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Abstract

We classify all complete projective special real manifolds with reducible cubic po-
tential, obtaining four series. For two of the series the manifolds are homogeneous,
for the two others the automorphism group acts with co-homogeneity one. We show
that, for each dimension n > 3, each of the two homogeneous examples can be de-
formed by a family depending on n — 2 parameters of complete projective special
real manifolds that are pairwise inequivalent. The two homogeneous examples are
the boundary points of a curve which lies in the union of the two families. Complete
projective special real manifolds give rise to complete quaternionic Kahler manifolds
via the supergravity g-map which is the composition of the supergravity c-map and
r-map. We develop curvature formulas for manifolds in the image of the g-map.
Applying the g-map to one of the above series of projective special real manifolds
we obtain a series of complete quaternionic Kahler manifolds, which are shown to
be inhomogeneous (of co-homogeneity one) based on our curvature formulas.
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Introduction

In this paper we are concerned with hypersurfaces H C R"*! contained in the level set
{h = 1} of a homogeneous cubic polynomial h. The hypersurface is equipped with the
symmetric tensor field gy on H induced by —%02h. We require that g4 is a Rieman-
nian metric. Then (K, gy) is called a projective special real manifold, see Definition []
h is called its cubic potential and gg¢ is called the projective special real metric. The
polynomials A which admit such a hypersurface are called hyperbolic, cf. Definition 4l
Projective special real manifolds occur in the physics literature as the scalar manifolds
of 5-dimensional supergravity coupled to vector multiplets, see [GST]. These manifolds
are related to projective special Kdhler manifolds by a construction known as the r-map
[DV], which is induced by the dimensional reduction of the supergravity theory from 5
to 4 space-time dimensions. Similarly projective special Kahler manifolds are related to

quaternionic Kdahler manifolds of negative scalar curvature by the c-map, which is induced



by dimensional reduction to 3 dimensions [ES]. It is known that the r- and c-map
preserve the completeness of the underlying Riemannian metrics. It follows that the same
is true for their composition, the ¢-map. In this way the study of the completeness of
quaternionic Kéhler manifolds obtained by the g-map is reduced to the study of the com-

pleteness of the initial projective special real manifold. Complete projective special real
manifolds are characterized as follows, see [CNS| Thm. 2.5].

Theorem 1. A projective special real manifold 5 C R is complete with respect to the

metric gy if and only if H is closed as a subset of R"*1.

It follows from Theorem [ that the classification of complete projective special real

manifolds is equivalent to the solution of the following two problems:

(i) Classification of all hyperbolic homogeneous cubic polynomials A, up to linear trans-

formations.

(ii) For each such polynomial determine all locally strictly convex components of the

level set {h = 1}, up to linear transformations.

While it is certainly possible to solve these problems in low dimensions, see [CDIL] for
the solution up to polynomials in 3 variables, we do not expect a simple solution valid
in all dimensions. A very rough idea about problem (i) is obtained by observing that
the dimension of the space of homogeneous cubic polynomials grows cubically whereas
the dimension of the general linear group grows only quadratically with the number of
variables. Notice that the hyperbolic polynomials form an open subset in the space of
homogeneous cubic polynomials in a given number of variables. An interesting class of
projective special real manifolds is provided by considering those with reducible cubic
potentials h, that is h is a product of polynomials of lower degree. Applying the g-map
to the complete manifolds in this class we obtain a class of complete quaternionic Kahler
manifolds, as follows from the general result [CHM| Thm. 6]. In this way one obtains, in
particular, the series of symmetric spaces
SOp(4,m
SO(4)O>(< sozm)’ m23,

as well as the series of homogeneous non-symmetric spaces T(p), p > 1, of rank 3, see

(0.1)

[DVI, [C]. Omne of the results of this paper is that one also obtains a series of complete
quaternionic Kahler manifolds that are not locally homogeneous, see Theorem 24 In fact,
we show that there are precisely 4 series of complete projective special real manifolds with
reducible cubic potential, three of which correspond to the 3 series of quaternionic Kahler
manifolds mentioned above. More precisely, by solving the above problems (i) and (ii)

under the assumption that h is reducible we will obtain the following result.



Theorem 2.  FEwvery complete projective special real manifold H C {h = 1} c R**!
of dimension n > 2 for which h is reducible is linearly equivalent to exactly one of the

following complete projective special real manifolds:

a) {$n+1(2?;11 xz2 - l%) = 17 Tn1 < O,l’n > 0}7
b) {(w1+ xn+l)(2?:1 xzz - Ii-kl) =1, x+x,41 <0},
C) {xl(zz;l xlz - xi-ﬁ-l) = 17 1 < van—l-l > O};

d) {m(2f = Y75 2) =1, a1 >0}

Notice that in the case n = 2 the result follows from [CDL, Thm. 1] and that the above
list is also valid in the case n = 1 but then the curves a) and b) are linearly equivalent,
as well as ¢) and d), see Cor. 4].

Under the g-map the series a) with n > 1 corresponds to the series (0.I]) of symmetric
quaternionic Kéhler manifolds with m = n + 2. Similarly, b) corresponds to the series
T(p) of homogeneous quaternionic Kéhler manifolds with p = n — 1 > 0, where only
the first member T(0) = % of the series is symmetric. The quaternionic Kéhler
manifolds obtained from the series ¢) and d) admit a Lie group acting isometrically with

co-homogeneity one. For d) we will prove the following stronger result.

Theorem 3. The quaternionic Kahler manifolds associated with the projective special
real manifolds {(x1,...,0ps1) € R | 2y(2? = S0 a2) =1, 21 > 0}, n > 1, are
complete of negative scalar curvature and the isometry group acts with co-homogeneity

one.

The claim that the quaternionic Kéahler manifolds in Theorem [B] and similarly the ones
obtained from the series ¢) in Theorem 2l admit a subgroup of the isometry group acting
with an orbit of codimension one follows from the fact that the automorphism group of
the initial projective special real manifolds acts with an orbit of codimension one. In fact,
every automorphism of a projective special real manifold extends to an isometry of the
corresponding quaternionic Kéahler manifold under the g-map and the r-map as well as
the c-map each produce a freely acting additional solvable Lie group of automorphisms,
see [DV], [CHM]|. The dimensions of the latter groups coincide with the number of extra
dimensions created by the r- and c-map, respectively. Therefore the co-homogeneity does

not increase under these constructions.

The main difficulty is to prove that the quaternionic Kahler manifolds of Theorem

are not of co-homogeneity zero, this is the content of Theorem The proof proceeds



by computing the point-wise norm of the curvature tensor and showing that for each of
these manifolds it is a non-constant rational function depending only on one coordinate
x out of a system of 4n + 8 global coordinates. It relies on general curvature formulas for
quaternionic Kahler manifolds obtained by the g-map, which constitute another important
result of this paper, see Theorem 22 and Corollary Incidentally, we expect that the
isometry groups of the quaternionic Kahler manifolds corresponding to the remaining
series ¢) in Theorem [ do likewise have co-homogeneity precisely one. The corresponding

curvature calculations are more involved in that case.

Another result of this paper is the construction of two multi-parameter families, de-
pending on (n—2) parameters, of n-dimensional complete projective special real manifolds
that are pairwise inequivalent, see Theorem [@ Until now, only a one-parameter family of
pairwise inequivalent projective special real surfaces was known, where the corresponding
cubic potentials are the (homogenised) Weierstraf§ cubics with positive discriminant, cf.
[CDL, Thm. 1]. We use these multi-parameter families to define a curve (parametrised
over a compact interval) in the vector space of homogeneous cubic polynomials, such that
each interior point of the curve is contained in one of the two multi-parameter families
and the endpoints are, up to equivalence, the potentials corresponding to the symmetric
spaces (1) and the homogeneous non-symmetric spaces J(p), respectively. Furthermore,
we determine the automorphism group of each element in the two multi-parameter fami-
lies, see Corollary
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1 Classification of complete projective special real
manifolds with reducible cubic potential

In this section we will classify all complete projective special real manifolds with reducible
cubic potential up to linear transformations. After giving some basic definitions we will
first classify up to equivalence all non-degenerate reducible homogeneous cubic polynomi-
als in Section [L.]J] and among these all hyperbolic ones in Section [[.2l In the same section
we determine, for each of the resulting hyperbolic polynomials h, those connected compo-
nents (up to linear transformations) of the level sets {h = 1} which contain a hyperbolic

point. In particular we determine all such components which are locally strictly convex



or, equivalently, consist solely of hyperbolic points. As a consequence of Theorem [I] these
components give precisely all complete projective special real manifolds with reducible

cubic potential (up to linear transformations).

Definition 4. Let h : R*™ — R be a homogeneous cubic polynomial. We will call h
non-degenerate if there exists p € R""' such that det 8*h, # 0. It is called hyperbolic if
there exists a hyperbolic point p € R™™! | that is a point such that h(p) > 0 and d*h,, is
of signature (1,n). Two homogeneous cubic polynomials are called equivalent if they are

related by a linear transformation.

Notice that the notions of non-degeneracy and hyperbolicity are invariant under linear
transformations and that det 9h, # 0 implies h(p) # 0.

Definition 5. A hypersurface H C R™! is called a projective special real manifold if

there exists a homogeneous cubic polynomial h : R*** — R, such that

(i) 3 C {x € R™! | h(z) = 1} and
(ZZ) gy = —%a2h|Tg{XTg{ > 0.

The hypersurface H C R is endowed with the Riemannian metric gy which is called
the projective special real metricEl or centroaffine metric, see [CNS] for an explanation of
this terminology. Two projective special real manifolds are called isomorphic if there is a

linear transformation inducing a bijection between them.

Remark 6. It is easy to see that for every projective special real manifold H the sym-
metric tensor 9%h,, is of signature (1,n) for all p € 3 and that H is perpendicular to the
position vector p with respect to 9%h,. In particular, h is hyperbolic. Notice also that
a linear transformation mapping a projective special real manifold H C R"*! to another
projective special real manifold H’ C R"*! is automatically an isometry with respect to
the centroaffine metrics. In particular, isomorphic projective special real manifolds are

isometric.

In order to avoid special cases in low dimensions, and since the case n < 2 has already

been studied [CDL], we will always assume that n > 3 in the following classifications.

!For practical reasons, we prefer to work with —20%h instead of —%0%h below.



1.1 Classification of non-degenerate reducible homogeneous po-

lynomials
For m € N and k € {0,...,m}, we introduce the following quadratic polynomials on R™:
k m
Q=) wi- ) =i
i=1 i=k+1

Proposition 7. Any non-degenerate reducible homogeneous cubic polynomial h on R,

n > 3, is equivalent to precisely one of the following:

I) 2, 1QF, 5 <k<n,
) z,Q7™, 1<k <n+1,
) (214 2p4)Qp T, 2 <k <.
Proof. Let h = LQ be a non-zero reducible cubic polynomial on R"™!, where L is a linear

and () a quadratic factor. Up to a linear transformation, we can assume that Q) = Q}",
I1<m<n+1, 2 <k<m. In the following, let

n+1
L= Z CLjSL’j.
j=1
Next we examine for which choices of @' and L the polynomial h = LQj}" is non-

degenerate.

