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Abstract

We show that the one-loop quantum deformation of the universal hypermultiplet
provides a family of complete 1/4-pinched negatively curved quaternionic K&hler
(i.e. half conformally flat Einstein) metrics ¢g¢, ¢ > 0, on R*. The metric ¢° is the
complex hyperbolic metric whereas the family (g¢).~o is equivalent to a family of
metrics (h?)p~o depending on b = 1/c and smoothly extending to b = 0 for which
h0 is the real hyperbolic metric. In this sense the one-loop deformation interpolates
between the real and the complex hyperbolic metrics. We also determine the (sin-
gular) conformal structure at infinity for the above families.
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curvature, quarter pinching
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Introduction

Einstein deformations of rank one symmetric spaces of non-compact type have been con-
sidered by various authors, see [Pl Ll [B1l,[B2] and references therein. In particular, LeBrun
has shown that the quaternionic hyperbolic metric on the smooth manifold R** admits
deformations by complete quaternionic Kahler metrics. These metrics are constructed
using deformations of the twistor data and depend on functional parameters. However,

the sectional curvature of the deformed metrics does not seem to have been studied.



In previous work [ACM| JACDM] a geometric construction of a class of quaternionic
Kahler manifolds of negative scalar curvature was described. The manifolds in this class
are obtained from projective special Kahler manifolds and come in one-parameter families.
In string theory, such families can be interpreted as perturbative quantum corrections to
the hypermultiplet moduli space metric [RSV]. The one-parameter families are known as
one-loop deformations of the supergravity c-map metrics. The simplest example corre-
sponds to the case when the initial projective special Kahler manifold is a point. In that
case one obtains the family of metrics

L ojp+2c 5 ptc = 4.7 = .00
¢ dp” + do + ¢"d¢y — (od
{p—i—c P p+2c(¢ ¢"d¢o — God¢™)

g :4p2

(0.1)
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where (p, ¢, C°, (o) are standard coordinates on the manifold M := R>® x R? = R* and
¢ > 0. This is a deformation of the complex hyperbolic metric ¢° (known as the universal
hypermultiplet metric in the physics literature [RSV]) by complete quaternionic Kéihlelﬂ
metrics, see [ACDM| Remark 8]. Using the c-map and its one-loop deformation it is
also possible to deform higher rank quaternionic Kahler symmetric spaces and, more
generally, quaternionic Kahler homogeneous spaces by families of complete quaternionic

Kéhler metrics depending on one or several parameters [CDS, [CD.JL].

In this paper we prove that the metrics are all negatively curved and i-pinched,
see Theorem [8] By similar calculations, we also show that Pedersen’s deformation of the
real hyperbolic 4—spaceE|, which depends on a parameter m? > 0, has negative curvature if
m? < 1, see Theorem . These are presumably the first examples of non-locally symmet-
ric complete Einstein four-manifolds of negative curvature. For the family , we show
in Section (1| that the limit ¢ — oo is well-defined after a suitable change of coordinates
and parameter, and that it is given by the real hyperbolic metric. Furthermore, we per-
form another change of coordinates in order to analyze the conformal structure at infinity.
We find in Section [2] that the conformal structure induced by ¢¢ (for 0 < ¢ < 00) on the
boundary sphere S? is singular precisely at a single point p.., which we can consider as the
south pole, where it has a double pole. The point p., is also a special point with respect
to the asymptotic behaviour of the metric. In fact, the metric g¢ (considered as a metric
on the 4-ball B* with boundary S3) is asymptotic to the real hyperbolic metric on the
complement in B* of any neighborhood of p., but it is not near p... These observations

show that the family of metrics ¢¢ cannot be obtained as an Einstein deformation induced

'Recall that in dimension four quaternionic Kihler manifolds are defined as half conformally flat
FEinstein manifolds.

