5 we study a cardinal invariant related to the question of preserving
or destroying a m.i.f.

2 X and II} m.i.f’s
Theorem 2.1. If there exists a 2% m.i.f. then there exists a H% m.i.f.

Proof. Suppose Zy is a ¥} maximal independent family. Let Fy C ([w]*)? be a II} set such
that Z is the projection of Fyy. Consider the space w U 2<% as a disjoint union, and consider
the mapping

(W]*)? — 2 (wU2<w)

g: (z,y) — 2z U{xyln | n <w}

where x, is the characteristic function of y. It is not hard to see that g is a continuous
function (in the sense of the space 2 (w U 2<%)).

By Hi—uniformization, there exists a Hi set F' C Fy which is the graph of a function, i.e.,
Yz € Ty 3y ((x,y) € F). We let T := g[F] and claim that Z is a I} m.i.f.

To see that Z is II7, note that for z € [w U 2<¥]¥ there is an explicit way to recover
x and y such that g(x,y) = z, if such = and y exist. More precisely: for B C 2<%, let
lim(B) :={y € 2 | Vn (yIn € B)}. Note that if B is infinite then lim(B) # &. Then we
can say the following: z € 7 if and only if



1. Vy, o (y € lim(zN2<¥) Ay € lim(zN2<¥) — y=1¢'), and
2. Yy (y €lim(zN2<¥) — (zNw,y) € F).
This gives a IIj definition of Z.

To see that 7 is independent, suppose we have z1,...z, and wy,...wy € Z, the 2’s being

different from the w’s. Write a; := 2; Nw and b; := w; Nw. Then all a; and b; are in
dom(F') = Zy, and moreover, since F is a function, the a;’s are different from the b;’s. But
then we have that o(z1,...,2zp;w1,...,we) 2 o(ay,...,an;b1,...,be) is infinite, since the

latter set is infinite by the independence of Z.

To show maximality of Z, suppose W € [w U 2<¥]* and W ¢ Z. Let A := W Nw. By maxi-
mality of Zy, there are ay, ..., a, and different b, ..., by such that o(aq,...,an, A; b1,...bs)
is finite or o(ay,...,an; b1,...by U {A}) is finite, w.l.o.g. the former. Then there are
Z1,...,%n and different wy,...,w, such that a; = z; Nw and b; = w; Nw. To make sure
that the “2<“-part” of the z;’s and the w;’s does not make the intersection infinite, we pick
two additional to # t1 € Z, different from the z;’s and the w;’s. Let ty = g(xo,yo) and
t1 = g(z1,y1)- If yo = y1, then (to \ t1) N 2<% = &, hence o(z1,...,2n, W,to; b1,...bg,t1) is
finite. If, on the other hand, yo # y1, then the sets {xy,[n | n <w} and {x,, [n | n <w}
are almost disjoint, so (tg Nt1) N 2<% is finite. In that case, o(x1, ..., Tn, W, to,t1; b1,...bs)
is finite. So in any case, Z N {WW} is not independent, completing the proof. O

3 Perfect almost disjoint and almost covering sets

Next, we turn our attention to Miller’s original proof of the non-existence of analytic m.i.f.’s.,
using it to prove a stronger result and breaking it down a bit, using the following definition.

Definition 3.1. A tree T' C 2<% is called perfect almost disjoint (perfect a.d.) if it is a
perfect tree and Vz,y € [T] {n | z(n) = y(n) = 1} is finite. A tree S C 2<% is called perfect
almost covering (perfect a.c.) if it is a perfect tree and Vz,y € [T] {n | z(n) = y(n) = 0} is
finite.

Definition 3.2.

1. A set A C 2% satisfies the perfect-a.d.-a.c. property, abbreviated by Sgg.qc, if there
exists a perfect a.d. tree T with [T] C A, or there exists a perfect a.c. tree S with
[S]NA=2.

2. A set A C 2% satisfies the perfect-a.c.-a.d. property, abbreviated by S, qq, if there
exists a perfect a.c. tree S with [S] C A, or there exists a perfect a.d. tree T with
[TINA=g2.

Question 3.3. Do the statements T'(Sad-ac) 07 T'(Suc-ad) have any interesting characterisa-
tions and/or has anything like this ever been studied previously, for example for T' = A% or
r=x.7?

Lemma 3.4. T'(C) = I'(Sad-ac) A T'(Sac-ad) for any projective pointclass T.

Proof. Let A C 2“ be in I'. If A has the Baire property, in particular there is a basic open
set [s] such that [s] C* A or [s]N A =* & (here C* and =* denote modulo meager). If we
assume the former, we will find both a perfect a.d. tree T" and a perfect a.c. tree S such that



[T] € A and [S] € A. Analogously, if we assume the latter, we will find both a perfect a.d.
tree T and a perfect a.c. tree S such that [T]N A = @ and [S]N A = @&. Thus, it is clear
that in effect we prove both T'(Sy4.qc) and I'(Sgc.qq). We only show how to construct the
perfect almost disjoint tree 71" in the former case; the other cases are similar.