Notice that m = n or m = n + 1, since otherwise 0 # ker dL N ker 9*Q) C ker 9*h,, for
all p € R"L. In the case m = n the non-degeneracy of h clearly implies that a,.; # 0

and without loss of generality we can assume that L = 2", We compute

Tp+1 €1
Tn+1 Lk
2
O"h =2 —Tpy1 —Tp41 |,
—Tp+1 —Tnp
1 ... T  —Tke1 ... —Tp 0

where the remaining entries are zero. The determinant is given by
det 8*h = 2"t (—1)"FHign 2,

which shows that h = z,11Q} is non-degenerate for all § < k < n. These are precisely

the polynomials listed in I).



It remains to check the case m = n + 1, that is, h = LQZ“, "T“ <k<n+1.

Using the transitive action of the pseudo-orthogonal group of the quadratic form QZH 0

n
each pseudo-sphere and on the cone of non-zero light-like vectors we can assume up to a
positive rescaling that L = x; (L space-like), L = x,,,1 (L time-like), or L = x1 + 2,41 (L
light-like), where the latter two cases need only to be considered for k£ < n. Since x,41
is space-like with respect to —Q}*" for "TH <k <nand —Q}" is equivalent to szﬁ—m
1<n+1—-k< ”T“, we are left with the two cases II) and III).

In case ), h = x;Q!" with 1 <k <n+ 1 and

31’1 Ty ... T —Tgy1 - —Tpt1
T2 T
02h =2 Tk il
—Tk41 —I
—Tn+1 —I1

We obtain
det 9?h = (—1)" TR lgn=2(42% — h),

which, for all 1 <k < n + 1, is not the zero polynomial. Hence, all polynomials listed in

IT) are non-degenerate.

In case I11), that is b = (21 + 2, 11)QF T, nil < | <'n, it is convenient to change the

coordinates the following way:

1+ Ty =,

1 — Lpy1 = 1.

h is now of the form

k n
hzf(&ﬁLZx?— Z xf)
i=2

i=k+1
In the coordinates (&,m, xa, ..., x,) we have

i E 9 ... Tl —Tpyr ... —Ty
19 0

Z2 §

Ph =2 : -
Tk 3
—Th1 —£
- =&



It is now easy to see that
det 9h = (—1)"F1=kentt,

We conclude that all polynomials considered in I1I) are non-degenerate. O

1.2 Classification of hyperbolic reducible homogeneous polyno-
mials and complete projective special real manifolds

Let h : R*' — R be a hyperbolic homogeneous cubic polynomial. We consider the open
subset H(h) of the hypersurface {h = 1} consisting of the hyperbolic points of h:

H(h) = {p € R"™ | h(p) = 1, —0*h, has Lorentzian signature (n,1)}.

Proposition 8. Let h: R"* — R, n > 3, be a reducible hyperbolic homogeneous cubic
polynomial and let (x1,...,7,41) denote the standard coordinates of R"™'. Then h is
equivalent to one of the following polynomials and the corresponding hypersurface H(h)

endowed with the Riemannian metric —%82h‘T}((h)XTQ{(h) has the following properties:

n+1
a) h = (:E% -3 :B2>, H(h) = {h =1, xy > 0} has one connected component and it

i
1=2

1s closed.

n+1
b) h = x| 23 + a3 — ;xf , H(h) = {h =1} N {3%/21 > x1 > 0} has two connected

components. They are isomorphic and not closed.

c) h=um (Z x — :ciﬂ) , H(h) ={h =1, x1 <0} has two connected components, both
i=1

closed and isomorphic.

n—1
d) h =z, (> 27— x%), H(h) = {h =1, zp41 < 0} has two connected components,

i=1
both closed and isomorphic.

e) h = (1 + Tpi1) <E x? — foH), H(h) ={h =1, z1 + 211 < 0} has one connected
i=1

component and it is closed.

In particular, the closed connected components of the respective H(h) are complete pro-

jective special real manifolds.

Proof. In Proposition [ we have listed all non-degenerate cubic homogeneous polynomials
up to equivalence. It remains to determine which ones are hyperbolic and to analyse the
properties of the connected components of H(h). In the following we treat each of the

cases I-I1T) of Proposition [7.



I) Recall that the family I) of Proposition [ contains the polynomials h = z,,1Q},
5 <k <n, with

k n
=1

i=k+1 1=k+1

To check that a point p € R"*! is hyperbolic it suffices to construct an orthogonal basis

of T,R™ with respect to —%82h and to check that the Gram matrix has Lorentzian

signature. Note that the vectors {0,,, ..., 0,, } are orthogonal at each point:
1 _6gxn+17 1 Szv.] < ka
—§ymam@ﬂ: 8apr, k+1<ij<n,
0, otherwise.

Now the restrictions n > 3, k > 7, allow us to limit the possibility of hyperbolic points
to the cases k = n — 1 and kK = n and we obtain the requirement z,,; < 0. Other-
wise we would have at least two time-like vectors in an orthogonal basis of the form
(0,001, -+, 0n,). For v =" 10,0,, to be orthogonal to d,, for all 1 < i < n it has to
fulfil

Tna1Vi + 201 =0 V1 <0 < n.

Hence, v; = —x;;—’fll for 1 <i<mnandv=uv, (— S xxl Or, + 8xn+1) Since X, <

0, we might choose v = )" | ;0,, — Tn110s,,, and obtain

n+1

Loy 2| _
—58 h(v,v) = xp11 (Zx - Z ) = h.

i=k+1

Hyperbolic points need to fulfil #(p) > 0 by definition, which implies —18?h(v,v) >

0. Hence, h = z,1Q}, 5 < k < n, is hyperbolic if and only if & = n — 1, that is

= Tni1 <Z 2 —x ) is the polynomial d) of this proposition. The hypersurface H(h)

consists of the connected components
H, = {(xl, e Tpg) ER™Y M2y, ) = 1 2 < 0,241 < 0}

and
Ho o= {(x1,...,n1) ER" | B(z1, .. Tpr1) = 1, T > 0,2541 <0} .

One can easily verify that H; and H; are both closed in R"*! and related by the involution

(X1, ooy Ty Tpgr) > (T4 0oy — Ty Tpg1)-

10



IT) The family II) of Proposition [ contains polynomials of the form h = z,Q}™, 1 <
k < n+1. We will construct an orthogonal basis for each p € {h > 0}, p = (1, ..., Tp11),

with respect to

1 ) n+1 k n+1

i=k+1 i=k+1

We define

n+1

U =210y — E 200,
i=2

Then one can check, for z; # 0, that (v, 0,,, ..., 0,,,,) is an orthogonal basis with respect
to —19?h and that

—%8%(1},2}) = —423 + h.

Thus, the possible values for k& that do not exclude the possibility for h to be hyperbolic,
the respective requirements for the possibly hyperbolic points, and the corresponding

polynomials are (recall n > 3):

A) k=1, 21 >0, h<da} (—10%h(v,v) <0); h=uaz (23315 2?),
B) k=2, 21 >0, h>da} (—10%h(v,v) >0); h=a (a2 +22 - Y 1H a?),
C) k=n, 11 <0, h>da? (=30%h(v,v) >0); h=x (X 27 —22,,),
D) k=n+1 2, <0, h<da} (—30°h(v,v) <0); h=mz (31 2?).

The polynomials in A), B), and C) are, in fact, hyperbolic, as seen by specifying a hyper-
bolic point:

A) pA:(l,O,...,O), h(pA):l,

B) pB:(l,Q,O,...,O), h(pB):5,

C) Pc = (—1, O, ey 0, 2), h(pc) =3.
These three series of polynomials are, in the same order, the first three cases a), b), and

c¢) of this proposition. The polynomials in D) are not hyperbolic, since the specified
conditions are not compatible with & > 0. We will now describe the sets H(h).

In case A), the set of hyperbolic points of R™"! with respect to h was described
by the inequalities z; > 0 and h < 4x3. The second inequality follows from the first
since Q" < 22, This shows that H(h) = {h = 1, x; > 0}, which has one connected

component. To see this consider for fixed u = (za,...,2,11) € R™ the function
(p,00) = R, 1 — h(xq,u),

11



where p = |u| and notice that it is a strictly monotonously increasing diffeomorphism
onto (0,00). In particular, for all u € R™ there is a unique z1(u) € (p,00) such that
h(zi(u),u) = 1. We obtain a bijection

R"™ — H(h), uw (x1(u),u),

which is a diffeomorphism by the implicit function theorem. In particular, H(h) is con-
nected. This implies that it is a connected component of {h = 1} and, thus, closed in
R+

In case B), the requirement for hyperbolicity on {h = z; (2} + 23 — Sl 2?) =1} is

%Z > x1 > 0, which implies x5 # 0. Observe that

1 n+1
h=1 & x%zx—(l—xi’)—l—Zx?.
1 i=3

Hence, H(h) = {h = 1} N {‘3%/4: > z; > 0} has two connected components, namely
{h = 1}ﬂ{% > x1 > 0} N{xe >0} and {h = 1}ﬂ{% > x1 > 0} N {xs < 0}. They
are related by the involution xy — —x9, which preserves the polynomial h. The two

components of H(h) are not closed in R"™! since its boundary is given by

1 1 n+1 3
0H(h) = {h: 1, x = 3—\/1, det82h20} = {hzl, Ty = %} = {xg_lez - 4_3}
=3

In case C), the requirement z; < 0 automatically implies the second requirement h >
423 on {h =21 (300, 27 —22,) = 1} and, hence, H(h) = {h =1, z; < 0}. Note that
{h =1}N{x; = 0} = () implies that the connected components of H(h) are also connected

components of {h = 1}, and thus are closed. z; < 0 and h = a7 (3], 2? —22 ;) =1

i=1 i
implies > 7" | o — a7 +1 < 0, which implies ;41 # 0. Hence, the connected components of
H(h) are given by the two graphs {h =1, x; <0, z,41 >0} and {h =1, x; <0, 7,41 <

0}. They are related by the involution ;41 — —Zy41.