2This deformation is induced by a deformation of the standard conformal structure of S at the
boundary of the real hyperbolic space by a rescaling along the fibres of the Hopf fibration [P].



by a deformation of the conformal structure at the boundary in the spirit of [B1].
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1 The limit ¢ — o

We introduce a second one-parameter family of metrics given by
1 [bp +2 b +1, - ~ ~
hb: d/2 d/ bl()d/_b/d/02
+2(bpf +2) ((AG)? + (a¢™)?) ],
where b > 0. This is in fact equivalent to the one-loop deformation ¢¢ for ¢ > 0 under the

identifications ¢ = 1/b and (p,$,¢% G) = (¢, ¢, Vb, Vb (). But now the family can

be extended to the b = 0 case. This implies that after the above parameter-dependent

coordinate transformation the ¢ — oo limit of the one-loop deformation ¢¢ is indeed

well-defined and is given by the metric

1

0 __
h _4p/2

2% + £ 5+ 4(aG)” + (")) (1.2)

which has constant curvature —2.

2 Asymptotics and conformal structure at infinity

We would like to determine the conformal structure of the family of metrics (¢¢).>0 on
the sphere at the boundary of M. In our coordinates, this consists of the hyperplane at
p = 0, along with a point at infinity p,,. In order to be able to directly see the singularity

at pso, we consider the following change of coordinates:

,0:5)?(1_21> B 2: 1— [z — |2
1+21 21+1 |Zl+1|2 ’ (2 1)
1+Zl ’ 1+Zl
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This is indeed a diffeomorphism from M =R+ x R?* = Ry x R x C to the unit ball B2

in C?, as it admits the following (smooth) inverse:
1= (p+ICP/2-i6) VB¢

= N 2= ~ -
Lt (o4 [¢2/2 - 16) 1 (ot Iz —16)

As a result of the above change of coordinates, the boundary is mapped to the unit sphere

zZ1

(2.2)

S3 C C?%, and p,, is mapped to the south pole (z,29) = (—1,0). We have the following

proposition.

Proposition 1. In the coordinates introduced in (2.1), the conformal structure at the
boundary [g¢|am]|, for ¢ > 0 is singular at po (z1 = —1) and away from the singularity is

given by the nondegenerate conformal structure:
12 27, 2 VY
c =1(2 d — d
ey [( §R( (1+z1> (1+21> <1+z1))
_ 2
+ l 3 (d 1-— 21 _ 22’2_ d 29 (23)
2 1 + 21 1 + 21 1 + Z1
(320,
1 —|— 21
oM

Meanwhile the conformal structure for ¢ = 0 is supported only on the CR distribution D

[°]oxn] = [('d (1 le) 2) @XJ . (2.4)

Proof. For any ¢ > 0, the metric ¢¢ in the new coordinates is given by
p+c 1+ 2 1+7 1+ 2
_ 2
ptc o 1—2 279 22
d — d 2 2
+,0+20\9( (1+z1) (1+§1 1+ 2 2o+ 2)

1|21 |° |2
lz1+1]?
well-defined and nondegenerate when |2;|* 4 |23]*> < 1. Moreover we see that for ¢ > 0,

+ 4c

on S? and is given by

e 1
=17

1(75)
1+Zl

is considered as a function of (z1,2;). The above metric is

(2.5)

where now p =

the conformal structure at the boundary [¢°|an] = [(4p¢°)|on] is singular at z; = —1.

Away from the singularity, it may be computed to be the following:

1—21 252 ) ?
2R (d — — | d
1—|—Zl 1—'—2’1 1-'-21
1 1—21 252 Z9 2
— & — 4
* zd(d(urzl) (1+zl>d(1+z1>) e
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Meanwhile, in the case ¢ = 0, the (rescaled) metric in ({2.5) becomes:

0 1 1—21 222 Z9 2 29
2pg” = 5-|d - = )d +1d
2p 14+ 2 1+2z; 1+ 14+ 2

The second term stays finite at the boundary but the first term blows up, except on its

