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Abstract

The muon anomalous magnetic momeptand the hadronic vacuum polarization are
examined using data analyzed within the framework of a Blyitaroken HLS model. The
analysis relies on all available scan data samples anddgaewisionally aside the ex-
isting ISR data. Our HLS model based global fit approach allfav a better check of
consistency between data sets and we investigate howgekgend on different strate-
gies which may be followed. Relying on global fit qualitiese find several acceptable
solutions leading to ambiguities in the reconstructed evdtr (a,)q,. Among these,
the most conservative solution ¢§**"“°[HLS improved] = 687.72(4.63) x 10 '° and
(au)in = 11659175.37(5.31) x 10~1° corresponding to &.1c significance for the dif-
ferenceAa, = (au)ezp — (au)wm- It is also shown that the various contributions acces-
sible through the model yield uniformly a factor 2 improvernef their uncertainty. The
breaking procedure implemented in the HLS model is an eidersf the former proce-
dure based on a mechanism defined by Bando, Kugo and YamaBl€Xi) ( This yields
a quite satisfactory simultaneous description of most— annihilation channels up to
and including thep meson ¢ 7~, 7%, ny, 77 7%, KK, Kofo) and of a set of
10 (mostly radiative) decay widths of light mesons. It alioves to achieve the proof
of consistency between the'e~ — 77~ annihilation and the* — 7+7% decay
and gives a solution to the reported problem concerning thasored partial width ratio
(¢ - KTK™)/T(¢p — KOFO). Prospects for improving the VMD based estimates of
a, are emphasized.
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1 Introduction

The muon anomalous magnetic momeptis a physics piece of information which has
been measured with the remarkable accurady & 1010 [1},[2]. From a theoretical point of
view, a, is the sum of several contributions; the most prominentrdmutions can be predicted
with a very high accuracy by the Standard Model. This coveesQED contribution which
presently reaches an accuracy better thérx 10~*2 [3] or the electroweak contribution where
the precision is now.8 x 107! [4]. The light-by-light contribution ta,, is more complicated
to estimate and is currently known with an accuracg.6fx 10~1° [5].

Another important contribution te, is the hadronic vacuum polarization (HVP). Perturba-
tive QCD allows to compute a part of this with an accuracy efaehder10-11; this covers the
high energy tail and the perturbative window between.fji¢ andY resonance regions. For
the region below this threshold, one is in the non—pertarbaegion of QCD where estimates
of the hadronic VP cannot so far be directly derived from Q@ilying on first principles only.
However, this may change in a future. Indeed, some recegtgse in Lattice QCD |6,/7,/8]
gives hope that reliable calculations of the HVP are now athan the next years. They would
be an important complement to the standard approaches,llesswe the approach presented
here.

One is, therefore, left with estimates numerically derifredn experimental data. Indeed,
it has been proved long ago that the contribution of an inéeliate hadronic statd; to a,, is
related with the annihilation cross sectiep.(s) = o(ete” — H;) by :

a(H) = 5 [ dsK (s)ox,(s)

471'3 SH;

where K (s) is a known kernel[[4] enhancing the weight of the lewegion, close to the
thresholds g, of the final statefZ;. Then, the total non—pertubative HVP can be estimated by
a,(H) = Y a,(H;), where the sum extends over all final staigswhich can be reached in
ete™ annihilations.

The accuracy of,,(H;) is, of course, tightly related with the accuracy of the ekpental
data set used to perform numerically the integration shawave. When different data sets
are available for a given annihilation chanig| a combination of the corresponding(H;)’s
is performed by weighting each estimate with the reportetettainties affecting each data
set, using standard statistical methods (see [9], formuga Possible mismatches between the
various estimates are accounted for by methods like thec®+feechnics of the Particle Data
Group [10]. In this approach, of course, the accuracy of eg€H,) is solely determined by
all the measurements covering the chanfiigbnly, without any regard to the other channels
H; (j #1).

This method succeeds in providing very precise values frdkevant contributions. Sum-
ming up the non—perturbative HVP estimated this way withréfs¢, one obtains an estimate of
a,, quite comparable to the BNL average measurement [1, 2]. Mexvthe prediction based on
ete” annihilation data or decay data [11, 12, 13, 14,1154, 16] exhibits a long—standis-
crepancy; the exact value of this discrepancy has goneadiraes back and forth, depending
on whether one trusts thedata based analyses or the sean™ annihilation data, which are
obviously more directly related witl, (H'). With the advent of the high statistics data samples



collected using the Initial State Radiation (ISR) method, [18,/19], a precise value for this —
possible — discrepancy has become harder to define unamisiguo

In order to get a firm conclusion concerning the numericdédiince between the measured
and calculated values of the muon anomalous magnetic matent= (a,)ezp — (@,)wm, ONE
should first understand whybased and " e~ based analyses differ; one should also understand
the differences between scan data and ISR data and possldiffierences between the various
available ISR data samples, as the KLOE samples [17, 19]ranBaBar sample [18] seem to
lead to somewhat conflicting results.

Anyway, while all proposed values fdu,, )., differ from the average fofa,, )., , the the-
oretical uncertainties start to be comparable to the ewparial one. Therefore, it becomes
interesting to look for a method able to reduce the uncetain (a, ). by simply using the
existing data. It is also an important issue to have a framewtbere the properties of each
data set can be examined.

In order to cover the low energy regime of strong interactjdhe most common approach
is to use effective Lagrangians which preserve the symnpetyerties of QCD. At very low
energies, Chiral Perturbation Theory (ChPT) represerts adramework. However, the realm
covered by the usual ChPT is very limited (not much greatan tthen mass); Resonance
Chiral Perturbation Theory (|T) permits to go much deeper inside the resonance region; it
thus defines a framework suited to study the non—pertudhtadronic VP (HVP).

It was soon recognized [20] that the coupling constants gt orderp* in ChPT were
saturated by low lying meson resonances of various kindsdveaxial, scalar, pseudoscalar)
as soon as they can contribute. This emphasized the role Gftldamental vector meson nonet
and confirmed the relevance of the Vector Meson Dominanceliybbncept in low energy
physics. Soon after, [21] proved that the Hidden Local Sytmyn@LS) model [22] 23] and
the Resonance Chiral Perturbation TheoryPH) were equivalent. Therefore, one may think
that the HLS model provides a convenient and constrainin® @Gpired framework for an
improved determination of the HVP. It is, therefore, quégitimate to check wether the HLS
model allows a better determination of the HVP than the ususthod sketched above.

The basic HLS model has an important limitation for HVP stsdi The vector resonances
entering the model are only those embodied in the lowest nextsr meson nonet. This cer-
tainly limits upwards the relevant energy range~d.05 GeV,i.e. slightly above thes(1020)
meson mass; going beyond while staying within the stand&i@ ttamework certainly entails
uncontrolled uncertainties due to the contribution of keigimass vector meson nonets.

However, relying on the standard method, one can estimatedhtribution of the region
Vs € [mgo, my] to 83.3% of the total HVP and show that its uncertainty is al$arge fraction
of the total HVP uncertainty ~ 4 x 1071 when using only scan data or2.7 x 10~'% when
using also the recent ISR data samples. For comparisonntestainty provided by the region
above~ 1.05 GeV is~ 4 x 10 '°. Therefore, any significant improvement on the knowledge
of (a, ) in the regiony/s < 1.05 GeV is certainly valuable.

The (basic) HLS model provides a framework where the intatioens between the various
observed decay channels are made explicit. The point isthleatise of an adequate model
allows for a global fit strategy. All available cross-sentitata are used to constrain the model
parameters, which in turn allows us to predict physical abes. Therefore, if the model



provides a statistically acceptable common solution toessetH = {H;} of different pro-
cessek each covered by one or several data sets, the fit result®pants reconstruct reliably
thea,(H;) (H; € H).

Indeed, if a global fit of the s&{ of the various data samples is successfully performed, then
the parameter values and their error covariance matrix samaenreliably all the knowledge of
the setH, including thephysics correlationemong them. Then, all cross sections contained
in 4 can be estimated with an information improved by having rtiakeo account all the
underlying physics correlations.

With the present formulation, of the HLS model, the variay$H;) can be reliably and
accurately determined up te 1.05 GeV, just including thep resonance region. All the rest
should presently be estimated by the methods usual in tlhds fie

One can substantiate the benefits drawn for using such al ghaukel :

e As the model is global, it implies algebraic relations bedwehe various channels it
encompasses. Therefore, the accuracy of the estimatg, féf;) is determined by the
statistics available for any channBl and also by the statistics associated with all the
other channels contained #.

For instance, the accuracy fay(7*7~) is certainly determined by the available statis-
tics forete™ — wTw~ but all other data, acting asnstraints, also contribute to the
accuracy fom, (77 ). This is the role of the*e~ — 7y ore*e — 7%y annihilation
data, but also those of the decay width #or— n'y or of the dipion spectrum in the
T — nrwv decay, etc.

Conversely, the accuracy fay,(7°y), for instance, is not only governed by the statistics
available forete~ — 7%y, but also by those provided by thge~ — 7#t7~ orefe™ —
ny data, etc.

Therefore, the improvement expected from a global modellshadfectsimultaneously
all the channels contained # and contributing ta,,.

¢ As the breaking procedure is global, it affects simultarsgpall physics channels related
with each other by the Lagrangian model. A successfull dlobtaus implies that it is
validated by the fit quality of the largest possible set obdsimples. This high degree
of consistency indicates that the breaking mbiehot simplyhad hoc

e Any data set is certainly subject to specific systematicsydver, taking into account
that the study we plan relies on 45 different data sets cogegidifferent annihilation
channels, 10 partial width decays (taken from the Reviewaoti€e Properties [10]) and
some decay spec@r,aone may consider the effects of correlated systematiconedoly

1These can be cross sections or various kinds of meson paiditais, or also decay spectra. Indeed, any piece
of information able to constrain the model parameters isalale.

2We mean that the breaking procedure we define is certainlydembut it is not intended to solve only one
issue in isolation, like the consistency betwedre~ — 77~ andr — 77w, without any regard to the rest
of the correlated physics. Stated otherwise, it is validately if its consequences for the other related physics
channels are accepted by the corresponding data.

SActually, it affects the dipion spectrum in the decay—+ wm7v and in the anomaloug/n' — 7y decays,
among others.



well smeared out. Indeed, one may consider unlikely thasyistematics affecting as
many different objects can pile up.

Basically, what is proposed is to introduce the theoretmajudice represented by one
formulation of the VMD concept in order to constrain the dag¢gond genuine statistical con-
sistency of the various data samples referring tod@e physics channel. It has already
been showr [24] that theoretical (VMD) relationships amweagous channels are highly con-
straining. The present work plans to better explore sucladiwork with a much improved
modelling.

Conceptually, the idea to include some theoretical prepith order to reduce the uncer-
tainties ona,, is not completely new. A method to complement the~ — 7=~ data with
the constraints of analyticity, unitarity and chiral syntrgenas been initiated by [25, 26, 127]
with the aim of improving ther*7— contribution toa,,, but this has not been finalized.

For the present study, we have found appropriate to disterdlata collected using the
Initial State Radiation (ISR) method [17,/18,/ 19]; indeeelcéuse of the complicated structure
of their systematics, they almost certainly call for a maymplicated statistical treatment than
the usuak™e~ scan data. The use of ISR data will be addressed in a fortimgppuiblication.

The HLS modell[22, 23] complemented with its anomalous s42&j) provides a frame-
work able to encompass a large realm of low energy physicgs dfomalous sector will be
referred to hereafter as FKTUY sector. The non—anomaloetsisallows to cover mostte™
annihilation channels and somalecays. Thanks to its anomalous sector, the same framework
also includes the radiative decays of light flavor mesonk wauplings of the forﬂﬂ/Py and
P~v and also several anomalous annihilation channels. Agtugllto thep meson mass, the
only identified channel which remains outside the scope®fthS model is thete™ — 7w
annihilation channel, due to the large effect of high massoraesonances [29, 30] presently
not included in the HLS model.

However, in order to use the HLS model beyond rather quaigatudies and yield precise
descriptions of experimental data, symmetry breakinggutaces have to be implemented. A
simple mechanism breaking the SU(3) flavor symmetry [31]desesn introduced, followed by
several useful variants [32, 33,/134]. Nonet symmetry bregkn the pseudoscalar sector has
also been introduced by means of determinant terms [35]s Bil@aking procedure has been
shown to describe precisely the radiative decays of ligrgane [36] 3/7] and to meet [38] all
expectations of Chiral Perturbation Theory.

In order to account for the reported mismatch between the foiom factor ine*e~ anni-
hilation and in ther decay, it has been proposed|[39] to take into account lo@etstf Indeed
kaon loops produce a mixing of the neutral vector mesonstwisia consequence for the
K° — K* mass splitting. These turn out to modify effectively theteeeneson mass term by
identifieds—dependent terms.

Introducing the physical vector fields which corresponchdigenstates of the loop mod-
ified vector meson mass matrix, provides a mixing mechanighedripletp® — w — ¢ system.

In this change of fields the charged vector mesons remainamgeld. With thiss—dependent

4In the following, we may denote by and P any of respectively the vector or the pseudoscalar lighbflav
mesons. This does not rise ambiguities.



mixing of neutral vector mesons, the fit residuals to the amm factor ine*e™ annihilations
and inT decays did not exhibit any longer any mass dependenc:eé@%;this mechanism
provides an important part of the solution to the so—called —r puzzlé.

However, this solution is only partial. Indeed, if the dipigpectrum lineshape in the decay
of the 7 lepton is clearly predicted [39, 24] from" e~ data, there is still some problem with
its absolute magnitude. This issue has been found to be byratlowingi/ a massdm) and
a coupling §g¢) difference between the neutral and chargadesonsji/ a rescaling of the
dipion spectra consistent with the reported uncertairdrethe absolute scales of the various
measured spectra [40,/141,/142]. The results returned by fiteali lead to a significant mass
differencé but, insteaddg and the fitted scales of the experimental spectra were foigndyh
significant [24].

However, the numerical values of these parameters (nevex tihan a few percent) suggest
that some unaccounted for isospin breaking effects havgatditeen included.

On the other hand, the HLS model supplemented with the SU(3)/breaking reminded
above accounts successfully — and simultaneously — for te&sored cross sections in the
ete™ — nfn~, ete” — 7%, efe™ — 1y, efe” — ata~7® annihilation channels and for
the additional set of 9 decay widths, especially the raggadiecays of the formy Py or P,
needed in order to constrain more tightly the model. Thisbdeen proved in [46]. However,
as it stands, the HLS model fails to account for the annibilathannelss™e — KK~
andete~ — K°K" simultaneously. This is obviously related to the puzzlsguie thoroughly
discussed in[[47] concerning the branching fraction rétie> KK~ /¢ — K°K’. The
reported disagreement with theoretical expectationsuadaignificant and amounts to a few
percent. This also allows thinking that some isospin bregkifects are not yet fully accounted
for.

In the present paper, we define a symmetry breaking proceduich is nothing but an
extension of the BKY mechanism referred to above, but inolgichow breaking in the non—
strange sectors. This mechanism is only an upgrade of the BK§hanism and applies like-
wise to the two different sectors (the so—callegand L sectors) of the non—anomalous HLS
Lagrangian. We show that thescale issue is solved by breaking tBg Lagrangian piece
while the¢ — K*K~ /¢ — KK’ puzzle yields its solution from applying the same mech-
anism to theC 4, Lagrangian piece. Stated otherwise, within the framewditk® HLS model
broken in this way, thete~—r and they — K K puzzles appear as twin phenomena yielding
parent explanations.

Actually, equipped with this upgraded breaking mechanidrma, HLS model provides a
satisfactory description of all the physics informatiaidid above, including now bothe™ —
KK annihilations.

Having discarded the 3 existing ISR data sampéepriori 45 different data sets of scan
data are relevant for our present analysis. At each steprodmalysis, we have checked the
consistency of the various data samples with each otherlipyge as strictly as possible, on
the information provided by the various groups without amytfer assumption. We have found

5 A similar result has been obtained in [16] relying rather op’a— v mixing mechanism; it should be
interesting to study a more genefal— ¥ mechanism supplementing th& — w — ¢ mixing scheme.

6 The mass difference following from fit correspondsste = 0.68 + 0.40 MeV is in accord with what is
expected for the electromagnetic mass differenck [43, Adlep mesons[45pm ~ 0.81 MeV.
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that 2 among them have a behavior not in agreement with winabeaxpected from the rest
(43 data sets). One could have attempted to use them by wejgheir contribution to the
globalx? (a sort of S—factor); however, for now, we have preferredatiding them. Therefore
our analysis relies on 43 data sets — mostly produced by thB-&\and SND Collaborations
—and 10 accepted partial width information, which représatready an unusually large set of
data consistently examined and satisfactorily understood

The paper is organized as follows. In Section 2, we brieflyneuthe basics of the HLS
model and its various sectors. In Secfidon 3, we define theadglegrbreaking procedure which is
a trivial extension to tha andd sectors of the BKY breaking scheme as redefined inh [34]- the
so—called "new scheme”. Sectibh 4 and Secfibn 5 examinedhgecjuence for the modified
BKY breaking scheme on the two different parts,(and £ ) of the non—anomalous HLS
Lagrangian. In Sectidn 6 we first remind the loop mixing sc¢8%,46] of the vector mesons
and, next, construct the pion form factordhe annihilation and in the decay of thelepton.
The conditionF(0) = 1 has some consequences for how parametrizing the Breit-aiign
amplitudes should be done for narrow objects likedh&nd¢$ mesons. Other topics are also
examined : the direabrr coupling and thep — KK couplings. The anomalous sector is
examined in Sectidn 7 where we also provide the expressioiisde "e~ — w0, ete™ — 7y
andete” — wtm 7Y cross sections. The expression for the various couplingeeoform
P~~v andV P~ are also derived; these are important ingredients for thefsadiative decays
included into the HLS framework.

We have found it appropriate to summarize the main featurésedHLS model under the
upgraded breaking scheme which underlies the present;ghidyis the matter of Sectidd 8.
Section 9 is devoted to list the different data sets avalébt each physics channel; in this
Section, our fitting method, previously defined and used %48, 24], is reminded.

At this point, we are in position to confront our model anddla¢a. Section 10 examines the
fit properties of the available" e~ — "7~ data and Sectidn 11 reports on the simultaneous
analysis of theete- — KTK  andete — K°K° annihilation data. The analysis of the
ete” — KK channels allows us to show how the problem raised by both KK decay
widths is solved within the new release of the broken HLS rhode

Sectior 1R provides our analysis of the dipion spectrumenrttiecay in conjunction with
all ete data. It is shown therein that' e~ data andr data are fully reconciled; the precise
mechanism solving this issue, somewhat unexpected, ibiéxthi

The short Section 13 is devoted to examining the exact streicif thewrn 7 coupling and
compare with similar results of other authors|[48] 49]. $amhy, another short Sectidn 114
examines in some detail some properties of the- n — 1’ mixing; it is shown here that
the conclusions derived in [38] about the mixing anglgand g introduced by[[50, 51] are
confirmed, together with their relationship with the traahtl singlet—octet mixing angle-.

In Sectior 15, one examines the fitted values of the paramiteslved in the absolute scale
of the FKTUY anomalous Lagrangian pieces and compare wittieg estimates; this leads
to the conclusion that the usual assumptige- ¢, is consistent with data.

Sectior 16 is devoted to study in detail the consequencesifdidLS model determination
of the non—perturbative part of the photon hadronic vacuatarization. This is found to yield
much reduced uncertainties compared to estimates derwtteldirect averaging of data.

The consequence fgr— 2 are also examined with the conclusion that the theoretieal p



diction differs from the BNL measurement [2]. The significarof this difference is shown
to stay in between.070 and4.330. This looks an important improvement, as we are still not
using the ISR data.

Finally Sectior_1l7 provides a summary of our conclusions thedperspectives. A large
part of the formulae have been pushed inside several Appesnth order to ease as much as
possible the reading of the main text.

2 The HLS Lagrangian

The Hidden Local Symmetry Model (HLS) has been presentedlirdétail in [22] and,
more recently, in[[23]. One can also find brief accounts in 1.

Beside its non—anomalous sector, which allows to address ¢tie~ annihilation chan-
nels and some decays up to about the meson mass [39, 46], the HLS Model also contains
an anomalous (FKTUY) sector [28] which provides couplingghe form VV P, VPPP,
~vPPP,V Py or Pyvy among light flavor mesons. These are the key in order to imcatp
within the HLS framework the radiative decays of the fovi®y or P — ~+, or decays im-
portantly influenced by the box anomaly likén' — =7~ (seel[53,37] for instance). It has
been shown that, while implementing (U(1)) nonet symmety 8U(3) symmetry breakings,
one reaches a remarkable agreement with data [36, 37].

The anomalous pieces of the HLS Model are also the key toohwdlealing with annihi-
lation processes likete~ — 7%y, ete™ — nyorete™ — n%7*7~ as successfully shown in
[46].

In order to be self—-contained, and without going into uneeagy detail, let us briefly re-
mind the salient features of the HLS Model relevant for thespnt purpose.

One defines thé fields by :

éR,L = exp [iO'/fU] exp [iip/fvr] (1)

where the scalar field is usually eliminated by means of a suitable gauge choicg ([a2

so—called unitary gauge). However the decay constastill survives through the ratio =

f2/ 2 which is a basic (free) ingredient of the HLS Model. The staddVMD Lagrangian
corresponds to having= 2. The pseudoscalar field matrix:

1 1

1
—=T3 + —=1)g + —= mt Kt
\/§ 3 \/6778 \/5770 . ) .
1 - 0
_ - m T3+ =T + —= K
P P8+P0 \/5 \/ﬁ ’ \/6778 \/§n0 ’
_ -0
K K =M + —=o
3 V3

2

contains singlet®,) and octet ) terms. Byw; we denote the bare neutral pion field; the
traditional namingr® will be devoted to the fully renormalized neutral pion fief@n the other
hand, the usuap andn’ meson fields are (essentially) combinations of thend n, fields
shown in Eq.[(R).



The HLS Lagrangian is defined by :

£HLS = EA + aﬁv
2 i f\o 2 N
[’A = _Z‘”Tr[(DﬂngL — DNéLRéR) ] = —ZWTI'[L — R] (3)
2 2
Lv = —TDUDuért] + Dubrél)’] = — 7 TlL + R’
where the covariant derivatives are given by :
DuéL = 8A§L - Z.gvugL + ZfL»Cp
(4)
D, ér = 0,8r — 1gV,ér +1€rR,
with : p p
_ 2 ) 2 —
[,” = GQAN + m(Tz — Sin ew)Zﬂ + E(W:_T—i— + Wﬂ T_) (5)
g2 .
R, =eQA, — cos O sin? Ow Z,

exhibiting theZ, W+ boson fields together with the photon field. The vector field matrix is
given by :

(" +wh)/V2 p* K**
= % p (=o' +wh)/V2 K (6)
K*~ K ¢!

The quark charge matrig is standard and the matrik, = [T ] is constructed out of
matrix elements of the Cabibbo—Kobayashi—-Maskawa ma23x/89]. One should note that
the neutral charge entries of the vector field malfiare expressed in terms of the so—called
ideal fields p’, w! and¢?’).

In the expressions above, one observes the electric chatige universal vector coupling
g and the weak coupling, (related with the Fermi constant lgy = 2myu1/Grv/2). As the
influence of theZ boson field is quite negligible in the physics we addressWhaberg angle
fw plays no role.

We do not present here the anomalous sectors which can bd fouhe original HLS
literature [22] 28, 23]. A summarized version, well suitedre present purpose, can be found
in [46]) and will not be repeated.

The non—anomalous Lagrangidh; ;s at lowest order in field derivatives can be found
expanded in[34, 52]. Its sector is explicitly given in[39, 46].

The HLS Lagrangian fulfills & (N;) x U(N;) symmetry rather tha§U (Ny) x SU(Ny).
The additional axial U(1) symmetry has several undesirigairires/[35, 54], especially a ninth
light pseudoscalar meson. This symmetry can easily be eedag adding appropriate terms to
the effective Lagrangian. Defining [22] the chiral fiéld= 5}53 = exp 2iP/ f, this reduction
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is achieved by adding determinant terms[35] to the HLS Lagjen. After this operation, one
gets [38] :
2
1
£+ 500" o (7)

where . has obviously a mass dimension akds dimensionless. In the following, the ad-
ditional Lagrangian piece will not be modified while breakisymmetries. Actually, in the
present work, one is only concerned by the perturbation efpbeudoscalar meson kinetic
energy.

