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Within dimensional regularization [1℄, the integration-by-parts (IBP) te
hnique[2℄ (for a re
ent review, see Ref. [3℄) is one of the most powerful tools for evaluatingmultiloop Feynman diagrams. However, the question how to 
onstru
t algebrai
al,geometri
al, or topologi
al 
riteria for the (ir)redu
ibility of Feynman diagrams ingeneral is still an open one [4℄. At present, only the expli
it solution of re
urren
erelations (see, for example, Ref. [5℄), or the appli
ation of the Laporta algorithm[6℄, as implemented in 
omputer programs [7℄, provide an answer on this question.In a series of re
ent publi
ations [8,9,10,11℄, we addressed the problem of 
ount-ing nontrivial master integrals with the help of hypergeometri
 representations forFeynman diagrams and the di�erential-redu
tion algorithm [12℄. By detailed anal-ysis, we thus derived the following empiri
al 
riteria for the hypergeometri
 repre-sentation of Feynman diagrams: If a Feynman diagram is expressible as a linear
ombination of Horn-type hypergeometri
 fun
tions with rational 
oeÆ
ients, then(i) ea
h hypergeometri
 fun
tion has the same number of basis elements in theframework of di�erential redu
tion [12℄; and (ii) the number of nontrivial master in-tegrals is equal to the number of basis elements of the hypergeometri
 fun
tions (upto the modules of Feynman integrals expressible in terms of produ
ts of algebrai
fun
tions and � fun
tions).These 
riteria were 
onje
tured on the basis of the analysis of a variety of par-ti
ular examples [8,9,10℄. A rigorous mathemati
al proof is still la
king. The aim ofthis Letter is to present a �rst example where the appli
ation of our 
riteria allowus to �nd an additional algebrai
 relation between master integrals whi
h does notfollow from the standard IBP te
hnique. In fa
t, Tarasov's algorithm [5℄ for the re-du
tion of two-loop propagator diagrams, as implemented in the 
omputer pa
kagesof Ref. [13℄, and Laporta's algorithm [6℄, as implemented in the 
omputer pa
kageof Ref. [7℄, fail to produ
e this relation.Let us 
onsider the two-loop self-energy sunset-type diagram J012 with on-shellkinemati
s, de�ned asJ012(�; �; �) = ��n Z dnk1dnk2[(p� k1)2℄�[(k1 � k2)2 +M2℄�[k22 +m2℄� ����p2=�m2 ; (1)where n = 4 � 2" is the dimensionality of spa
e time (see Fig. 1). Su
h a diagram
J012
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Figure 1: Two-loop self-energy sunset-type diagram J012.2




ontributes to the pole mass of the top quark [14℄. The hypergeometri
 representa-tion of this diagrams was presented in Eq. (3.12) of Ref. [14℄. We reprodu
e it herefor 
ompleteness:J012(�; �; �) = (M2)n������ �(n2��)�(�)�(�)�(�)�(n2 )"� �n2���� (�+�+��n)� � ��+�� n2 � 4F3��+�+��n; �+�� n2 ; �2 ; 1+�21+�� n2 ; �; n2 4m2M2 �+�m2M2�n=2��� � ��� n2 ��(�)� ��+�� n2 � 4F3��; �+�� n2 ; n��2 ; 1+n��21+ n2��; n��; n2 4m2M2 �# : (2)In the framework of di�erential redu
tion [9℄, the �rst hypergeometri
 fun
tion inEq. (2) is expressible in terms of a Gauss hypergeometri
 fun
tion and a rationalfun
tion R1(z) of z = 4m2=M2, whereas the se
ond one is expressible in termsof a 3F2 fun
tion with one unit upper parameter and a rational fun
tion R2(z).S
hemati
ally, we have4F3��+�+��n; �+�� n2 ; �2 ; 1+�21+�� n2 ; �; n2 z�! (1; �)� 2F1� I1�n; 12+I2n2+I3 z�+R1(z) ;4F3��; �+�� n2 ; n��2 ; 1+n��21+ n2��; n��; n2 z�! (1; �)� 3F2�1; I1� n2 ; n2+ 12+I2n+I3; n2+I4 z�+R2(z) ;(3)where � = zd=dz, the short-hand notation (1; �) stands for (P1(z)+P2(z)�), with Pibeing rational fun
tions (see Eqs. (17) and (20) in Ref. [9℄), and Ii (i = 1; : : : ; 4) areintegers. A