2

(2.6)

kernel, which may be verified to be spanned by the following two vector fields:
0 1—|z*+7z1\ 0 0 L— |z +2\ 0
22__<T21) 9z’ ZQO_z_(T) 0%’
At the boundary, the above become vector fields spanning the CR distribution D on S3:
o _ 0 0 0

Zo— —Z1 4+, R — 21—

2 82’1 ! 622 2 851 ! 852
The conformal structure at the boundary [¢°|pxp] is defined as the nondegenerate confor-
mal structure on D obtained by keeping only the finite term in the above decomposition
(2.6)), see [BI]. Thus the conformal structure [¢°|s5/] is supported only on the CR distri-

) ]
DxD

0 = [(2pg° = d i
[g ’DXD} [( P9 )|®x93] 1+ 2
We would also like to determine the conformal structure of the family of metrics (h°)y>q

[]

on the sphere at the boundary of M. As in the case of g° above, in order to directly see
the singularity at the point at infinity p.,, we again carry out a change of coordinates
that maps M = R.g x R? to the unit ball B in R*:

= 1—w?—a?—y?— 22 ¥ = 4o
(1+w)? + 22 +y% 4 22 (1+w)? + a2 +y? 4 2% 2.7)
Clo _ \/iy 5/ _ \/52 '
(T4+w2+a2+y2+22" 7 (1+w)?2+a2+y2 + 22
This is indeed a diffeomorphism, with (smooth) inverse given by
e 1) Y A ¥
QP HPAREV 2@ QAP A2 G
)= 2v2(¢" L 22 -
(L+p)2 4+ 02/4+2(¢0) + 2 (L+ 02+ 62/4+2(¢0) + 27

As a result of the above change of coordinates, the boundary is mapped to the unit
sphere S? C R*, and the point at infinity p,, is mapped to the south pole (w,z,y,2) =
(—1,0,0,0).



Proposition 2. In the coordinates introduced in ([2.7)), the conformal structure [h®|y/]

on the boundary sphere for b > 0 is singular at w = —1 and away from the singularity s

() 3 () (e) -3 ()4 (45))
() )L

Moreover, for b =0, the conformal structure [h°|on] is the standard conformal structure

on S3.

given by

[Wlons] =

(2.9)

Proof. At the boundary and away from the south pole, we have w? + 22 + y?> + 22 = 1
and w # —1. So, the restrictions of the coordinate functions g/, @', ¢'°, f(’J to OM are given
as functions of w, x,y, z as follows:

~ 2x Y - z
P lom &' |om T w "o V2t w) Colom V21w

(2.10)

A straightforward substitution therefore yields
1 2x b Y z b z Y 2
4 /2hb — - d _ - — _—
(4070 loa (2 ( (1+w) T3 (1—|—w)d<1+w> 2 (1+w)d(1—|—w))
2 , 2
+2((d(—2=)) +(d
1+w 14w

The conformal structure is nondegenerate with a double pole at the south pole (i.e. w =

—1) for b > 0. When b = 0, the above becomes:
8M]

) = [ (0 (550)) 22 (0(5) 2 0(55) )

I (2(dx2 +dy? +d2?) 22+ +22)dw?  4(zdr+ydy + 2dz) dw)

oM

(2.11)

Ito? | (1o 1+ w)

y

N

_ : (Q(dav2 +dy? +dz?) 21 —w?)dw?  4(wdw) dw)

I (1+w)? (1+w)! (1+w)?
[ 2(dw? + da? 4 dy? 4 dz?) T (dw? - da? 2 4.2
= ( (ERnE )W}_[(d +dz® +dy® +d2) |, ] -

(2.12)

This is the standard conformal structure on S® i.e. the conformal class to which the

restriction of the Euclidean metric on R* to S? belongs. O
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3 Computation of the curvature tensor

In order to compute the curvature associated with the metric in (0.1]), we make use of
the Cartan formalism. In this formalism, we choose an orthonormal frame (e;);—;,.

denote the dual co-frame by (67) so that g° = 3, 6" ® 67. The way we have presented
the metric in (0.1)) suggests an obvious choice, namely