So, assume [s] C* A and let B,, be nowhere dense so that [s]\ A C |J,, Bn.

e Let sy be an extension of s with at least one (new) non-zero digit, and such that
[sz] N By = &. Let ko := |sg].

e Let s be an extension of sg, with at least one new non-zero digit, and such that
[S<0>] N By =a. Let ky := |s<0>|.

e Let s(1) be an extension of s consisting only of 0’s on the interval [ko, k1), followed by
an arbitrary extension with at least one non-zero digit, and such that [s(;)] N By = @.
Let kg = ‘3<1>|

e Let 59,0y be an extension of sy, consisting only of 0’s on the interval [k1, k2), followed
by an arbitrary extension with at least one non-zero digit, and such that [s,0)] N By =
. Let k3 := |S<070>‘.

e Let 50,1y be an extension of sy, consisting only of 0’s on the interval [k, k3), followed
by an arbitrary extension with at least one non-zero digit, and such that [s( 1y]N By =
. Let ky := |S(070>‘.

e Continue in the same way: s,~ ;) extends s, with only 0’s until the largest k; which
has been defined, followed by an arbitrary extension with at least one non-zero digit,
such that [s,~ 3] N Bjgj41 = 2.

Finally let T be the tree generated by {s, | ¢ € 2<“}. This is a perfect tree (because of the
“new non-zero digit”), and clearly [T] C [s] N A. The construction clearly guarantees that
[T] is an almost disjoint tree.

To construct the perfect almost covering tree S in A, proceed analogously replacing “0” by
“1” in the proof above. O

Remark 3.5. An equivalent formulation of the above lemma is: “for every countable model
M there exists a perfect almost disjoint set and perfect almost covering set of Cohen reals
over M”.

Lemma 3.6. E}l(Sad_ac) = ﬂE}l—m.i,f. and E;(Sac_ad) = ﬂEi—m.i,f.,

1

n, and assume, towards con-

Proof. We prove both statements simultaneously. Let Z be X
tradiction, that Z is a m.i.f. Let

H:={X|3F € [I]<* 3G € [T\ F]<* (¢(F;G) C* X)}
K:={X|3Fe[Z]<* 3G € [T\ F]<* (¢(F;G) N X =* @)}

Then both H and K are X sets. Moreover, by maximality of Z, [w]* = H U K.

Assume that Ei(Sad_ac) was true. Then, applying this property to H, we either obtain
a perfect almost disjoint tree T' with [T] C H, or a perfect almost coverting tree S with
[SJNH = @, hence [S] C K (note that here, and in the rest of the proof, we identify subsets
of w with their characteristic function).



Alternatively, assume that Ei(Sac_ad) was true. Then, applying this property to K, we
either obtain a perfect almost covering tree S with [S] C K, or a perfect almost disjoint tree
T with [T1N K = @, and therefore [T] C H.

In both cases, the proof proceeds analogously.

First assume there is a perfect almost disjoint 7" with [T] C H. For each X € [T] let Fx,Gx
witness the fact that X € H, and apply the A-systems Lemma to find distinct X,Y € [T
such that (FX U Fy) N (GX @] Gy) = @. Then O’(FX UFy;Gx U Gy) cC*Xny =
contradicting the independence of Z.

Similarly, assume there is a perfect almost covering S with [S] C K, and proceed analogously

Then we obtain o(Fx U Fy;Gx UGy) N (X UY) =* @. But by assumption (X UY) =

so this implies that o(Fx UFy;Gx UGy ) =" &, again contradicting the independence of I
O

Corollary 3.7. X.(C) = A% m.i.f

Remark 3.8. A curious aspect of this corollary is that the proof can proceed either via
Sad-ae OF via Sgeqq; in fact, considering just any one of these dichotomy properties would
be sufficient (see Figure 1), and in the proof of Lemma 3.6 it would be sufficient for just H
or just K to be X3.

ad—ac 2 ad ac
ac ad Z ad ac ﬂzl m.i.f.

Figure 1: Impications in ZFC.

Question 3.9. Can we strengthen Lemma 3.6 to A} (Sad-ac) = PEL-m.i.f.? (Note that
A;(Sad_ac) and A}L(Sac_ad) are equivalent).

4 Projective m.i.f’s

The general question is: in which models do m.i.f.’s of complexity I' exist? A recent abstract
result of Schrittesser [3] shows:

Fact 4.1 (Schrittesser 2016). In the iterated Sacks model (of any length) starting from L,
there exists a (lightface) A m.i.f.

Theorem 4.2. In the Cohen model there are no projective m.i.f.’s

What we actually show is that in the Cohen model all projective sets (and even all sets
in L(R)) satisfy Sag.ac and Sgeaq. The main point is the following Lemma, closely related
to Lemma 3.4:

Lemma 4.3. If ¢ € [s] is Cohen over V, then in V[c| there exists a perfect almost disjoint
set and a perfect almost covering set of Cohen reals over V', contained in [s].