ording to our 
riteria, there are two master integrals for this diagramthat are not expressible in terms of � fun
tions. However, as shown by Tarasov inRef. [5℄, solving the standard IBP relations [2℄ yields three master integrals of thistype, namely J012(1; 1; 1), J012(1; 2; 1), and J012(1; 1; 2), whi
h is 
on�rmed withthe help of the 
omputer pa
kages of Refs. [7,13℄. Consequently, either our 
riteriaare wrong or there exists an algebrai
 relation between the integrals J012(1; 1; 1),J012(1; 2; 1), and J012(1; 1; 2), possibly in
luding some algebrai
 fun
tions dependingon z and produ
ts of � fun
tions.To �nd this relation, let us explore Eq. (2) and present the master integrals inthe following form:X111 = Ax1 +By1 ; X121 = Ax2 +By2 ; X112 = Ax3 +By3 ; (4)whereX��� = (M2)4�n �n2 � 1� J012(�; �; �) ; (5)A = ��n2�1�� (3�n) ��2�n2� ; B = �z4�n=2�1 ��1�n2���2�n2� ;x1 = 2F1 �12 ; a; b; z� ; x2 = a� 1z �2F1 �12 ; a; b; z�� 1� ;x3 = a2F1 �12 ; 1 + a; b; z� ; y1 = 3F2 �1; n�12 ; 
; n2 ; d; z� ;y2 = �2z (d� 1)3F2 �1; n�12 ; 
; n2 ; d� 1; z� ; y3 = 
3F2 �1; n�12 ; 1 + 
; n2 ; d; z� ;3



with a = 3� n ; b = n2 ; 
 = 2� n2 ; d = n�1 ; (6)and pFp�1(~a;~b; z) being a hypergeometri
 fun
tion. Noti
e that the 4F3 fun
tions inEq. 2 
ollapse to 3F2 and 2F1 fun
tions a

ording to Criterion I de�ned in Se
tion 2.4of Ref. [9℄ be
ause upper indi
es ex
eed lower ones by integers. Using the relationsa pFq(a+ 1; ~A; ~B; z) = (� + a) pFq(a; ~A; ~B; z) ;(b� 1) pFq( ~A; b� 1; ~B; z) = (� + b� 1) pFq( ~A; b; ~B; z) ; (7)it is easy to obtain (3n� 8)x1 + zx2 + 2x3 = n� 2 ;(3n� 8)y1 + zy2 + 2y3 = 0 : (8)This is equivalent to the following relation between master integrals:(3n�8)J012(1; 1; 1) + 4m2J012(1; 2; 1) + 2M2J012(1; 1; 2)= 2(M2)n�3��n2�1�� (3�n) ��2�n2� : (9)Eq. (9) does not only represent a relation between Feynman diagrams, but alsoa relation between hypergeometri
 fun
tions pFq, whi
h is newly derived from thedi�erential redu
tion te
hnique.For m2 =M2, we have(3n� 8)J011(1; 1; 1) + 6m2J011(1; 1; 2) = 2(m2)n�3��n2�1�� (3�n) ��2�n2� :(10)The integrals J011(1; 1; 1) and J011(1; 1; 2) with m2 = M2 are master integrals ofthe pa
kage ON-SHELL2 [15℄. Eq. (10) 
oin
ides with Eq. (4.45) of Ref. [16℄, where itwas derived by studying the analyti
al 
oeÆ
ients of the higher-order " expansionof diagram J011(1; 2; 2) performed in Ref. [17℄.A