0' = F(p)dp, 0% :=G(p)(dd+ ¢°do — Cod(®),

N (3.1)
93 = H(p)dly, 6*:= H(p)d(’
where F(p),G(p), H(p) are functions of p given by
/7/) T o0 \/W VEE2
2p p+c’ 2p p+2 2p
The s0(4)-valued connection 1-form w = (w?) and curvature 2-form Q = (Q%) correspond-
ing to the Levi-Civita connection V and 1ts curvature tensor R are defined by
Veer = Zwl v)es, Qf(v,w) = g°(R(v,w)er, ey), (3.3)

for any vector vector fields v and w. The forms wy{ and Q7 can be calculated through the

Cartan structural equations:

t9I:Z€J/\w‘I]7 dw{,zQﬂ%—Zuﬁ/\w%. (3.4)

J K
In fact, the first equation is equivalent to the vanishing of torsion and determines the
forms w{ = —w’ uniquely. We now gather together the results of the calculation in the

following two lemmata. We omit the proofs, which consist of just checking the structure

equations.

Lemma 3. The connection 1-forms wl in (3.4) are given by

s 1 202 +5bep+4c ), 1 3 1 p+4c o3

Wl = —w? = , Woh = —WT = ,
’ L F(p)20(p+¢)(p + 20) ’ L F(p) 2p(p + 2¢)
1 p+4c 1 1
Wl = ot = 94 w2=—wd=— 6%, 3.5
ST S ) ap(p + 20) i T E e A
1 1 1 1
w2 = —wi= 63, wr = —wi = 6.
! 2 F(p)2(p+ 2c) ! P F(p) 2(p + 2¢)
Lemma 4. The curvature 2-forms QL in (3.4) are given by
O =—0F = —Ai(p) 0 AN 6> +2Am1(p) 6° A 6%,
Qé = —Qi) = —AH( )91 /\03+A1H(p) 02/\04,
Q}l = —Q4 = —AH(p)Q A 0 — A[H(p) 92 A 03, (3 6)
02 = —AHI(p) O A OF — An(p) 02 A 62, '

02 = 94 -
03 = —0f = 24y

p) 61 /\(93 AH<,0) 92/\94,

Am(
(p) 0 A 0% — Ar(p) 0° A 6%,
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where Ay, A, and A are given by

_4p° +12¢p + 24¢%p 4 16¢°

AI(p) : (p_|_ 20)3 )
3 2 2 3
p° + 12¢cp® + 24c“p + 16¢
AH(IO) = (,0+ 20)3 ) (37)
3
14
Amle) = =750

4 Eigenspaces of the curvature operator

In this section we consider the curvature operator Z : A2’T'M — A?>TM which is defined
by
G RZXNY, ZANW) =g¢(R(X, Y)W, Z),

where on the left-hand side ¢¢ denotes the scalar product on bi-vectors which is induced

by the Riemannian metric ¢
GC(XANY,ZANW) =g%(X,2)g°(Y, W) — ¢°(X,W)g°(Y, Z).

Identifying vector with co-vectors by means of the metric, we will consider the curvature

operator as a map
R : N°T*M — N*T*M. (4.1)

As such it maps 67 A 07 to Qf. The endomorphism £ is self-adjoint with respect to (the
metric on A*T*M induced by) g°. It follows, that all eigenvalues are real and that there

exists an orthonormal eigenbasis.
Proposition 5. The following (anti-)self-dual 2-forms
T =08 NOT £ 05 A0 (4.2)

where (J, K, L) is a cyclic permutation of (2,3,4), form an eigenbasis of the curvature
operator of the one-loop deformation (0.1). The corresponding eigenvalues )\jJEKL are

6p° + 12cp® + 24c%p + 1663

)\;34 = 3 )
(p+2¢)
_ _ _ 20% + 12¢p? + 24c%p + 1663
Agza = Aggp = Apoz = — (p+ 2¢)? ) (4.3)
N 12¢p? + 24c2p + 1663
342 T Y423 T (,0—|—2C)3