ITI) Recall that each h = (2, + 2,41)Q}"™" contained in family III) of Proposition [ is

equivalent to h = ¢ (fn + Zf:z x? = > x?) In these coordinates

k n
1 2 2
—50%h = —ndg® — 2¢dndg + (—2;%@- +2 > xide) d¢

i=k+1
k n
+§(—def+ 3 dx?).
=2

1=k+1

12



The set {h =¢ (57} + Z?:z 2?2 =5 ) = 1} consists of exactly two connected com-

i=k+1 2
ponents:
1-¢ (Zf:z =3, 1517?>
Iy = (6,0, 2y, an) € RPTL| gy = T e
¢2
and
1-¢ (Zf:z %2 - Z?:k—i—l %2)
Hy = (g,n,xQ,...,xn)ER"H n= , £<0

52

In order to determine which of the polynomials in this family are hyperbolic, we will pull
back —%a% to H; and Hy, respectively. We will use that A is hyperbolic if and only if
the pullback is Riemannian at least at one point contained in {h = 1}. We first determine
the differential of n = n(§, xs, ..., z,):

—2+¢ (Zz 2 7 — Z?:k—i—l 37?) —2 2?22 ridx; + 2 Z?:Hl ridx;
5 dé + :
3 3
Hence, the pullback of —19%h to 3; which we denote by g;, j € {1,2}, is of the following

form:

dn =

3 — I'C— 22 o ;L L -
g — 5(21_2 22 Z k+1 )d§2 +9 <Z xidx; — Z xidxi> d¢

(de+2dx>. -

i=k+1

For each "T“ < k < n there exists exactly one k with 1 < A < "TH, such that H;
corresponding to h = (1 + x,41) Z“ is isometric to Hy corresponding to h = (x1 +
an)QgH, namely k=n— (k—1). In the coordinates (£, 7, za, ..., x,) the corresponding
isometry is given by § — —§, x4 — x,_(y—9) for 2 < £ < n. Hence, we can reduce our

analysis to Hy, that is & > 0, but need to increase the range for k to 1 < k < n.
Returning to the study of g;, we obtain

91<8ri=‘9%>—{ 8¢, k+1<i,j<n.

For g; to be Riemannian, this implies that & = 1. Hence, the only possibly hyperbolic
polynomial is h = £ (§én — > ,_, 2) and the corresponding metric g; reads

g = gzdsz gz w6 — Eday)?,

13



which is indeed Riemannian at all points of ;. Hence, the only hyperbolic polynomial

of the form h = (21 + x,41) ZH, nil

h = LL’1 + Z’n+1 <ZZ’ n—i—l) .

The corresponding H(h) = {h =1, 21+ z,41 < 0} has a single connected component. It
is closed in R"*! since {h = 1}N{z;+x,,1 = 0} = 0 implies that H(h) is also a connected
component of {h = 1}. This polynomial is the polynomial e) of this proposition. O

< k <mn, is given by

2 Two multi-parameter families of complete projec-
tive special real manifolds

Let n > 3, n € N. We will give two examples of (n — 2)-parameter families in S3(R"1)*,
each consisting of pairwise inequivalent hyperbolic cubic polynomials which define a com-
plete projective special real manifold of dimension n. We will use this result to find a
curve in S3(R™1)* such that each point in the curve is a hyperbolic polynomial which
defines a complete projective special real manifold and that the endpoints of that curve

are linearly equivalent to the polynomials a) and b) in Theorem 2

In the following we will denote z = (zy,...,2,-1)T and by (-, -) the standard Euclidean
scalar product on R*~! C Rl = { (%) ‘ zeR N w, € R}.
Theorem 9. The (n — 2)-parameter families

n—1

F = {h = 2(—w?® + (2, 2)) + wzbiziz

i=1

1:b122bn_120}

and
G .= {hzx( w —i—sz)—i—wzz)

consist of pairwise inequivalent hyperbolic cubic polynomials. The corresponding projective

1:b122bn_120}

special real manifolds
Hh)y={h=1|heTF, 2<0, w<0, w’>(z2)}
and

n—1
}C(h):{hzl he§, <0, w<0, w2>Zbizi2},

i=1

respectively, are complete.
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Proof. Let M, N € Mat((n—1)x (n—1),R) be symmetric positive semi-definite matrices,
such that tk(M) = (n—1) or tk(N) = (n—1), and denote by M(z,2) = 2" Mz, N(z,z) =
2T Nz. We will show that

h=ux(—w’+ N(z,z2)) +wM(z,z)

is hyperbolic for any such M and N ontheset H :={h=1|2z <0, w <0, w* > N(z,2)}.
Consider the vector fields 9,, and wd,, — x0,., which are both non-vanishing along H. One

can check that they are orthogonal to each other with respect to

1
g = —582}1
= —xN(dz,dz) —wM(dz,dz) + zdw® — 2M (z,dz)dw — 2N (z, dz)dx + 2wdwdz,

and that ¢(0,,0,) = = < 0, g(wdy, — 20, WD, — x0,) = —xw? > 0 along H. In the above
formula dz is considered as column vector with components dz;. We will now show that g
is positive definite on the orthogonal complement of spang{d,,, wd, — 0, } along H with
respect to g and thereby prove our claim. One can easily verify that every vector field Y

along H which is perpendicular to spang{d,, wd, — xd,} can be written as

N(z,X)aw N wM(z,X) —aN(z,X)

Y =X+ -
w w

0507

n—1
where X = >~ X%0,.. Note that Y = 0 if and only if X = 0. We obtain
i=1

JY,Y) = - (2w N(X, X) — wM(X, X) — 20M(z, X)N(z, X) + 2N (=, X)?).

w2
If 0 # X € ker N it follows by assumption that M > 0 and, hence, g(Y,Y) > 0 along

H. Assume now that N(X,X) # 0. Observe that h = 1 is equivalent to —zw? =
1 —wM(z,z) —xN(z, z). Hence, along H we have

— 2w’ N(X, X) +2N(z, X)?
= N(X,X)—2(N(X,X)N(z,z2) —N(z,X)ZJ) —wM(z,2)N(X, X)
——

~~

>0 >0

> —wM(z,2)N(X, X).

Using this estimate and w? > N(z, z), we obtain

gY,Y) > L(]\4(2, 2)N(X, X) +2M (2, X)N(z, X) + M(X, X)N(z, z2))

—w
along H. If z € ker N, it follows that g(Y,Y") > 0. Assume that z ¢ ker N. Consider
Q(z,X,%,X) := M(Z,2)N(X, X) + 2M (%, X)N (2, X) + M(X, X)N(z, 2).
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One observes that Q(z, X,%,X) > 0 for all z,X,2, X € R if M(Z,2)M(X,X) >
M(Z,X)? for all 2, X € R"!. The latter estimate is true since M is positive semi-
definite. Hence, Q(z, X, z, X) > 0 for all z, X € R""!, which shows that g(Y,Y) > 0 for
Y # 0. This proves that the pullback of g to H is a Riemannian metric, so that H is a

projective special real manifold.

We will now show that 5 C R""! is closed in the subspace topology. Notice that
H can be written as a graph over U := {w < 0, w? > N(z,2)} C R" by rewriting the
equation h = 1 as = = %N((ZZZZ)) We need to check that x — —oo for (w,z) — OU.
Observe that OU = {w < 0, —w? + N(z,z) = 0}. For (z,w) € U we have

1= wM(z,z2) - 1
 —w?+ N(z,2) = —w?+ N(z,2)

and the right-hand side goes to —oo for all sequences in {(z(j),w(j)), j € N} C U with

the property lim (—w(j)* + N(2(j),2(j))) = 0. This shows that XK is empty and, hence,
j—o0

that 3 is closed in R**!. By [CNS| Thm. 2.5] this implies that the projective special real

manifold H is complete.

Summarizing, we have shown that H(h) is a complete projective special real manifold
for all h € F and all h € G. It remains to show that F and G each consist of pairwise

inequivalent polynomials.

We will start with the family . We define
K = {o(—w® + (2,2)) +wM(z,2) | 0 # M > 0}

and see that for all h € K, H(h) = {h=1|heK, <0, w<0, w?>(z,2)}is a
complete special real manifold. This follows from setting N(-,-) = (-,-). Furthermore,
F C K. In order to study equivalence classes of elements of K, it turns out that we have
to study the cases (i) dimker M # 1 and (i) dimker M = 1 separately. In both cases
we will make use of properties of the singularity set {dh = 0}. For a given h € K we
will determine all possible A € GL(n + 1), such that ho A € K. In case (i) we will see
that this set of transformations is independent of the chosen h. In case (ii) it will turn
out that this set of transformations will depend on the chosen h. We will then use the
results to show that & C K consists of pairwise inequivalent polynomials and that for

each polynomial h € K there is a unique representative in F of the GL(n + 1)-orbit of h.
For case (i) we will employ the following lemma.

Lemma 10. Let h € K and M the corresponding positive semi-definite bilinear form,
such that dimker M # 1. Then for A € GL(n+ 1), ho A € K if and only if A is of the
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form

N
I

N
NI

, 7>0, E€0O(n—1).

r

Proof. (of Lemma [I0) Observe that for all A € GL(n + 1), dh, = 0 if and only if d(h o
A) g1, =0, ie. {d(ho A) =0} is precisely the image of {dh = 0} under A~'. First we
describe {dh = 0} explicitly. We have

dh = 2x(z,dz) + 2wM (z,dz) + (=2zxw + M(z, 2))dw + (—w? + (2, 2))dz.

To determine the points p = (z,w, z) such that dh, = 0 we distinguish the cases w = 0
and w # 0. If w = 0 then dh, = 0 if and only if z = 0. If w # 0 then dh, = 0 if and only
if w? = (2,2), z € ker M, and = 0. To see this it suffices to substitute 2zw = M(z, )
and w? = (z,2) into 2zxw(z, dz) + 2w?*M(z,dz) = 0 and insert the position vector z on
the left hand side of the latter equation. We have thus determined the set {dh = 0} and
see that the cone {dh = 0} \ {0} has the following components :

{dh=0}\{0} ={2=0, w=0, > 0}U{z=0, w=0, z <0}

U{z e ker M\ {0}, w=+/(z,2), 2 =0}

U{z e ker M\ {0}, w=—+/(z,2), =0}
The latter two sets are either smooth manifolds of dimension dim ker M in the case that
dimker M # 0, or empty if M > 0. By assumption they are not of dimension 1 and,
hence, connected. Since A~! maps connected components of {dh = 0} \ {0} to connected
components of {d(ho A) = 0} \ {0}, we see that if h = ho A is contained in K and, hence,
associated with some M > 0, then M and M have the same rank and A maps the line

{z=0, w=0, x € R} to itself. Note that it is precisely at this point that we have used
the condition dimker M # 1. This means that A has the following form:

AZ((afﬁ) . ), B € Mat(n xn, R), a e R"' 3R, r e R\ {0}.

By writing down (h o A)(z,w,z), one can easily verify that » > 0 and B = r—2C,
C € O(n — 1,1), are necessary for h o A to be contained in K. Here O(n — 1,1) is
the automorphism group of the quadratic form —w? + (z,z) on R™. Using the notation
C (%)= (Z2) we obtain

1

(hoA)(z,w,z) = x(—w? + (z,2)) +r 2(({ria, 2) + r2 fw)(—w> + (z, 2)) + GTM(Z, 7).