ording to Ref. [18℄, the last terms in Eqs. (9) and (10) may be identi�edwith a two-loop bubble diagram with one massive line divided by M2(n � 2), sothat Eq. (9) is an algebrai
 relation between four two-loop diagrams. However, thattwo-loop bubble diagram, having two massless lines, 
annot be obtained from theoriginal two-loop sunset diagram with two massive lines by the 
ontra
tion of lines.Consequently, Eq. (9) 
annot be derived from standard IBP relations for two-loopsunset diagrams.At this point, a 
omment on the stru
tural di�eren
e between the di�erential-redu
tion and IBP approa
hes seems appropriate. Eq. (9) represents a linear relationbetween master integrals that 
ontains an inhomogenious term involving � fun
tionson the right-hand side. However, it is 
lear from the stru
ture of the IBP relationsthat the IBP method 
an only result in relations between integrals in whi
h theprefa
tors are rational fun
tions, while � fun
tions do not appear in IBP relations.This is another reason why Eq. (9) 
annot be derived using the IBP method.4



In 
on
lusion, 
ounting the number of irredu
ible master integrals for the dia-gram de�ned by Eq. (1) using our 
riteria on the one hand and the expli
it analyti
alsolution [5,6℄ of the standard integration-by-part relations [2℄, as implemented in thewidely used program pa
kages [7,13℄, on the other hand, we en
ountered a mismat
h.This motivated us to established a new algebrai
 relation, namely Eq. (9). This isa �rst example where our 
riteria allow us to expose a new relation between masterintegrals of the standard integration-by-part te
hnique.Finally, we wish to mention that the �nal result of Ref. [14℄ does not depend onthe number of master integrals. In fa
t, all master integrals are expressible in termsof hypergeometri
 fun
tions, and the analyti
al 
oeÆ
ients of the " expansions ofthe latter were 
onstru
ted in Ref. [19℄.A
knowledgmentsWe are grateful to P.A. Baikov, A.I. Davydy
hev, A.G. Grozin, A.V. Kotikov, andO.L. Veretin for their interest in our work and for 
ross 
he
king Eq. (9). Wethank P.A. Baikov and A.G. Grozin for sharing with us their observation that thepropagator diagrams entering Eq. (9) may be 
onsidered as spe
ial 
ases of moregeneral propagator diagrams with �ve internal lines. This work was supported inpart by the German Federal Ministry for Edu
ation and Resear
h BMBF throughGrant No. 05 HT6GUA, by the German Resear
h Foundation DFG through theCollaborative Resear
h Centre No. 676 Parti
les, Strings and the Early Universe|The stru
ture of Matter and Spa
e Time, and by the Helmholtz Asso
iation HGFthrough the Helmholtz Allian
e Ha 101 Physi
s at the Teras
ale.Referen
es[1℄ G. 't Hooft, M. Veltman, Nu
l. Phys. B 44 (1972) 189.[2℄ F.V. Tka
hov, Phys. Lett. B 100 (1981) 65;K.G. Chetyrkin, F.V. Tka
hov, Nu
l. Phys. B 192 (1981) 159.[3℄ A.G. Grozin, \Integration by parts: An introdu
tion," arXiv:1104.3993.[4℄ P.A. Baikov, Phys. Lett. B 474 (2000) 385 [arXiv:hep-ph/9912421℄;P.A. Baikov, Phys. Lett. B 634 (2006) 325 [arXiv:hep-ph/0507053℄;J. Gluza, K. Kajda, D.A. Kosower, Phys. Rev. D 83 (2011) 045012[arXiv:1009.0472 [hep-th℄℄;O.L. Veretin, private 
ommuni
ation.[5℄ O.V. Tarasov, Nu
l. Phys. B 502 (1997) 455 [arXiv:hep-ph/9703319℄.[6℄ S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087 [arXiv:hep-ph/0102033℄.[7℄ C. Anastasiou, A. Lazopoulos, J. High Energy Phys. 07 (2004) 046[arXiv:hep-ph/0404258℄;A.V. Smirnov, J. High Energy Phys. 10 (2008) 107 [arXiv:0807.3243 [hep-ph℄℄;C. Studerus, Comput. Phys. Commun. 181 (2010) 1293 [arXiv:0912.2546[physi
s.
omp-ph℄℄.[8℄ M.Yu. Kalmykov, J. High Energy Phys. 04 (2006) 056 [arXiv:hep-th/0602028℄.5

http://arxiv.org/abs/1104.3993
http://arxiv.org/abs/hep-ph/9912421
http://arxiv.org/abs/hep-ph/0507053
http://arxiv.org/abs/1009.0472
http://arxiv.org/abs/hep-ph/9703319
http://arxiv.org/abs/hep-ph/0102033
http://arxiv.org/abs/hep-ph/0404258
http://arxiv.org/abs/0807.3243
http://arxiv.org/abs/0912.2546
http://arxiv.org/abs/hep-th/0602028