In particular, when ¢ # 0, the above depends only on the ratio p:= p/c:

67° + 127% + 245 + 16

+
A
_ _ _ 20° 4+ 12p° + 24p + 16
Agzq = Aggp = Aygz = — (p+2) ) (4.4)
N :_12ﬁ2+24[)+16
342 423 (ﬁ + 2)3

Proof: From Lemma 4] we see that Z is block diagonal, whereby the bundle A2T*M of
2-forms decomposes into three invariant subbundles A3;,T*M, A3, T*M, and A%, T*M,
where A%, T*M denotes the span of 0' A 87 and 6% A 6%, By inspection, we may read

off the two eigen-2-forms =, in A%, T*M. The corresponding eigenvalues are
8 JKL JKL g eig

6p° + 12cp? + 24c%p + 1663
(p+2¢)?

203 + 12¢p* + 24c%p + 1663
(p+2¢)?

2p% + 12¢p? + 24c*p + 16¢2
(0 + 20

12¢p? 4 24¢%p + 1663

(p+ 2¢)?

Ajgy = —Ap + 2Am = —

Y

)\5:;4 - _AI - ZAIH = —

Y

)

Agpo = Ajog = —An + A = —

+ _\t —
)\342 - )\423 - _AH - AIH -

5 Sectional curvature and pinching of the one-loop
deformation

Since any element of A>T M can be written as a linear combination of eigenvectors of %,

the sectional curvature

K(II) = ¢(Zu AN v,u Av)

of a plane I C TM with orthonormal basis (u,v) can be written as a convex linear
combination of the eigenvalues of Z. So the spectrum of %, determined in Lemma [3]

shall provide bounds on K.

In order to obtain the pointwise maximum and minimum of the sectional curvature
one has to minimise and maximise ¢°(Z«, «) subject to the conditions a Aa = 0 (decom-

posability) and ¢g°(a, ) = 1. This leads us to the following lemma

Lemma 6. For any point p € M, we have the following bounds for the sectional curvature



of the one-loop deformation (0.1)):

Hfél%m K(II) = %(max{)\gw (p), )‘;12(19)7 /\123@)}
+ max{Ay34(p), A302(p); A3 () }),
ain, K (I1) = 3 (in{Af,(0): \up), Ay (1))

+ min{Ay34(p); A342(P), Aias(p)})-

(5.1)

Proof. We consider a general 2-form « written in terms of the eigen-2-forms as follows

Z aTKLOTK L (5.2)

J(J,K,L)

where (J, K, L) runs over the cyclic permutations of (2,3,4), and € runs over the values
+. By decomposing « into its self-dual and anti-self-dual parts, we see that two equations

aAa =0 and g°(a, ) = 1 are together equivalent to

1
(a334)° + (agp)” + (adys)® = 1
2 2 s 1 (53)
(@2_34) + (a§42) + <a223) = 1
On plugging (5.2)) into ¢¢(Z«, ) , we find that
1
K(IT) = ) [ a234 )\;34 + 4(%42) )‘3+24 + 4(%23 ) )\123} (5.4)
1 .
+ B [4(%34) Az + 4(%42) Asaq + 4(%23) )‘423] .

Under the constraint (5.3)), the expressions within the square brackets are each convex
combinations of three eigenvalues of Z. Therefore in order to maximise or minimise K (II)

we need to respectively maximise or minimise these convex combinations separately. [

In the limit p — 0, all the eigenvalues become —2 as for the real hyperbolic space
RH* with constant negative sectional curvature —2. Meanwhile, in the limit p — oo, the
pointwise maximum of the sectional curvature is —1 and the pointwise minimum is —4,

giving a pinching of 1/4 as for the complex hyperbolic plane CH?.