L =Lurs+ Liroost = LaLS +

3 The BKY-BOC Breaking of the HLS Lagrangian

The HLS Lagrangian above is certainly an interesting andetve framework. However,
without introducing suitable mechanisms for symmetry kireg effects, one cannot account
for the experimental data at the level of precision requivgdheir accuracy. There is no
unique way to implement such a mechanism within the HLS maxé) actually, several SU(3)
breaking schemes exist. The basic SU(3) symmetry breakingnse has been proposed by
Bando, Kugo and Yamawaki (BKY) [31]. It has, however, somdasirable properties which
have motivated its modification. A first acceptable modifarahas been proposed by Bramon,
Grau and Pancheri [32, 33] and another one_in [34], where #8n®ws schemes have been
critically examined. Following this study, we prefer usinghe following the so—called "new
scheme” variant defined in [34]; when referring to the BKY mm&eism throughout this paper,
we always mean the "new scheme” variant just mentioned.llbeireferred to as either BKY
or BKY-BOC.

This breaking mechanism (BKY-BOC) has been examined inildetd its predictions —
relying on fits to experimental data — have been found to nmeetdrresponding ChPT expec-
tations [38] at first order in the breaking parameters. Itdias been extensively used in several
successful studies performed on radiative decays of ligts#ans[36] and oa™ e~ annihilation
cross sections [46]. Up to now, the BKY mechanism was limiteBU(3) symmetry breaking
effects; the issue now is to examine its extension to isosymmetry breaking.

Briefly speaking, our variant of the BKY mechanism /[34] tums to define the broken
non—anomalous HLS Lagrangian pieces by :

2

L4 = —Z" [(L — R)X4)?
2 (8)
Ly = —Z”Tr[(L + R)XV]2

whereX 4 and.X are matrices carrying the SU(3) symmetry breaking assatiaith, respec-
tively, £, andLy. These are written as :

{ Xyq= Dlag(l’ 17 ZA)

Xy = Dlag(l’ 1, ZV)

(9)



and departures of, andzy from 1 account for SU(3) symmetry breaking effects in the
andLy Lagrangian piec@sA priori, these two parameters are unrelated and shoulcebést
as independent of each other.
In order to extend to isospin symmetry breaking, we proposgeheralize Eqs[{9) above

to:

X4 = Diag(qa,ya, 2a)

(10)
Xy = Diag(qv,yv, 2v)

As isospin symmetry breaking is expected milder than SU{@pking, the additional
breaking parameters are obviously expected to fulfill :

lga — 1|, lya — 1] << |za—1| , lgv = 1|, lyv — 1] << |2y — 1| (11)

In previous fits, performed with only SU(3) symmetry breakiwe got (see for instance [39,
46]) |z4 — 1|, |2v — 1] = 0.5. Such ways of extending the BKY breaking mechanism have
been already proposed within similar contexts [55, 56].

We find appropriate to define :

Sav+A
Qayy =1+elyy =14+ =220 5 A
5 A (12)

exhibiting the sum and difference éf ;, andejfl/v. Indeed, the expressions for most physical
couplings are simpler in terms of these rather than in terina$ g ande? ..

As clear from Equation$ [8), the BKY breaking of the HLS Lagg@n exhibits a global
character. It does not correspond to some systematic wanchiding specific breaking terms
of given kind or order as done within ChPT. As the numerichliea of the breaking parame-
ters are phenomenologically derived from fits to a large ekperimental data, they account
globally for several effects of different origin without any way teedntangle the various con-
tributions. This remark is especially relevant for the lBreg parameters corresponding to the
u andd entries ofX 4, and Xy which are small enough that several competing effects can mi
togetheﬁ; because of their relatively large magnitude, the SU(3akirey effects can be more
easily identified([38, 36].

7In the following X 4 and X are named breaking matrices; this convenient naming shuiltide that the
true breaking matrices are rath&p — 1 and Xy — 1.

8This may include effects due to the quark mass breaking amdetromagnetic corrections. It may also
absorb corrections to hadronic vertices which can hardigdsived from an effective Lagrangian.
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4 Breaking the £ 4 Lagrangian Piece

The pseudoscalar kinetic energy term of the full (brokergraagian is carried by 4 +
Lyimoopt- IN terms of bare fields, it is :

2 2
Liin = qayadr™ -0 + %87@, O3 4+ qaza0K T - 0K~ + ya240K° - IR

2 2 2 2 2 2 )\
+ [%AJF q“‘;;y“] Ong - Ons + [Wﬁ Ao - 0o (13)

2 2 2
2z
\/i(QA +y4)

2 _ .2 )
: Admg - O + 1A YApr0 g 4 TA” YA g0 g,

V12 V6

which is clearly non—canonical. In order to restore the c&ral structure, one should perform
a change of fields. This is done in two steps, as in [38].

4.1 First Step PS Field Renormalization

The first step renormalization turns out to define the (steg) cenormalized pseudoscalar
field matrix Pft in term of the bare on@ by :

PR = X*PX)/* (14)

The charged pion and both kaon terms in this expressionlfctualergo their final renormal-
ization already at this (first) step. Indeed, the axial qus@re defined as ih [38] and are given
by :

Jo = =2fr[Tx[T*X 40, PX 4] + A0“°,mo] (15)

in terms of the bare fields and of the Gell-Mann matri€&snormalized such &8r[T°T?] =

5at/2. Then®, K* and K°/K’ decay constants are defined by the relevant axial current
matrix elements closed on the renormalized PS meson fietd3) J;{i/K|7r§ >=ifr/kqu- AS

one chooses the renormalized (charged) pion decay consteoincide with its experimental
central valuel[57] f,+ = 92.42 MeV), this turns out to imposg,y4 = 1. At leading order in
breaking parameters, this impli&s, = 0. Then, the breaking matriX 4 writes :

Ay Ay

—,1——=24) (16)

X4 = Diag(1 + 5 5

depending on only two free parameters (andz,). On the other hand, the kaon decay
constantis :

s = VIR S0 )

One thus yields a marginal change compared to the previous lBdiaking scheme [34, 38]
(dealing only with SU(3) symmetry) as one d¢k+/f.+|> = z4. Anticipating somewhat on
our numerical results, let us mention that the fits alwaysrnet 4 ~ (5. + 6.)%, much larger

than expected from solely an effect of the light quark ma#sréince [58]; this will be further
discussed in Subsectibn 111.2.
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As clear from Eq. [(16), th&X 4, matrix resembles the usual quark mass breaking matrix.
However, the entry:, is essentially related with the rat{gx / f,]> ~ 1.5, while the corre-
sponding entry in the quark mass breaking matrix is numigyica 20. Therefore, the corre-
spondence between these two matrices is only formal.

The following relationship defines some bare PS fields in $evftheir (fully) renormalized
partners :

(15 =n}
1 Aa
K+ = R —— s
N R (18)
K =L 4Bk
L A/ ZA 4

This produces changes going in opposite directions for thglings involving the
physical K* and K° mesons compared to their bare partners. This has a cleagncéuon
the cross section ratie(e*e™ — KTK~)/o(ete” — KOFO). On the other hand, one also
gets at leading order in breaking parameters the followatationship between some bare PS
fields and the (first step) renormalized PS fields :

Ay Ay
_ R Ry Ry
Ty = M3 ' — —=Mg " — —=
3 3 2\/§778 \/6770
Aa V2z4—1 1224 +1
mE G Y g, b (19)
ngz—AAﬂ'Rl 12A+277R1+\/§ZA_177R1
2v3 % "3 24 ° T3 zy

4.2 Second Step PS Field Renormalization

While propagating the field redefinition displayed into EE3,[19) in the expression for
L (EQ. (13)), one should neglect second (and higher) orderstér the breaking parameters
A4 and ). Indeed, both of these are expected small (of the order ovgofrcent at most);
instead, a$z4 — 1| is rather large{4 ~ 1.5), we do not proceed alike with the SU(3) breaking
term. Doing so, in terms of the (redefined) fields, the onlysimg non—canonical piecé s
writes :

A 1 1 2
2os = (00 + On P+ 5 (24 ) onf +vVE(1- ) enlt| 20)

and is independent &k 4. As we get — at leading order — the same dependence as bedjre [3
the diagonalization procedure for this term is known (seeti®e 3.1 in [38]). Let us only

12



recall the results in the present notation set :
Tyt =y

Ry _ l+wvcos’B p  wsinfeosf g

8 1+ 8 1+ o (21)
Ry vsinfBcosfB 5 1+wsin®’pB ,
o — — Ur o
1+v 1+wv
where :
224+ 1 V2(z4 — 1)

cosff = —————, sinf
V/3(224 + 1) 3(224 + 1) 22)

UZ\II+A(22i+1)_1 A(225+1)

~

322 T2 322
It thus looks more appropriate to use~ \/2) rather than[[38]\ as a breaking parameter,
as it allows to work with simpler expressions. is the first parameter in our model which
exhibits the intricacy between U(1) and SU(3) breakingarfdz,4). The canonical PS fields —
denoted by the superscrift— are finally defined by Eqd. (I{8]19]21).

4.3 Ther® —n — n' Mixing

The physically observegl andn’ are traditionally described as mixtures of the singlet and
octet PS fields)® andn® involving one mixing angle named heflg. Some authors, following
[59,(54] prefer now using mixtures of ther + dd and ss wave functions. However, as these
two approaches are equivalent, we prefer sticking to ttoktiomal description.

Since [51, 50], it is admitted that the most appropriate Ctegcription of they—»’ mixing
involves two decay constant&'{ and £'®) and two mixing anglesty andég). However, [38]
has shown how, within VMD, the usual octet—singlet mixingeme connects with this new
approach. In this reference, it was also shown that, relgmgxperimental data, the broken
HLS model favorg), = 0 with a very good accuracy; this led to a relation betwégandfp
numerically close t@ds = 260p. Comparing accepted ChPT numerical valuegfor like those
in [51] — with the one derived fromp (determined in VMD fits) was found quite satisfactory.
Moreover, it was shown that fits to experimental data leadtalgebraic relation of the form
0p = f()\ z4). We will check whether this relation fdk still fits within the present form of
our broken HLS model.

As in all previous studies in this series, one could havetéthoneself to considering only
then — ' mixing, decoupling this from the® sector. However, it is a classical matter of Chiral
Perturbation Theory to address the issuerbf- n mixing, as this is related with the (light)
quark mass differencé [60]. Therefore, it may look intergsto see if such a phenomenon
could be exhibited from the experimental data we deal withhis case, there is no reason not
to address the issue of the relevance of afll- » — ' mixing mechanism. We choose to
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parametrize this PS mixing using |[61] :
=1 —en—€n

n% = cosOp(n + e ) +sinfp(n + ¢ 7°) (23)

n% = —sinfp(n+en°) + cosbp(n + € 7°)

wherer, n% andn?% are the already redefined fields (see Edsl] (21) above), thsigalily
observable mesons being, n andr’. In the smooth limit of vanishing ande’, one recovers
the usuah—n' mixing pattern with onefp) mixing angle, while the pion field decouples. Even
if one does not expect a large influence@inde’ in the full data set collection we consider, it
does not harm to examine their effects and, if relevant irmpes ¢’ = 0 to the model.

Finally, at leading order in breaking parameters, the psscalar meson kinetic energy
term is canonical when expressed in terms of the fully reradized fields (those carrying/a
subscript).

4.4 About Thedbg, 6, and 6p Mixing Angles

Let us define :

,

gwo(v> _ (1 _ 2U) — (: 1-— 20%)
B v (224 +1)2 N
) =12 oy (1-10%) (24)
| gS(v):l_%’%%(:l—Oﬁ%)

These functions tend to unity when th& (1) symmetry is restored\(= 0). The property
g®(v) ~ 1is the simplest way to justify the approximation done in otevous works to
parametrize nonet symmetry breaking by the paramefeee, for instance, the discussion in
[38]). Using these functions, one can derive from Eqgs$ (18)ttlowing axial currents :

0 1 1
I = f {@ﬂ?z + A4 9" (v) 2—\/§8u77§2 + %%ﬂ%l }
0 Ay Za+ 2 z4 — 1
IV = fr {%Qm;’% 3 g°(v) Bung — \/§T98(v) 8,mlgz} (25)
Ay z4 — 1 2z4 +1
\ ‘]28 - fW{Q—\/gau R V2 3 9°(v) 8u77?%+ng(U> 8#"?%}
The mixing angle#s, 6, [51,/50] yield the following expressions :
< 0|0 J8 |0 > —-14°
tanfg = % =tan(fp — A) tan A = V24 g ()
< 0[orJ8|n > 224 + 1 ¢8(v) (26)
< 0|o* T2 n > 24— 1g8%(v)
tanfy = —————+—— =tan (Ap + B tan B = v/2
an 6 < 0/0n 1%y > an(fp +B) , tan \/_ZA+290(U>
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One can easily check that(v)/¢°(v) ~ 1 — X\/2. A property to check from fits using the
present form of the model is wheth#ris still consistent with zera [38]. In this cags; is still
no longer a free parameter, but fully determined\ogndz,, i.e. by breaking parameters and
fp tends to zero when the symmetries are restored.

One should also note that the usual ChPT definition offtaecay constant( 0| |7° >=
iqu fro) providesf,o = f.+, not influenced by our isospin breaking procedure. Howes®r,
will be seen shortly — and as already emphasized in [38] ®d#tays)/n' — vy — this is not
the quantity actually involved in the decay — .

5 Breaking the £y Lagrangian Piece

The £y Lagrangian, is defined by Eq$.] (8412). It yields the follagvirector meson mass
term (n? = ag®f?) :

m2

Emass = 2 [(1 + Zv)p7 + (14 Sv)wi + 2Avp; - wy + 2ve7 + 2(1+ Sy)p* - Pf] (27)
while keeping only the leading terms in the breaking paransét;; andAy (the K* mass term
has been dropped out). As can be seen, the canonical sgwétilre mass term is broken by a
p - w term.

In order to restore the canonical form of the mass term, owoeldhperform a field re-

definition in only the(p — w) sector. Interestingly, the requested transform is not atirt

( Pr ) ( PR, ) ( hywg, )
= - Ay (28)
wr WR, (1 - hV)pR1

makes the work when non—leading termstip and Ay are neglecte. In terms of theR;
renormalized fields, one gets :

m2

Limass = =~ (14 v)of, + (14 Sy)wh, +2avéh, +20+Sv)pt o | (29)

having renamed for convenienge = ¢g,. A few remarks are worth being done :
(1) Beside the two breaking parametéts and Ay, one gets a third free parametey
which governs the mixing gfz, andwg, .
Therefore, the exact content of isospinp})(insidewg, and of isospin 0;) insidepg,
should be extracted from data.

(2) The masses fopr,, wr, andp® remain degenerated at leading order in the breaking
parameters as the needBd change of fields results in a vector meson mass term inde-
pendent ofAy,.

Therefore, even if one may legitimately think that breaks@spin symmetry insidéy,
could result into a non zero (Lagrangian) mass differendg > between the charged

Eq. (27) can be diagonalized by a°4%tation, however, this solution is physically unaccef#as it has not
the requested smooth limit wheky, — 0.
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and the neutrgb mesons, our breaking procedure rules out such a possidiligading
order in breaking parameters. Actually, electromagnedicections[[43] 44], presently
neglected, generate such a mass difference. Such a ternebasconsidered in_[24]
but found numerically insignificant; preliminary studie&hin the present framework
leading to the same conclusion, we have given up considerplicitly a p° — p* mass
difference.

(3) The field transform[(29) propagates to the vector mesaoatki energy by generating
a term of the formAVE)p"Rlale which breaks the canonical structure of the kinetic
energy. This is a classical issue [62] known to imply the oenoge of wave—function
renormalization factors [62] which are absorbed into tHeatifve couplings defined by
the Lagrangian vertices. In our case, they are certainlgréesl in our breaking parame-
ters. This is exactly the same issue which arises in thereleetk Standard Model with
they — Z° mixing. This has been investigated in detail witliif lineshape studies (at
the one plus two—loop level) and by the LEP experiments. HEneesissue also appears
when treating the — p° mixing and has been discussed in [16].

The second step renormalization of the vector meson fieldighmaccounts for loop effects
[39,/46], is considered below.

6 The Fully Broken Non—Anomalous HLS Lagrangian

For definiteness, we name (abusively) from now on "HLS Lagiami’ the full expression
given in Eq. [[7),i.e. including the determinant terms. The HLS Lagrangian is iekpl
provided in AppendikA, dropping out for conciseness aliitemot relevant for the purpose of
the present study.

At the present step — which does not still include the (sestel) redefinition of the neutral
vector fields[[39] 46] — several remarks are worth being done :

e The vector meson masses occuring in the Lagrangian fmljiJI: mii = m?. Thus, no
mass splitting is generated, except for theeson.

e The couplingserm undergo isospin breaking:(/) but remain strictly identical for the
charged and neutralmesons. Instead, a directrm coupling is generated,; it is propor-
tional to(1 — hy)Ay.

e Thep® — v andp™ — W transition amplituddéd may slightly differ, asiy Ay /3 should
not exceed a few percent level.

Therefore, non-vanishingn? = mio — mii anddgprr = gpont+n- — Gptatno, @S Stated in
[24], are not derived by extending thé, /X breaking scheme to include isospin symmetry
breakin@.

Therefore, non—vanishingn? anddg,.. are not the way followed by the (broken) HLS
model in order to account for the (slightly) different notimations of the pion form factor in
7 decays and im"e~ annihilations. The actual mechanism at work is emphasieémib

%Comparef,, and f,w as given by Eqs[{93) and(94).
1IAs stated above, electromagnetic corrections contrilmugeherate a non—vanishidgn? without, however,
a significant influence on the fit properties.
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6.1 Loop Mixing of Vector Mesons

As remarked in[[39], pseudoscalar loops modify the vectossmaatrix bys—dependent
terms. In this way, the, w and¢ squared masses becomalependent through contributions
at reals of analytic function&, namely theK K loops and, for the, also the charged pion
loop. Conceptually, this turns out to remark that the ingersctor meson propagator written
D,'(s) = s —m? — II(s) in order to exhibit the loop effects, can be thoughtigs' (s) =
s — m3(s), reflecting the running character of the vector meson squaigss.

More important, however, is that this-dependent mass matrix becomes non-diagonal,
showing that, at one—loop order, thev and¢ (corresponding here to th& renormalized vec-
tor fields) are no—longer mass eigenstates. Mass eigenstatesasily be constructed by stan-
dard perturbative methods [63] as shown in [39]; one obsetihat they become-dependent.

This mass matrix can be written :

M?(s) = M3 (s) + 6 M?(s) (30)

wheréd :
M (s) = Diag(mi + Mer(s), m?2, mi) (32)

is treated as the unperturbed part of the squared mass matvexpion loop is weighted by
the square of ther, 77 coupling constant (see Eq.(92) in Appendix A) and has beendied
in the pg, entry asIl,.(s) is not really small in the timelike region. Instead, as thgnr
coupling is first order iM\y, the pion loop contribution to theg, entry should be neglected
(=~ O(A%)). The values for these (Higgs—Kibble) masses can be foukd,irf{93); they fulfill
m, = m,. On the other hand,M/?(s) is given by :

€y Cpws €Epg

SM?(s) = €pws €ws Ewo (32)

€pp ) Cwp, €p

and contains only the perturbations generated by kaon lfepte The kaon loop transition
from a vector mesoir to another ond”’ has been denoteg .

One should note [39] thal/? is an analytic function of satisfying the (so—called) hermi-
tian analyticity condition :M?2(s*) = [M?(s)].

The entries of these matrices are appropriately pararedtizterms of :

()= T(s) —~Tho(s)
e2(s) = ILi(s) + o(s) (33)
| Meels) = 20 lV(5) o (gome = F (14 50)

12 Actually, the anomalous FKTUY Lagrangian and the Yang-#tiirms contribute respectively withP and
V'V loops; one can consider their influence absorbed in theaetiin polynomials of thé P loops [39].
13Entries are ordered respectively, , wr, and¢g, .
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wherell'(s) denotes the amputated pion loop, while (s) andIIy(s) denote, respectively,
the amputated charged and neutral kaon loops; their ao@yfpiressions can be found in the
Appendices of[[39]¢; (s) e2(s) do not contain symmetry breaking terms beyond the effects of
the kaon mass splitting. The expressions for the entridsVid(s) are given in Appendix B
and show this dependence explicitly (see Egs. (97)).

One can construct, as in [39], the eigensolutions/tf. These are the final (step two)

renormalized vector fields denoted respectivelypywr and¢r and are related with thefR;
partners by :

PR, pr — QWr + Bor
wr, | =| wr+apr+79r (34)
¢R1 ¢r — BPR — YWR

where thes—dependent mixing angles are defined by :

_ €pw
a(s) = Iy
__ %pe
_ Ewp
Y =5 "

using the eigenvalues af/? (at first order) :

Ao(8) = m2 + Tern(s) + €,(5) , Au(s) = m2 + €u(s) , Ag(s) = m3 + €4(s) (36)
Thee,(s), €,(s) ande,(s) quantities, defined in Eq6.(97), only depend on the kaon foog-
tions and on breaking parameters.

6.2 The Pion Form Factor ine™e~ Annihilations and in 7 Decays

The pion form factor in the* decay tor*7%v,. can easily be derived from the Lagrangian
pieceL. given in Eq. [9%) :

Fis)=[i- S0+ - Lo 2V>F;(3)D:(S> (37)
where :
Fr(s) = f, — lw(s)
D,(s) =s— mi — H:,p(s) (38)

fr=agf2(1+3y) , m)=ag’f2(1+3Zy)
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and the loop functions are :

ag

My (s) = =(1+ Zy) l(l — g(l + X)) la(s) + 12 (24 — 2(1 + Xy )k (s)| + Pw(s)

2 222 2

M,6) = (50 + S0P [6206) + gLyl ] + P9

(39)
where/, (s) and/x (s) denote respectively the amputated charged pion and kaps,lBg (s)
and P,(s) being subtraction polynomials. In order to fulfill curremnservation, these poly-
nomials should vanish at= 0. Here, as in former studies [39,146 24], identifyiRg PT and
P*P? |loops has been found numerically justified.

If one compares with the corresponding formulae in [24] &adbion 2.1.1), one sees that
dm? andég — supposed to reflect different properties of the chargednautralp mesons —
have been deleted. As the loop functions vanish-at0, one clearly hag’’(0) = 1.

The pion form factor ine*e~ annihilations is not as simply derived. One needs first to
propagate the transformation in EQ.1(34) into the Lagram@iq. [92) and collect all contribu-
tions to, respectivelyr, wg ande¢g. In this way, the/” —~ couplings associated with the fully
renormalized vector fields become :

hvAy  afs)  +/26(s)

;= agfi(l+ Dy + =0+ —— + ")
ﬂ—%(uz +3(1—hy)Ay -3 V2 (40)
w= "3 v v)Ay = 3a(s) + v2y(s)zv)

| 13 =2 (B +38() +4()

including the mixing angle contributions. Using the Lagyem pieces given in Eqk.(99), one
can construct easily the pion form factor :

e . a hVAV e Gprrm e Jurn e Jorr
Fe(s) = |1 2(1 + Yy + 3 ) Fm(s)Dp(s) va(s)Dw(s) F¢7(S)D¢(s) (41)
where :
a a a
Gprmr = 3.9(]- + EV) y  Gurn = 79[(]- - hV)AV - CY(S)] y YGonm = gﬁ(s) (42)

The loop corrected” — v transitions amplitudesy;. (s) are defined by :

Fle/'y(s) = fl’; o HV’Y(S) ) (V = p?{v WR, ¢R) ) (43)

with the s—dependent loop termi8y,(s) being defined in Appendix C. Allly,(s) are re-
quested to vanish at= 0 because of current conservation. The invergeopagatoD,(s) is
defined by (see Eq_(B6)) :

Dyp(s) =s—Ap(s) = s —m’ —1II,,(s) (44)

19



Fr(s) (1=1)

Non—Resonant Term

hy Ay

)

a

p Mass Squared

ag’f2(1+Zy)

77 Couplingg,mx %(1 +3) %(1 +3y)
: hy A 2
Amplitudesf; & f; | agf2(1+3v) | agfi1+3y + ==+ O‘gs) + fg(s)zv)
) A 2
f_p 14 hvAy  a(s) I fﬂ(s)z‘f
f 3 3 3

Renormalization factor of 1 1 A
KK couplings — —(1F=2)

ZA ZA 2

Table 1: Comparison of the pion form factor informationridecay and ir*e~ annihilation.
Second column lists only isospin 1 related information.he kast entry of the rightmost data

-0

column, the upper sign refers f6+ K~ pairs, the lower taK° K.
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As thep self-masdI,,(s) vanishes as = 0, one certainly ha®,(0) = —m_. Con-
cerning thev and¢ mesons, one can correspondingly write their inverse praijoag as :

Dy (s) = s —mi —Iyy(s) , (m2 = mz, mi = zvmi) (45)

and one can legitimately assume their self-energies tovalsish ats = 0. Then,D,(0) =
—mf, andDy(0) = —zvmf, should certainly be fulfilled. However (most of) theself-energy
cannot be computed in closed form and the 3—pion pa¢t sélf-energy too. Therefore, con-
venient forms for their propagators should be consideréds iSsue is readdressed just below
for both mesons.