C' is of the form

C = <T’%)’ EcMat((n—1)x (n—1), R), n,6 €R" !, peR,
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and fulfils

(e ()

The left hand side of the above equation equals
( ETE-n®{n,-) | ET¢—un )
FE—m" [ -1 )’
which in particular implies that p # 0 and rk £ = n — 1. To see the latter, assume that
there exists a 0 # v € ker E. Since E7¢ — un = 0, it follows that n = p~'ET¢. Hence,

(ETE —nN& <777 >)U = ETEU - M_2ET5<ET57U>
= _:U’_zET£<£7 EU) = 07

which contradicts the assumption that ETE—n®(n,-) = 1. With x := r2a and p = réﬁ,

(ho A)(z,w,z) = 2(—w* + (2, 2))

+r 3 (W (M (€ €) — p) (1)
+w?(2uM (Bz, ) + (1, 2) M(€,€) — (K, 2)) (2)
+w(pM(Ez, Ez) 4+ 2(n, 2) M(Ez,£) 4+ p(z, 2))

+ (n,2)M(Ez, Ez) + (K, 2)(z, 2)). (3)

The requirements for h o A to be contained in K are (1) = (2) = (3) =0 and
pM(Ez, E2) +2(n,2)M(Ez, &) + p(z,2) > 0 Vz € R" . (4)

We will show that this implies kK = 0 and p = 0 and, consequently, « = 0 and g = 0.
Firstly, we will show that p = 0 implies k = 0, and secondly that a transformation with
p # 0 contradicts the requirement C' € O(n — 1,1).

Assume p = 0. Then (1) is equivalent to M(£,€) = 0. Since M > 0, this implies
¢ € ker M. Equation (2) is thus equivalent to (k,z) = 0 for all 2 € R*"!. This shows
k= 0.

Now assume that p # 0. Then by equation (1)
M(,€) = p""p.

Note that this implies 4 ~!p > 0 and in particular & ¢ ker M. Inserting the above equation
in (2) yields

2uM(Ez, &) + (n, 2)p~" p = (K, 2).
Using that, (3) becomes

(n,2)(M(Ez, Bz) + p~'p(2, 2)) + 2uM (Ez,§){z, z) = 0.
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Since C' € O(n — 1,1), we have n = = ET¢ and, hence,

(2, E"€)(M(E2, B2) + (2, 2)) + ( BT M&) 24 (2, 2) = 0.

7

>0 Vz#£0 >0 V240

An immediate consequence is that E7¢ and ET M¢ are linearly dependent. Since ker E7 =

{0} and & ¢ ker M this is equivalent to ET M¢ = sET¢ for some s € R\ {0}, which shows

that M¢ = s&, that is € needs to be an eigenvector of M. This also shows s > 0. Hence,
(2, ETE)(M(Ez, Bz) + (1" p +2u%s)(z, 2)) = 0.

7

>0 V20

This shows that E7¢ = 0 which contradicts ker E = {0}. This proves p = 0, x = 0, and
& € ker M.

Summarizing, we have shown that A needs to be of the form

Az(ﬂ’T), CeOn-1,1), r>0.

For such A, equations (1) and (2) are automatically fulfilled, and equation (3) becomes

(n,2)M(Ez, Ez) = 0. (3)

Since rk F = n—1 we know that M(Ez, Ez) is a non-vanishing quadratic polynomial.
Hence, (3) is true if and only if n = 0. As we have seen before, n = 0 implies £ = 0 since
C € O(n —1,1). Observe that £ = 0 and C € O(n — 1,1) also imply —u? = —1. The
inequality (4) becomes uM(Ez, Ez) > 0, from which we deduce that g = 1. Hence, all
possible transformations such that ho A € K with

h=a(—w? 4+ (z,2)) +wM(z,2), M >0, M #0, dimker M # 1,

can be written as

e
I

ﬁ|
(S

, FeOn-1), r>0, (2.1)

independent of the choice of h € K. O

Next, we will deal with case (ii).

Lemma 11. Let A€ GL(n+1), h € K and M the corresponding positive semi-definite
bilinear form, such that dimker M = 1. Then ho A € K if and only if M has at least 2
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distinct positive eigenvalues and A is of the form (21) or, if M has precisely 1 positive

eigenvalue, A can be written as a product of transformations of the form (21) and

1

T | =1
3 |7 1]
-
71310

Furthermore, 1in the case when M has precisely 1 positive eigenvalue the sets
{hoA|AeGL(n+1), hoAe K} and {ho A | A is of the form )} coincide.

Proof. (of Lemma [[1]) In case (i¢), that is dimker M = 1, {dh = 0} consists of 3 distinct

lines that intersect at 0 € R*

{dh =0} ={2=0, w=0, z € R}
U{z € ker M, w=+/(z,2), x =0}
U{z € ker M, w = —+/(z,2), = = 0}.

Note that each of the latter two sets is not a line, but their union is a union of two distinct
lines. Contrary to case (i) we can no longer assume that a transformation mapping
h = z(—w? + (2,2)) + wM(z,2) € K to h = o(—w? + (2,2)) + wM(z,2) € K preserves
the line {z = 0, w = 0, € R}, since all connected components of {dh = 0} \ {0} are
of dimension one. Note that we can, after a possible orthogonal transformation of the

z-coordinates, assume that

)\1 >\1

which in particular implies ker M = ker M. Thus in addition to the transformations (Z.1]),

considered in case (i), we need to consider transformations of the form

E | ¢ v
A= | ' [ p | £l |, veker M\ {0},
al | p 0

which map {z = 0, w = 0, x € R} to either {z = rv, w=7r|v|, 2 =0]r € R} or
{z=rv, w=—r|v|, x =0 | r € R}, and are required to preserve {dh = 0} = {dh = 0}.

By calculating (h o A)(z,w,z), we obtain the following system of equations, which is
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equivalent to h o A = h:

F2|vl|B(n, 2) + 26(Ez,v) £ 2|lv]| M(Ez, &) F 2|[v[n{e, 2) + 2(¢, v)(a, 2) = 0 (1)
B(—p? +(&,€)) + uM(&,€) =0 (2)

(o, 2) (=1 + (€, €)) + (n, 2) (=28 + M(8,€)) + 28(Ez, &) + 2uM (Ez, &) = 0 (3)
—(a, 2)(n, 2)* + (o, 2Bz, Ez) + (n,2) M (Ez, Ez) = 0 (4)

2ol B+ 26(6,0) £ 0| M(EE = =1 (5)

(o, 2)(F2[|vl[{n, 2) + 2(Ez,0)) + [0 M(Ez, Ez) = (2,2)  (6)

=21, 2)(n, z) + 2(a, 2)(Ez,€) — B{n, 2)*
+B(Ez, E2) +2(n, 2 M (Ez,&) + uM(Ez, E2) = M(z,2) (7)

We will show that such a transformation exists if and only if A\ = ... =\, _o.

Claim 1: dimker £ < 1.

Proof. In general, dimker{(a,-) > n — 2. Assume dimker £ > 1. Then there exists
Y € R*1\ {0}, such that Y € ker(w,-) Nker E. Hence, by equation (6), 0 = (Y,Y),
which is a contradiction to Y # 0. 0J

Claim 2: dimker £ =1 = ker E ¢ ker(a, -).
Proof. Assume dimker F = 1 and ker E C ker{a,-), and let 0 # Y € ker E. Again,
equation (6) implies 0 = (YY) and, hence, contradicts Y # 0. O
Claim 3: dimker £ =1 = ker E' C ker(n, -).

Proof. Let 0 #Y € ker E. Equation (4) reads

o <a7 Y><777 Y>2 =0,
——
£0
which shows that Y € ker(n, -). O

Claim 4: dimker £ = 0.

Proof. Assume that dimker £ # 0. We have shown that the only other possible case
would be dimker F = 1. For 0 # Y € ker E, we have also shown that Y € ker(n,-). Now
equation (6) implies 0 = (Y, Y'), which, again, contradicts Y # 0. Hence, we have shown
that ker £ = {0}, i.e. F € GL(n —1). O
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Claim 5: « # 0.
Proof. Assume a = 0. Equation (6) is now equivalent to
+||v||[ETME = 1.

Since £ € GL(n — 1), this implies that M is invertible, which contradicts the assumption
dim ker M = 1. O

Claim 6: 1 = sa, s # 0.

Proof. If n ¢ Ra '\ {0} then there exists Y € ker(n,-), such that (a,Y’) # 0. Together
with £ € GL(n—1) this implies (o, Y)(EY, EY') # 0, which contradicts equation (4). O

Claim 7: A<§> - (ngn).

Proof. Assume on the contrary that A <§> = ( (I)vll ) Then for all Y € ker(q, -) equation
(6) implies —||v||M(EY,EY) = (Y,Y). But M is positive semi-definite, hence this is a
contradiction. Note that this means that in equations (1)-(7), every “+” needs to be “+”,

and every “F” needs to be “—". O

Claim 8: £ € ker M.

Proof. By construction, A is required to map the set {dh = O} = = 0} onto itself,
0
that is induces a permutation of the three lines R [ 0 |, R |v|| ,and R —||v||
1
already know that the first line is mapped to the second. Therefore either
v 0 v v
allol] er o] ana af—jol] er[ju)]. (a)
0 1 0 0
v 0 v v
Al —=v]|] eR|0 and A v | eR -] ]. (b)
0 1 0 0

In case (a), Ev + ||v]|¢ = 0, and, hence, using the second equation in (a), Fv — [[v||§ =
—2||v[|§ € Rv = ker M. Similarly, in case (b) we have Ev — |[v[|{ = 0, showing that
Ev+ ||v[|€ =2||v||€ € Ro. 0O

In the following we will write £ = kv, k € R.
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Claim 9: 5 # 0.

Proof. This follows from the previous claim and equation (5). O

Claim 10: 5 = —mv, on = 4Bhv||’ S = —45+”UH, o = 452ET’U.

Proof. We have shown that 5 # 0 and £ = kv € ker M. Hence, (2) implies u = £k|v|.
Furthermore the previous results imply that (5) is equivalent to —2||v||Su + 28k(v,v) =
—1. This shows that u = —k||v|| and, hence,
1 1
A 2 N
One can easily check that equation (3) is equivalent to (o, z)(—28us) + 28(FEz,§) = 0,
which shows that

1
(a,z) = (Ez,v)
s|lv]]
Using this, equation (1) is equivalent to
kel
B 4B o]
Hence, (o, 2) = 46*(Ez,v). O

The restrictions derived from the equations (1)—(7) in the above series of claims already
imply the equations (1), (2), (3), and (5). With the above results, one can show that the

remaining equations (4), (6), and (7) are equivalent to

_<U U> <EWZ,’U>2—|—<EWZ7 EZ> - WM(EZ,EZ) :07 (4/)
1652<E2’,U>2 + ||U||M(EZ, EZ) = <z,z>’ (6/)

B B oV 4 BB B2+ — M (Es B2 = F(s ,
<U,U><E’ ) +B<E,E>+45HUHM(E,E) M(z,z), (7")

respectively.

Claim 11: M(z,z2) = m@, z) — <§fj> (Ez,v)2.

Proof. By multiplying both sides of equation (4') with —f3 and adding them to (7') we

obtain .
M(Ez,Ez) = M(z, z).
2|0
By considering equation (6") we see that mM(Ez,Ez) = m@, z)y — %(Ez,vﬂ
which proves the claim. O
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B
Claim 12: F is of the form E = ( T ), B € GL(n — 2).

4B|oll

Proof. By the assumption M(z,z) = S27-2\;22, it follows that either v = ||v]|d.

