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Within dimensional regularization [1℄, the integration-by-parts (IBP) tehnique[2℄ (for a reent review, see Ref. [3℄) is one of the most powerful tools for evaluatingmultiloop Feynman diagrams. However, the question how to onstrut algebraial,geometrial, or topologial riteria for the (ir)reduibility of Feynman diagrams ingeneral is still an open one [4℄. At present, only the expliit solution of reurrenerelations (see, for example, Ref. [5℄), or the appliation of the Laporta algorithm[6℄, as implemented in omputer programs [7℄, provide an answer on this question.In a series of reent publiations [8,9,10,11℄, we addressed the problem of ount-ing nontrivial master integrals with the help of hypergeometri representations forFeynman diagrams and the di�erential-redution algorithm [12℄. By detailed anal-ysis, we thus derived the following empirial riteria for the hypergeometri repre-sentation of Feynman diagrams: If a Feynman diagram is expressible as a linearombination of Horn-type hypergeometri funtions with rational oeÆients, then(i) eah hypergeometri funtion has the same number of basis elements in theframework of di�erential redution [12℄; and (ii) the number of nontrivial master in-tegrals is equal to the number of basis elements of the hypergeometri funtions (upto the modules of Feynman integrals expressible in terms of produts of algebraifuntions and � funtions).These riteria were onjetured on the basis of the analysis of a variety of par-tiular examples [8,9,10℄. A rigorous mathematial proof is still laking. The aim ofthis Letter is to present a �rst example where the appliation of our riteria allowus to �nd an additional algebrai relation between master integrals whih does notfollow from the standard IBP tehnique. In fat, Tarasov's algorithm [5℄ for the re-dution of two-loop propagator diagrams, as implemented in the omputer pakagesof Ref. [13℄, and Laporta's algorithm [6℄, as implemented in the omputer pakageof Ref. [7℄, fail to produe this relation.Let us onsider the two-loop self-energy sunset-type diagram J012 with on-shellkinematis, de�ned asJ012(�; �; �) = ��n Z dnk1dnk2[(p� k1)2℄�[(k1 � k2)2 +M2℄�[k22 +m2℄� ����p2=�m2 ; (1)where n = 4 � 2" is the dimensionality of spae time (see Fig. 1). Suh a diagram
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Figure 1: Two-loop self-energy sunset-type diagram J012.2



ontributes to the pole mass of the top quark [14℄. The hypergeometri representa-tion of this diagrams was presented in Eq. (3.12) of Ref. [14℄. We reprodue it herefor ompleteness:J012(�; �; �) = (M2)n������ �(n2��)�(�)�(�)�(�)�(n2 )"� �n2���� (�+�+��n)� � ��+�� n2 � 4F3��+�+��n; �+�� n2 ; �2 ; 1+�21+�� n2 ; �; n2 4m2M2 �+�m2M2�n=2��� � ��� n2 ��(�)� ��+�� n2 � 4F3��; �+�� n2 ; n��2 ; 1+n��21+ n2��; n��; n2 4m2M2 �# : (2)In the framework of di�erential redution [9℄, the �rst hypergeometri funtion inEq. (2) is expressible in terms of a Gauss hypergeometri funtion and a rationalfuntion R1(z) of z = 4m2=M2, whereas the seond one is expressible in termsof a 3F2 funtion with one unit upper parameter and a rational funtion R2(z).Shematially, we have4F3��+�+��n; �+�� n2 ; �2 ; 1+�21+�� n2 ; �; n2 z�! (1; �)� 2F1� I1�n; 12+I2n2+I3 z�+R1(z) ;4F3��; �+�� n2 ; n��2 ; 1+n��21+ n2��; n��; n2 z�! (1; �)� 3F2�1; I1� n2 ; n2+ 12+I2n+I3; n2+I4 z�+R2(z) ;(3)where � = zd=dz, the short-hand notation (1; �) stands for (P1(z)+P2(z)�), with Pibeing rational funtions (see Eqs. (17) and (20) in Ref. [9℄), and Ii (i = 1; : : : ; 4) areintegers. Aording to our riteria, there are two master integrals for this diagramthat are not expressible in terms of � funtions. However, as shown by Tarasov inRef. [5℄, solving the standard IBP relations [2℄ yields three master integrals of thistype, namely J012(1; 1; 1), J012(1; 2; 1), and J012(1; 1; 2), whih is on�rmed withthe help of the omputer pakages of Refs. [7,13℄. Consequently, either our riteriaare wrong or there exists an algebrai relation between the integrals J012(1; 1; 1),J012(1; 2; 1), and J012(1; 1; 2), possibly inluding some algebrai funtions dependingon z and produts of � funtions.To �nd this relation, let us explore Eq. (2) and present the master integrals inthe following form:X111 = Ax1 +By1 ; X121 = Ax2 +By2 ; X112 = Ax3 +By3 ; (4)whereX��� = (M2)4�n �n2 � 1� J012(�; �; �) ; (5)A = ��n2�1�� (3�n) ��2�n2� ; B = �z4�n=2�1 ��1�n2���2�n2� ;x1 = 2F1 �12 ; a; b; z� ; x2 = a� 1z �2F1 �12 ; a; b; z�� 1� ;x3 = a2F1 �12 ; 1 + a; b; z� ; y1 = 3F2 �1; n�12 ; ; n2 ; d; z� ;y2 = �2z (d� 1)3F2 �1; n�12 ; ; n2 ; d� 1; z� ; y3 = 3F2 �1; n�12 ; 1 + ; n2 ; d; z� ;3



with a = 3� n ; b = n2 ;  = 2� n2 ; d = n�1 ; (6)and pFp�1(~a;~b; z) being a hypergeometri funtion. Notie that the 4F3 funtions inEq. 2 ollapse to 3F2 and 2F1 funtions aording to Criterion I de�ned in Setion 2.4of Ref. [9℄ beause upper indies exeed lower ones by integers. Using the relationsa pFq(a+ 1; ~A; ~B; z) = (� + a) pFq(a; ~A; ~B; z) ;(b� 1) pFq( ~A; b� 1; ~B; z) = (� + b� 1) pFq( ~A; b; ~B; z) ; (7)it is easy to obtain (3n� 8)x1 + zx2 + 2x3 = n� 2 ;(3n� 8)y1 + zy2 + 2y3 = 0 : (8)This is equivalent to the following relation between master integrals:(3n�8)J012(1; 1; 1) + 4m2J012(1; 2; 1) + 2M2J012(1; 1; 2)= 2(M2)n�3��n2�1�� (3�n) ��2�n2� : (9)Eq. (9) does not only represent a relation between Feynman diagrams, but alsoa relation between hypergeometri funtions pFq, whih is newly derived from thedi�erential redution tehnique.For m2 =M2, we have(3n� 8)J011(1; 1; 1) + 6m2J011(1; 1; 2) = 2(m2)n�3��n2�1�� (3�n) ��2�n2� :(10)The integrals J011(1; 1; 1) and J011(1; 1; 2) with m2 = M2 are master integrals ofthe pakage ON-SHELL2 [15℄. Eq. (10) oinides with Eq. (4.45) of Ref. [16℄, where itwas derived by studying the analytial oeÆients of the higher-order " expansionof diagram J011(1; 2; 2) performed in Ref. [17℄.Aording to Ref. [18℄, the last terms in Eqs. (9) and (10) may be identi�edwith a two-loop bubble diagram with one massive line divided by M2(n � 2), sothat Eq. (9) is an algebrai relation between four two-loop diagrams. However, thattwo-loop bubble diagram, having two massless lines, annot be obtained from theoriginal two-loop sunset diagram with two massive lines by the ontration of lines.Consequently, Eq. (9) annot be derived from standard IBP relations for two-loopsunset diagrams.At this point, a omment on the strutural di�erene between the di�erential-redution and IBP approahes seems appropriate. Eq. (9) represents a linear relationbetween master integrals that ontains an inhomogenious term involving � funtionson the right-hand side. However, it is lear from the struture of the IBP relationsthat the IBP method an only result in relations between integrals in whih theprefators are rational funtions, while � funtions do not appear in IBP relations.This is another reason why Eq. (9) annot be derived using the IBP method.4
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