At this step, it is of concern to compare the properties ofislespin 1 part ofF’¢(s) with
FT(s). The mostimportant pieces of information are listed in &bl The difference displayed
for the non-resonant term is tiny. One can see that there mass difference between the
charged and neutral mesons, nor different couplings to a pion pair. Instead,tmbshe
difference is actually carried out by the transition amyalés (see the fifth data line in Table 1)
which are significantlg—dependent, as can be inferred from Figures 6 and|7 in [46].

Finally, it is interesting to note that the renormalizatfastor introduced in couplings in-
volving a kaon pair plays in opposite directions for chargad neutral kaon pairs.

6.3 Thewnn Direct Coupling and the Condition F£(0) =1

As can be seen from Eqs$._(42), the fully broken HLS model heve#otal coupling of the
w to a pion pair given by :

Gurr = U1 =) Ay = a(s)]

This expression illustrates that the coupling in our model ig priori a superposition of
a direct isospin breaking term and of another piece gereelsteector meson mixing through
kaon loops. This kind of sharing has been emphasized sdiraes [48] 49]. The full data set
we use should give the most precise and motivated estimatedee two pieces as this is still
presently controversial [43, 49, 164].

On the other hand, the parametrization of theontribution to the pion form factor may
pose a conceptual problem related with the condifis(0) = 1 which is worth addressing.

The pseudoscalar meson loops which enteriffié transition amplitudes (see Eq$. 132),
(39) and [(9V)) behave a8(s) near the origin. The running vector meson masses (see Egs.
(38)) are such thak,(s) — A, (s) vanishes at the origin, while the two other differences Whic
come into Egs.[(36) tend to a non—zero constant. Therefdwdnitio, the mixing angles are
expected to fulfill :

B(0) =~(0) =0, (0) #0 (46)

Even if clear in the previous publications using the loop imgxmechanism (Figure 7 in
[39] or Figure 6 in[[46] clearly show that(0) ~ —5% ), this was not explicitly pointed out.
Therefore, thes—dependentrm coupling generated by loop mixi@gdoes not vanish at the
origin. This has some consequences.

Y¥Actually, the non—identically vanishing (s) function providing the vector meson mixing via loops is also
generated by isospin symmetry breaking, however in thedqusmalar sector.
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Indeed, using Eqgs.[(40) and {42), and the vanishing pregsedi the functionsly,(s),
Iy (s) andB(s) at the origin, one gets :

Fi(0) =1+ @—(1—%)&

| 47
0] )
when keeping only the first—order terms in breaking pararaete

As already discussed at the end of the previous Subsedtisrmbtivated to assume the
self—-energ\ll,,, (s) vanishing at the origin. Moreover, this allows to stay cetesit with the
so—called "Node theorem["[65, 66]. Then, the inverse pragagD,,(s) = s — m?> — I, (s)
fulfills D,,(0) = —m?. This provides the vanishing of the last bracket in the fdemabove
and, thusF¢(0) = 1, whatever the values fdr,,, Ay anda(0).

However, in most applications, for objects carrying suchagrow width as thes and ¢
mesons, one generally uses approximate inverse propageior eithéf :

Dy(s) = s —m2 +imyly (BW,) or Dy(s) =s—m? +iy/sly (BWy).

with values formy andTy either taken from the Review of Particle Properties or etéd
from one’s fits. Then, with either of these Breit—-Wigner Bhapes, the conditiof¢(0) = 1
is not necessarily fulfilled. From our model results, thisdition is even violated at a few
percent level. However, it is easy to check that either of :

Du(s) = s — m2 — —(m2 — m? —im,) (BW,)

2
m,

(remember that? = m?) and :

S

Dy(s) =s—m) — ﬁ(mi —m? — iv/sT,) (BWy')
P

certainly cures this disease. This turns out to paramethiee self—energyil,,(s) with an

ansatz which satisfies its vanishing at the origin.

It is worth stressing that using standard Breit—Wignerdhages or their modified partners
provides practically unchanged fit results. This is due &fé#tt that thep andw masses (with
tilde or not) are close to each other, and then, the faat.‘/tmf, is very well approximated by 1
all along the sensitive region of thepeak.

In order to substantiate the possible changes, we have nooda usindW, andBW,' as
inversew propagators. As a typical example of modification, one canparern,, = 782.44 +
0.06 MeV andT, = 8.46 + 0.09 MeV while fitting with BW,, andm,, = 782.49 + 0.06 MeV
andl',, = 8.36 + 0.08 MeV when using insteaBW,'. For definiteness, in the fits presented in
this paper,D,,(s) will be modified as just explained. A$0) = 0, the pion form factor value
ats = 0 is not sensistive to how thg propagator is approximated.

Bwithin the ongoing discussion, phenomenological valueg.—@ot derived from the broken HLS model
parameters values— for vector mesons masses and widthdeaoted with a tilde symbol in order to avoid
confusion.
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Even if our choice is motivated, others are certainly pdesats exemplified in_[13, 49].
Transposed to our model, the just mentioned choice woulddut to weight the fullv con-
tribution to the pion form factor by a factat/7mZ or s/m? which restoresFs(0) = 1. The
behavior of this choice is identical to ours, basically heseai,, andm, are very close to each
other.

6.4 The Charged and Neutral Kaon Form Factors

We give here the annihilation cross sections/form factathiwthe extended BKY-BOC
breaking of the HLS Lagrangian. Cross sections and fornofacre related through :

2

8mac,, .
a1 F5(s))? (48)

385/2 P+ P

o(ete” — PP) =

for any meson paiPP. gp = /s — 4m% /2 is the P momentum in the center—of-mass system.
The kaon form factors are given by :

A F _F, F,
Fg (s) = [1 - 6i(2 + 2y + 25y + 28y - A2+ zv)] Ik Fin () gurcir-Fonls)  gorir-Fin(s)

Za D,(s) D,(s) Dy(s)
e . a AA ng()?OFp,Y(S) ngOEOFw'Y(S) 9¢K0?0F¢7(8>
Fi(s) = = [ (1= sv + S = Ay A1 — )| - TR - g 6oy

where they — V' transition amplitudeg?,., have been already defined (see Eq.] (43)). The
V KK couplings can be read off from the corresponding Lagrangiaces (Egs.[{100) and

(Z01)).

The kaon form factors fulfill :
Fi(0)=1, Fg(0)=0 (50)

However, it is easy to check that these conditions are bdfiiéd, only if :

2 2
my, zym,,

D.(0) ~ Dy(0)

— -1 (51)

Therefore a fixed width Breit—Wigner shape for theshould be adapted as already dis-
cussed for the.

6.5 Parametrization of the¢ Propagator

As for the pion form factor, in order to fulfilF. (0) = 1 and F (0) = 0, one should
impose that thes and ¢ inverse propagators at= 0 are equal in magnitude and opposite in
sign to their respective Lagrangian massag E zym? = zvmf,). Here again, this turns out
to parametrize the full self-ener@y;,(s) by an ansatz vanishing at= 0. For the two—body
loops, this is well known[39]; however, the three—body la®pot known in closed form (as
for I1,. (s)).
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However, in contrast with the case for using :

s . oz
Dy(s) = s — zym’ — ~(m3 — zym, — imgl'y)  (BW,) (52)
zym?

for the ¢ inverse propagator, instead of the usual (fixed widNy, form, should be further
commented, ag/zym, significantly differs frommg normally fittedt (e.g. withBW,).

Even if anticipating on our fit results, it is worth discugsithis matter right now. As
far as cross sections are concerned, the two kinds of fitage@imost identical results. In
order to yield this result, almost all parameters vary withirors except 6 2y, which could
have been expected. However, it will be shown that this cedrags a marginal influence on
all information of physics importance. Anyway, such kindimformation is interesting as it
provides a hint on the model dependence of numerical reStierefore, it has been of concern
to compare results obtained with either®#V, andBW,', when appropriate.

Before closing this Section, one may note that, atghgeak location {/s ~ 1020 Mev),
the modified Breit—Wigner lineshape provides :

S

2ym) + (m3 — zym?) ~ [(1.020) MeV/?

2
vap

which explains why the fit remains successful when uifig,’ and also whyty- should change
correspondingly, taking into account thaﬁ cannot much vary. The fit quality of the e~ —
KK cross sections will illustrate the validity of this paramizition of theg propagator.

6.6 The Coulomb Interaction Factor

Beyond modelling, there is an important issue to discusswdealing with the charged
kaon form factor. In the decay — K+ K —, and more generally as close to thié< threshold,
one has to take into account the Coulomb interaction amamgrtierging charged kaons. This
has been first addressed|in[[67] and recently readdresseéddarected) in[[4]7]. The net result
of this effect is to multiply the charged kaon cross sectiphe Coulomb fact@f :

1+ 92 s —4m?
2= [t rant £E] oo P 53)

S

In [68], and later in[[68], the cross section for charged lsaisrmultiplied byZ (s)/Z (m3).
This turns out to consider the Coulomb interaction as a lingakechanism which affects the
charged kaon sector and not the neutral one; as the cormdisgahbranching fractions are fit
independently, this should not affect their results. Ong juat have to remark that this turns
out to incorporate the Coulomb effects inside the corredpanestimates for thg¢ — K+ K~
branching fraction.

®More substantially, with appropriate fits, one yielgsym, ~ 925 MeV, while a direct fit yieldsn ~ 1020
MeV !

17 1n fits with BW,, for the ¢ meson, one getsy = 1.368 £ 0.005, while with BW, the fit returnszy, =
1.472 £ 0.001.

18 Actually, the full electromagnetic correction factor is raacomplicated, but the main effect comes from
the Coulomb factor. One assumes that the kaon data whichbeere submitted to fit have been appropriately
corrected for soft photon corrections, which allows to eliotit the term name@; in [47].
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6.7 Aboutthe¢ — K+K~/¢ — K'K' Ratio

Up to well defined phase space factors generated by the kaes spditting, the partial
width ratiop — K*K~ /¢ — K°K’ is the square of the correspondisiglependent effective
coupling ratio. Neglecting for each coupling correctiossis of order greater than 1, one can

derive from Eqgs.[(100) and (101) :

M:_\/ﬁzv_ﬂ(s)_’y(s) [1—Au] = —[1-A4] (54)

Goor® V22 + B(s) —(s)

where the last equation follows from remarking (see Figune [46]) that the mixing angle
B(s) — defined by Eq. [(35) — is negligibly small compared\t@zy in the ¢ mass region.
Therefore, this mechanism proposes a way for this ratio paddérom unity.

In their throughout study of the¢ — K*K~ /¢ — KK’ ratio, the authors of [47] exam-
ined this issue using several other mechanisms than thiamsheoncluded that none of them
was able to accomodate a coupling constant ratio smallerdha (in absolute magnitude).
The global fit, based on the suitably broken HLS model, presid new approach. In this
framework, the determination af 4 is constrained by bothTe~ — KK annihilation cross
sectionsseparately and by some more light meson anomalous decays, which afgnden
Ay.

7 The HLS Anomalous Sector

In order to treat radiative decayise. the V P~ couplings, and some important annihila-
tion channels (namely™e~ — 7%, efe — ny andete™ — 7% "7 ) within the HLS
framework, one needs to incorporate the appropriate Lggrarpieces. These are given by
the Wess—Zumino-Witten (WZW) terms |70,/ 71] which traciiadly account for the triangle
(AAP) and box @ PP P) anomalies, together with the FKTUY Lagrangian pieces|Z33,:

4
Lanom. = Lwzw + Z e (55)

i=1

where the foug; are constants left unconstrained by theory [28]. A closangration of the

FKTUY Lagrangian allows to identify five different piecesistéd in AppendixD — and one
then remarks that the accessible physics is sensitive wiffieeencec; — ¢, and not to each of
them separately. One is then lafpriori with three unconstrained parameters [23].

When no breaking is at work, the amplitudes for the coup@@*@w andPym "7~ at the
chiral point — computed within the FKTUY-HLS framewBik coincide with those directly
derived from the WZW piece in isolation [46]. Due to a sigm@in the FKTUY Lagrangian
piece L 5y p, it was asserted in_[46] that the constraipt= ¢, was mandatory in order to

®Here and in the followind? denotes either of the?, n andn’ mesons.
2%¢.g. using Eq[(85)nd theV — v transitions provided by the non—anomalous HLS Lagrangian.
2lwe gratefully ackowledge B. Kubis (HISKP, Bonn Universitgy having kindly pointed out the issue.
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recover this property. Actually, this property is autoroalily satisfied/[[22, 23]. In addition, we
have verified that this property is maintained within ouhyfldroken HLS model.

However, the condition; = ¢4, which is fulfilled by VMD models|[23] is successful and
only turns out to reduce the freedom in fits. Nevertheless, luas examined relaxing this
condition and found that our fit results are well compatibithwhe constraint; = c;.

7.1 Breaking the Anomalous HLS Lagrangian

At this step, the anomalous HLS Lagrangian can be written :

Lanom. = Laap + Lappp + Lyvp + Lyppp (56)

with pieces listed in AppendixID. As for the non—anomalousSHLagrangian, each among
these pieces may undergo specific symmetry breaking indepég of each other. This may
lead to plenty of free parameters as illustrated by M. Hashkinb6] who implemented com-
bined SU(3) and Isospin symmetry breakings in the anomalector.

A simpler mechanism has also been proposed for SU(3) brgdkirBramon, Grau and
Pancheri[[32,_33]; however, this was insufficient to accdontboth K*+0 — K+0y de-
cay widths. In[[36] 39] it was proposed to supplement it withreaking of the vector field
matrix resembling a vector field redefinition. Quite unexpdly, this provides a (successful)
parametrization for th&™ radiative partial widths identical to those proposed by @rirgo
[72] within a completely different context. Interestingtitiis combined mechanism leaves to-
tally unaffected the other sectors of they p» piece we deal with; this is well accepted by all
data considered [36, B9]. This combined breaking mechahesrbeen studied in detail [46]
for all pieces ofL .. With similar conclusions.

The combined breaking mechanism, as presented in [46],desdxamined by combining
SU(3) and Isospin symmetry breakings using the complegeskitdiscussed below within the
minimization code underlying the present study. It was ted that possible Isospin symme-
try breaking effects — not propagated from the field rededing provided by non—anomalous
HLS Lagrangian breaking — provide invisible effects. It wlaen decided to neglect this addi-
tional possible source of Isospin symmetry breaking, ap#nameter freedom it gives is found
useless.

Therefore, for sake of clarity, one only quotes the speatfimk for the decay amplitudes
K50 5 g0y referring the interested reader o [46] for more informiati

As a summary, our dealing with the anomalous sector — exceptié limited {* sector —
involves only 3 parameters:; — ¢, andes andce, ; former studies [46, 24, 37] remain valid, as
the conditionc, — ¢3 = 0 is well accepted by the data, as will be shown shortly.

7.2 Radiative Couplings

For what concerns the radiative decays of light mesons amd#t — P~ annihilation
processes, one needs 4 and an effective piece named,, , defined below.

In terms of the final renormalized pseudoscalar fields ananaiss) ther® — n — 1’ mixing
defined in Sectiohl4, one can write :

0 !

3aem (s % v ™ 77 77
(1 —cq)e Pu 0o AgOuAy gfrowg + 9n772—\/§ + 9n’772—\/§ (57)

7 fx

Laap = —
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At leading order in breaking parameters, the coefficigits, are given b@ X

5A 4 € (Dza—2 524 +1 . € (5za— 5za +1
Groyy =1 — —— 6 4+ — { - cosfp — V2 37 s1n9p}+%{ 371 s1n9p+\/_ 37 cos9p}
cost9p 524 — 2 1+22A Ay _\/§sin9p 524 +1 +vl_ZA AV
Iy = 3oaltv) 1425 2 3 \324(1+v)  1+222 2| 3
’ s1n9p 52,4—2 1+22A_£ \/5(:0591: bza +1 —|—v1_zA A
I = 3oa(l+o)  "1+225 2 3 |3za(l+tv)  1+2:54 2| V3
(58)

These clearly depend on the breaking parameters:, andv (the PS nonet symmetry break-
ing) and on ther® — n — »' mixing scheme (see Eqs._{24)), especially on the singléttoc
mixing anglef». One should note thgt. / g0, is another way to define the neutral pion decay
constant. The other equations also illustrate that theadleecoctet and singlet decay constants
as derivable from there have little to do with the standaddifined oneg,e. from the currents
in Egs. [25). This question has raised some confusion whifivated the study iri [38].

In order to treat thete~ — #%z*7x~ annihilation process the part of th&ppp La-
grangian describing the so—called box anomalies is ned@dasl can be written :

£APPP - _Z.Eelwa/BAH |:g7r07r+7r*’781/71'0 + gn7r+7r*781/77 + gnl7r+7r*78unlj| 8a7r_8/371'+

e 3 (59)
F = _7r2f3 [1— Z(Cl _CQ+C4):|
with :
1 A cos @ sin 6
IrOntr—y = Z [1 B TA + \/gp {6 + \/561} o \/gp {\/56 N EI}]
V3 1—z4 Ay 224+1 Ay €
=2 {142 — A cosbp — {1 —vzga—— — ZA L /2sinfp| — -
Gnminy = g |\F ARG T T g (C80P VS 1 2 V2sinfe| — 7
\/g 224+ 1 Ay 1— 24 Ay €
ity = o ({1 —pzpa T 24 D c0sh 14 20240——2 — ZA % gingp| — =
\ Iy ntr—ry 5 UZA?ZEHLl 5 V2 cos p+ + UZA22,24+1 5 sin Op 1
(60)

Egs. [58) and[(680) show how the triangle and box anomaly anuas behave under
isospin, SU(3) and PS nonet symmetry breakings. One shaplelcally note the intricacy
of SU(3) and PS nonet symmetry breakings.

In order to derive the radiative decay couplings, an effectiagrangian has been built up
from Ly p and the non—anomalous Lagrangian in the same way aslin [A8 c@n be written
in terms of the renormalizeR; fields :

Vo ) €g ¢4+ cC3
;W:Gwﬁnﬂﬁﬁmmez—hmr2
GFy, = Z P [gpm 8;1911/21 + gpwy 8uwfl + 9P¢y 8u¢fl] t GrtpFy [W+ Oup, + 7 8;&:03]

P:TI'O, m 17’

(61)

220ne could expand th@l + v)~! factor and keep only the contributions of orders 1 andHowever, in the
present case, it does not simplify the expressions.
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The expression for the various coupling constagts, can be found in AppendixIE. In order
to derive the physical couplings, one should first apply taedformation given in Ed.(84) and
then collect the various contributions to each of the (r@utrz, wr andgxg.

Concerning thedV P couplings, it is quite interesting to compare the expressia Egs.
(108)-[110) with the corresponding oneslin/[39, 38], detiusing an approximate expression
for nonet symmetry breakifg(the x parameter in the quoted papers). Indeed, the three vari-
ants by which nonet breaking occurs (see [Eqgs](107)) are thgether and can reasonably well
approximated byt.;r =1 —v >~ 1—\/2.

7.3 Breaking theVV P and V PPP Anomalous Lagrangians

TheV PP P anomalous Lagrangian is given by :
Lyppp = —iDe""*” { [ggwf?ﬂo + oy Ol + gy ,,77'] o
+ [gfm&ﬂro + gfm&,n + +gfm, ,,77’] wfl + gg,ra,,wo qﬁﬁl }8a7r_8ﬂ7r+ (62)

39(01 — C2 — 03)
1 f3

with D = —

where one has limited oneself to display ti&,7" 7~ sector. The leading terms of the cou-
plings occuring in this expression are given in Appendix F.

TheLyvp Lagrangian piece plays an important role in the annihifaimcesg e~ —
7+ 7~. Its relevant part is :

C
Lyve = 55’“’""3 {[@wal -(1- hV)AVE)Mpfl] {('%tpgﬂ'_ + 8ap[§7r+] + —H?ﬂpfl awﬂRlWO

N.g’cs
~ R: Ri | ~ Rin Ri | ~ R Ri1 0 . c
+ {gw,ro Ouwy  Oawg™ + Goro Oupy Oaps” + Garo 0,2, 8[,}%1] s } , (C=— . )
(63)
where :
Fmo = _E N cosfp —/2sinfp L V2 cosfp +sinfp
4 23 24/3
B Ay cosfp —/2sinfp V2 cosOp +sinfp
o =————(1—hy)Ay +e + € 64
Gpno 1 ( v)Ay 3 3 (64)
~ V2 cosfp + sin fp cosfp — +/2sinfp
Jer0 = —€ + €
\ ZA\/E ZA\/E

When going fromR;—renormalized to the fully renormalized vector fieldsone has to take
some care with attributing the-dependence between the two neutral fields of each monomial
in the second line of Eq.L(63). This should be tracked for eRgclield while applying Eq.
@4).

Zn order to restore the conditian # c4, one should simply make in [39] the replacement= (c3 + c4)/2.
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7.4 Theete™ — PByy Annihilation Cross Sections

Using the Lagrangian pieces given above, the transitiorifudpsy* — P~ can be written
similarly to [46] :

Cc3 + ¢4

T(y* — Pyy) =Y |g Kpy(s) — (1= ca)Lp, | P kuen(q)pacs(p) , Po=7", n, o
(65)
whereY = —a.,,, N./7 f. has been factored outis the incoming photon momentumf (= s),

p the outgoing photon momentum?(= 0) and N, = 3. The pieces provided bg 4 4 aréd :

0 — 3 ) n_\/g ) n \/g

using thegg,,, couplings defined in Eqsl_(58), where ttie— c4) has been factored out. The
resonance contributions are gatheredig (s) :

Lo — GrOyy L. — vy I = In'yy (66)

HP,O(vS)FVR (8)
KPo(s) = Z “ D i ) PO = 71-0’ m, 77, (67)
Vi=pR wk ¢R Vz(8>
where theH{,jO(s) —given in AppendiX G — are the resonance coupling&tpand thefy =, (s)
are theV — v transition amplitudes defined in Eq._{43). Thg,(s) are the vector mesons
inverse propagators already encountered. The cross secém then be written :

_ 3mad [s—m3 1% .
0’(e+e —>P0'y) = =y l - Po] |FP07(5)|2

(68)

e C3 + Cy
Fp.(s)=g 5 Kp,(s) = (1 —c4)Lp,

7.5 Theete — 7% t#x~ Annihilation Cross Section

Following as closely as before the notation<’in [46], the litomgte for they* — 7t 70 is
given by :

T(y* = 7tn1°) = Toym(s) + Tori(s) + Tave(s)] €*Peu(q)piplips (69)

wheree,(q) (¢> = s) is the (heavy) photon polarization vectdf,,, is the symmetric part
of the amplitude (in terms of ther final’ states), whileT;,, (denotedl, in [46]) breaks this
symmetry. We have found appropriate to introduce separaitel contributionT sy p(s) to
the full amplitude generated by th&,y» Lagrangian piece (see Eqs._(105)); its first term is

24 The corresponding expressions giveriinl [46] carry a miaspiEach of the right—hand sides of Egs. (41) is
missing a factor of 2.