79

n—17 or

v = —|[v||0,,_,. Note that the sign does not depend on the cases (a) and (b) described in
Claim 8. Using this, one can easily check that Claim 11 restricts E to be of the form

5o < * * )
O g /-

Recall that by Claim 8, Ev = —|[v||¢ = mv in case (a), or Ev = ||v[|{ = —mv in
case (b). This shows that E needs to be of the form

* 0
e (=)
45]v||

where “4” corresponds to case (a) and “—” to case (b). This and the requirement E €
GL(n — 1) show that E is of the claimed form. O

This shows that under our assumptions the equations (1)-(7) can only be satisfied if

M has precisely one positive eigenvalue, i.e.

n—2

— 1

M(z,z) = Z 22,
i=1

26 (v, v)

This also shows that 8 > 0 is a necessary requirement.

Claim 13: F is of the form E = ZBhvll ( ¢ } IT ), CeO(n—2).
2

Proof. Observe that Claim 12 shows ETv = Ev, which implies (Ez, v)? = Z2=L. Hence,

equation (6) is equivalent to

n—2
|v||M(Ez, Ez) = 22, (6”)

i=1

and equation (4') is equivalent to

|v||M(Ez, Ez) = 46%*(v, v) <B (2) ., B (2 )> . (47)

On the right-hand side of (4”), {(-,-) denotes the standard scalar product on R"~2. Note
that, since E' is invertible, (4”) shows that

n—2
M(z,2) = 48°|v| Y 27,
=1

so M also has exactly one positive eigenvalue. By comparing (4”) and (6”) we see that

B = —thHC for some C' € O(n—2). This proves that £ = 25th| (C i%), CeOn-2). O
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of the form
C—l

C

n—2
Since M (z, z) is a positive scalar multiple of > 22, & is invariant under transformations
i=1

1

, Ce0(n—2).

Replacing A by the matrix aA, we can assume without restriction of generality that

_ _1 1
E = ol ("3
choice of the sign of v = £|v||0.,_,,

). Summarizing, we have shown that in case (a), depending on the

1
Bl | 1
A= Bl | g | IV |
2t | wr | Y
18[l | B[]
+f &} 0
and in case (b)
1
Bl | 1
A= oy | B | VI |
ik E
180l | B[]
F6 &} 0

which again depends on the sign of v = %||v||0,,_,.

Since both A and h are invariant under the transformation

1

-1

1

we see that, up to automorphisms of h and h, in each of the 4 possible cases we only need

to consider

1
26|v]] : -
A = 46_”;1” 4B¥v ||U||
18] | 4BV vl
g 6 0
n—2 o 5 n—9
We set A := 432||v||, so that M(z,2) =\ > 22, M(z,2) =35 3 22, and
=1 i=1
27
* g =£ A
= A A 4
A= =B B8 &
A A 4p2
BB |0




We define

rl 1
R —
~ = =1
R, := : o A= 2
L 11
= 212 |0
One can now verify that A = R 1 AR 25 . Note that A? =1 and that A is an automor-

-
n—2
phism of the polynomial h; := z(—w? + (2,2)) + w > 22.

%
i=1

Claim 13 shows that the additional transformations obtained in the special case that
h is equivalent to hy when compared to the other considered cases are all conjugated to
a composition of the additional automorphism A of h, and transformations of the form
(210). This shows that

{hoA|AeGL(n+1), hoAe K} ={hoA| Ais of the form ([2Z1))}.

Hence, for choosing a representative of an h in & when h has the property that the
corresponding M has exactly one positive eigenvalue and dimker M = 1, it suffices to
consider transformations of the form (2.1I). This finishes the proof of Lemma [l O

With the help of Lemma [[0] and Lemma [[T] we will now choose a unique representative
in F for the GL(n+1)-orbit of an element h € K. For a given positive semi-definite bilinear
form M there is a unique bilinear form

A
M= , M > >N 20,
An—1

such that there exists £ € O(n — 1) with the property that ETME = M. The \;
are the eigenvalues of M. M # 0 implies that M has at least one positive eigenvalue
A1 > 0. Applying the corresponding transformation (21 with r = i%, we see that
h = z(—w? + (2,2)) + wM(z, z) is equivalent to

n—1

hed, h=a(—w?+(z,2)+w D bz, by=1 b >...>b,y >0,

i=1
and the b;’s thus uniquely determined by M. Summarizing up to this point, we have
shown that the (n — 2)-parameter family JF consists of pairwise inequivalent hyperbolic
homogeneous polynomials, all of which define a complete projective special real manifold

of dimension n.

We will now consider the family § and proceed similarly as for the family F. Consider

the set of homogeneous cubic polynomials

L:={z(—w*+ N(2,2)) +w(z,2) | 0 # N > 0}.
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It is clear that § C L and that any element in L is contained in the GL(n + 1)-orbit of
some element in §. For a given h = x(—w? + N(z, 2)) + w(z, z) we want to determine all
possible A € GL(n + 1), such that (ho A)(z,w,z) € L. We will see that the answer is

independent of the chosen h.
For dimker N = 0, h is equivalent to some h = z(—w? + (2, 2)) + wM(z, z) € K with
the property M > 0. In this case we know that there is a unique representative of h under

the GL(n + 1)-action in F of the form

n—1

ﬁ:x(—w2+<z,z>)+waiziz, blzl, blz...an_1>O,

i=1

which can easily be checked to be equivalent to

n—1
h=uz (—w2+z bn_lziz) +w(z,z), 1= bna > > bna > 0.

i=1 b

Hence, h € G. The uniqueness property can be shown the following way. Assume
that h = :E(—w2+2?:_110iz2-2) +w(z,z) € G0 =1, ¢4 > ... > ¢,-1 > 0, and
h=ux (—w2 + Z?;ll Eiziz) +w(z,z) € G,¢ =1, ¢ > ... >¢,_1 > 0, are equivalent. h

and h are equivalent to

B =x(—w® + (z,2)) + w " lledF
C'ﬂ—l
=1
and .
= Cn—1
h = 2(—w? e T
r(—w +<Z’Z>>+w;5n—izl ,

respectively. We have shown that A’ and I are equivalent if and only if i’;—j = ?:L—j for

all 1 <7 <n-—1. Since ¢; = ¢ = 1, this shows that ¢,_; = ¢,_1. Hence, ¢; = ¢; must
hold forall 1 <¢:<mn —1.

Thus, we can reduce this question and assume that the h € L we are starting with
has the property that N > 0, N # 0, and dimker N # 0.

Lemma 12. Let h € L\ {z(—w? + N(2,2)) +w(z,z) | N > 0}. Then ho A € L,
A € GL(n+ 1), if and only if

e
I

ﬁ|
[SIEE

, FeOn-1), r>0.

r

In particular the possible choices for A do not depend on h.
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Proof. Let h = z(—w? + N(z, 2)) + w(z, z). We obtain
dh = 2xN(z,dz) + 2w(z,dz) + (—2wz + (2, 2))dw + (—w* + N(z, 2))dx.

We will determine the set {dh = 0}. Observe that for w = 0 it follows that (z,2) = 0
and, hence, z = 0. Then all entries of dh are 0 for all x € R. For w # 0, substitute the
equations 2wz = (z,z) and w? = N(z,z2) into 2wxrN(z,) + 2w*(z,-) = 0, which is the
first equation in dh = 0 multiplied by w. We obtain (z,2)N(z,-) + 2(z,-)N(z,2) = 0,
which in particular implies 3(z, 2) N(z,2) = 0. This shows that z € ker N. But then
w? = N(z,z) = 0, which is a contradiction to the assumption w # 0. Summarizing, we
have shown that for all N >0

{dh=0} ={2=0, w=0, x € R}.
Hence, A needs to be of the form

A:<(a§5) . ), B € Mat(n xn, R), a e R"', B3R, r e R\ {0}.

Let h = z(—w?+ N(z,2)) + w(z, z) and assume that h (A <tzg)) =h ((%)) Denote by
(%) =A (12) We obtain

z

h(A(g))::«mz>+ﬁw+wwﬂ—@2+AKZZD+ﬁK23.

Since w(Z,z) does not depend on the variable z, this shows that —w? + N(Z,2) =
r~Y(—w? 4+ N(z, 2)). Hence, B = r~2C' with

o (l’_—l) = (i’j) , C e GL(n).
E | € . .
For C' = <T’7> the above equation is equivalent to

(ETNE—U®<77,->\ETN€—M):<W\ )
E'NE —un™ | N(§,6) — -1 )
Note that this shows p # 0. This is equivalent to

p? =1+ N(,9), ()
ETN§ = M, (ID
E'NE -n® (n,-)=N. (I11)

In particular p # 0. Up to this point, we have shown that

r2E | g
A= r_%nT r_%lu
« 15} r
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We calculate
h (A (12)) = 2(—w* + N(z,2))
+wt (=B il 6)
(=7 e, 2) + 7R (6,6 + 2 (B, 6))

+ w (ﬁr‘lﬁ(z, 24 2p(Ez Ez) + 2r~2(n, z)(Ez,§>>
+ 7 Ha, 2)N(z, 2) + 7“_%@7, z2)(Ez, Ez).

By assumption, the entries of A need to fulfil the equations
—Br "+, ) (1)
—r e, 2) 172, 2)(6,6) + 2 (B, ) (2)
BrN(z, 2) + 172 (B2, B2) + 2072 (i, 2)(Ez,€) = (2,2), (3)
r N, 2)N(z,2) + 172 (n,2) (B2, E2) (4)
Claim 1: £ € GL(n —1).
Proof. Substituting (III) into (3) yields
Bro{(N(Bz Bz) = (1.2)) +r 3 (B2 B2) + 273 (0, 2)(B2.8) = (z.2). (3)
We multiply both sides of (3') by x? and substitute (IT) to obtain

Br (2N (Ez, Ez) — N(Ez,€)?) + 772" (B2, B2) + 20 2 uN(Ez,§)(Ez,€) = p(2, 2).
(3")

Assume y € ker E. Then (3”) implies 0 = p*(y,y). Since u # 0 this implies y = 0. This
proves our claim. O
Claim 2: a = 0.
Proof. Assume a # 0. Substituting (III) into (4), we obtain

rHa, 2)(N(Bz, Bz) — (0, 2)2) + 72 (n, 2)(Ez, E2) = 0. (4)
Multiply both sides of (4") by ru? and substitute (IT) to obtain

(,2)(U*N(Ez, E2) — N(Ez, £)?) + r_%,uN(Ez, §)(Ez, Ez) = 0. (4")
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Claim 2.1: a #0 = ETN¢ = sa.

Proof. Equation (4”) and £ € GL(n — 1) show that y € ker(a, -) implies N(Ey, &) = 0.
Hence, N(E-, &) = s{a, ). O
Claim 2.2: a #0 = s#0, £ ¢ ker N.