[9℄ V.V. Bytev, M.Yu. Kalmykov, B.A. Kniehl, Nu
l. Phys. B 836 (2010) 129[arXiv:0904.0214 [hep-th℄℄.[10℄ M.Yu. Kalmykov, V.V. Bytev, B.A. Kniehl, B.F.L. Ward, S.A. Yost, PoSACAT08 (2008) 125 [arXiv:0901.4716 [hep-th℄℄;V.V. Bytev, M. Kalmykov, B.A. Kniehl, B.F.L. Ward, S.A. Yost, Pro
eedingsof the International Linear Collider Workshop 2008 (LCWS08 and ILC08),University of Illinois at Chi
ago, 16{20 November 2008, edited by M. Barone,Y. Torun, N. Varelas, arXiv:0902.1352 [hep-th℄;S.A. Yost, V.V. Bytev, M.Yu. Kalmykov, B.A. Kniehl, B.F.L. Ward, PoSICHEP2010 (2010) 135 [arXiv:1101.2348 [math-ph℄℄.[11℄ V.V. Bytev, M.Yu. Kalmykov, B.A. Kniehl, arXiv:1105.3565 [math-ph℄.[12℄ N. Takayama, Japan J. Appl. Math. 6 (1989) 147;N. Takayama, J. Symboli
 Comput. 20 (1995) 637.[13℄ R. Mertig, R. S
harf, Comput. Phys. Commun. 111 (1998) 265[arXiv:hep-ph/9801383℄;S.P. Martin, D.G. Robertson, Comput. Phys. Commun. 174 (2006) 133[arXiv:hep-ph/0501132℄.[14℄ F. Jegerlehner, M.Yu. Kalmykov, Nu
l. Phys. B 676 (2004) 365[arXiv:hep-ph/0308216℄.[15℄ J. Fleis
her, M.Yu. Kalmykov, Comput. Phys. Commun. 128 (2000) 531[arXiv:hep-ph/9907431℄.[16℄ A.I. Davydy
hev, M.Yu. Kalmykov, Nu
l. Phys. B 605 (2001) 266[arXiv:hep-th/0012189℄.[17℄ J. Fleis
her, M.Yu. Kalmykov, Phys. Lett. B 470 (1999) 168[arXiv:hep-ph/9910223℄.[18℄ M. Czakon, M. Awramik, A. Freitas, Nu
l. Phys. B (Pro
. Suppl.) 157 (2006)58 [arXiv:hep-ph/0602029℄.[19℄ F. Jegerlehner, M.Yu. Kalmykov, O. Veretin, Nu
l. Phys. B 658 (2003) 49[arXiv:hep-ph/0212319℄;A.I. Davydy
hev, M.Yu. Kalmykov, Nu
l. Phys. B 699 (2004) 3[arXiv:hep-th/0303162℄.

6

http://arxiv.org/abs/0904.0214
http://arxiv.org/abs/0901.4716
http://arxiv.org/abs/0902.1352
http://arxiv.org/abs/1101.2348
http://arxiv.org/abs/1105.3565
http://arxiv.org/abs/hep-ph/9801383
http://arxiv.org/abs/hep-ph/0501132
http://arxiv.org/abs/hep-ph/0308216
http://arxiv.org/abs/hep-ph/9907431
http://arxiv.org/abs/hep-th/0012189
http://arxiv.org/abs/hep-ph/9910223
http://arxiv.org/abs/hep-ph/0602029
http://arxiv.org/abs/hep-ph/0212319
http://arxiv.org/abs/hep-th/0303162