29



symmetric in terms of ther 'final’ states. One h&s :

(1 ()= #ffg (49007041 - %[01 — o+ ad))
—%g[cl —¢o — ¢3](N1(s) + No(s)) + §m2g(1 + Ev)cgNl(s)N2(s)]
e 3 Fynls) 0 7o)
Tori(8) = #:fg' [§m2g(1 + Ev)c3] lD’; (; (N3(s) + Nu(s)) + 5;(5) Ns(s)]
Tavp(s) = — 4;26 5 [C‘* w14 zv)] [Na(s) + 3N (s) + ONg(s)]

where all parameters and functions have been already de&reept for theV;(s) functions
which are given and commented in Apperidix H. One has kept ab emipossible the notations
used in[[46] in order to exhibit the effects of our additiorslspin symmetry breaking effects
by simple inspection. Finallyf 4y »(s) identically vanishes whety = c;.

The differential cross section writes :

dPo(ete” = mtn n®)  qem
dz dy 19272

G (@, )| Toym(s) + Tort(s) + Tave(s)]*  (71)

using the ¢ andy) parametrization proposed by E. Kuraev and Z. SiligadzgwWwi® provided
the kernel functiorG(z, y) reminded in Appendik H. Note also that eachiQf,,(s), Tori(s)
andT4vp(s) also depend om andy.

8 Ugraded Breaking of the HLS Model : A Summary

In the former studies performed along the present lines48924], roughly speaking, one
incorporated nonet symmetry and SU(3) symmetry breakingenpseudoscalar (PS) sector.
In the vector meson sector, only SU(3) symmetry breakingaoasidered.

However, some important effects can be already attribuwtésbspin breaking effects in the
PS sector. Indeed, it is the non—vanishing character of tkimgi'angles”«(s) andg(s) which
inducess—dependent — w andp — ¢ mixings at the one loop level. This non—vanishing of the
a(s) andj(s) functions proceeds from the kaon mass splitting which s¢la& symmetry be-
tween the neutral and charged kaon loops and, then, allost®tuse the analytic functian(s)
as non—identically vanishing. Therefore, except fordhe¢ system which would mix anyway
at one loop, the full loop mixing mechanism for vector mesisrthe prominent consequence
for this limited account of isospin break%

This quite limited breaking scheme, allows already for adjaocount([39, 46, 24] of the
available data. However, within the realm accessible toHh& model, two experimental
issues remain unsolved :

25 The N5 contribution was wrongly omitted in the study [46]; the eéwas due to having missed that the two
occurences of the functionin the numerator in the last Equatidn (115) come with twoedlght arguments (.
ands). The authors of the study [46] apologize for this inconesicie.

26Actually, as noted in previous works [39), P and V'V loops contribute to the vector meson mixing; the
effect of these additional loops can be considered as abddnpthe subtraction polynomials of the kaon loops.
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i) The dipion spectrum lineshape indecays is consistent with expectations frefre~
annihilations|[39, 46], but not its absolute scalel [24].

ii) The partial width ratid(¢p — KK ~)/T'(¢ — KOFO) is found inconsistent with all re-
ported expectations [47]. Obviously, this inconsisten@pagates to the corresponding
ete™ annihilation cross sections.

The first topic has been shown to get a satisfactory — but néeqie- solution by allowing
some difference betweg! and p* meson properties to be fitted from data. If the effect of
a non-vanishingm?® = m2, — m2. was found small, those generated by a non-vanishing
09 = gon+n- — 9ptron+ Was found especially significant [24]. Moreover, some rizsgaf the
T spectra, consistent with the reported experimental scadertainties remained unavoidable.

The second topic is experimentally addressed by consgl¢®@, 69] that the Coulomb
interactio® plays as a symmetry breaking mechanism which modifies th&)S#®lationship
IoK+EK~ = G0 between coupling constants t@,x+x- = 94K0R" Z(m3). This ap-
proach, which turns out to consider the Coulomb interac®aome breaking effect, may look
unsatisfactory; anyway, it does not fit with our breakingesube.

These two issues motivated an upgrade of the breaking scbktine HLS model in order
to check whether an acceptable solution can be derived. Ateaston to isospin breaking of
the BKY-BOC breaking mechanismagpriori an obvious candidate to examine. This has been
done in the preceding Sections with several interestinglagions, which can be summarized
as follows :

j) One does not find any signal for a mass or a coupling difieedretween the® and p*
meson&. However the coupling difference betweer v andp — W might be enforced
with respect tol[39, 46, 24] if the breaking parameter prodiyc\ - is found significantly
non-zero (see Table 1),

ji) Everything goes as if the universal couplipgemains unchanged in the anomalous sec-
tor, while one observes thatis effectively modified tgy(1 + £y/) for the whole non-
anomalous sector. Therefore, isospin breaking in the HL8ahgenerates some mild
disconnection between anomalous and non—-anomalous pesce$iich needs to be ex-
plored.

jii) The partial width ratiol'(p — K*K~)/T(¢ — KOFO) is found subject to isospin
breaking in a novel way compared with the various possiediexamined in [47],

Topicsj andjj are both important for scale issues. Indeed, by discomgesbmewhat
more than before the ratio of transition amplitugesy andp — W, one allows the HLS model
to get more freedom for the purpose to account for scale sssdere important, both and
ete” physics share the same universal couplif@ ¢ X)), but it is no longer common with
the scale of the anomalous processes which remains goveymedloreover, none among the
anomalous couplings, all displayed in several of the Appm®] exhibits a dependence upon

2The functionZ (s) in Eq. (53).

28Electromagnetic effects beyond the HLS model and the BKYakireg scheme may, of course, change a little
bit this picture; however, the phenomenological consegegnf letting free this mass difference are known to be
negligible [24] as reminded before.
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Yy. Stated otherwise, the anomalous couplings — which fix takes®f the anomalous meson
decay and annihilation processes — no longer constraindheamomalous process scales as
sharply as formerly assumed [39, 46] 24].

Concerning the topics andjjj , it should be stressed that the parameétgrgoverning the
change of this ratio is not involved only in the ratio. Indeedch of thete~ — KK~ and
ete” — KK cross sections should keep valid absolute scales sepafdtmieover, as clear
from Appendices H,IE,IG and H, and from Eds.l(58) and (60) gimve, this change of scale
should also fit with all anomalous processes, includingrthes v+ partial width, now within
the partial width data sample submitted to the global fit.

Before ending up this Section and this Part, let us remarkttieaupgraded breaking of
the HLS model allows to address the question ofthe- » — n' mixing in an unusually large
context. Moreover, as seen in Subseciion 6.3, the exactstewof thevwr coupling discussed
several times in the literature [48,/164 | 49] can also be erathwithin the largest possible data
set.

A last remark is worth being emphasized. The scale treatarghthe partial width ratio
guoted ini andii, within the upgraded breaking of the HLS model show up asdifq erent
aspects of theame mechanism. Indeed, the former proceeds from applying thended
BKY-BOC breaking scheme 0y, while the latter follows from applying the same mechanism
to L4.

9 The Data Sets and Their Handling

In this Section, we outline the data sets submitted to thieajlict and the way correlated and
uncorrelated uncertainties are dealt with. Nothing readiy is involved here compared to what
is already stated in [39, 46, 24], except for the data setscated with theee™ — KK~
andete- — K°K’ cross sections. One may, thus, consider that this Sectjdo & large
extent, a simple reminder provided in order to ease the mgaafithe present paper.

9.1 Theete™ — n™n™ Data

Four data sets have been collected recently in NovosibtrdkeaVEPP2M ring. The first
one [74| 75], covering the region from about 600 to 960 Me¥]agmed to carry a remarquably
small systematic error0(6%). Later, CMD-2 has published two additional data sets, one
[76] — covering the energy region from 600 to 970 MeV — is siggabto reach a systematic
error of 0.8%, and a second set [77] closer to the threshold region (frotht87/20 MeV)
has an estimated systematic error0df%. On the other hand, the SND collaboration has
published[[78] a data set covering the invariant mass reigam 370 to 970 MeV. Except for
the two data points closest to threshold which carry a sizsydtematic erroB(2%), a reported
systematic uncertainty df 3% affects this spectrum. These four data sets may be refesred t
in the following as "new timelike data” [39].

When dealing with these data sets, statistical and unedectbystematic uncertainties have
been added in quadrature as usual. However, these fouretatalso carry a common corre-
lated systematic uncertainty estimated 4% which affects all of them in the same way [79].
This is accounted for by modifying appropriately the cogade matrix as outlined in [309, 46]
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— see also Subsectidn D.7 below — and by accounting for tleesd#itto data set correlations.
This is performed by treating these four data sets altogedkef they were subsets of a single
(merged) data set.

In order to be complete, we have also included in our fit aladat the pion form factor
collected formerly by the OLYA and CMD Collaborations asuked in [80] and the DM1
data [81] collected at ACO (Orsay). These data will be ref@rio globally as "old timelike
data”. The systematic uncertainties carried by OLYA dafa)(and CMD @%) contain an un-
correlated part which has been added in quadrature to tbetegjstatistical errors. A common
correlated part of the systematics, conservatively estach@ 9] to 1%, has been dealt with ap-
propriately. Instead, the accuracy of the DM1 data set bpouy and its weight marginal, we
did not find any need to go beyond the published uncorrelatedse

9.2 Theete™ — (7°/n)y Data

Since 1999, several data sets on the anomalous annihilgimmelsete~ — 7%y and
ete” — ny have been made available by the CMD-2 and SND Collaboratiomsir analysis,
we only use the provided data points upfe = 1.05 GeV.

The first one used is the data set from CMDE2 [82] onshydinal state §f — 77— 70)
which carries a systematic error of 4.8%. CMD-2 has alsoigen[83] a second data set on
the ny final state, tagged with the decay mogle+ 37°. The systematic uncertainty carried
by this sample is estimated to 6.1% and 4.1% for, respeytitled energy regions below and
above 950 MeV. More recently, CMD-2 has also published twoenttata sets [84] covering
both the(n®/n)~ final states, tagged with the 2—photon decay modes, in thggregion from
600 to 1380 MeV. These are reported to carry a 6 % systematic er

The SND Collaboration has recently published [85] two défe data sets for they final
state with an estimated systematic uncertainty-o4.8 %. The first one covers the energy
region from 600 to 1360 MeV and the second from 755 to 1055 MeSample covering the
energy range from 600 to 970 MeV for thd — ~~ decay mode was also published|[86].
Finally, two data sets for botfx?/7)y final states with 14 data points (from 985 MeV to 1039
MeV) from SND [87] are also available; these exhibit the mloeter systematic error a.5%.

Altogether, these two Collaborations have provided 86 nm@msent points for thete™ —
7% cross section and 182 fere~ — ny for /s < 1.05 GeV. Preliminary analyses [46] did
not reveal any need to split up correlated and uncorreladets pf the systematic errors for
the (n/n°)y data samples. Nevertheless, we have made a few checks bydognfit results
derived by adding in quadrature statistical and systenuaiiertainties with fit results derived
assuming the reported systematic error to be 100% bin-fcdrrelated. We did not observe
any significant difference. Therefore, when analyzing¢he™ — (7°/n)y data, the reported
statistical and systematic uncertainties have been siagued in quadrature as in [46].

9.3 Theete™ — 7n9%t7~ Data

This channel isimportant as it provides a single place wtirerbox anomaly sectar [0, [71]
is present. Other physics channels involving the box angimahen /5’ sectors existf/n’ —
77 ~) and may be relevant. However, the overall experimentahsin is unclear [37, 46],
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even if the Crystal Barrel data sample [53] may look secuteerdfore, we find preferable to
wait for confirmation with new data samples which could consenf BES and KLOE.

There are several published data sets forethe — #°z+7~ annihilation channel with
various statistical and systematic uncertainties. We ifidtided in our data sample the data
sets collected by CMD-2 which consist of a measured samplericg thew region [75]
affected with a global scale uncertainty of 1.3% and two &hehich cover the region with
a reported scale error of, respectively, 4.6% [88] and 1/8% [The most recent CMD-2 data
sample[[90] also covers theregion with a scale uncertainty of 2.5%.

SND has published two spectra covering altogether the mefgion 0.44 to 1.38 GeV, the
former below 980 MeV/[91], the latter above [92]. For bothadsamples, the correlated part of
the systematic uncertainty has been extracted in order teebted as a scale uncertainty (3.4
% for [91] and 5% for([92], respectively); the uncorrelatedts have been added in quadrature
with the reported statistical errors.

Former data sets are also considered which cover the ragioetween they and¢ peaks
where physics constraints are valuable. The most useflidwas collected by the ND Collab-
oration with 10% systematics and can be found_ in [93], theedas a small data sample from
CMD [94] providing 5 measurement points with 15% systensaiticthe intermediate region.
Concerning these two complementary data samples, we pedsrin [46] and do not extract
the correlated part of the systematics as the accuracy isgmmugh that this could not lead
to visible effects in global fits. Finally, there also exiatsmall data sample from DML [95]
which has been used for illustrative purposes only [46].

The analysis of these data samples has been performed inhj@&gver, as thévs term
which contributes to the cross section (see Eql (70)) wasingisthe analysis is redone and
the conclusions revisited.

9.4 Ther* - 7*7%. Data

In the collection of data samples submitted to global fitthvg also use the ALEPH [40],
CLEO |42] and BELLE [41] data sets. When dealing witlilata, it is important to note that
the relevant quantity, sensitive to the spectrum lineshaykto its absolute normalization is
given by :

1 dlr(s) 1 dN(s)
I, ds ™N ds

whereT', is the full 7 width, B, the branching ratio tarv, and1/NdN(s)/ds is the normal-
ized spectrum of yields as measured by the various expetanen

The data published by the ALEPH Collaboration corresponetctly to the quantity shown
in the left—hand side of Eq[_(V2). Instead, each of CLEO antlHEhas published separately
the normalized spectrum of yields and the measured bragehtio B,,.. In ther data han-
dling, we have considered the reported uncertainties osetheeasured, 's as bin—to—bin
correlated scale uncertainties; these come into the \@gidassociated with each data set in
the way reminded in Subsectibn B.7. Stated otherwise, tteep@longer fitted as previously
done [24].

Following closely the experimental information provided[d0], [41], [42], the scale un-
certainties have been estimated to 0.51% (ALEPH), 1.53%Band 1.74% (CLEO). On the
other hand, a possible absolute energy scale uncertaift@¥ r.m.s. affecting the CLEO data

(72)
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sample([42] has not been found significant [39, 24] and is nosered in the present study.
All these experiments have provided their statistical arefesnatic error covariance matrices;
these are the main ingredient of th&functions used in the fits.
As the HLS model relies on the lowest mass vector meson naonlgt ib cannot access
I, which is therefore taken from the Review of Particle Praper{96]. Finally, our model
provides|[[39] :
dFM(s) . |Vud|2G%

T 2
ds - 647r3m3 |F7r (S)| GO(S) (73)
with : A (m? — 5)2(m? 1 25)
m; — s)°(m; +2s) .5
GO(S) = g 53/2 Q7r

(74)

Vs = (Mo +mee)?][s — (mgo — s )?]
Q= N
and F7(s) is given in Eq. [(3F7). Isospin symmetry breaking specific & thdecay will be
considered and taken into account as emphasized in Se&ion 1

Of course, the published spectra extend much beyond the validity range of the HLS
model, as this presently stands. Therefore, when usingeitiave to truncate at somevalue.
Consistency with the treatment of scan data would imply adation at 1.05 GeV. However,
various studies [41, 24] showing the behavior of fit residilearly observe that ALEPH data
on the one hand and Belle and CLEO data, on the other handyiexidonsistent behavior
starting in the).9 — 1. GeV region. Therefore, we have preferred truncating thetspe atl.
GeV, where the three spectra are in reasonable agreemérgaah other.

9.5 Theete™ — KK Data

Several data sets have been collected by the CMD-2 and SNBOohtions on both anni-
hilation cross sectionste~ — K+K~ andete~ — K9K". Here also, we have discarded the
data points above 1.05 GeV.

The oldest data sets, published by CMD-2![88], provide thecsp for both the neutral
and charged decay channels with a systematic uncertai§oofRecently CMD-2 has rean-
alyzed four data sets for the neutral decay maodeé [97] gettimgll systematic errors (1.7%).
More recently, CMD-2 has also published two scans of theggthmode spectrum [98] with a
systematic uncertainty of 2.2%.

On the other hand, SND has published in 2001 several datd&8its 2 for the charged
decay channel with a systematic error of 7.1%, 2 data set®ineutral mode witlk¢ — 7%7°
and 2 more withKs — 77—, with respectively 4.2% and 4.0% systematics.

The quoted systematics are treated as correlated scalgainteas outlined in Subsection
below.

9.6 The Partial Width Data Set

In order to work out the fit procedure and get enough congtraimthe physics parameters
of the model, an important input is the set of decay partiatis [39]. All decay modes of
the formV P~ and Py~ not related with the cross sections listed above should bsidered.
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This covers the radiative partial widths — 7%+, ¥ — wy and¢$ — n'y on the one hand
and(n'/n/=°) — v~ on the other hand. They have been extracted from the Reviartitle
Properties([96]. The accepted values for radiative pantidths for K** — K*v and K*° —
K%y have also to be used [96].

As the currently available data arte~ — w7~ stop slightly below 1 GeV, the phase
of the ¢ — 7w~ amplitude and its branching ratio as measured by SND [99}elevant
pieces of information, not included in the above listed aiation datai. In contrast, the
corresponding information for the meson is irrelevant as it is fully contained in the amplitude
forete” — ntr~ (see Eq.[(411)) and is already part of the data sample.

With respect to former studies within the same framewor&,ahly new piece of informa-
tion included in the fit data set is the partial width — ~v. Indeed, as can be seen from Egs.
(58), the corresponding amplitude may constrainas well as thete~ — KK annihilation
amplitudes.

In fits involving all the above quoted annihilation channelse has no longer to consider
the leptonic widthgp®/w/¢) — eTe™ and the decay width&®/w/¢) — (n/n°)y as they are
essentially extracted from some of the cross sectionsllebeve which permanently enter our
fit procedure.

Therefore, the additional decay information to be used patito final fits represents in
total 10 more pieces of information.

9.7 Outline of the Fit Procedure (The Method)

For all data sets listed above, one always has at one’s disjhesstatistical error covariance
matrix. For scan data, this may include the uncorrelatet gfahe systematic errors; if not
done at start, enough information is generally providedlameone to perform this (quadratic)
sum. In the case of data, the systematic error covariance matrix may be pravigethe
experimental groups (as ALEPH [40], for instance).

In this case, for each group of data sets£—, 7%, ny, 7t 7°, K* K, K'K°, ntn%)
one computes the partigP :

2= (m—M)"V~'(m — M) (Experiment # ) (75)

using matrix notations, and denoting byand M the measurement vector and the correspond-
ing model function vectorV is the error covariance matrix already referred to. The tionc
to minimize is simply the sum of thg?.

Actually, this is the procedure to estimaté when the corresponding data sample is not
subject to an overall scale uncertainty. If such a scalerniogy takes place for some data set,
one should perform a modification.

Let us assume that the data $&t subject to a scale uncertainty; this is supp@smjbe a
random variable (0, o) of zero mean (unbiased) and with r.mzsindependent of. Then any

29 However, one might have to be cautious with these data. thdeeemphasized in [46] — see Section 13
therein — the single piece of information truely model inglegeent is the produd..B,.. Thereforeseparate
values for3.. andB,, given as "experimental” values in the various releasels®Review of Particle Properties,
are actually model dependent to an unknown extent.

301n practical use, a data set #subject to a scale uncertainty,, is supposed to have been corrected in order
to absorb a possible bias; this is the reason why the comelspg random variable is supposed unbiased, e.g.
carrying zero mean. If not, Ed. ([76) should be modified bygenfng\; — X; — X 0.
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fit corresponds to gettingne sampling of=(0, o), named);. In this case, Eq.L(T5) should be
modified to : \2

Xi =[m— M — ANV [m— M — AN] + (76)
where [100]A is traditionally the vector of the model valud$ and the other notations are
obvious. One can solve for, which turns out to perform the change :

0.2

14 o2(ATV-14) (VAW AT (77

V= W (o?) = [V 402447 =V

in Eq. (7%). The modified covariance matiiX depends on the vectot. As just stated, the
best motivated choice for the vectdris the model functio™ = M. However, this implies
a recursive determination of the modified covariance madud, therefore, recalculating (or
inverting) large matrices at each step of the minimizatimtpdure (several hundreds of times
for each fit attempt). It happens, however, probably bec#usexperimental data we deal
with are already accurate enough, that choosing m (i.e. the measurement vector of the
corresponding experiment) does not sensitively affectréselts and strongly improves the
convergence speed of the minimization procedure [46]. 8fbeg, unless otherwise stated, we
always perform this approximation.

9.8 The Discarded Data Sets

There exists data sets which have been discarded for thergsidy. The most important
are the three data sets collected using the Initial StateaRawl (ISR) method by the KLOE
[17,[19] and BaBar[18] Collaborations. These suppose aifgpstatistical treatment as the
structure of the reported systematic errors is much morgtmathan for any set of scan data.
The method used in [46] for KLOE 2008 data [17] allows to deahwbut should be studied
carefully with each ISR data set separately.

In order to keep clear the message of the present study, vier proiding using now data
sets invoking delicate statistical methods. Therefore,|8R data sets [17, 19, 118] will be
treated in a forthcoming publication. Because of their ratgtistics, if well understood, these
data samples may improve the physics results derived byg tissnmodel and the fit procedure
presented in this study.

Other data sets could have been useful :

e Those providing the pion form factor in the spacelike regitwse tos = 0 [101,/102].
Indeed such data could severely constrain the pion fornoifactthe threshold region.
This was illustrated in [39] where an archaic form of our mdues been used. However,
we gave up using them — especially [101] — because there is saspicion concerning
their estimated overall scale. Such a kind of data would ilegkess help in getting more
precise information og — 2.

e More data involving the box anomaly, especially in thg;' sectors may also help in
constraining the model parameters. For instance, therdgpectra im/n' — 7 7~y
provide such information. Some available data collecte{Bifj, especially those for
n' — wtm ~ provided by the Crystal Barrel Collaboraticn [53], might densidered
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sometime. However, new data sets on this subject, with dastgistics and better sys-
tematics should come from the KLOE and BES Collaboratiospgeially concerning
the decay process — w7 v. These are certainly more easy to handle than the
ete” — npn 't~ annihilation data whicln fine carry the same physics information.

9.9 The Physics Parameter Set

It looks appropriate to give the list of the free model parterseto be fitted from data. The
model parameters are of various kinds :

e The basic HLS (4) parameters : the universal vector coupljrige relative weight. of
the Lagrangian piece$, and Ly, expected:t ~ 2 from most VMD models; finally the
weightscs, ¢4 ande; — ¢, of the anomalous FKTUY Lagrangian pieces to be added to the
HLS Lagrangian in order to address the full set of data oedliim the above Subsections.

e SU(3) breaking parameters which modifies the physics cowtethe HLS Lagrangian
(za, zv andz7), together with the parameter nameahich accounts for nonet symmetry
breaking in the pseudoscalar sector. This amounts to agbdal

e The isospin breaking parameteks,, ¥y, Ay andhy which affect the non—-anomalous
HLS Lagrangian. These represent the Direct Isospin Brgakiechanism introduced in
this paper through the BKY mechanism.

e Some parameters [61] allowing thé — n — ' mixing. Then — n’ mixing anglef» and
the parameters named abevande’, which may account for, respectively, theé—n and
7% — ' mixings. The last couple of parameters is not importangfer2 estimates but
may provide interesting physics information. One may &pdite on fit results by saying
that the conditiorf, = 0 is well accepted by the data as in previous analyses [38]; as
a matter of consequendge can be (and will be) chosen as entirely fixed by the nonet
symmetry breaking paramet&r(see Eqs.[(26)). One will also see that the pande
can be safely replaced by a single free parameter [61]. Tdrerehe number of really
free parameters accounting for tht— n — n’ will be reduced to one.

e Some subtraction parameters (8) involved in the mixing fions of vector mesons, in
the p meson self-energy and in the- V' transition amplitudes.

e Some more parameters (4) describing the mass and width oatheww and¢ mesons.
As a detailed description of the loop corrections to therense propagators is of little
importance for the present purpose , there is no need to gmbdey

Stated otherwise, only the parametéarg, 3y, Ay andhy are new and all others have been
already dealt with in previous releases of the present n{B88¢K6, 24].