Proof. Assume that s = 0. Then (4”) becomes («, 2) N(Ez, Ez) = 0 for all z € R"™'. But
E € GL(n—1), N #0, and a # 0, so this is a contradiction. Since ETN¢ = sa # 0, it
immediately follows that & ¢ ker N. O

Claim 2.3: ET¢ =ta, t # 0.
Proof. Equation (2) implies that «, 7, and ET¢ are linearly dependent. Since n =
P tETNE = p~tsa, it follows that ET¢ = ta. Then t # 0 follows from ET € GL(n — 1)
and & # 0. O
Claim 2.4: sgn(u) = sgn(—s) and dimker N = 1.
Proof. Observe that Claim 2.1-2.3 and « # 0 show that (4”) is equivalent to

(2N(Ez, Ez) — %o, 2)> + r 2 ps(Ez, Ez) = 0.
Thus, for all y € ker(a, -) we have

(2N (Ey, Ey) + r~2pus(Ey, By) = 0.

N > 0 and F € GL(n — 1) imply that pus < 0, which shows sgn(p) = sgn(—s). Since
(E-, E-)|ker(a,y > 0 it follows that N(E-, E-)|ker(a,) > 0. Hence, N is of rank n —2 or n—1,
the latter being excluded by the assumption that N > 0 but not N > 0. O

Claim 2.5: sgn(s) = sgn(?).

Proof. We have o = s'ETN¢ and o = t ' ET¢. The invertibility of £ shows N¢ = st~1€.
Since £ ¢ ker N and N > 0, it follows that sgn(st™!) = 1. O

To conclude the proof of Claim 2, multiply both sides of equation (2) by ru and
substitute (II) to obtain

—pula, ) + 772 (€ E)N (B2, €) + 2r 2 p* (B2, £) = 0. (2))
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Claim 2.1-2.3 and a # 0 show that (2') is equivalent to
—,u—i—r_%(g,g)s—i—%_%,uztzo. (2")

We have shown that all terms are non-vanishing and, by Claim 2.4-2.5, have the same

sign. Hence, (2”) cannot be true. This completes the proof of Claim 2, that is a = 0. O

Claim 3: £ =n=0.

Proof. Since av = 0, using (I) and (II) shows that equation (4) is equivalent to N(E-, &) =
0. But £ € GL(n — 1), thus it follows that £ € ker N and n = 0. Equation (2) and
E € GL(n — 1) now show that £ = 0. O

Claim 4: =0, u=1,and E=riF, F € O(n— 1).

Proof. Equation (1), £ = 0, and r > 0 imply 8 = 0. Using £ = 0 we see that equation

(3") is equivalent to

r 2 u(Ez, Bz) = (2, 2). (3")

Equations (I) and (3") are satisfied if and only if 4 = 1 and 7~ 1E € O(n — 1), that is
E =riF with F € O(n — 1). O
This finishes the proof of Lemma [I2] O

Now one can show in the exact same way as for the family F that each element of
L has a unique representative in §. Hence, the (n — 2)-parameter family G consists of
pairwise inequivalent hyperbolic homogeneous cubic polynomials, each defining a complete
projective special real manifold of dimension n. This concludes the proof of Theorem
9l U

A consequence of the Lemmata [I0, M1 and [[2is the following corollary.
Corollary 13.  The automorphism groups of elements h € G and h € F, h # hy =
n—2
r(—w? + (z,2)) +w > 22, are of the form
i=1
k

Aut(h) = O(my) X ... x O(my), 1 <k <n-—1, ka:n—l.

J=1

The automorphism group of hy is generated by O(n — 2) and A defined as

1
T | —1
~ =T
A= 213 ,
Sl
71310



i.6.

Aut(h1) = O(n — 2) x Zs.

Recall that the projective special real manifolds associated to the polynomials a) and

b) in Theorem [2] are homogeneous. Theorem [@ now implies the following.

Corollary 14. Forn > 3 there exists a smooth curve vy : [0,1] — S (R™™1)*, such that
v(0) = z(—w? + (2,2)), that is the polynomial a) in Theorem[d, and v(1) = x(—w?) +
w(z, z), which is equivalent to the polynomial b) in Theorem [3, with the property that
for each t € (0,1), the level set {~v(t) = 1} contains a complete projective special real

manifold.

Note that the above corollary is also true for n = 1 and n = 2. For n = 1, the
polynomials a) and b) in Theorem 2l are equivalent, cf. [CHM| Cor. 4]. For n = 2, one
choice for v is

Y(t) = 2(—w® + (1 — t)2%) + twz>.

If we compare these polynomials with Thm. 1], we see that v(0) is equivalent to
a), that is zyz, v(1) is equivalent to b), that is z(zy — 2?), and ~(t) for all t € (0,1) is
equivalent to e), that is z(y? — 22) + 3.

3 Curvature formulas for the g-map

In this section, we introduce the supergravity r- and c-map and derive curvature formulas
for their composition, the g-map. Note that compared to the last section, the dimension
n is shifted by one: In this section, the projective special real manifold H is defined by a
cubic polynomial h in n variables and has dimension dim H = n — 1. The corresponding
projective special Kéahler manifold A in the image of the supergravity r-map has real
dimension 2n and the quaternionic Kihler manifold N in the image of the g-map has real

dimension 4m = 4(n + 1).

3.1 Conical affine and projective special Kahler geometry

First, we recall the definitions of conical affine and projective special Kahler manifolds

[ACD), [CM]:

Definition 15. A conical affine special Kahler manifold (M, gy, J, V., &) is a pseudo-
Kdahler manifold (M, gyr, J) endowed with a flat torsionfree connection V and a vector
field & such that
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i) Vwy =0, where wy == gy (J-,+) is the Kdhler form,
i) (VxJ)Y = (Vy )X for all XY € T(TM),
i11) VE = D& = 1d, where D is the Levi-Clivita connection,
w) gar is positive definite on D = span{&, JE} and negative definite on D+,

Let (M, J, gnr, V, &) be a conical affine special Kéhler manifold of complex dimension
n + 1. Then £ and J¢ are commuting holomorphic vector fields that are homothetic and
Killing respectively [CM]. We assume that the holomorphic Killing vector field J¢ induces
a free S'-action and that the holomorphic homothety ¢ induces a free R>%-action on M.
Then (M, gy) is a metric cone over (S,gs), where S := {p € M|gn(&(p),&(p)) = 1},
gs = guls; and —gg induces a Riemannian metric g;; on M := S/S%e. (M, —g) is
obtained from (M, J, g) via a Kdhler reduction with respect to J¢ and, hence, g;; is a
Kéhler metric (see e.g. [CHM]). The corresponding Kéhler form w;; is obtained from wy,

by symplectic reduction. This determines the complex structure J;;.

Definition 16.  The Kdihler manifold (M, gy, Jy;) is called a projective special Kahler

manifold.

Locally, there exist so-called conical special holomorphic coordinates z = (z!) =
(2°,...,2") : U S U c C"" such that the geometric data on the domain U C M is en-
coded in a holomorphic function F : U — C that is homogeneous of degree 2 [CM].
Namely, we have [CM]

0*F(z)
_ I2J 2\ . o _

gulu = ;Nudz dz’, Npj(z,z):=2Im Fy (z) := 2Imm (I,J=0,....n)
and €|y =) 216%] —I—ZI%. The Kahler potential for gy |y is given by 72|y = gy (&, €)|v =
ZZIN[JEJ.

The C*-invariant functions X* := Z—ﬁ, w=1,...,n, define a local holomorphic coordi-

nate system on M. The Kihler potential for g5 is X := — log > T.J=0 XTN; (X)X, where
X = (X% ..., X") with X° := 1. Note that for every function fr;(z) on U, we define
a function fz(X) on the corresponding subset U C M by fz(X) = fy(1, X1, . X").
In most cases, we will suppress the subscripts ; and 7 and use the same notation for

corresponding functions on U and U.

3.2 The supergravity c-map

Let (M, gy;) be a projective special Kihler manifold of complex dimension n which is glob-

ally defined by a single holomorphic function F'. The supergravity c-map [FS] associates
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with (M, g57) a quaternionic Kihler manifold (NN, g5) of dimension 4n + 4. Following the
conventions of , we have N = M x R>? x R?"*3 and

gN = gM+gG7
ga = dp + 13 d¢+2<d<} ¢rd¢h)) +—ZJU )d¢'d¢?

+ ZJ” )(dlr + Ry (m)d¢™) (dly + Ry (m)d¢h),

where (p, ¢, (. ¢T), I = 0,1,...,n, are standard coordinates on R>® x R?"+3 The real-
valued matrices J(m) := (J;;(m)) and R(m) := (R;;(m)) depend only on m € M and
J(m) is invertible with the inverse J=1(m) =: (3*/(m)). More precisely,

Z N]KZ Z NJLZ
K ZIJ NIJszJ s NIJ = 2III1F]J, (31)

where F' is the holomorphic prepotential with respect to some system of special holomor-

Niji=Rry+idr = Fry+i

phic coordinates z/ on the underlying conical special Kahler manifold M — M. Notice
that the expressions are homogeneous of degree zero and, hence, well defined functions
on M. Tt is shown in [CHM] Cor. 5] that the matrix J(m) is positive definite and hence
invertible and that the metric g5 does not depend on the choice of special coordinates
Thm. 9]. It is also shown that (N,gy) is complete if and only if (M, gy;) is

complete Thm. 5].

. J-! J1R
USlng (pa)azl ..... n42 (<I>CJ)IJ 0,...,n and (Hab) = <fRJ_1 J—i—fRJ_liR)’ we call

combine the last two terms of g into = 3 > dpaH ®dpy, i.e. the quaternionic Kahler metric

is given by

1
grs =gy = gt + dp+ d¢+2§d§1—§dc dea Hdp,. (3.2)

4 2
3.3 The supergravity r-map

Let (H:={z e U | h(z) =1}, g5 = —82h‘9{) be a projective special real manifold defined
by a real homogeneous cubic polynomial A and an R>"-invariant domain U C R™\{0}.
Let M := R" + iU C C" be endowed with the standard complex structure Jy; induced

from C" and with holomorpic coordinates (X* = y* +iz"),—1  , € R" +iU. We define

.....

a Kahler metric

9*K _
——dX"dX" 3.3
~ OXHIXH (3.3)
on M with Kéhler potential
K(X, X) := —log8h(z), (3.4)
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where z = (Im X!, ... Im X") € U.

Definition 17. The correspondence (H, gsc) — (M, g5, Jiz) is called the supergravity

r-map.

Remark 1. Note that any manifold (M, g;;, J;) in the image of the supergravity r-map
is a projective special Kéhler manifold (see Section B.1). The corresponding conical affine

special Kahler manifold is the trivial C*-bundle
M={=2"-(1,X)eC""|eC", XeM=R"+iU} - M

endowed with the standard complex structure J and the metric g5, defined by the holo-

morphic function
F:M—=C, FZ° ... 2" =

Note that in general, the flat connectionH V on M is not the standard one induced from
Ct ~ R*"*2. The homothetic vector field ¢ is given by £ = Y°7_ ("5 + z'5%). To
check that g;; is the corresponding projective special Kahler metric, one uses the fact
that

8|2°12h(x) Z 2 Npj(z, 2)2 (3.5)
1,J=0

where as above, z = (Im X, ..., Im X") = (Im &, ..., Im 2y) € U (see [CHM]).