The interpolation of the pinching between these two limits is described in the following
proposition.
Proposition 7.  The pointwise pinching of the metric g¢ for ¢ > 0 at a point p =
(0157 gg7 507 CO) €M is given by

 max{K{I) |[IIC T,M} p*+12p*+24p+ 16
PO omin{K(I) [ TT C T,M}  4p° + 1272+ 24p + 16

(5.5)
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Proof. We note that we have Agy; < Ajzq = Agpa = Appg < Ajyy) = Agag for all p > 0. So,
we have for all p e M

It now follows from Lemma |§| that the pointwise pinching at p = (¢g, ¢, (o, ¢°) is given by

~ Aaw(p) FAgap) PP 1207 +24p+ 16
A334(P) + Aza(p) 49 +12p% + 245 + 16

as was to be shown. O

0p

Now that we have a concrete expression for the pointwise pinching, we can derive our

main result.

Theorem 8.  For the one-loop deformation g¢, ¢ > 0, the pinching function p — 0,
defined in satisfies }l < 0 < 1 and attains the boundary values asymptotically when
p = p/c approaches 0 or oco, respectively, which is to say, M is everywhere (at least)

“quarter-pinched”.

Proof. For any p > 0, we see that

1 95% + 18p + 12 1
1>0,=- > — 5.6
P 4+4ﬁ3+12,52+24/3+16 4’ (56)
and that both boundary values are attained asymptotically. O

6 Pedersen metric

We now consider the Pedersen metric defined on the unit ball Bg as discussed in [P):

m 1 1L+m?e® 2 2 2\ (2 2 o’(1+m?") ,
o :(1_92)2 (1+m294d9 +Q(1+m9)(01+02)+wo’3 s (61)
where the boundary is the sphere at ¢ = 1 and oy, 09,03 are the three left-invariant

1-forms on S® satisfying do; = Zj,k €ijk0j N\ 0. As in the case of the 1-loop deformed
universal hypermultiplet metric, there is an obvious choice of an orthonormal co-frame
(61), given by
o' = q ¢ VI o, 0% = q ¢ v+ mie o
-0 -0
0 — 0 1+ m?2p? 1 1+ m?2p?
(1 =02\ 1+ m2p? (1—=0*)\ 1+m2p*

(6.2)

o3, 0= do.
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The steps in the previous sections for the calculation of the eigenvalues and an eigenbasis
of the curvature operator #Z : A’°T*M — A?*T*M may be repeated for the Pedersen

metric. We summarize the results in the next proposition.
Proposition 9. The following (anti-)self-dual 2-forms
B =0"N0T 05 NGO (6.3)

where (I, J, K) is a cyclic permutation of (1,2,3), form an eigenbasis of the curvature

operator % of the Pedersen metric (6.1)). The corresponding eigenvalues yIiJK are

V1+23 = V2+31 = V:;r12 = —4,
_ gy 2= 0%’
Vige = — -,
123 (m2e® + 1)3 (6.4)

B _ )
CC (H (m22 +1)* )

In order to obtain the pointwise maximum and minimum of the sectional curvature
one has to minimise and maximise kK™ (%[, ) subject to the conditions S A f = 0 (de-
composability) and ™ (3, 8) = 1. Again, this calculation proceeds exactly as earlier and

so we just summarise the result in the following proposition.

Proposition 10.  The pointwise maximum and pointwise minimum of the sectional

curvature of the Pedersen metric is given by

max K(II) = —4 (1_m2(1——92)3>’

CT, M (m2 0% + 1)3

min K (I1) = —4 (1 + M) .

TICT, M 2 (m20? +1)°

In particular, a straightforward rearrangement shows that the pointwise maximum

maxcr, v K (IT) becomes nonnegative when the following condition holds:

,  Vm?-—1
0" S —/————.
m2 + vVm?

Note that this condition cannot hold if m? < 1. As a consequence we have the following

(6.6)

result.

Theorem 11. The Pedersen metric (6.1) has negative sectional curvature if and only
if m?* < 1. For m* > 1 (respectively m*> = 1) there are negative as well as positive

(respectively zero) sectional curvatures near (respectively at) the origin o = 0.
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