One may be surprised to face a so large numbety) of parameters to be fitted from data.
This only reflects that the number of physics pieces of inetram and of processes to account
for is also exceptionnally large : more than 900 data positsannihilation channelsr(t 7,
7, ny, K+ K- KK°, 7+tr—x°), 10 radiative decay mode¥ P+, P~y including now the
7% — ~v partial width), thep — 77~ decay and finally the dipion decay mode of the
lepton. All these pieces of information should get simutiaunsly a satisfactory description.
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It should be stressed that the parameter space is shargyraimed, as will be confirmed
and illustrated by the present study. One should also stihessher™ 7, 7%y andny cross
sections, together with the decay modes referred to abtew, already a good determination
of all fit parameters except for twoc; — ¢, andA 4. The former is derived from fitting the 3
pion cross section, the second from fitting b&A annihilation channels. Actually, in order to
accurately determingy,, the dipion spectrum in the decay of théepton also plays a crucial
role.

This peculiarity leads us to a motivated critical analysithe availabler*7=—#°, KK and
7 data sets. As one plans to motivate a value for the hadronicibation tog — 2, our dealing
with the corresponding data should also be motivated.

As far as cross sections are concerned, it is already knawwn @ur previous studies that
ther 7, 7% andny annihilation cross sections are very well described wighgmultaneous
fit including also the decay data already listed. This candes sn [39| 46]; indeed Figure 2 in
[39] and Figures 1 and 2 in [46] are indistinguishable fromatik derived in the present study.

10 Reanalysis of ther™ 7~ # Annihilation Channel

Taking into account the error described in Footiote 25, tladyais of the model description
of ther*7 7% data is worth being redone. We take profit of this case in otmlexemplify
how the dealing with data sets is done.

The available 3—pion data sets can be gathered into 3 diffgreups :

i/ The former data set collected by the Neutral Detector (NIYatosibirsk and published
in [93] : we include in this group the few data points fram/[9Fhese mostly cover the energy
region in between the and¢ peaks.

il A CMD-2 data set covering the region [75] together with a corresponding SND data
sample[[91] which actually extends up to 980 MeV.

iii/ Several CMD-2 data sets covering theegion and extracted from [88, 189,/90], accom-
panied by a data set from SND |92] starting at 970 MeV.

The small data sample from DML [95] is used for illustrativegnses and is not included
in the fit procedures. It would not influence the fit results.

In fit procedures, it is very hard to riiNUIT normally because integrating the parameter
dependent 3—pion cross section (see Hgs. (70)and (71pnepbhibitive the execution time.
Therefore, we still use here the iterative method descréyeti motivated in Section 10.3 of
[46].

The choice of the 3—pion data sets considered in the globakftperformed in [46] re-
lying on the data sets listed in Indeed, ther*s— data used in the global fit serve to fix all
parameters, except for theand¢ mass and width parameters which are derived from having
included ther®y andny cross sections; therefore, the ND data having a large lever(see
downmost Figurgl5), they are alone able to determine aadyrde value for; — ¢, (see third
line in Figure’3).

Here one proceeds otherwise in order to learn more as eatie ¢gfist above mentioned
data set carries intrinsically a value far— c,. Nevertheless, the group of data sets needed in
order to fix all parameters except far— c, has been enlarged : Beside thier—, 7%y andny
cross sections, we have included theecay information from ALEPH, Belle and CLEO. This
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will be justified later on. On the other hand, one assumes c, which is justified in Section
[15.

Fits are performed by including either the CMD-2 data setSND data sets, each in
isolation. On the other hand, separate (and independengrétperformed in either of the
and ¢ regions. Therefore, in these fits, theregion fits are not influenced by theregion
information and conversely. Moreover, CMD-2 and SND da¢arat influencing each other.
The data sets associated with the so—callehd ¢ regions is not ours; it has been performed
by the experimental groups who published the corresporthtg sets separately.

It should be stressed, especially in the present case,ltbatdtion of data set covers, as
importantly, the data points, the full error covariance meas {.e. including the correlations
reflected by the non—diagonal entries), and all the additipreces of information provided
by the experimental groups. Among this last kind of infonimatthe global scale uncertainty
included in the systematics should be suitably accounted As far as scan data are con-
cerned, the statistical methods we use are the standatdl{tek) methods briefly reminded
in Subsection 9]7.

The results of these fits are summarized in Figure 1 and areneorted on now. As a word
of caution, it should be noted that the experimental erroosv® in these plots are the quadratic
sum of the reported statistical and systematic errors,eacéigh all correlations. As the error
bars do not (and cannot) take into account the correlatibiey,should only be considered as
a visual indication of what is going on. The real distance atbdooints to its best fit curve is
instead accurately reflected by th&values which, indeed, take appropriately into account all
the reported pieces of information about the error covaganatrix.

Top left Figuré 1 shows the fit of only the CMD-2 data in theegion; this provides a good
fit (x%/npoints = 110/80) returninge; — ¢, = 1.21 £ 0.10. Top right FigurdIL shows the
case for the SND data in theregion in isolation; the fit is much betteyX/npoints = 26/33)
but returnsc; — ¢ = 2.18 + 0.13. These two fit values fot; — ¢, differ by ~ 100, clearly
tagging an inconsistency between the CMD-2 and SND datarstts ¢ region.

On the other hand, one has performed likewise forthiegion in isolation. One then gets
for CMD-2 data a large?/npoints = 26/13 with ¢; — ¢, = 1.29 4 0.04 (bottom left Figure
). A closer examination of these data shows that an impipamn of this relatively large?
is due to only the first data point which falls right on the ieat axis in this Figure.

Instead, the SNDv region data yieldy? /npoints = 48/49 ande; — ¢o = 1.12 £ 0.06
(bottom right Figuré&Il). These two fit values far— ¢, differ by ~ 3o; then, one may consider
that the CMD-2 and SND data sets in theegion are in reasonable agreement with each other.

One should note from fitting the SN data set, the important effect of correlations : In
the bottom right Figurgll, the large distance of the (SNDadattints to their fitting curve is
compensated by the correlations in such a way tRhatpoints remains quite reasonable. The
high level of compensation can be checked by computing tiagtohal” par@ of the x? which

31The numbers for? /npoints are the 3—pion sample contributions to the glog&land its number of data
points. One cannot provide the number of degrees of freedoseeeral hundreds of (other) data points are
involved in each fit.

32Denoting byV the full covariance matrix constructed as explained in 8atie(9.7, the (full)? can be split
up into its diagonal partZ,,, = 3=, V;;'(A;)? and its non—diagonal paxt’,,,, 4ia, = Y_i; Vi Ailj, where
A; is the difference of th¢" measurement and the corresponding value of the theoretimsd—section.
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reflects the visual impression provided by the bottom rightiFe[1; one getgflmg = 554!

In addition, one has found instructive to plot the CMD-2 datgether with the SND ones
and the fit performed to the SND data in isolation. Thus, thtoboright Figure_1L illustrates
that the correlations reported by SND allow a reasonablenstcuction of the cross section
valid for both the SND and CMD-2 data sets.

For information, the fit performed using only the ND Etw’elds X /npoints = 25/37
andc; — co = 1.30 £ 0.06, in good accord with the previous fit resuft— ¢, = 1.17 + 0.07,
derived under comparable conditions (see second data natubable 3 of[[46]); the difference
between these two estimates &9r ¢, can be attributed to the influence of thelata samples.

The various estimates for — ¢, derived from our fits are gathered in Figlre 3 using obvious
notations. Using the fit values for — ¢,, as tag of consistency, this plot clearly shows that the
¢ region SND data set behaves differently from the other tpem data sets.

From these considerations, one can conclude that :

e In thew region, there is a good agreement between CMD-2 and SND mexawithin
the filter of our model.

¢ In the ¢ region, at minimumy?, one can get a reasonable description of both CMD-2
and SND data, but with much different values for the fit paramseas reflected by their
c1 — ¢ values.

Therefore, one observes a qualitative difference betwk&iMD-2 data and the SND data in
thew region, on the one hand, and the SND data ingtmegion, on the other hand.
One has pushed a little further the analysis by two more sefiéts :

e One has simultaneously submitted to fit the CMD-2 and SND blattanly in the¢ re-
gion. One gets the result shown in Figlre 2. The fit might I@zisonable\? /npoints =
176/113) and returng; — c; = 1.944+0.07, close to the SND value, as can be seen from
Figure3.

e One has submittegbparately to fit the CMD-2 data and the SND ones bithultaneously
in thew and¢ regions. The CMD-2 data retunt /npoints = 136/93 with ¢; — ¢, =
1.3140.04, while the SND data returg? /npoints = 102/82 with ¢; — ¢, = 1.23+0.06.
Figurel4 displays the corresponding best fit curves with shap@rimpos@. Even if the
x?%/npoints and the fit value for; — c, are reasonable, top right Figure 4 leads us to
avoid using the SN region dat&.

From this series of fit, one can conclude that it is possibfé soimultaneously the CMD-2
and SND data in the region and get a reasonable solution. However, mixing.ttesd ¢
regions returns, in the case of SND, an unacceptable sojui@n if thex? /npoints may look
reasonable.

33As reminded above, this data set covers the region in bettieenand¢ peaks.

34Here also, one may wonder that the top right Figure corredptma quite reasonable fit quality. We thus
remind once more that, for all figures shown, the effects ofetated uncertainties is not — cannot be — shown.
In the case of SND, this is larger than 5%. Along the same Jlioee should mention that the errors plotted are
always the quadratic sum of statistical and uncorrelatstksyatic uncertainties.

39N this case, the so—called "diagonal” part of tfreat minimum is larger than 1100.
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Therefore, one is led to include in the set of data samplem#dtédal to the global fit all
3—pion data referred to above, except for the SpNi2gion data set. The corresponding fit has
been performed and is shown in Figlte 5 with- c; = 1.18 +0.03; the 3—pion data contribute
to the global fit withx?/npoints = 220/179. The result shown at the last line in Figlre 3
shows that the global fit performs, as expected, a good (fitteerage ot; — c;. This also
indicates that the data sets considered are statistiaailyistent with each other.

11 Analysis of theK' K Annihilation Data

As reminded in subsectidn 9.5 above, several data sammesvailable collected by the
CMD-2 and SND Collaborations on VEPP-2M at Novosibirsk. TihwD—-2 data are extracted
from [88,(97,/98] and the corresponding SND data from [68].e Thuoted systematics are
treated as a scale uncertainty and dealt with as explaingdbsectioh 917.

The published data being cross sections, the fitting fundtio

2
_ 8mag,

¢ : 1 o
o(s) = 25575 g3 |FE(s)? with qx = 5,/s —4m? , (K=K* K°/K") (78)

for each of the 2—kaon annihilation channels; the kaon faotoir'sF:(s) are given by Egs.
(49). Both cross sections are corrected for the intermegilabton dressing. Moreover, for the
charged kaon channel, the additional Coulomb factor([6} /4%), reminded in Eq.[(33), is
understood and is not "renormalized” as(inl[68, 69] witpm}).

11.1 Fitting the K K Data

In order to perform this analysis, we have done a first serid&ésousing separately the
CMD-2 neutral and chargelf K channels and the corresponding data from SND. In order to
avoid¢ peak information not following from th& K data, we have decided to remove the data
from the 7%y andn~y annihilation channels from the fit procedure. However,apéting on
our final results, we have included the three data sets frofaP¥, Belle and CLEO referred
to above.

Therefore, the additional data sample is composed ofat — #+r* data, allr* —
n*7% data and 18 partial width decays (&llPy and Pyy modes and also the three leptonic
decays(p/w/¢) — eTe~ modes). None among these pieces of information has anytdirec
influence on the description ef e~ — KK, even through thé mass and width parameters
which are, thus, solely determined by tRe< data.

The results are shown in Figure 6, left side for 8K data and right side foK " K .

One observes a good description of #8K"° data for each of the samples provided by the
SND or CMD-2 Collaborations. The picture is quite differéartthe K+ K~ data; the CMD-2
data sample is well fitted, while the SND sample is poorlydittddditional information for
these peculiar fits is displayed in the first two lines of T@&l©ne can see there, that the value
for x*/N associated with th& 0%’ data are the same for both data samples, while they differ
significantly for the corresponding* K~ data samples.

Fitting simultaneously both CMD-2 and SNE'K’ data samples only, returns the same
x? information, illustrating that the corresponding data plm are perfectly consistent with
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each other. Simultaneous fits of &K data confirm this property (see third line in Table 2).
Interestingly, they?'s at best fit in the third and fourth lines practically coideiwith the sum
of the corresponding information in the first two lines of dame Table. This illustrates that
the so—called additional data set sharply constraiddfg&cross sections. Moreover, in view of
the fit results for CMD-2 data, one can consider that the caimss are well fulfilled by data,
giving a strong support to our modelling.

The ratio of cross sectiongete™ — KOFO)/a(e%* — KTK™) is observed to provide
a valuable piece of information, as it allows to magnify tffees mentioned just above. This
is shown in Figuré&l7, where the data for this ratio are plottedanalized to the ratio of cross
sections as coming out from our fits. The data ratio plottetiéntop Figuré 7 is derived from
the information given in[69] and one can estimate its uraety to~ 2.3 + 2.4 %.

The CMD-2 data points normalized to the fit expectations birin is perfectly consistent
with 1 over the wholes region covered by thé resonance. The dotted lines in top Figure 7
represent the experimental scale uncertainty and do netitéfk account the uncertainties on
the fitting functions. This also illustrates that our modifigreit—\Wigner lineshape is very well
accepted by the data.

In contrast, the SND data exhibit a behavior reasonably axadlaged by the fit function
ratio; however, it does not look consistent with flatness leadt as well as for CMD-2 data.

It follows from these considerations that the largest selfisistent data set for thi€ K
channel is made by merging all CMD-2 data and M data provided by SND (see last
line in Table2).

As a matter of information, beside getting an appropriatecdption of bothete™ —
K°K’ andete- — K*+K~ cross sections, it is worth remarking that the radiativeiglar
widths included in the fitted data set are also well accoufdedrFor instance, including also
theete™ — (n°/n)y cross sections in the fitted data set, the remaining set ofdidtive
decays yields a quite remarkallé/n = 6.5/10, with estimated’(7® — ~v), I'(n — yv) and
I'(n" — vv) at respectively.270, 1.770 and0.230 from their accepted values [10]. As the
corresponding couplings are strongly affected — espgajaill,, — by A4 (see Egs.[(88)), we
consider that physics validates our model.

11.2 The HLS Solution of¢ — KK Puzzle
The partial width decays — K K are defined by :

3
_ q 1
D6~ KB) = gyl . (ax = 5/} — dmg) 79)

Therefore, one has :

2

Z(m}) ~ RZ(m})(1 —2A4) (80)

JoK+K-

(¢ > K*K) B¢+ KK) _
T'(¢ — K'K')  Br(¢p —» KOK)

R

whereR = 1.528 originates from the ratio of momenta and the Coulomb factonguted at
thggzs peak isZ(m}) = 1_.04_9. The ratio of couplings has been given in EQ.](54). Therefore
usingA 4 from the last line in Tablgl2, one gets :
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Br(¢ - KTK™)
Br(¢ — K'K')

The same ratio can be computed from information given by CRID-a recent paper [69]
and amounf to 1.47 & 0.04. The difference between the CMD2 estimate and ours amounts
to about2o. Our final result, obtained by using the largest possiblemde of data sets,
providesA 4, = (6.34+0.70) 10~2 and then the ratio of branching ratios becorhd$ + 0.02.

Therefore, the HLS model, equipped with the (BKY) directsigim symmetry breaking
mechanism, provides a solution to the long—standing puzateerning thep — KK decays
as thoroughly analyzed in [47] and more recently discuseef®8]. In our approach, the
mechanism responsible for this is, fing the kaon field renormalization which should be
performed within the HLS model once isospin symmetry bneghks performed a la BKY-
BOC. Indeed, as the neutral and charged kaon field renoratializfactors play in opposite
directions (see Eg[L(18)), they pile up in the ratio.

The relatively large value found fahk 4 indicates that several sources contributes to the
BKY breaking of isospin symmetry. The contributionAg, due to the light quark mass mass
difference [58] & 1%) is certainly not the single source and others — like elecagnetic
corrections — are certainly absorbed within the numeriedlier for A . Moreover, it is also
likely that different corrections at tHé K+ K~ andV K '° vertices may influence the fit value
for A 4. Being global, the BKY breaking mechanism cannot allow tediangle the various
contributions taA 4, which share a common order of magnitude (each at the pemezi).| The
situation is quite different from the breaking of SU(3) syetny which is widely dominant
numerically and can motivatedly be compared to ChPT expenta[38].

—1.41 +0.03 (81)

12 Analysis of ther Decay Data

Using F (s), the pion form factor in the decay of thelepton (see Subsection 6.2), the
partial width of the two—pion decay is given by EQ.(73). Oe tlther hand, the quantity which
encompasses the full experimental information in this fieldq.[72) :

1 dlza(s)
', ds

1 dN(s)

H(s) = "N ds

as, indeed, the lineshape and the absolute magnitude oégpehimental spectrum are merged
together. The full widthl"; is taken from the RPR_[10]. The last two factors in the mid-
dle expression above account for isospin symmetry brea&fferts specific of ther de-
cay : Sgw = 1.0235 for short range corrections [103i s (s) for long range corrections
[104,/105/ 108].

In former studies, it was shown that the lineshape alone wdgly consistent with an-
nihilation data [[39] 24]. However, if one also takes into@ad the absolute magnitude —
represented by the branching ratsg, in the formula reminded just above — the agreement
is poor. In order to reach a satisfactory description of tamgdRef. [[24] introduced a mass

36The uncertainty might be somewhat overestimated, as onadsasned independent the errorsBaf¢ —
K+K~) andBr(¢ — K°K").
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differencedm? and a coupling differencéy between the neutral and chargethesons, which
underlays all reported stand—alone fitsit@pectral[18]. However, additional scale factors
were needed and their fitted values were found consistehttirgt reported scale uncertainties
[42,41)40].

However, the present study, as reflected by Table 1 above;léady demonstrated that
isospin breaking of the HLS model does not necessarily r@sabn—vanishingm? anddg at
leading ordétl. As emphasized above, the BKY-BOC breaking scheme ins¢aals fto a dif-
ference between the universal vector couplig)gas it comes in the anomalous sector and in the
non—anomalous sector of the HLS Lagrangigfl 4+ Xy )). We prove, here, that this provides
a much better account of all data than only assuming some amalssidth differences supple-
mented with some residual rescaling. Stated otherwiss,iecause Direct Isospin Breaking
acts differently in the anomalous and non—anomalous setitat the model yields an almost
perfect description for all data, without any need for somdit#onal rescaling. In this mecha-
nism, the single sensible difference between the pion factof ine*e~ annihilations and in
T decays resides in the difference between the transitionimagsy — V andiW — V.

Figure[8 shows the global fit result for the functiéf{s) defined just above together with
the data points from ALEPH [40], Belle [41] and CLEO [42] Cadoration$d. The inset
magnifies the peak region. One can clearly conclude to a nice agreememebatmodel and
data, all along the fitted region — from threshold to 1 GeV. ¢tweesponding pion form factor
in eTe~ annihilations coming out of the global fit is representediguie[9. These two Figures
illustrate that the simultaneous descriptiore6é~ andr data allowed by the model is, indeed,
as successfull in both sectors.

Figure[10 shows in two different manners theesidual behavior. Top FigutellO displays
the usual residuals for the functidii(s), while downmost Figure 10 represenf3,,ozei(s) —
Hiata(8))/ Himoder(s). These can be compared with respectively Figure 3 and Figfnoen [24]
where the {m?, 6g) parametrization of isospin breaking was used. The coraparclearly
indicates that the present model better performs for-allata sets and, especially, for the
ALEPH [40Q] data.

In order to allow for a deeper comparison with the previousase [[24] of the present
model, we reproduce in Tadlé 3 (first data column) the fit teseported in[[24] together with
our new fit results under various conditions.

The second data column in Taljle 3 is derived excludingili€ data sets in order to be
as close as possible 10 [24]. One observes, for almost a@ls#s, better fit results than in the
former release of our model [24] . There is no effect in intraodg the 3—pion data set from
SND [91] (covering thev region) as thei2_/dof = 1.11 is unchanged. It is also worth noting
that the partial width forp — v+ is found at0.430 from its accepted valuée [10]; the distance is
0.11¢ for n — v and0.47¢ only for the newly introduced® — vy decay mode.

One may conclude therefrom that the HLS model, equippedtvéimixing schemes pro-
vided by loops and by the direct isospin breaking procedunayides a fully satisfactory solu-
tion to theete™ — 7 puzzle, both in magnitude and in shape. The relatively pdirgquality
for the BELLE data might be related with the absolute scaleegevealed by the stand—-alone

370ur present results as well as formérs [24] tend to indidadedn electromagnetic correction to thenass
does not give a significant effect (see Footndte 6).

38When dealing withr plots, the error bars represent the diagonal eri@spo account of bin—to—bin correla-
tions is attempted.
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fit? provided by BELLE[[41]. Therefore, one can confirm that :

e The main drawback of the breaking modellin/[24] was a too togintelation between the
universal coupling in anomalous and in non—anomalous ge&se This has been cured
by defining the Direct Isospin Breaking mechanism subsagadiby a highly significant
value forXy = (3.74 + 0.42)%.

e The breaking model in_[13] may account insufficiently for th&erence between the
p® — v andp* — W+ transition amplitudes.

Therefore, the reported discrepancies between the piom factor ine™ e~ annihilations
and inT decays can always be attributed to an incomplete treatniesaspin symmetry break-
ing. For information, Figuré_11 displays the ratio of thens#ion amplitudes,, and f,i as
coming from the global fit and already given in Table 1 :

:
;—;:1+ h’VgAV + ags) + ﬂf(s)zv

We have found appropriate to provide in the third data coloffable[3 the results of the fit
obtained keeping th& K data sets, while excluding all the"7—7° data sets. The fourth data
column reports on the fit quality reached using the full datange considered safe. This means
all data sets discussed above, except for two SND data sbtse"¢~ — 37 data set collected
above 970 MeV[92] and the"e~ — K™K~ data set. These have been shown to provide either
an unacceptable behavior for the fit solution/[92], or a ppoj68]. In this configuration, one
fits 906 data points (including the 10 individual decay mydamsresponding to 881 degrees
of freedom. The global fit probability is highly favorablel@). This configuration will be
referred to in the following as "Solution A” or "ConfiguraticA”.

In this Solution A, one observes some tension betweerktheand~+7—7° data groups.
Indeed, comparing its content with the second data columapbserves that the" =~ #° data
group yields ay? increased by 30 units. Instead, comparing Solution A withtthird data
column in TabléB, one does not observe any significant dagjoadthe fit quality of thel K
data group : The? for the K°K" data group is improved by 2 units, while ti for K+ K -
data group is worsened by 6 units.

As this 30 unit increase of ther "7 ~7°) x> may look abnormal, we have tried tracking its
origin. This issue is clearly related with having introdddbe K K data which influence the
model description of the region. Therefore, we have redone fits excluding alkthe ~7° data
data sets covering thgregion. One obviously remarks a significant effect; thisfigumation
will be named hereafter "Solution B” or "Configuration B”.

In the following, any differential effect between what ha&sh named Solutions A and B is
examined carefully and commented.

39The fit published by BELLE reveals a very significant improwsif the absolute normalization of their
spectrum is left free; instead of returning an absoluteesofl, the best fit exhibits a significant2% shift.
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13 Structure of thew — 7w Coupling

As noted in Subsectidn 6.3, the coupling— 77 in the upgraded broken HLS model is
given by :

Gumr = % (1= hyv)Ay — als)] . (82)

This expression exhibits two contributions of differenigar. The first part is a constant term
generated by the Direct Isospin Breaking procedure defingdeabeginning of this paper,
the second is generated by the kaon loop mixing procedueadyrdefined in [39, 46] and
reminded above. This structure resembles that given irdlgB |t is interesting to examine the
behavior of the ratio :

Lmn — [(1 = hv)Av - a(s)]

gpfnr
as a function of/s. Itis given in Figuré_ IR, where the vertical line figures thmass location.
Of course, the effective part of this function is determihgdhew Breit—Wigner distribution
and is concentrated within a few tens of MeV'’s apart fromdhmeak position.