3.4 Curvature formulas for the supergravity r-map

Under the assumptions of Section B3] let (e “)a u=1,..,n be a real n x n matrix-valued

function on some open subset in M such that Y 7 | etet = 3" efted = K5, where

9% log hﬁx) _ () | hu(@)h(2)
OXHOXV 4h(x) 4h2(z)

Ky = — (3.6)

Here, subscripts of the cubic polynomial h denote derivatives with respect to the standard
Oh(z)
oxH °

coordinates on U, e.g. h,(z) = The holomorphic one-forms

= endX” (3.7)
=1

constitute a unitary coframe (0%)4=1, . n, i.e. the metric can locally be written as

n n
1
- a—a __ a —a —a a
gM—E 00—25(0 ®ao'+ " ®a”). (3.8)
a=1 a=1
2V is defined by x! = Re 2! and y; = Re F;(z) being flat for I = 0, n (see [ACD]).
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Let (o, == 22:1 65%),1:17,,,7” denote the corresponding local frame in 7%°M dual
t0 (0%)a=1,..n, 1.6. (eff) = (ef)"". Then o = 2gy(d,, -) and 0%(0p) = 3%(a,) = 0%,
o%(ap) = a%(0p) = 0.
Note that the inverse of the matrix-valued function (X,5),.,=1,..» (see Eq. (84)) is given
by

K" = —4h(z)h"?(z) + 22" 2", (3.9)

where ("), =1, .n = (huu);,}/:l n:

Note that in this section, V denotes the Levi-Civita connection of the projective special

Kéhler metric g;;. The expressions for the Christoffel symbols

I, = dX"(Vo.,0xe) = > KF0xe K,

r=1
i N 1
=5 (hz W hyo — o0l — 08 + §xphw> (3.10)
k=1
and the coefficients

i
Ry := dX7 (R(Dxn, Dx)0xe) = —0xuT%, = —5 00T,

1
4h?

1
21’

#(hhyugy — hyoh) + b8 + hohy, "

_h (hwéﬁ + Dy 68 — %h,wéf) — 12 S W hyash® hww]

a,B,y=1
= =00 ys — 00 Kor + € Y Kho s KTy (3.11)
a,B,y=1

of the Riemann curvature tensor
R(X,Y)Z = VvaZ—VYsz—V[)Qy]Z (X,Y,Z GX(M))
have been calculated for instance in [CDIL], Theorem 3].

We denote the coefficients of the local Levi-Civita connection one-form associated to the

.....

.....

a=1,...,n. These are fulfilled by the following general formula that holds for all Kahler

manifolds?: .

Wl =Y (etdel — &,0ek). (3.12)

p=1

3Note that for arbitrary Kéhler manifolds, the functions e, can in general not be chosen to be real.
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In terms of the local connection one-form, the curvature tensor of a Kéahler manifold is
given by

R(X, Y)o, = (dw'.+ > wh Aw) (X, Y)oa =Y R.X, Y)ou. (3.13)

d=1 o'=1 d=1

n

Using Eq. BI0) and X = >""_, eFe”, one gets the following proposition (see [Dl Prop.
7.2.1]):

Proposition 18. In terms of the unitary local coframe (0%)4=1, . n, the Riemann curva-

ture tensor of a projective special Kdahler manifold in the image of the supergravity r-map

reads
n n
Ra — 5 c —c a —b 2K il, il e —d 3.14
, = —O0p oc°NG¢— 0" NG’ +e adePeeno® N %, (3.14)
c=1 c,e,d=1
7 n
where hope := 3, , -1 €heyel e for a,b,e=1,... n.

3.5 Levi-Civita connection for quaternionic Kahler manifolds in
the image of the g-map

In this and the following section, we will introduce the quaternionic vielbein formalism,
which was used in [FS] to determine the Levi-Civita connection and the Riemann cur-
vature tensor of manifolds in the image of the supergravity c-map. The formulas in this
formalism arise from well-known formulas in the differential geometry literature expressed
in terms of local frames in the complex vector bundles £ and H whose tensor product
is identified with the complexified tangent bundle of a quaternionic Kahler manifold in
Salamon’s E-H formalism [J] (see e.g. [Dl Ch. 7] for detailed explanations of the rela-
tion between the formulas used in the physics, respectively mathematics literature). The
g-map is the composition of the supergravity r- and c-map. It assigns a quaternionic
Kéhler manifold of dimension 4m = 4(n + 1) to any projective special real manifold of
dimension n — 1. We apply the quaternionic vielbein formalism to quaternionic Kéahler
manifolds in the image of the g-map and derive formulas for the Levi-Civita connection
and the Riemann curvature tensor of these manifolds, expressed in terms of the cubic
polynomial h, which defines the initial projective special real manifold. Up to changing
conventions and fixing inaccuracies, these results can also be obtained by restricting the
formulas in [FS] for the c-map to the case of the q-map. The Riemann curvature tensor of
a quaternionic Kéahler manifold is determined by its trace-free part, the quaternionic Weyl
tensor. The latter can be expressed in terms of a certain symmetric quartic tensor field
Q € T'(S*E*) in the complex vector bundle E. In addition to the above-mentioned results,

we derive a formula expressing this quartic tensor field in terms of the cubic polynomial
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h for manifolds in the image of the g-map. This result is used in Subsection [3.7] to give a
general formula for the squared pointwise norm of the Riemann curvature tensor of any

quaternionic Kahler manifold in the image of the g-map.

We will restrict ourselves to manifolds in the image of the g-map, which is the com-
position of the supergravity r- and c-map, i.e. we consider the Ferrara-Sabharwal met-
ric (B2) defined on N = M x R>? x R?"*3 for a projective special Kéhler manifold
(M = R" + iU, gy, Ji7) in the image of the supergravity r-map, which is defined by a

real homogeneous cubic polynomial h. On N, we define the following complex-valued

one-forms:
B0 = ekl ZXIAI, B =Y PrdX"'=0"  (3.15)
I1=0
ol = dp — i(d¢ + Z ¢claé; — &dch)) at = ——e %2 N PINT A,
p \/ﬁ I1,J=0

for a = 1,...,n, where (P})—..n = (P, PS)M:L...,H = (=2 Xy, QZ)uzl,---vn and
Ap = d + 3" Fry(X)d¢? for I =0,...,n. In terms of these one-forms, the Ferrara-
Sabharwal metric reads (see e.g. [D, Lemma 7.3.1])

grs = Z(ﬁ"‘ﬁf“ +atat). (3.16)
A=0

The equations Jia? = ia?, J; 4 = iB4, Jja? = pAfor A=0,...,nand J,Jo = J3 define
an almost hyper-complex structure (.J;, Jo, J3) on N. Ji, J, and .J3 span a quaternionic
structure Q on N that is compatible with the quaternionic Kahler metric gpg. Note that

Jp defines an 1ntegrableH complex structure on N.

Direct calculation gives the following expressions for the exterior derivatives of the

above one-forms (see [D|, Prop. 7.3.3]):

Proposition 19.

dﬁo_%(a +a’ —idK) A+ b AP,
= —Zw"b/\ﬁb,
b=1

n
daoz—ao/\@o—l—ﬁo/\BO—Zab/\@b
b=1

4This can either be shown by direct calculation (see [CLST]) or deduced from the fact that all quater-
nionic Kéhler manifolds obtained from the HK/QK correspondence admit a globally defined compatible
integrable complex structure (see [Dl Rem. 5.5.5]).
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a 1 0 =0 . JC a 0 Ra n—a b Pus —~ AP ¢
do” = 3 (' +a° —idK) Aot + 50N —;wb/\a — i) haned® A B9,

b,c=1

n 18 the (pullback to

N of the) local connection one-form of the Levi-Civita connection on M with respect to

e , B "
where hgpe = ZWW:I eterelhe forabye=1,....n and (w%)ap=1

.....

the local unitary coframe (0%)a=1

.....

Note that the above proposition uses the following explicit formula for the local Levi-

Civita connection one-form of a projective special Kahler manifold:
w?, = e *((0P})N"' Py — PEN' (OPY)) (3.17)
= 670K + e Xd(PIN')Pb 4 ie X PENTE d e (X) N P, . (3.18)
The components 6, of the local Sp(1)-connection one-form of a quaternionic Kihler

manifold (with Levi-Civita connection V) with respect to a local oriented orthonormal

frame (Jq, Jo, J3) in the quaternionic structure are defined by
V.Jo=2(05(-)J, — 0,(-).J3) (3.19)

for any cyclic permutation («,f,v) of (1,2,3). The local fundamental two-forms

Wa = g(Ja-, ) are then given by

%wa = df, — 205 N0, (3.20)
where v = 4ms(§ﬂfi2) (dimgN = 4m = 4(n + 1)) is the reduced scalar curvature. For
manifolds in the image of the supergravity c-map, we have (see [D, Rem. 5.5.3 and 5.5.4])
v =—2and

0, = —i(qu + pdK — i@- ¢t — ¢td¢p)) = B N
1 4p rr 1 1 9 4 )
_ _ 1 "
Oy + 03 = i—e*? Y " XA = . (3.21)
0

1=0

We combine the one-forms defined in Eq. ([B13]) into the following quaternionic vielbein,

which is a (4n +4) x (4n + 4) matrix of complex-valued one-forms:

1A fl1A A LA
(f*)amt2r=1,..2n12 = fQA fQA = (_ﬁ_A —A) . (3.22)
f f « B A=0,...,n
A=0,...,n 3o
Let B4, ay be complex-valued vector fields on N such that 34 = 2¢(B4,-) and
a? = 2g(ay,-) for A = 0,...,n. These vector-fields are combined into the following
local frame in TN, which is dual to (f,r):
fia flA) ( Ba OéA)
al'Ja=1,2;T=1,....2n - = _ o) . 3.23
(FarJactret...onto ( S P G 3 (3.23)

.........
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With respect to the local frame (f,r), the components of the Levi-Civita connection

one-form are given by
F(Vx fon) = po(X)0' 5 + 6074 (X) (3.24)

fora,f=1,2and ', A =1,...,2n + 2, where
1.1 ) Y
_(ay_ (P1 P2\ _ __1‘91_ —‘92_—1‘93
p= (p B) - (p21 p22) - (92 _ i93 ,iel ) (325)

t

O = (@FA)le ..... n+2 = (_qf q) , (3.26)

where ¢, t are complex 1-form-valued (n + 1) x (n 4 1) matrices that are anti-Hermitian,

and

respectively symmetric (¢" := ¢* = —¢q, t' = t) and fulfill

0=dp*+py ABY—p'ynat + ) (¢ A%+t AaP), (3.27)
B=0

0=do™ +p'y Aot +p'y ABY D (=t A BT + g A aP) (3.28)
B=0

for A=0,...,n. The following is a straightforward corollary of Proposition

Corollary 20. The Sp(n)-part of the Levi-Civita connection of a quaternionic Kdhler

A A
manifold in the image of the g-map is given by (O'A)r=1, ont2 = ( q*ﬁ t—AB) ’
s T3/ ap—o..n
where
17K+ 3 (@ — o) o’
¢=(0"5)a5=0..n =
4 wh + p(—1dK + (@° = a®))ey ) o

3.6 Riemann curvature tensor for quaternionic Kahler mani-
folds in the image of the g-map

We consider a manifold in the image of the g-map and use the notation introduced in
the last section. In terms of the local frame ([B.23)), the Riemann curvature tensor of a

quaternionic Kahler manifold reads
faF(R(Xv Y)fﬁA) = RHQB(Xv Y)érA + 6aﬁRErA(X7 Y)v (329>
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where

Ry=dp+pAp

_( —idOy+2i0, N0 —(dOy +idf3) + 2i0; A (0 + i63)
— \(dby —idf3) + 2i0; A (65 — i63) 1df; — 2105 N O3
(II:ZID Z —1wq —Wy — W3 (3 30)
2 \wy — ’iW3 z'wl '
and
Rp=dO +0O A0, (3.31)

We write the Sp(n)-part of the curvature tensor as

Rp = < " f) , (3.32)

—S T

where r, s are complex two-form valued (n + 1) X (n + 1) matrices that fulfill 7T = —r,
s' = s. In terms of this splitting, Eqs. (:206]) and (B31) read

r'p = dq's + Z(QAC’ N g% — e N %) (3.33)
C=0

s'p = dt’ + Z(QAC A%+ e N i), (3.34)
C=0

for A, B=0,...,n.