Proof. Let P denote the partial order consisting of finite trees T' C 2<% with the following
property: kg < k1 < --- < kg such that 7' C 25%¢_and for every i < /, there is at most one
t € T where t[[k;, k;y1) is not constantly 0 (notice that the tree constructed in the proof of
Lemma 3.4 has this property). The trees are ordered by end-extension.

Notice that P generically adds a perfect tree T, defined as the limit of the trees in G.
Moreover, using an analogous idea to Lemma 3.4, we can see that T' is almost disjoint and
that every x € [Tg] is Cohen-generic over the ground model.

Since PP is countable, it is isomorphic to Cohen forcing. Therefore, if V[c] is a Cohen extension
of V, it is also a P-generic extension of V, so there exists a perfect almost disjoint set [T¢]
of Cohen reals. W.l.o.g. T can be assumed to be within [s].

To obtain a perfect almost covering set of Cohen reals in [s], apply the same argument with
“0” replaced by “1”. O

Proof of Theorem 4.2. Let W := Vs (for any &), and let A be a set in W defined by a
formula ¢(z) with real or ordinal parameters, w.l.o.g. all of which are in V (so we can
forget about them). In W, let ¢ be Cohen over V, and assume w.l.o.g. that ¢(c). Then
Vel & “p kg ¢(¢)”, where Q is the remainder forcing leading from Vc] to W and p is some
Q-condition. However, since C is the product forcing, Q is isomorphic to C,. Moreover,
since C, is homogeneous we can assume that p is the trivial condition, hence we really have:

VId e, 6@

Let [s] be a Cohen condition with ¢ € [s] forcing this statement in V. By Lemma 4.3, first
we find a perfect a.d. tree T with T' € V[¢| , [T] C [s] and such that all z € [T] are Cohen
over V. Note that this fact remains true in W, since “being a perfect set of Cohen reals” is
upwards absolute. Now, for any such = € [T] (in W), we have that « € [s], and therefore
V[z] satisfies whatever [s] forces, in particular

Viz] | “ ke, ¢(2)”

But, again, the remainder forcing leading from V[z] to W is isomorphic to C,, and it follows
that W | ¢(x).

Similarly, we also find a perfect a.c. tree S with exactly the same properties. Thus A satisfies
both Sgg.qc and Syc.qd, and the rest follows by Lemma 3.6. O

5 N;-Borel and ¥;-closed m.i.f’s

The question of definable m.i.f’s is closely related to questions concerning certain cardinal
invariants (compare with [1]).

Definition 5.1.
1. i is the least size of a m.i.f.

2. ig is the least x such that there exists a collection {C,, | « < k}, where each C, is a
closed independent family, and (J, ., Cq is a m.i.f.

3. ip is the least k such that there exists a collection {B,, | @ < k}, where each B, is a
Borel independent family, and | J,, ., Bo is a m.i.f.



It is clear that ip < iy < 1i. It is also known that v < i and 0 < i, where 0 and v denote
the dominating and reaping numbers, respectively. Notice that if iz > Ny, then there are
no X5 m.i.f.’s (since Xj-sets are N;-unions of Borel sets).

Theorem 5.2. cov(M) <ig.

Proof. Let k < cov(M) and let {B,, | & < k} be a collection of Borel independent families.
We need to show that Z := (J,, ., Ba is not maximal.

Suppose otherwise, and for every finite £ C x define
Hg :={X | 3F € Uyep Bal=* 3G € [Upep Ba \ FI<* (0(F;G) C* X)}

Kg = {X | 3F € [Uycp Bal< 3G € [Upep Ba \ FI<¥ (0(F;G) N X =* @)}

ackE

Notice that by maximality of Z = |J,,_,. Ba, we have

\{HEUKE | E € [5]7} = [w]*.

Since k < 0 = cov(K,), there must exist a finite £ C & such that Hg U K ¢ M. Suppose
Hp ¢ M: since Hg is analytic, there exists a basic open [s] with [s] C* Hg. By the
argument from Lemma 3.4, there exists a perfect a.d. tree T' with [T] C Hg. But then, by
the argument from Lemma 3.6, it follows that (J, . Ba is not independent, contrary to the
assumption. Likewise, if K ¢ M then using the argument from Lemma 3.4, there exists a
perfect a.c. tree S with [S] C Hg, and the rest is the same. O

We end this section with the following open questions:
Question 5.3.
1. Is it consistent that i <0 orig <07
. Is it consistent that i <t orig < t?

. Is it consistent that i < i orig <i?

1
n

2
3
4. Can we have 0 > Xy or v > Ny together with a 2% m.i.f. ¢
5

. Does the existence of a E}Hl m.i.f. imply the existence of a I, m.i.f. forn >27?
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