From the best fit discussed in the above Section (see thedeéeda column in Tablel 3),
one gets the central values for the fit parameters and their @variance matrix. These have
been used to generajg,. by Monte Carlo methods. Computed with using the RPP [10] mass
for thew meson, this giv@ :

Guorr = (—0.071 £ 0.003) +4(0.150 + 0.002)
Ay = (=5.224+0.75) 102 | hy = 1.690 + 0.107 (83)

a=2.288+0.006 , g=>5556+0014 , Sy = (3.74 +0.50) 102

The observed useful correlations atedX0Ay, >= —0.056, < dXy0hy >= 0.028 and
< dhydAy >=0.232.

In order to stay consistent with [48,149] definitions, one cansider thay! . = ag(1 +
Yv)/2andg! = ag(1—hy)Ay /2 are the couplings of the ideal fields, defined as such before
applying the loop mixing. Therefore, the quantity.

I
G =% — (1~ hy)Av(1— ) (84)
gp7r7r

should be close to the parameter carrying the same name fin (e findsG = (3.47 +
0.64) 1072 to be compared with the two estimates of the same parameten @i [49] :
G = (7.3 £ 3.2) 102 when relying on the data from [75] ar@ = (4.4 + 0.4) 10~2 when
using, instead, the [76, 77] data.

Referring to Egs. [(28), one can concl@lithat there is much more isospin 0O inside the
physicalp than isospin 1 inside the physical In this case, one also gets for the direct term

49The quoted uncertainties fdxy, hy-, a andXy are the improved uncertainties returned by the rowineos
of themINuIT packagel[107].

41The isospin 0 component inside the physieaheson is given byiy- Ay, while the isospin 1 part inside the
w is given by(1 — hy)Ay
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ag(l — hy)Ay /2 = —0.332 £ 0.024. Comparing this number witRe(g,.r), it is clear that
ag(l — hy)Ay /2 andRe(a(m?)) compensate to a large extent, in such a way that is
highly dominated by its imaginary pt

14 Then" — n — 1’ Mixing Properties

The mixing of pseudoscalar neutral mesons has been addriesSection 4, especially
in Subsections 413 arid 4.4. The present Section is devotegaimining how the upgraded
breaking scheme developed in this paper performs comparthe tresults previously derived
in this field [38]. In order to perform this study, we let frdgetpseudoscalar mixing angle
6p, which mostly determines the relationship between the igchyg and»’ fields and their
underlying octet and singlet componenfs andn%. The parameters ande’ which account
for, respectively, the® — n and=® — 7' mixing are also let free.

As shown in[[38] and revisited in Subsectlonl4.3 above, theTmixing angles [50, 514,
anddg can be expressed in terms of the nonet symmetry breakingesea) (or, better, using
insteadv defined in Eql(22))z4 the SU(3) breaking parameter of the Lagrangignand the
singlet—octet mixing anglér. Therefore, they can be estimated from fitting the data direa
defined.

14.1 The Mixing Anglesfy, s And 0p

The mixing angleg, andfs have been recently introduced with the 2—angle descrigtion
then/n’ mixing [50,(51]. The broken HLS model provides expressianrstifiese in terms of
the singlet—octet mixing angk® and of the breaking parameters and ) (see Eq.[(26) and
also [38]).

Therefore, using the fit results (parameter central valndgl@eir error covariance matrix)
one can reconstruct the values fgrandfg. Having left freefp, one obtains the results shown
in the first data column of Table 4. Therefore, as in formedigts, one observes thtis small
and its distance to zero is orty8c; this should be compared with the estim@éfe= —4° given
with no quoted uncertainty in_[51]. The value féy is numerically as expected from other
kinds of data/[51]. The 'tHooft parameter [35]is found of the order 10 %, twice smaller than
in [38] where an approximate treatment of nonet symmetrgaking was used. Finally, the
singlet—octet mixing anglép is still found twice smaller thafs, as in the former study [38].

As the distance to zero @ is 2.80, the non—identically vanishing @ is on the border
of statistical significance. Therefore, imposing the ctindif, = 0 is worth being considered;
this turns out to algebraically relate to z4 and\ by tanfp = tan B (see Egs.[(26)). Per-
forming such a fit returns the results shown in the secondatdtemn of Tablé ¥4 with a quite
comparable probability.

It is interesting to observe that the value taris nearly unchanged and that the value for
A is affected below th@0~* level only. One also observes that the valueégrgenerated by
the appropriate Eq.[(26) is found in agreement with its fittallie (when this parameter is

42 In traditional fits with the Orsay phase parametrizationhaf& contribution to the pion form factor, this
property is reflected by a value for this phase close/d
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left free). We conclude therefrom that assumélgg= 0 does not degrade the fit quality and is
consistent with data.

One should also note that the nonet symmetry breaking paeame- 8.5% has a statistical
significance oR.40. Performing an approximate nonet symmetry breaking [3&] value for
A was overestimated by a factor of 2.

14.2 Ther® — nand ° — ' Mixing Properties

These mixing properties are reflected by the parameters chaespectivelye and ¢’ as
displayed in Egs.[(23). Comparing analogous fits performelétting free and unconstrained
fp, e ande’, we did not find sensitively different results than thoseaot®d by imposing the
constraint orfp resulting from the conditiofi, = 0. Therefore, from now on, all presented fit
results will refer to this configuration. One should notet tive numerical results given in the
above Sections have also been derived under these cosdition

The global fit returng = (4.89 + 0.44) 10~2 ande’ = (1.68 + 0.44) 102, reflecting that
the® —n mixing is certainly much more important than th&— " mixing phenomenon. With
the concern of reducing the number of free parameters, we élaw assumed [61] :

V2 cosfp — sinfp
V2 cosfp +sinfp

, . V2 cosfp +sin fp
€ = —2¢sinfp -
V2 cosfp — sinfp

€= ¢€pcosfp

(85)

with ép still determined by the constraiéi§ = 0. This reduces the number of free parameters
by one more unit. The fit returng = (3.16 + 0.23) 10~2 with an unchanged probability; this
corresponds to values ferand¢’ very close 20 each) from the corresponding fitted values,
while the global fit probability is unchanged. The partiatitiis for the three decay® —

are all well accounted for 1.640 (1), 0.110 (') and0.060 (7°). Additional fit detail can be
found in Tabld B.

The question of whether the presegtan be identified with the variable carrying the same
name in[61] is unclelf. Indeed, an important part of isospin symmetry breakingat$f are
already included in the definition of the renormalized PSifidsee Eqs[(19) and (21)) which
undergo the rotation defined by Eq$. 1(23). Therefore, eput and ¢, carry only a part of
the isospin breaking effects, while another part (govetned 4) has been propagated to all
sectors of the effective Lagrangian.

15 The Values of the FKTUY Parameters

Our global fit modelling is in position to provide the most ate information concerning
the parameters;, ¢, andc; — ¢ defining the scales of the various FKTUY anomalous pieces
[28] of the HLS Lagrangian.

43The quantity namee, in [61] is related withR = (ms — ) /(mg — m,,) by €0 = v/3/(4R). For instance,
[108] givesR = 37.2 + 4.1, while [109] relying on QCD sum rules propos&s= 33 + 6. These provide
respectivelyey = (1.16 + 0.13)% ande, = (1.31 & 0.24) %, which have little to do with our fit result.
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In order to get the most accurate results, we have explomgdhnameter behavior and
found that the least correlated combinationsare cs, ¢4 — c3 ande; — . Running under the
configuration A defined above, one gets :

_Ccitc3 C4 — C3

cp = =0.962+£0.016, c.=—— = (—3.987188) 1072, ¢ — ¢y = 1.20870-028

(86)

with g = 5.541 + 0.016, while configuration B leads to :

e, =80 097840020, ¢ = 04503

= (=6.75"351) 1072, ¢ — ¢y = 1.12370083

(87)
with ¢ = 5.530 £ 0.015. The correlation coefficients are similar in both cases[éc.,][d(c; —
c2)] >~ —0.20, < [dcy][dc_] >~ —0.10 and < [dc_][0(c; — c2)] >~ 0.80. Therefore, our
global fit yields quite consistent numerical values wathé¢ve configuratiolﬁ for the FKTUY
parameters.

These values can be compared with existing estimates. Wsindy~* form factor, [23]
yieldsc, = 1.06 & 0.13, while the partial widthv — 7%y providesc, = 0.99 4= 0.1— when
usingg = 5.80 + 0.91. Our own estimates are consistent with these with, howgévexos)
uncertainties five times more precise.

A rather unprecise value for the ratto= ¢_/c, has also been derived [23] relying on the
decayw — mu*pu~, ¢ = 0.42 £ 0.56, consistent with our results but still much less precise.

From our results, which happen to be the most precise in &l fone may conclude that
data only favor a partial fulfilling of the VMD assumptions3J2in the sense thag — ¢y = 0
is in agreement with data at tRe level, whilec; — ¢y + ¢4 = 4/3 is badly violated. This can
be rephrased as follows : the VMD assumptions [23] are emprially fulfilled in the triangle
anomaly sector and strongly violated in the box anomalyosedthis confirms the previous
parent analysis [46] and former studies on the box anomahein/n' — =7~ decays([37].

In order to go beyond, better data on the annihilation chignneolving anomalous cou-
plings (7°/n]y, n*7~=°) are needed; including new processes likeitf¢ — n+7~~ decay
spectra or information on the{~#% annihilation channels may also help as their dependence
uponcs — ¢4 OF ¢; — ¢o IS More important than in the previous channels.

It thus follows from the present analysis that assunaing ¢, is justified. In this case, one
obtains the following results :

cs =c3=0.950+0.014 , ¢ —c;=1194+0.060 , ¢g=>5.556+0.014 , (88)
for Configuration A and :
cs =c3=0.951+0.016 , ¢ —c=1169+0.060 , ¢g=>5.553+0.012 (89)

for Configuration B.
In both cases, the correlation coefficienkis|ocs|[0(c; — c2)] >~ —0.20. Therefore, the
conditione, = ¢3 drastically reduces the correlation among the surviving BK parameters.

44 Running our code excluding tH€ K data (see second data column in TaBle 3) yields= 0.967 + 0.021,
c = (—5.18728%) 102 andec; — o = 1.07470582) with ¢ = 5.530 + 0.015. This configuration pushes the
significance for a non-zera. at the~ 1.7¢0 level.
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Moreover, the fit quality is not significantly changed whiksaminge, = ¢3. Indeed, config-
uration A yieldsy?/dof = 858.08/882 (71.2 % probability) instead of?/dof = 853.98/881
(73.7 % probability) and configuration 8 /dof = 728.38/882 (97.0 % probability) instead
of x*/dof = 722.05/881 (97.9 % probability), where the difference mostly affetts set of
partial widths which is always well fitted. Therefore, thepimmvement obtained with the up-
graded breaking model is not due to releasing the conditiea c;. From these considerings,
it is justified to impose; = ¢, for the rest of this study.

16 Hadronic Contributionsto g — 2

In [24], one analyzed in full detail the hadronic contrilautito g — 2 of most of the data
sets used in the present study. The framework was the prevebease of the present model
studied in detail in[[46], 24]. Within this framework, onlyelsimultaneous account of both
annihilation channels t& K was missing. On the other hand, one might find unsatisfactory
that some global rescaling of experimentalipion spectra was still playing an important role,
even if this rescaling was in accord with expectations. €he® issues motivated the present
study.

As shown above, the upgraded model allows by itself a satmfiaaccount of all consid-
ered spectra simultaneously. It is therefore worth reeranrgiwithin our upgraded framework,
how the hadronic contribution t¢ — 2 is estimated and how this estimate evolves depending
on the various kinds of data groups considered.

16.1 Thenr*n~ Contributionto g — 2 : VMD Estimates

The mostimportant hadronic contributionge 2 is ther ™7~ channel. Several experiments
[75,[76) 78] and some analyses|[13],[24,/110] givetthe ~ contribution tog—2 provided by the
energy regior0.630 — 0.958] GeV. Therefore, it is worth considering the informationyidzd
by this reference region; this allows to substantiate thgrawement which can be expected
from VMD-like models. Indeed, several kinds of informatene worth considering :

e While unifying the description oé*e~ annihilation andr decays, one expects an in-
creased precision on the anomalous magnetic moment of tba a(r).

e While having a framework which encompasses most of the phygy to thep region,
the stability and the robustness of thgnm) estimates can be examined. The relative
statistical consistency of the various data groups is algesale which can be addressed,
relying on their behavior under global fits.

Table[5 displays our estimate for the contribution toa, = (¢ — 2)/2 provided by the
reference energy range under various fit configurations.atih €ase, the fitted (central) pa-
rameter values and their error covariance matrix are useddier to sample several thousand
parameter vectors, assuming-adimensional gaussian error distribution. Each vectoaai-s
pled parameter values is, then, used to comppter). The corresponding distribution of the
a,(mm)’s is then fitted to a Gaussian function. The results displagerableld are the central
values and the standard deviations of this distributionctvhintrinsically takes into account
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the correlations among the fitted parameters. Unless oiberstated, the FSR correction is
included in all reported contributions of the'7~ channel tay,.

Beside the experimental spectra, there is always a set bélpardth decays submitted to
fit. These have been defined in Subseditioh 9.6. In the resytsted below, one should keep
in mind that the accepted valués [10] for thew/¢) — (7°/n)y and(w/¢) — eTe™ partial
widths are included in the set of partial widths submittethsfit as long as the experimental
spectra for thete~ — (7°/n)y annihilation channels are not used. As emphasizedin [46],
this hides some model dependence which might be somewh#ittiog with our own model.
This explains why one should prefer any configuration wheexete~ — (7°/n)y data are
submitted to the global fit.

Also, when the data for the two annihilation channets~ — KK are not considered in
the fit, one chooses to figx = A, = 0, as we have no real sensitivity to them. Likewise,
c1 — ¢y is absent from fits as long as thge~ — 77 7° data are not considered. Finally,
the parameters fixing the mass and width of sh@eson are left free only when the fitted data
allow to constrain them.

In the first line of Tablé5, one finds the value fgy(w7) derived by submitting to fit the
scanned data for the annihilation process™ — 77~ — together with the full set of partial
width decays. This result compares well with the value detiusing the previous release of
our broken HLS modBi, as can be seen by comparing with the relevant piece of irgbom
reported in Table 4 of [24].

As there is no longer any mismatch betweer~ andr data, both in magnitude and in
lineshape (see Sectibn]12), it is legitimate to merge theis Merging provides the new and
important result given in the second line of Table 5. Onertjeabserves that the merged
mr data give a result perfectly consistent with thee- — 777~ data alone with a quite
nice probability. The central value fa,(77) is nearly unchanged and the uncertainty slighty
improved.

This is, of course, the main effect of having upgraded ourragtny breaking procedure of
the HLS Lagrangian. In this new framework, there is no nee@foauxiliary rescaling [24] of
ther spectra and the net result is a perfect consistency af'the — 77 data with/without
the 7 data considered as constraints. This statement can beastiattd by comparing this
result with those reported in the entry "NSK+ A B C” 0f [24]((77) = (364.48+1.34) 10~'7)
which exhibited a shift of about 10~1° produced by the threedata sets, a 3.60 effect.

The third line in Tablé€b, displays the effect of replacing th/w/¢) — (7°/n)y and the
(w/¢) — eTe partial widths by the cross sections fote~ — (7°/n)y. The central value
for a,(mm) is practically unchanged, while its standard deviatiomiéased by~ 9%. The
following line in Table® displays the effect of includingetfull e*e~ — 77~ #° data group
already defined. As ir_[24], one observes a perfect consigtehthe results for, (7). In
total, the standard deviation is slightly reducedd(, (7)) ~ 1.5 10°). At this point one
may conclude that the central value is marginally modifieduly including the (p/w/¢) —
(7°/n)y andete” — ntr x° data groups within the fit procedure. The variations of the
uncertainty returned by the fits might rather reveal siatisfluctuations.

4SEven if expected, this proves that the effects produced Bingantroduced=y do not modify the fit descrip-
tion of thee™e™ — 777~ data.
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The last line in Tablél5 displays the effect of including th®t*e~ — KK cross sec-
tions into the fitted data set. One observes some effeat, (&sr) undergoes a.9 10 '° shift
upwards while the fit probability remains quite good. Thiscbinfiguration — referred to as
Solution/Configuration A — encompasses the largest settafstamples considered safe. This
turns out to consider that the 30 unit increase ofithassociated with the ™7~ 7° data group,
even if large, is not abnormal (see the fourth data columralrél3).

The result shown in the last line of Tallle 5, may reveal somsié® among the data set
groups. In order to explore this issue, one has redone fitading ther 7 7° data group, and
examined the effects of using the selectéd~ — K°K’ andete- — K*K- data, either
separately or together. The corresponding results ardagliesth in Tabld 6. Comparing the
statistical information here with those in the last line mble[% renders somewhat suspicious
the quoted 30 unitincrease of.__ ..

A final piece of information is provided by performing the fiting ther 7 ~7° data group
data amputated from the data points collected in the redioneal GeV (therefore, excluding
the ¢ region). This fit configuration has already been referredst8a@ution/Configuration B.
The reason which motivates this removal is thatttie—° data before introducing th& K
data is only constrained in thg region by the relatively unprecise data on tHey andny
channels. One then obtains :

{ Solution B : a,(7wm) = (362.44 +1.49) 10 '® x2/dof = 722.05/801 Prob. = 97.9%

Solution A : a,(7m) = (362.19 +1.44) 107*° x?/dof = 854.00/881 Prob. = 73.7%
(90)
where the result for Solution A is reminded.

These differences indicate that all physics channels aoyene ¢ region are worth to be
reconsidered, as already argued from discussing the fitsésTable 3. Indeed, the difference
in fit quality between Configurations A and B reveals someitensetween thé{ K data and
the 77~ x% data collected in the region. Fortunately, the physics in tlferegion is still
accessible at VEPP-2M. It seems also in the realm of the KL&Eator, as this turns out to
run DA®NE within a+ 20 MeV interval apart from thé mass peak value.

16.2 Ther*n~ Contributionto g — 2 : Comparison with Data

An interesting piece of information comes from comparing (MD) estimates derived
from global fitting with the corresponding estimates pr@ddoy the various experimental
groups.

Table[7 displays the published experimental results coigrthe contribution of the
0.630 — 0.958 GeV/c region taz, (7). We first list the three important results from CMD-2
and SND; as we also use the data sets from OLYA and CMD [80], la@ give at the line
flagged by "OLD” our average using these data sets togethbrthdse from NA7[[111], TOF
[112], M2N [113], DM1 [81], all collected before those froiig, 76,77, 78].

The third data column provides, first, our average deriveaigubhe data sets from [75, 76,
77,78] and, next, also those including the older data sédsreel to just above. Our results are
directly comparable with these as we do not yet use ISR data.
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Both solutionA and solutionB results favorably compare with the sdarr) data averaging
as the uncertainty is reduced by a factor close to 2.

The following lines of Tablél7 display, for information, tlexperimental results derived
from the data sets collected using the ISR method and thelgdeerage of the ISR and scan
data.

One should stress that our results tQ)w), derived excluding the ISR data, provide
information already comparable in precision to those ola@iusing them. This motivates to
examine the ISR data in view of including them into the fit @aare.

One may also compare our estimates with the weighted avefape = data [40] 41|, 42]
which givesl0'a,, (77) = 365.21+2.67.,, in the reference region, including FSR corrections;
applying thep — « corrections proposed in [16], this becom®8’a,(77) = 361.66 + 2.67.,,
and provided0'a, (r7) = 361.15+1.76.,, when averaged with the"e~ data. This indicates
that examining the idea proposed|in[16] in a wider conteanisnteresting issue. Indeed, this
could lead to another successful VMD-like model and, tleesgfmay contribute to a motivated
evaluation of the model dependencazpfestimates.

As a summary, one may conclude that our global model proadgsod determination of
the contribution ta,, (77) from the invariant mass regian630—0.958 GeV/c. The accuracy of
our VMD estimates is found much improved compared to direetaging of the experimental
data and their central values are found consistent witheedainties. By including ISR data
at a later stage, the precision of the result might be fultimeased.

16.3 Hadronic Contribution to g — 2

In Table[8, one displays the contribution of each of the exaahichannels ta,, from their
respective thresholds up to 1.05 Ge\/e, slightly above the) peak.

The first two data columns show the results correspondinghé¢osb—called configura-
tions/solutionsA and B. These have been derived by fitting the data sets referreal tteei
preceding Sections and the motivation to consider bothisolsivalid can be emphasized from
Tablel3.

The last two data columns exhibit the averages of experiahelata for each of the mea-
sured channels submitted to the global fit. These differ lfuehkng (third data column) or
including (fourth data column) in the averaging the ISR dais collected by KLOE [17, 19]
and BaBarl[18] for ther" 7~ final state. As we have excluded for now the ISR data from our
analysis, the gain due to the global fit can be directly iféfsy comparing with the third data
column; nevertheless, it is interesting to compare the racguof solutionsA and B to the
averages derived using the high statistics ISR data.

As expected, the improvement generated by the global fittzftl the channels considered
and is always a factor of 2 or more (see thter—7° channel) better than the average of the same
data. The first line even shows that our accuracy is comparaattually slightly better — than
the average derived using the ISR data.

It is interesting to note that the sum of all contributions $olution B is in accordance
with the result expected from the standard sum as reportixithird (or fourth) data column.
Solution 4, instead, gives a smaller sum than the experimental averfape same data; the
distance i2.97 10712, i.e. >~ 1.604pcor. OF =2 0.70 ¢z
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It is interesting to examine the individual channel conttibns. Those from the’y andny
channels, as calculated from data, rely on pretty poorssizgiand generally cover restricted
energy ranges [82, 83, 84,187,186, 85] (see SubseCtidn :i&ead, our model results are
estimated (significantly) larger and cover precisely theédoergy range from thresholds to
1.05 GeV. This especially concerns the region in betweew thied ¢ peaks.

Our model estimates for the"7—#% and K * K~ channels are found smaller than the ex-
perimental averages at the 1 ovZ,), levels, while thek °K’ contribution corresponds to the
experimental expectation. This confirms the need for a bekperimental knowledge of all
annihilation channels in thg region.

The first data line in Tablg 9 reports the results derived ffitgwith our global model. The
second line ("missing channels”) provides the experimentaraged contribution te, from
the channels unaccounted for within our model &heb57, 67, nrm andw final states). This
has been computed using the trapezoidal integration ridehécorresponding data are sparse
below 1.05 GeV, this estimate might have to be improved.

The line "Total Model” provides the estimate of the full hadic vacuum polarization
(HVP), merging our model results with the additional listehtributions.

The corresponding experimental average taking into adcalliravailable ISR data sets
[17,(19,/18] has been estimatéd[16]dg(e™e ) = (690.75 £ 4.72;,;) 10, including the
contributions abové.2 GeV calculated using perturbative QCD. For comparison ctitee-
sponding total average provided by [110hjgete™) = (695.5+4.0c4, £0.79cp) 10710 (ot
accounting for the recent KLOE data set!/[19]); accountingalbthe available ISR data sets,
[14] yields as experimental averagg(ete ) = (692.3 +4.2,,;) 10 .

In order to illustrate the impact of data, we present separately the fit results derived when
including or when excluding the data sets from the fitted data sets, keeping for the rest the
configurations leading to solutionsand B as previously defined.

Including r data sets results in an increased value of the hadronic VAP by10~1°. This
will be commented on below. One also remarks that our unioéiga are comparable to the
experimental one, even if our estimates are penalized bpgavprovisionally — discarded the
ISR data. Our estimates also compare favorably with theseeivestimate excluding all ISR
data given by [13] '[1”(€+€_> = (6909 + 5-26xp+rad + 0-7QC’D> 10710,

16.4 The Anomalous Magnetic Moment of the Muoru,,

Table[10 displays our final results concernirg We still report on the results derived in
the fit configurationsA and B, using or not the- data in the fit procedure. The leading—order
(LO) hadronic VP discussed in the previous Subsection isnéed in the first line. In order
to yield our estimate of, under the various quoted configurations, one should addftibet e
of higher—order hadronic loops taken from [16], the lighy—ght contribution [5]; we took
the latest estimate of the pure QED contribdﬁjﬁ?o] and the electroweak (EW) contribution
is taken from([4]. Summing up all these, one obtains the \&afiieen as "Total Theor.” which

46The recent[[114] value,[Q ED] = 11658471.8096(0.0044) displayed in Tablé_10 should be updated to
a,[QED] = 11658471.8960 (in units of 10~1°). In order to compare with already published results wegsref
keeping the former value for our estimates of the HVP ang ef2.
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should be compared with the average [1] of the different measents for,, recently updated
[2].