Since the quaternionic Weyl tensor of a quaternionic Kahler manifold can be expressed
in terms of a quartic symmetric tensor field, the Sp(n)-part ([B.31]) of the curvature tensor

can be expressed as follows (see e.g. [D, Cor. 7.1.6]):

2 2n+2 2 2n+2
~ 1% /
Bty = 37 3 KenCaaf A fB+ Y Y O OparacasfT AL, (335)
a, f=1 A=1 a, =1 N T',A=1
where (Cra)razi..oni2 = —(CT2)raz1. 2ns2 and (€as)as=12 are constant real-valued
matrices defined by C,5 = —Cjip = dap, Cap = Ci5 = 0 (A, B = 0,...,n) and
€10 = —€91 = 1, €11 = €90 = 0, and Qu=ra are complex-valued functions on N, that are

totally symmetric in all four indices.

Using the expressions for the local Levi-Civita connection one-form given in Corollary
20, one obtains the following result (see [D|, Prop. 7.3.5]):

Proposition 21. The Sp(n)-part of the curvature two-form for any quaternionic Kdhler
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A A
~ r S
manifold in the image of the g-map is given by (Rg'\) = ( j EB) witfH
B/ A,B=0,...n

r=(rg)

(a®Ana’—pB"Ap°

+Y a%na - po Ao
C=0

[\3|HUJ:(>

o A @+ B A B0+ ieX hyead© A B4

R _
B —5a C A ~C _ npC A c
OKO/\@T_'_ﬁO/\Ba 2 bcgo(a a ﬁ 5)
+ie* hega® A B2 —(B*ABY+a% A ah)
- 62J<hadchceb(@d A 556 + Bd A Be>

ab=1,...,n
and
A
s=(s B)
~\0 i€ hae(BO A B+ A% A ac) + e haprhpaea® A B¢ = 2Sapeac NBY)
where

1 o o o o o o
Sabed = —§€2g< ((hbcfhfad — 4hpehaa) + (Pacshroa — Ahachia) + (hapfhpea — 4hapheq)

+ 4f~laf~lbcd + 4f~lbf~lcda + 4f~lciLdab + 4f~ldiLabc) . (3.36)
Remark 2. Note that the vanishing of the symmetric quartic tensor ﬁeldH

b d
Subed 0 R0 Qo R o

11 77! v o
= — 7 (3K Bogyor = 120k + 160l ) dX* @ dX” @ dXT @ dX?
1 1 ’TT/ 14 ag
= (= 12Rr(u ™ iogyer = Ghuhiy) + 16l ) dX* @ dX” @ AXT @ dX?

=t Spep AX* @ dX” @ dX° @ dX? (3.37)

on the projective special Kihler manifold (M, g7, Jy;) is a necessary and sufficient con-
dition for (M, gy;) to be symmetric [CV].

Careful comparison of the expressions given in the above proposition with Eq. (3:35)
leads to the following expression for the quartic symmetric tensor field determining the

Riemann curvature tensor of a quaternionic Kéahler manifold:

5All repeated lower case indices are summed over 1,...,n.

6All repeated indices are summed over 1,...,n. Note that the symmetrization denoted by (...) over
four indices includes a factor of %.
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Theorem 22. [D], Th. 7.3.7]
For manifolds in the image of the q¢-map, the non-vanishing components of the quartic
symmetric tensor field defined in Eq. B38) are given by

n

1 1 1 1 - .
Qoo6 = 50 Qopod = 7% Laped = 5 (GacOba + Gaadbe) = 5% > happhea,
2 4 4 2 =
U g
Qpea = Qoped = —5¢ Pyea;  Qabed = Qa5eg = Sabed
and symmetrization thereof, where a,b,c,d =1,...,n.

3.7 Pointwise norm of the Riemann curvature tensor for quater-
nionic Kahler manifolds in the image of the g-map

In this section, we give a general formula for a certain curvature invariant Sy for all
quaternionic Kihler manifolds N = M x R>? x R?"*3 in the image of the g-map. Sy
is a real-valued scalar function, that (up to a factor of 64) coincides with the squared
pointwise norm of the quaternionic Weyl tensor. We express 8y as the linear combination
of three curvature invariants on the corresponding projective special Kihler manifold M.

Its relation to the squared pointwise norm of the Riemann curvature tensor R is given by
(see [D| Rem. 7.4.2])

|R[)? = 80(n +1)* +16(n + 1) + 64 Sy. (3.38)

The scalar curvature of a projective special Kihler manifold M in the image of the
supergravity r-map can be calculated to be (see Theorem 3 irﬂ [CDL] for the general

formula)

n n
scaly; = —2n* +n — 2h Z Z haﬁﬁ,ho‘alhﬁﬁlhwlhafgw
a,By=1a"fy=1
n

1 n aOC/ ! !
e S g KKK hygrny. (3.39)

a7B7’Y:1 alMB/iPY/:l

=-2n(n+1)+

The squared pointwise norm of the Riemann tensor of a projective special Kahler

"Note that compared to [CDI] we scaled the projective special Kihler metric gy; by a factor of %,
which leads to a scaling of the scalar curvature scaly; by a factor of 2.
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manifold M in the image of the r-map is

||RM||2 =16 Z Z RﬂVUﬁJCNH/JCVV/JCO'OJJCpp/Rulljla.lp/’ (3.40)
w,v,p,0=1 p/ v p oc’'=1
= —32scaly; — 32n(n +1) (3.41)

44h4 Z Z Bpouvjcpp Koo K K Byotyn

wv,o,p=1 /ol p'=1

where
Rpvop = ZJCWRQ = K Kop — KoKy + € Z Bups K Ry, (3.42)
Bry=1
and
Biuop Z K s (3.43)
K,k'=1

The third real-valued function on M relevant for this discussion is

n n n
2 v/
E (Sabed)” = E E SWU,,IK““ K Koo K Syviel s (3.44)
ab,c,d=1 wv,0,p=1 Vo, p'=1

where the respective components are defined in Eqs. (8.36]) and (3.37).

Using the quartic tensor field introduced in (3:3H), we define the following function on
N:
2n+-2 2n+-2
SW = Z Z QFF/F//F/// CFACF,A,CF”A” CFWAWQAA/A//A///, (345)
T, I=1 A ALAAM=1

Using the formulas for €2 given in Theorem 22 we find the following expression for Syy:

Sw = 2QupcpQipep — 8Lapcnlisep + 6Qapenlisen
= 2Qabea 20 — 8abet a0 + 6(Qo0s)” + 242056500 + 6aped dabed
n? + n>
8
1 5
= 2SubedSabed + Z(lln +6)(n+1)+ —||RM||2 —scalM (3.46)

3 1
= 2S5upeaSabea + 2n(n + 1) + scalyj; + 2(n +1)+ 6(—||RMH2 —scalM +

Together with Eq. ([3:38)), we obtain the following corollary:

Corollary 23. The squared pointwise norm of the Riemann curvature tensor for any
quaternionic Kdahler manifold in the image of the g-map, defined by a cubic polynomial h

m n variables, is

|R|I> = 64(n + 1)(4n + 3) + 160 scaly; + 6]| Ry ||* + 128 Z Sabed)?- (3.47)

a,b,c,d=1
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3.8 Example: A series of inhomogeneous complete quaternionic
Kahler manifolds

For n € N, we consider the following series of projective special real manifolds:

n—1
J—C:{hzl,x>O}C]R”,h:zx(mz—ny). (3.48)
i=1
The scalar curvature of the corresponding projective special Kéhler manifold M in the
image of the supergravity r-map can be calculated using Eq. (8:339) and reads
n—2 3623 h*

scalyy =—n-(2n—1)+ 3h - P + (h— dzi)t

(3.49)

Furthermore, we find

16
(h — 4a3)°
+ 4h*(n(161n — 382) + 537)2° — 64h*(n(51n — 97) + 99)2”
+128h%*(n(73n — 107) + 78)x'* — 2048h(n(7Tn — 8) + 3)a™®

+10247(9n — 8):518) (3.50)

1R |? = (hG(n(Bn —8) +9) — 4h3(n(17n — 46) + 57)a®

and

n

3 Sl = DY S K KK S,

CL,b,C,dzl U7V70-7p:1 H'yV',UCP':l

- % <h4(n(n +16) +207) — 16h°(n — 2)(n + 9)2*  (3.51)

+96h* (n* +n — 6) 2° — 256h(n — 2)na’
+ 256(n — 2)nz12).

Using Eq. (8:40), the function 8y is calculated to be
B 3

2 (h — 43)°

— 256h°(n(3n + 10) — 11)2” + 256R*(n(8n + 33) — 20)z'? (3.52)

S <h6n(n 1) — 4h3(n + 1)(5n — 2)2® + 8hi(n(21n + 37) + 112)25

3
—1024h(n(3n + 11) + 2)2" + 2048(n + 1)(n + 2)x18) + Zn(n +1).

By evaluating the above function in different points, one can check that it is non-constant
for n > 1. Due to Eq. (838]), this also applies to the squared pointwise norm of the
Riemann curvature tensor, which manifestly is a curvature invariant. This shows that the
quaternionic Kéhler metrics obtained from the series of polynomials in Eq. (8.48]) are not

locally-homogeneous for n > 1. In total, we have the following:
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Theorem 24. Forn > 1, the series of manifolds obtained from the complete projective

special real manifolds in Eq. ([3.48) via the g-map consists of complete quaternionic Kihler

manifolds that are not locally homogeneous.

Remark 3. Using computer algebra software, we have calculated the squared pointwise

norm ||R[|? of the Riemann tensor for n = 2 and n = 3 and have checked that it agrees

with Egs. (3.52) and (3.38).
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