The difference between our theoretical estimates and {hergmental averagel[2] is finally
given together with their respective statistical significa. The significance of this difference
varies betweerd.07¢ (solution B including 7’s) to 4.650 (solution A excludingr’s). The
difference between including's and excluding them is a2 0.40 effect. [13] provides an
estimate excluding the KLOE data|17] — and the more receRtd&ta sets not available at
that time — reaching a difference with the BNL average [2]&ff.1 4+ 8.6) 107'°, a3.50
significance. Our least significant estimate (soluttbmcluding7’s) is, instead4.07o.

Figure[13 displays our results together with the most réggniblished estimates. On top
of the Figure, one finds the estimates using or nottldata provided in[[14]. The following
entry is the estimate given in_[16] which combines~ andr data (after correcting for the
p° — v mixing). The last entry [115] is derived including the ISRaléHLMNT11); this is the
latest result using the final KLOE [19] and BaBar|[18] data.

We have also displayed the latest resultl [13] derived exctuéSR data which directly
compares to ours. This indicates that the improvement geavby the global fit method cor-
responds to increase the discrepancy of the BNL measurg2jewith the Standard model
prediction by~ 0.6 +— 0.80. Therefore, the discrepancy starts reaching an integestgnifi-
cance.

16.5 Influence of Data Set Choices on the Estimate far,

In order to derive our estimates faj;,, we have defined a paradigm, unusual in this field.
Indeed, one usually performs the average using all dataceatsbuting to a given final state
in isolation; the prescription used is the S—factor techoidhe Particle Data Group. However,
this supposes the simultaneous handling of statisticalsgstématic uncertainties. The most
common way of performing this handling is to use as weighggjladratic sum of statististical
and systematic uncertainties [9].

In our approach, especially in this paper, the underlyingqgigm is different and can be
formulated in the following way :

¢ All different channels are correlated by their underlyirgrenon physics and an Ef-
fective Lagrangian approach is presently the best tool & wéh the non—perturbative
QCD regime.

e All data sets, covering or not the same physics channel arsidered by taking into
account the peculiarities of their uncertainties as regublty the experimental groups.
There is, in principle, no real difficulty in order to deal Wistatistical uncertainties. It
is commonly assumed that uncorrelated systematics andtisit uncertainties could
be added in quadrature and we followed this rule. Other Byaies involving bin—to—
bin or experiment—to—experiment correlations should batad as such; the method is
standamﬁ and has been sketched in Subsedtioh 9.7.

4’In the scan experiments we deal with in the present papegdirted correlated systematics can be consid-
ered as global scale uncertainties for which the standattadeapplies. For ISR experiments [17] 19] 18], the
situation is different as several independent sourcessiégyatics are defined which, additionally, vary all along
the spectra. The standard method can be extended to thifd&skhowever, it should better be reformulated in
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e The Lagrangian model should allow for a good descriptionlafge number of data sets
in as many different physics channels as possible. The gessdof the global fit should
be accompanied by a good description of each group of daga-seéeally each data set.
As tag for this property, we choosed th&/n,.:.:s Value for each data set group; this tag
should not too much exceed 1. Referring to our caserthe, 7%, ny physics channel
data and the reported partial width decays already represeacceptably good start-
ing point, allowing a critical examination of the data asatex with further additional
channels.

¢ Including a new data set, or a new group of data sets, shotlcesolt in a significant
degradation of the already accounted for data sets. Thidédbe observed at the global
leveland at the local levelsi(e. for each group). Following from the analyses in Sections
10 and[1l, peculiarities of their fit behavior led us to didckom our global fit the
K*K~ data set and one of the"7—7° data sets provided by SND. This turns out to
require that the (large) set of data samples consideredatist&tally self—consistent :
Only 2 data sets out of 45 did not pass this consistency itniter

At this point, given the (broken) Lagrangian one uses, tlecten criteria are only the
global fit quality and the "local” (data set specific) fit propes reflected by the varioug /n,ints
values, discarding any possible consequence for the vatug f With Solutions A and B, one
has also avoided any kind of data set reweighting by disogrthie two data sets exhibiting
some faulty behavior compared to the rest.

Nevertheless, it is a simple exercise to switch on the tweediteed SND data sets within our
fitting code. For information, this leads tda, = (a,)ezp — (au)in = (34.00 £ 8.21) 1017,
a 4.140 effect. However, this is associated with an exceptionatlgrpglobal fit probability
(1.75%) and tox2:_ . o/Npoints = 331/212 = 1.56 and x5+ k- /Npoints = 93/62 = 1.50.
Interestingly, and somewhat unexpectedly, Agn,....s for the other data sets are practically
unchanged compared to Talble 3, except for the decay dataamird which is sharply de-
graded :XZ.cays/Mpoints = 20.5/10 ~ 2. This may reflect that our broken HLS model is so
sharply constrained that poor data sets are mostly reflbgt@dor global fit probabilities.

Atag value ofy?/n,eints = 1.3, as yielded for the chosen™ =~ #° final state data, is on the
border of what could look reasonable to us (see third datanwolin Tabld_B). Nevertheless,
compared withx?/n,.i..s = 1.1 (see second data column in Table 3), it looks acceptable;
however, this corresponds to an increase by 30 units of thelate magnitude of2. __ ,,
when introducing the selected kaon data. One may, indeedjder that this indicates some
tension within thep region data calling for a closer experimental examinatitmctv can be
performed at the existing facilities covering theegion.

Awaiting for better data in thé region, we have been left with two challenging solutions :
Solution A which uses all the data sets we have considereéecases and solution B obtained

by removing all=*7~7° data sets above th€ K threshold.

a way which avoids introducing as many scale factors to kelfeis sources of different systematics. Indeed, this
may produce fit instabilities and, on the other hand, oneddeal with correlations between physics parameters
and these scale factors which may be uneasy to handle.
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16.6 The Differential Effect of the Various Data Samples

In view of the discussions above, we have chosen to displapuafinal results for,, in
the fit configurations corresponding to solutions A and B. kndther hand, as can be read off
Tablel3, at the fit properties level, one can consider thasthealleckte™ — 7 puzzle is over.

However, one still observega+2.5) 10~ increase of the returned values fgrproduced
by ther data. As stated already above, thdata are essential in order to return a reasonably
precise value for our fit parame@lzv. Therefore, the shift attributable to thedata can be
considered as a normal consequence when fitting a model witbra constraining set of data
samples.

Nevertheless, Tablg 3 indicates that §f¢n,.:..s are sensitively different for ALEPH~
0.43), CLEO (=~ 1.26) and BELLEY (~ 1.77). This difference of fit quality leads us to examine
the effects of removing the CLEO data sample and/or the BEd&tia sample for our fitted data
set.

When keeping only the ALEPH data sample, we e}, = 38.47 & 8.22 (a4.680 signifi-
cance) and\a, = 36.81 + 8.90 (a 4.13¢ significance) for respectively solutions A and B. As
can be seen from Talle]10, these strikingly resemble thegponding values faka,, derived
when keeping only e~ data in our fit procedura.€. excluding all~ data). In these peculiar
configurations, the ALEPH data fit quality which was alreadywgood §?/npeints =~ 16/37),
becomes impressively better*(/ npoints ~ 4/37).

Going a step further, we have examined the effect of consigemly ALEPH and CLEO
data. In this case, our fit returdsz, = 36.02 £ 8.22 (4.380 significance) and\a,, = 34.74 +
8.26 (4.210 significance) for respectively solutions A and B. One carckheith Table 10 that
these values become closer to their partners when fitting@xg - samples.

Therefore, using only the data samples from ALEPH [40] and/or CLEO [42] returns
values forAa, consistent well within errors with those derived using oaty~ data. The
slightly different behavior of BELLE data may be relatediwtihe normalization issue sketched
in footnote 49.

16.7 On the Significance of the HLS Value forAa,

In view of the considerations developed in the two prece@ulgsections, one can certainly
consider that the most conservative estimatesNay, are those derived while including
data as they are reported by ALEPH, BELLE and CLEO. This epwads to the information
provided in the first two data columns of Tabl€ 10.

This means that the disagreement between the BNL measuréBjeand the Standard
model prediction forAa, lays in beween 4.07 and 4.33 Moreover, from our analysis of the
differential effects of the various availabtedata samples, one may consider these bounds as
conservative and that the significances in the right parabid 10 cannot be discarded.

48 The numerical accuracy of the scahe™ dataalone does not permit a precise determinatiorslyf which
is returned bwiINUIT with large errors.

49 Leaving free the absolute normalization of their dipionctpem improves the stand—alone fit of the BELLE
Collaboration[[41] from 80/52 to 65/51. This correspondsitbest normalization of.02 + 0.01. Such a re-
normalization of their absolute scale has some influencéewalue fora,. One should remind that we do not
have any longer fitted rescaling factors in our fitting fuon8.
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In view of this, in the perspective of taking into accounttelely poor data set group, one
has rerun our code in order to get the solution when weightiegontributions & :

e all 77 7% data in our global sample by 179/232.41,
e the BELLE data sample by 19/32.31,
e the CLEO data sample by 29/36.48,

in the globaly? while leaving the other weights (all equal 1) unchanged.sThins out to
rescale globally the uncertainties associated with theesponding data sets by the inverse of
these weights, assuming that their relatively poor quaibnly due to an overall underestimate
of the uncertainties by a factor of respectively 1.244~=°), 1.30 (BELLE) and 1.12 (CLEO).
This may look as a way to infer some sort of S—factors insideggtbbal fit procedure.

This reweighting procedd@provides as total hadronic VP contributiondp (686.32 +
4.60) 10 ' andAa, = (34.93 +8.23) 10 1'%, a4.25¢ significance.

Going a step further, another check may look appropriate.th&scontributions of the
atn~7% BELLE and CLEO data to the totgf have been weighted in order to reduce their in-
fluence, one can do alike with those groups of data which éoib favorable individuak?’s.
Still referring to fitting with configuration A, this turns dto weight the "Old Timelike” data
by 82/56.61, ther’y data group by 86/68.37, they data group by 182/123.31, the ALEPH
data by 37/15.92 while keeping unit weights for the "New TiikeZ' and bothK K data groups.
This leads to an hadronic VP (685.00 +4.58) 10~'° and toAa,, = (36.25+8.21) 10~ cor-
responding to a d4.41¢ discrepancy. This is almost identical to the value foundh&olution
B, excludingr’s, as can be seen from Talpl€ 10.

Therefore, these exercises enforce our conclusion thahts¢ conservative value fdxa,
exhibits a discrepancy df 070 and values as large as(4.30 +- 4.50)c are not unlikely.

17 Conclusion and Perspectives

Several aspects should be emphasized. They can be grodupdédanitems : Low energy
hadronic physics description agd- 2 related topics.

Concerning the first item, the present study indicates tlatHLS model suitably broken
is able to encompass most low energy physics in an energy rextgnding up to theé me-
son mass. More precisely, among the non—baryonic possitdédiates, one cov&fsmost
channels with multiplicityr < 4.

More precisely, equipped with the so—called upgraded tsgmmetry breaking — in the
u, d ands sectors — and including the mixing of neutral vector mesansdyced at one—loop,

50The weights used in this Subsection refer to pari&k obtained by fitting under Configuration A with
assuming:s = c4; it is the reason why they slightly differ from the correspgorg numbers given in Tablé 3.

5lwe have also made a fit leaving free scale factors affectiagtivariance matrices of the 3—pion data as a
whole, of the BELLE and CLEO data. The hadronic VP we g€686.73 + 4.49) 10710, quite similar to this
value.

52Among these, only the processe~ — nnr has not been examined; however, the good description of the
n/n' — mmy decays reported in [46] indicates that it could be succégsfonsidered. On the other hand, the
ete™ = wn® annihilation is too much influenced by high mass vector rascas/[29, 30] to be accounted for by
the standard HLS model.
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the HLS model accounts quite satisfactorily for all the exsed physics pieces of information.
This covers the 6 annihilation channels having significansg sections up to thg meson
mass and a few more spectra like the dipion spectrum in ttiecay and, also, an additional
list of partial width decays. Previous studies|[37), 46] hale shown that the dipion spectra
inthen/n" — mrvy decays fall inside the scope of the HLS model.

It is an attractive feature of this framework to exhibit aqrarcharacter between the long
reported issues represented by tHe~ — 7 and thep — KK puzzles : Indeed, it is the
same breaking mechanism implemented indheand in thel,, pieces of the HLS Lagrangian
which provides a solution to both. It permits — together with s—dependent vector meson
mixing — to finalize the consistency of tkée~ andr physics and to reproduce the branching
fraction ratiop - K*K~ /¢ — K°K’. This is materialized by a satisfactory simultaneous fit
of bothete~ — KK cross sections and of the pion form factor in betle— annihilation and
T decay.

The upgraded model thus provides a tool allowing a simutiagdreatment of a large
number of experimental spectra. It also permits a criticallsis of the fit behavior of any
data set in consistency with the others. Then, one is iniposid discard motivatedly some
data samples which do not behave satisfactorily within &ajléit procedure and could then
put some shadow on derived numerical results. We have shoatrstich data samples are
only few : 2 out of the 45 considered spectra. It should bess&@ that discarded data sets are
always identified because of their full redundancy with sarter data sets, which are found
to behave normally within the global model; stated otheewthkis removal is not expected to
produce a bias and, contrario, any effect resulting of keeping them is suspicious.

The model provides a tool which has the virtue of exhibiting physics relationship be-
tween the various physics channels. Within the global fitpdure involving the data on each
channel, the model parameters yield a better accuracy winogfagates to all the reconstructed
pieces of information, especially the photon hadronic vacyolarization and, thus, improves
significantlyg — 2 estimates.

Indeed, we have shown that the various components of the H®IB gentral values in
accordance with expectations and an uncertainty improyea factor of 2 quite uniformly
within the fit range. This has been shown for thier—, 70, ny, 7t 7 7°, K+ K~ and KK
channel contributions up tb.05 GeV. Up to this energy, these channels represent altogether
more than 80% of the hadronic VP and one of the two dominarntssiof uncertain@.

In order to figure out the gain in terms of statistics, one cakenthe following state-
ment : consideringlobally the existing data sets is equivalent to having more statistics
simultaneously in each of the considered channels without any increaseeo$yltematics.
Therefore, considering additionally the high statisteRIdata leaves some room for improved
estimates of the HVP, provided the dealing with systematcsbe reasonably well performed.
One should nevertheless stress that the global method veeaigy used with only the standard
scan data samples provides already as good results asrafl/s¢#SR data using the standard
numerical integration of the experimental cross sections.

One may also try to figure out the improvement expected frartuding the high statistic
ISR data samples [17, 19,/18] within the fit procedure. Beppignaistic, one may think that the

53The other dominant error comes from the hadronic VP betwe@hadnd 2 GeV.
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uncertainty on the HVP contribution up to 1.05 GeV could bedtid by 2, from~ 2 x 10710
(see Tablé18) tav 1 x 10 1%, Let us also assume that the ISR data samples will not rise
unsolvable bias problems. Taking into account the rest@HWP, which carry an uncertainty
of ~ 4 x 1071? (see Tabl€]9), the uncertainty on the full HVP would decrdasa ~ 4.60 x
10710 (see Tabl€]9) ta~ 4.25 x 1071, Using the information collected in Tallel10, the total
uncertainty orz,, would decrease fronx 5.30 x 107! to ~ 5.00 x 107! and the uncertainty
on Aa,, would decrease fromr 8.20 x 10 % to ~ 8.00 x 10~ '°. This may look a marginal
improvement; the reason for this is the large value for thetesyatics generated by hadronic
HVP in the regionl.05 = 3.10 GeV (see Tabl€l9), which thus becomes a prominent issue for
future significant improveme

However, this is not the end of the story. In the course of Hpep, and this is well expressed
by Table$s ® and 10, we saw that below 1.05 GeV systematics noayipe significant shifts of
the central values for the HVP and thus gy This was observed, for instance, in the A and
B configurations, where the shift for the HVP — and éQr— amounts ta~ 2.00 x 10 ' (see
also Subsection 16.6). Because of this, there is still \m&uaxperimental work to do also in
the sub-GeV domain to decrease and/or better understatehstic errors. More precisely,
a better experimental knowledge of all channels in ¢gh@ass region 0.95 + 1.05 GeV —
may result in improving quite significantly our estimategp# 2 and in resolving some of the
ambiguities discussed in the main text. As stated aboventbemation in this mass region
has an important influence down to the threshold regionss iShgertainly within the scope of
existing machines and detecis

What are the prospects for the future?

A new muong—2 experiment at Fermilab is expected to come into operatiéryears from
now. The accuracy is expected to improve to 0.14 ppm fromutseat 0.54 ppm. This also
requires a factor 4 improvement of the hadronic vacuum aiaon. As demonstrated by our
analysis, it is possible to improve the low energy part upim iacluding thep by a systematic
application of effective field theory methods in form of aaeance Lagrangian approach.
However, as mentioned above, the main effort will be reqlirethe range above the up
to about 3 GeV. In this range, major progress is expected €MD3 and SND at VEPP 2000
at Novosibirsk, from BESIII at Beijing, as well as from exjing additional yet unanalyzed
ISR data from BaBar and Belle. Within the 5 years availabkd amew experimental result for
a, Will be realized, lattice QCD is expected to be able to pred@sults which are competitive
with standard evaluations based on data. This also wouldgeomportant cross checks for
the present results and, more generally, for the effectagréngian approach.

For now, one can conclude that the paradigm represented lopal gnodel which encom-
passes the largest possible set of data indeed results gy kignificant improvement of the
photon HVP uncertainty and of the uncertaintypr 2. As the global model allows to detect
problematic data sets susceptible of generating biasesyst be accompanied by the most

S4actually, even if the uncertainty on the HVP contributiomuiag from the energy region up to 1.05 GeV
vanishes, this would not entail a significant improvementhef global uncertainty foe,, ! Stated otherwise,
reducing the HVP error in the region from threshold to 1.0@&em ~ 4 x 1079 to ~ 2 x 10~!° has much
more dramatic effects than reducing it frae2 x 10 1% to ~ 1 x 10719, This is a pure algebraic effect following
from having to perform quadratic sums for final uncertastie

55 One may remark that scan data for #fee~ — 77— cross section in the region are still not available.
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accurate possible treatment of the reported experimeygtmatics.

Taking into account the ambiguities generated by a limitechiper of data sets, the most
conservative estimate for the hadronic vacuum polarirdgads to a significance for a non—
zeroAa, of 4.10. Solving these ambiguities discussed in the main text msyitren a signifi-
cant increase of this conservative bound.
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Appendices

A The Full HLS Non—-Anomalous Lagrangian before Loop
Mixing
The non—-anomalous Lagrangian of the Hidden Local Symmetgidfican be written :
Lurs =(La+Ly)=Lyup+ L, (91)

in order to split it up into convenient pieces. Removing tkeydoscalar field kinetic energy
term, which is canonical, one has:

Lyvmp =

A A _
+ie[1—g(1+zv+7")],4-w37#—ie6i[1—zV+2V—AV+TA(1—zV)]A.K°SKO
ZA

A
Fie [1—i+i(1—zv_sz_QAV+—A(2+zV)>]A.K— 5 K+
2z4  6z4 2

1 1

+5 [mzo (P°)? + miw? + miq&z} + §af,%e2(5 + 2y 4+ 58y + 3Ay)A?
ia, o

—-€ {fp’ypo + fuoyw — f¢7¢] A+ Tg(l + 3y) {[po + Ay (1 — hv)w] 9T

J A A A
+—Zzg [(1 + 3y + hyAy — 7“‘) P+ (1+ 2y + (1 —hy)Ay — 7“‘) w— 2y (1 - 7“‘) qb] K §K*

A
A

(92)
in terms of the first step renormalized vector fisfdghe pseudoscalar fields shown here are
renormalized (it is the origin of the, andA 4 terms). Of course, we have only kept the lowest
order symmetry breaking contributions.
Some parameters have been introduced in Eq] (92) for cosvesi these aren? =

ag®f7)
mio =m2 =m?[1+3y] , mi =m?zy
A 2 V2
fro=a9f2 1Sy 4 5] fy = S 10y 430 - AV oy = —ags2 ey
(93)
On the other hand, using :
mi =m?[L+3y] , fw =agf2[1+ v (94)

56 In order to avoid heavy notations, the subscifilat which actually affects each of the vector fields in Eq.
(92) has been removed.
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one has at lowest order in the breaking parameters :

1Vudg2 a(l+Xy), & 1 a o
L, =YWt (1- —="7 O M- —1+3)K 9 K
. 5 ( 5 )m o +\/§[ 2ZA( +Xy)]|K” 9
_ V _ ia - e 1 0 &
+mliptp —g22”dfpr+-p +79(1+2v)p : 7T+87T°+ZA\/§K08K+]

242 A by A
+% { [[(1 + TA)ZA +ay/zv (1 + %

Va2 + 11+ (1 + Sy Vaal?] b+ 9
(95)

where one has limited oneself to write down only the termewvaait for our purpose. The
(classical) photon antd’ mass terms [23, 34] are not considered and have been givefoon|
completeness. However, it is worth remarking that the pihotass term does not prevent the
photon pole to reside at= 0 as required [52], at leading order.
Our breaking scheme generates new couplings for the chanyesons :

Ei — _iVudg2 W+ . |:Zag

< <
4 5 7(1 +3y)p [gpmﬂrJ’ O N+ gy=m" & n'| + herm. conj.

Ay Ay .
= — e+ —=cosfp — —=sinf
Jon [6 2v/3 P . P]

A A
Gpyir = — [e' + —Z sinfp + —= cos GP]

2V/3 V6 06)

because of the field redefinition given by Eqg§. 1(18),] (22) &18).( Therefore, the broken
HLS model predicts decay modes— =(n/n')v of small intensity absent from the original
Lagrangian.

\

B Elements of thed M2 Matrix

The perturbatiod M2 to the full mass matrix\/? is defined in Eq.[(32). Keeping only the
leading terms in isospin breaking parameters, its materments are :

(¢, - [gﬂzifr (14250) [ea(s) + (2hy Ay — Ax)er(s)]

€y = [gfﬂr (14 25y) [e2(s) + (2(1 — hy) Ay — Ag)er(s)]

o =2 [ZEE) 2 fa(s) — Ager(s)]
- (©7)
o = | 2K (14 290) () + (Av — A)ea(o)]

€pp = —V2 [gf;’fr 2y (1+2y) [e1(s) + (hy Ay — Ay)ea(s)]

€wp = —V2 [ngﬁr 2v(1+Zy) [e2(s) + ((1 = hv) Ay — Ag)er(s)]

ZA
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The functions (s) ande;(s) and the constant, . have been already defined in the main text
by Egs. [[38). We have also defined :

ag

C Lagrangian Pieces with Renormalized Vector Fields

Coupling to a pion pair comes from the two Lagrangian p@mes

Lyer =5 14 3v] { ok +1(1 = hv)Av — a(s)] wr +B(s) 6} -7 O 7"
A (99)

> [1—%(1+2v+?‘/)]A-ﬂ 9t

which exhibit the couplings to a pion pair depending on ngxamgles.
Similarly, the Lagrangian pieces relevant for coupling&toK — are given by :

; A
Lyg+k- = g [1 + Xy - TA] X { [1 + hvAy +a(s) + \/Ezvﬁ(s)] PR+

+[1+ (1= hv)Ay - als) + V223(s)] wr = [V2er(1=3v) = B(s) = 1(s)] ér} K~ & K

A
Laxcric- =ie [1 — 242y + 28y + 28y - A2 +zv)]] A K- 9Kt
A

(100)
and by :

1ag

A
‘CVKOKO = 124 |:1 + Xy + TA] X { [1 —hyAy — a(s) — \/EZVB@)} P?{‘F

= [1= (1= h)Ay + als) + VE2y(s)] wr+ [V2ov (1= Sv) + B(s) = 1(s)] or} -K° 9 K’

. a A < —0
EAKOEO :—ze@ [1—zV+EV—AV—i—TA(1—zv)] A-K'9K
(101)

for K°K" couplings. Setting = a(zy — 1)/6 andu = zy+/2, thes—dependent loop transition
functionslly, are :

HP’Y: [1—%(1+Ev+%)]Lxﬂ(s) +(zA_ _b>w+b6D_(s)

(47
9prm 2 9prrm 9prrm

Moy = (1= 2043y + S0 - a)ay - afs)] T2y o - S0 0

Jprm 2 Jprm Jprrm
4@ Ay m.(s) . a . es(s) en(s)
Mgy = -5 +3v+—7)]6(s) Gomn (z4 =5 = Dn domn + by dorn
where :
es(s) = €ex(s) +€e1(s) and ep(s) = ex(s) — er(s) (103)

57 Throughout this Section, one takes profit of introducinglevant second—order terms in breaking parameters
in order to write down expressions in the most concise way
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The expressions in Eqs. (102) are very close to their painri80] or [46], as only first—order
perturbation terms are meaningful.

D The Anomalous Lagrangian Pieces

The full Anomalous Lagrangian can be written :

Lanomaious = Lvvp + Lavp + Laap + Lvppp + Lappp (104)

whereA denotes the electromagnetic field. It incorporates the Wassino—Witten terms and
the FKTUY Lagrangian [28]. The Lagrangian pieces occurmgq. [104) arg] [23] :

( Ncg2 pvaf
»CVVP = _471'2f,,r C3€ Tr[E)MV,,E)aVﬂP]
Ncge praf
Layp = _W (C4 - C3>f 8uAl,Tr[{(9aV5, Q}P]
Nce2 vaf 2
Lasp= — (1 — cq)e"" "0, A)00 AsTr[Q° P] (105)
Am? fr
Loppp = —i-ed WSV 8, POy PO P
VPPP — —247r2f3(01—02—03)€ [ uOv Ol 0p ]
Cappp = —imnC 12 wad A, Tr(Qd, PO, PO P
\ APPP = —13W2f$[1—1(01—62+64)]6 . Tr[Q0, PO, P03 P]

where ther; are parameters not fixed by the modsl. is the number of colors fixed to 3. The
V andP field matrices are the bare ones.

E The Vg, Py Coupling Constants

In order to express thEg, Py couplings, it is appropriate to define the andile= 6p — 6,
(tant% = 1/\/5) :

sinfp = %(COS op + \/§sin5p)
) (106)
cosfp = ﬁ(\/icoscﬁa — sindp)

and some parameter expressions which reflect the various, wapet symmetry breaking in
the PS sector occurs :

323
— 1
v 222+ 1"
3
P =1 Ay (107)
2ZA+1
3
' =1—- — v
L 224 +1

8For clarity, the new constant parameters are denoted gxacthey are defined in[23].
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wherev is the nonet symmetry breaking parameter defined in [Eq. @2plly, we also have
definedG = —eg(cs + c4)/(87*f,). Thep}, P~ coupling constants are :

( A
ggoﬂ.o,y = g [1 -3 [TA +(1- hV)AV] — 3esindp + 3€ cos ép]

A
5720777 = g [\/5(1 —2')cosdp — (22 + 1) sindp + [TA +(1- hV)AV] sindp — e]
(108)
0 G N oo Ay /
oy = 5 (22 + 1) cosdp + V2(1 — ') sindp — 7+(1—hv)AV cosdp — €
G
([ Irtnty =5
In thewg, P sector, one has :
3G 1A € . €
gc?nro’y = 7 |:]. - g |:7A +hVAV] - §SIH5P+§COS(SP:|
0 — G /31— oy cos dp — (20 + 1) sindp +9 | DA 4 hy Ay | sindp — 9
g‘L”?’Y_g ( —:L')COS P—(ZE+ )Sln p+ 74‘ VAy|Sinop — J€E (109)
0 =G [ (20 + 1) cosdp + VB —a)sindp — 9| 2A + by p — 9€'
Juniy = G (2 + 1) cosdp + V2(1 —z')sindp — — T hvAv|cosdp —9e
and, finally, thepg, Py sector provides much simpler expressions :
G [2e 2¢'
o _ G [2 2¢' .
om0y = 3 [zA cosdp + o smép]

935177 =3 [(2 + ") cos bp — V2(1 — ') sindp]

(110)
G
0 _ o 1y s
9oy = 3. [\/5(1 z')cosdp+ (2+ )smdp]

Finally, the K* sector is described by :

_G [, 1](,_ A4

IR =g\ oy |7 2r ) U7 T2

G 1 A (111)
z
IK+OKYy =~ _ZZ 1+ _ZT] (1 + —4A>

wherezr is another breaking parameter [39] 46] not discussed here.
F The VPPP Coupling Constants

The V PPP coupling constants in thByr~#* (P, = ©°, n, n') have been defined for the
R; renormalized fields in EqL]62). With an obvious haming, they obtained by multiplying
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1 cosf sin @
gg,ro——z [—A+3(1—hv)AV— \/—P( 1+\/§€2) \/_P(Ez—ﬁﬁl)]
1 1—ZA 2ZA—|—1 .
0 — —_||1+2 Op — V2|1 — 0
9pn 3 H + ZA2Z§+1U cosfp V2 ZA2Zi+1U sin 0p
0

1 224 +1 1—2 .
Gpy = 4—\/5 [\/5 [1 — zAﬁ v] cosfp + [1 + 2ZA227+Al v] smepl

(112)

V3 ‘ 3A 3
Gon =15 [cos 0p —v/2sin 9] [hVAV + TA]

3 ) 3A 3
Gow =15 [\/§ cos fp + sin 9] [hVAV + —A] I

ggr =0

\

by D = —3g(c; — ¢ — ¢3) /(42 £2), which depends on the FKTUY parameters- c; andc;
not constrained by the model. Only the leading correctiomsehave been retained.

G The V P~ Couplings for Renormalized Vector Fields

Let us define the quantities :

1 €gcs
k?VRlpov] - G—]\fcg?/mpw , (G = _47T2f7'r>
for eachVz, = pgr,, wr,, ®r, andPy, = °, n, 71" Theg?,Rlpm can be found in AppendixIE
in Egs. [(108),[(109)[(110). The functiorﬁt‘s{;0 occuring in Eq. [(66) provide the couplings of
the physical vector fields to a photon and a neutral mesory ateegiven by :

(113)

Py _ 1.0 0 0
Hop =k, poy T 04(3>k[wR1P07] - 5(3>k{q>R1Poﬂ
HPO — 1.0

0

WR k[lePoﬂ o a(s)k[l’RlPo"Y] o ’Y(s)k?‘bRIPO'Y}

(114)
H§;

- k?q,Rlpm] + B(s)k? +7(s)k?

[pr, Po7] [wr, Po7]

These definitions help in writing the cross sections in a waylar to those in[[46]. When
expanded, thé{{,’f functions may contain contributions of order greater tham dome of the
breaking parameters. These higher—order contributiansr@levant and can be dropped out.

68



H The Functions N;(s) in ete™ — w77~ Annihilations

The amplitude for the transition* — 7% "7~ is much simply expressed in terms of the
following complex functions :

o) = 2€1(cos Op — \/2sinfp) + 2ea(v/2cosfp +sinfp) — Asv3 1

6\/§ Dp0(8>

_ Fuy(s) Foy(s) Fiy(s)

Ni(s) = D:(S) +[a(s) = (1 = hy)Av] % +9(s) D;(8>
1 1 1
Male) = D jo(s4-) " D+ (s0-) - D, (s0+)
1 1

N3(3) = [O((S+_) - (]- - hV)AV] Dpo (8+_) - Dw(8+_)]

B e1(cos @p — \/2sinfp) + e2(v/2 cos fp + sinfp) A4 1
Nals) = V3 » U hV)AV” Dyo(s:0)

_(s4-) =(s)
Ns(s) = 25p0(s+,)
No(s) = 2¢1(cosOp — v/2sinfp) + 2e5(v/2cos Op + sinfp) — AyV/3 1

: 63 Dyls1 )

(115)
sy, so_ andsy, are the invariant mass squared of the corresponding pios fpam the final
state.s is the off-shell photon invariant mass squared. All otheapeeters and functions have
been defined in the body of the text.

The connection with the Kuraev-Siligadge y) parametrization [73] is defined by, =
Mo, My = Myt)
sy— = s(2z+2y—1)+m]

sio= s(1—2y)+m? (116)

s o= s(1—2z)+m2

The integration limits can be found in_[73]; they are also ired in [46]. The Kuraev—
Siligadze kernel is :

2 2 Im2 — m2 2
G(z,y) = 4(z® — %)(gf - %) - (1 — 2z —2y+2zy+ M) (117)
s s s
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2/N x2/N A4 (%) | Fit Prob (%)

KK’ + K+*K~ (SND stand-alone)| 60.10/60 | 56.54/26| 8.54 & 1.93 33.7
KK’ + K+*K~ (CMD-2 stand—alone) 59.30/59 | 29.00/36 5.98 + 0.86 85.8
KK’ (SND & CMD-2) 115.68/119 - 5.51 + 3.21 81.8

KK’ + K*K~ (SND & CMD-2) | 119.83/119 88.09/62|| 6.29 + 0.80 40.4

KK’ (SND & CMD-2)
+ K+*K~ (CMD-2) 118.54/119 29.27/36| 6.09 = 0.79 80.8

Table 2: Fit quality of thekK " K~ and KK’ data. Beside the additional data sample (see
text), each line in the first column tells whidh K data samples have been included in the fit
procedure.x? is thex? value forKOK" data,x? is the corresponding information féf+ K~
data. TheN's are the respective numbers of data points. The last ddsanooprovides the
global fit probability for each case.

78



x*/N

(5m21 591 C3 = C4)

Statistical Information

[24] excl. KK | excl.7tm n° A B
Decays 16.20/9 5.53/10 6.13/10 11.36/10 5.94/10
New Timeliker "~ 126.47/127 119.73/127| 130.33/127 | 127.50/127 129.65/127
Old Timelikert 7~ 60.45/82 51.64/82 56.36/82 56.09/82 | 56.60/82
70y 66.07/86 66.84/86 61.19/86 67.21/86 | 66.93/86
ny 135.78/182 128.89/182| 122.64/182 | 122.62/182 121.37/182
atr w0 139.44/126 200.92/179 - 230.98/179 105.91/99
KtK~ - - 29.93/36 35.16/36 | 29.85/36
KK’ - - 120.07/119 | 117.94/119 119.99/119
ALEPH 36.51/(37+1) 21.25/37 15.92/37 16.80/37 | 16.16/37
Belle 28.29/(19+1) 27.02/19 34.19/19 32.22/19 | 33.62/19
CLEO 39.46/(29+1) 35.12/29 35.86/29 36.09/29 | 36.03/29
x%/dof 648.68/680 656.93/726| 612.63/703 | 853.98/881 722.05/801
Global Fit Probability 80.1% 96.8% 99.4% 73.7% 97.9%

Table 3: Comparison of the fit qualities between the fit resoltthe model as it was in [24]
(second data column) and as it is now (third data colunink data were not submitted to fit
in [24]. The '+1’ added to the number of data points fodata stands for the experimentally
given r.m.s. affecting the (fitted) global scale. The 3—piata set information is displayed
boldface in order to show the difference in the fit data set thimsecond data column, the
3—pion data set from SND [91] has been (newly) introducedianbe last data column only
the 3—pion data sets collected below theegion are considered.
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General Fit Constrained Fit

6o —1.11° £0.39° 0
Bs —23.88° £ 0.34° —23.82° £ 0.34°
fp || —12.66° +0.35° —12.91° £ 0.18°

A || (8.5243.55)10 2 | (8.52+ 3.55) 10 2

Table 4: Some parameter values derived when leavingdfseand A (first data column) or
when relating them by imposiry = 0 to the fit (second data column).

Data Set Fit Solution Statistical Information

x?/dof | Probability

ete” = mtm™ 360.00 + 1.64 | 177.38/208 93.3%

+[r] data (ABC) | 359.8+1.47 | 262.94/293 | 89.6%

++ (ete” — [7°/n]y) | 360.09 + 1.60 | 436.94/549 | 99.9%

++ (ete” — nfn~m0) || 360.91 4+ 1.45 | 661.22/727 96.1%

++ (ete” — KK) 362.79 + 1.43 | 858.08/882 71.2%

Table 5: The contribution td0'%a,,(77) from the invariant mass regidn630 — 0.958 GeV/c.
The first line provides the fit results using all thee~ — 77~ annihilation data set group.
The next line uses the previous data group and the thrggectra. By "++” at any given
line, we always mean all data sets belonging to the groupsresf to in the preceding lines,
plus the data set group indicated at this line. FSR cornestare taken into account. An
appropriate set of radiative decays is always understobd. |dst line refer to what has been
named Solution/Configuration A.
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Fit Solution x%/dof | Probability
onlyete™ — KK~ || 360.79 +1.49 | 474.69/585 99.97%
onlyete~ — K°K' || 362.83 + 1.47 | 580.78/668 | 99.34%
bothete~ - KK 362.81 +1.47 | 613.29/704 99.40%

Table 6: The contribution t®0'°a,,(77) from the invariant mass regidn630 — 0.958 GeV/c
using KK data sets under various conditions. Alt7—7° data have been excluded from fit.
FSR corrections have been performed.

Data Set

Experimental Result

Average

Fit solution

CMD-2 (1995)[75]

362.1 % (2.4) st & (2.2) gyst

CMD-2 (1998)[76/ 77]

361.5 & (1.7)gtat = (2.9)syst

SND (1998) [78]

361.0 & (1.2)gtat = (4.7) syst

Average

361.26 £ (2.66);

OLD

354.1 £ (3.3)stat & (8.1)syst

Average (excl. ISR)

360.65 £ (2.55) 01

Fit Solution A

Fit Solution B

A

362.79 £ 1.43,4

B

363.16 £ 1.47;

KLOE-2008 [17]

356.7 & (0.4)stat £ (3.1) syst

KLOE-2010[19]

353.3 £ (0.6) stat £ (3-2) syst

BaBaR [18] 110]

365.2 & (1.9)stat = (1.9) syst

Total Average

360.53 £ (1.44) 0

Table 7: The various published estimates of the contributd 0'%a, (77) from the invariant
mass regiord.630 — 0.958 GeV/c. The quoted averages always refer toeaperimental
results displayed in the preceding lines. The line "OLD”amhation refers to our average
performed using the data sets collected before those of Gviilrd SND (see text). Our fit
solutions A and B are derived using thespectra from([40, 42, 41]. KLOE-2010 estimate for
a,(mm) is ours, as the experimental spectrum stops slightly bglew= 0.958 GeV [19].
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Process SolutionB SolutionA || Data (excl. ISR)| Data (incl. ISR)
Tt 498.54 +1.97 | 49798 £1.76 | 498.53 £+ 3.73 497.72 + 2.12
70y 4.64 +0.04 4.28 +0.04 3.35 £ 0.1144
ny 0.65 £ 0.01 0.67 4+ 0.01 0.48 4= 0.024¢
n'y 0.01 £ 0.00 0.01 £ 0.00 -
ata—n0 42.03 +0.60 | 40.88 +0.52 43.24 + 1.47;,4
KTK~ 16.87+0.20 | 16.93 £0.18 17.88 4 0.5444
KK’ 12.02 £0.09 | 12.07 £0.08 12.31 £ 0.3340¢
Total Up to 1.05 GeV|| 574.76 +2.10 | 572.82+ 1.90 || 575.79 4+ 4.064; | 574.98 + 2.66;

Table 8: Contributions td0'%a,, from thresholds up to 1.05 GeV/c The experimental er-
rors merge the reported statistical and systematic unctets in quadrature. FSR effects
(3.43 10719 have been included into the" 7~ contribution. The first two data columns dis-

play our fit results and the last two data columns report thectinumerical integration of the
relevant data.

82



Final State

Range (GeV)

Contribution (incl.7) Contribution (excl.r)

Solution A Solution B Solution A Solution B

ete~ — hadrons

threshold— 1.05

572.82[1.90] | 574.76[2.10]|| 569.86[2.15]| 571.40[2.27]

missing channels

threshold— 1.05

1.55(0.40)(0.40)[0.57]

J /9 8.51(0.40)(0.38)[0.55]
T 0.10(0.00)(0.10)[0.10]
hadronic (1.05, 2.00) 60.76(0.22)(3.93)[3.94]
hadronic (2.00, 3.10) 21.63(0.12)(0.92)[0.93]
hadronic (3.10, 3.60) 3.77(0.03)(0.10)[0.10]
hadronic (3.60, 5.20) 7.64(0.04)(0.05)[0.06]
pQCD (5.20, 9.46) 6.19(0.00)(0.00)[0.00]
hadronic (9.46, 13.00) 1.28(0.01)(0.07)[0.07]
pQCD (13.000¢) 1.53(0.00)(0.00)[0.00]
Total 1.05— o0 112.96 4+ 4.13;,¢
+ missing channels
Total Model threshold— oo 685.78 £=4.55 | 687.72 £ 4.63 || 682.82 +4.66 | 684.36 - 4.71

Table 9: Hadronic VP contributions 1®'a,, with FSR corrections included. Numbers within
brackets refer to respectively statistical and systeneatars. Numbers within square brackets
are the total uncertainties.
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10",

Values (incl.7)

Values (excl.r)

Solution A Solution B Solution A Solution B

LO hadronic 685.78 +4.55 687.72 + 4.63 682.82 + 4.66 684.36 +4.71
HO hadronic —9.98 4= 0.044p £ 0.09,44

LBL 10.5+2.6

QED 11 658 471.8096 + 0.0164,;

EW 15.32 4 0.10p04r + 0.1557ig0s
Total Theor. 11659 173.43 +5.25 | 11 659 175.37 +5.31 || 11659 170.47 +5.34 | 11659 172.0 £ 5.39
Exper. Aver. 11 659 208.9 + 6.3,

Aay, 35.47 4+ 8.20 33.53 + 8.24 38.43 + 8.26 36.89 + 8.29

Significance §o) 4.330 4.070 4.650 4.450

Table 10: The various contributions 10'%a,,. Aa, = (a,)ezp — (au)w IS given in units of
101% and the last line displays its significance.
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Figure 1: Best fits te*e~ — 777 cross sections for data sets in isolation. Left column
displays fits of the CMD-2 data, right column displays fitsied SND data. Top shows the
region, bottom thev region. The plotted data are extracted from [89, 90] (CMDay&j [92]
(SND) for the¢ region and from[[75] (CMD-2) and [91] (SND) for theregion. The empty
circles (bottom right plot) are superimposed on the SND &tuls and areot used in the fit
displayed inthis Figure.

85



800
- [
(-
O
e |
E o0t
o Q
600 — ++
e CMD2 1998 +
500 m CMD2 2006
O SND #
400
300
200
100
O L L L ‘ L L L ‘ L L L ‘ L L L ‘ L L L ‘ L L L ‘
1.01 1.012 1.014 1.016 1.018 1.02 1.022
V(s) (GeV)

Figure 2: Simultaneous fit ef'e — 77~ 7 cross section on theregion data from [89, 90]
(CMD-2) and[92] (SND).
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Figure 3: ¢; — ¢, values returned by fits. CMD2 denotes the fit result of the data from
[75], SND w those from[[91], ND+CMD the fit result to the merged data fr@f][and [94],
CMD?2 ¢ indicates that only the merged data from|[88,/89, 90] have bsed in the fit, SN
corresponds to the fit of the data from [92] and SND+CMpjrovides the (simultaneous) fit
result of [88) 89, 90, 92]. Finally, the last line shows theulefor the selected data consisting
of the sample reported in [93, 194,191,/ 75] 88,89, 90]. Thecadrtlotted line serves to show
how the fits perform the averaging.
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Figure 4: Simultaneous fit of the'e~ — n*7 7% data in thew and ¢ regions. Top figures
show the case for the merged data froml [91, 92]. Bottom figdigglay the fit results for
CMD-2 data from[[75, 89, 90].
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Figure 5: Global fit of the*e~ — n*7 7 data . Top left enhances theregion, top right the
¢ region. The data superimposed are all fitted. Bottom plotvshtbe intermediate region; all
plotted data are included in the fit procedure, except foQxthH data set. The particular data
sets used are described in the main text and in the captigmsvmus Figures.
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Figure 10: Global Fit of the functioH (s) = B,./NdN/ds in 7 decays. Top Figure shows the
residuals as a function ef downmost Figure shows the functiOH s;:(s) — Haata(s))/ Hrit(s).
The fitted region extends from threshold to 1.0 GeV.&,over the region where the behavior
of the data sets from ALEPH [40], Belle [41]and CLEO [42] re@aome agreement.
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Figure 11: Ratio of the transition amplitudes— v andp®* — W=, f,,/f,w following from
the global fit and neglecting loop corrections. This coroes}s to the ratio shown in Tallé 1
and reproduced in Sectién]12. Top Figure shows the real parfanction ofs, bottom Figure
the imaginary part. Uncertainties due to fit parameter sm@og not given, the uncertainty band
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meson. The uncertainty band due to fit parameter errors ishwotn.
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Figure 13: A set of recent estimates of the muon anomalousetisgnoment, together with
the BNL average value [1) 2]. These are extracted from [14NZ10), [16] (JS11),[[115]
(HLMNT11) and [13] (DHea09). Our own results are figured by Ad&B for respectively
solutions A and B. The statistical significance of the défeze between the estimated and
measured values af, is displayed on the right side of the Figure for each of theoreul

analyses.

97



	1 Introduction
	2 The HLS Lagrangian
	3 The BKY–BOC Breaking of the HLS Lagrangian
	4 Breaking the LA Lagrangian Piece
	4.1 First Step PS Field Renormalization
	4.2 Second Step PS Field Renormalization
	4.3 The 0– Mixing
	4.4 About The 8, 0 and P Mixing Angles

	5 Breaking the LV Lagrangian Piece
	6 The Fully Broken Non–Anomalous HLS Lagrangian
	6.1 Loop Mixing of Vector Mesons
	6.2 The Pion Form Factor in e+e- Annihilations and in  Decays 
	6.3 The  Direct Coupling and the Condition Fe(0)=1
	6.4 The Charged and Neutral Kaon Form Factors
	6.5 Parametrization of the  Propagator
	6.6 The Coulomb Interaction Factor 
	6.7 About the K+ K- / K0 K0 Ratio

	7 The HLS Anomalous Sector
	7.1 Breaking the Anomalous HLS Lagrangian
	7.2 Radiative Couplings
	7.3 Breaking the VVP and VPPP Anomalous Lagrangians
	7.4 The e+e-P0  Annihilation Cross Sections
	7.5 The e+e-0 + -  Annihilation Cross Section

	8 Ugraded Breaking of the HLS Model : A Summary
	9 The Data Sets and Their Handling
	9.1 The e+e- + + Data
	9.2 The e+e- (0/)  Data
	9.3 The e+e- 0 + - Data
	9.4 The 0  Data
	9.5 The e+e- K K Data
	9.6 The Partial Width Data Set
	9.7 Outline of the Fit Procedure (The Method) 
	9.8 The Discarded Data Sets 
	9.9 The Physics Parameter Set

	10 Reanalysis of the + - 0 Annihilation Channel
	11 Analysis of the K K Annihilation Data
	11.1 Fitting the K K Data
	11.2 The HLS Solution of K K  Puzzle

	12 Analysis of the  Decay Data
	13 Structure of the  Coupling
	14 The 0– Mixing Properties
	14.1 The Mixing Angles 0, 8 And P
	14.2 The 0- and 0 - Mixing Properties

	15 The Values of the FKTUY Parameters 
	16 Hadronic Contributions to g-2
	16.1 The +- Contribution to g-2 : VMD Estimates
	16.2 The +- Contribution to g-2 : Comparison with Data
	16.3 Hadronic Contribution to g-2
	16.4 The Anomalous Magnetic Moment of the Muon a
	16.5 Influence of Data Set Choices on the Estimate for a
	16.6 The Differential Effect of the Various  Data Samples
	16.7 On the Significance of the HLS Value for a

	17 Conclusion and Perspectives
	A The Full HLS Non–Anomalous Lagrangian before Loop Mixing
	B Elements of the M2 Matrix
	C Lagrangian Pieces with Renormalized Vector Fields
	D The Anomalous Lagrangian Pieces
	E The VR1P Coupling Constants
	F The VPPP Coupling Constants
	G The VP Couplings for Renormalized Vector Fields
	H The Functions Ni(s) in e+e-0 + -  Annihilations

