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GRAPH-LIKE COMPACTA:

CHARACTERIZATIONS AND EULERIAN LOOPS

BENJAMIN ESPINOZA, PAUL GARTSIDE, AND MAX PITZ

Abstract. A compact graph-like space is a triple (X, V, E) where X is a
compact, metrizable space, V ⊆ X is a closed zero-dimensional subset, and E

is an index set such that X \V ∼= E× (0, 1). New characterizations of compact
graph-like spaces are given, connecting them to certain classes of continua,
and to standard subspaces of Freudenthal compactifications of locally finite
graphs. These are applied to characterize Eulerian graph-like compacta.

1. Introduction

Locally finite graphs can be compactified, to form the Freudenthal compactifi-
cation, by adding their ends. This topological setting provides what appears to
be the ‘right’ framework for studying locally finite graphs. Indeed, many classical
theorems from finite graph theory that involve paths or cycles have been shown to
generalize to locally finite infinite graphs in this topological setting, while failing
to extend in a purely graph theoretic setting. See the survey series [10]. More
recently, compact graph-like spaces were introduced by Thomassen and Vella, [22],
as a natural class encompassing graphs, and in particular containing the standard
subspaces of Freudenthal compactification of locally finite graphs.

A compact graph-like space is a triple (X,V,E) where: X is a compact, metriz-
able space, V ⊆ X is a closed zero-dimensional subset, and E is a discrete index
set such that X \V ∼= E× (0, 1). The sets V and E are the vertices and edges of X
respectively. More generally, a topological space X is compact graph-like, if there
exists V ⊆ X and a set E such that (X,V,E) is a compact graph-like space. Recall
that connected compact metrizable spaces are called continua, and so a graph-like
continuum is a continuum which is graph-like.

Papers in which graph-like spaces have played a key role include [22] where sev-
eral Menger-like results are given, and [8] where algebraic criteria for the planarity
of graph-like continua are presented. In [2], aspects of the matroid theory for graphs
have been generalized to infinite matroids on graph-like spaces.

In this paper we present two groups of new results. The first group consists of
characterizations of compact graph-like spaces and continua. These connect graph-
like continua to certain classes of continua which have been intensively studied
by continua theorists. We also establish that compact graph-like spaces are not
simply ‘like’ the Freudenthal compactifications of locally finite graphs, but in fact
are standard subspaces of the latter. Our second group of results consists of various
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characterizations of when a graph-like continuum is Eulerian. These naturally
extend classical results for graphs.

1.1. The Main Theorems. In Section 2 we give various characterizations and rep-
resentations of compact graph-like spaces, and graph-like continua, which demon-
strate that graph-like continua form a class of continua which are also of consid-
erable interest from the point of view of continua theory. These results can be
summarized as follows.

Theorem (A). The following are equivalent for a continuum X:

(i) X is graph-like,
(ii) X is regular and has a closed zero-dimensional subset V such that all points

outside of V have order 2,
(iii) X is completely regular,
(iv) X is a countable inverse limit of finite connected multi-graphs with onto,

monotone, simplicial bonding maps with non-trivial fibres at vertices only,
(iv)′ X is a countable inverse limit of finite connected multi-graphs with onto,

monotone bonding maps that project vertices onto vertices, and
(v) X is homeomorphic to a connected standard subspace of a Freudenthal com-

pactification of a locally finite graph.

Here a continuum is regular if it has a base all of whose members have finite
boundary, and completely regular if all non-trivial subcontinua have non-empty inte-
rior. A map is monotone if all fibres are connected, while a map between graph-like
spaces is simplicial if it maps vertices to vertices, and edges either homeomorphi-
cally to another edge, or to a vertex. A standard subspace of a compact graph-like
space is a closed subspace that contains all edges it intersects. The equivalence of (i)
and (ii) is analogous to a well-known topological characterization of finite graphs,
namely a continuum is a graph if and only if every point has finite order, and all but
finitely many points have order 2, [19, Theorem 9.10 & 9.13]. The equivalence of (i)
and (iv) provides a powerful tool to lift results in finite graph theory to graph-like
continua. Indeed this is key to our results on Eulerian paths and loops below. It
also is key to the equivalence of (i) and (v). The equivalence of (i) and (iii) yields
a purely internal topological characterization of graph-like continua, without any
reference to distinguished points, ‘vertices’, or subsets, ‘edges’.

We prove all of Theorem (A) taking ‘compact graph-like space’ as the basic
notion. Because ‘compact graph-like’ takes a middle ground between topology and
graph theory, our proofs are clean and efficient. However it is important to note
that the equivalence of (i) and (iii) follows, modulo some basic lemmas, from a result
of Krasinkiewicz, [16], while the implication (iii) implies (iv) is essentially shown
by Nikiel in [20]. Nikiel also claimed, without proof, the converse implication.
Regarding (v), Bowler et al. have claimed, without proof, the weaker assertion that
every compact graph-like space is a minor (essentially: a quotient) of a Freudenthal
compactification of some locally finite graph, [2, p. 6].

In Sections 3 and 4 we extend some well-known characterizations of Eulerian
graphs to graph-like continua. Let G be a (multi-)graph. A trail in G is an edge
path with no repeated edges. It is open if the start and end vertices are distinct,
and closed if they coincide. We also call closed trails circuits. A segment is a trail
which does not cross itself. A cycle is a circuit which never crosses itself. A trail
is Eulerian if it contains all edges of the graph. (Note that an Eulerian circuit is a
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closed Eulerian trail.) The graph G is Eulerian (respectively, closed Eulerian) if it
has an open (respectively, closed) Eulerian trail; and Eulerian if it either open or
closed Eulerian. Call a vertex v of a graph G even (respectively, odd if the degree
of v in G is even (respectively, odd).

Classical results of Euler and Veblen characterize multi-graphs with closed, and
respectively, open, Eulerian trails as follows. Let G be a connected multi-graph
with vertex set V , then the following are equivalent: (i) G is closed [open] Eulerian,
(ii) every vertex is even [apart from precisely two vertices which are odd], (iii) [there
are vertices x 6= y such that] for every bi-partition of V , the number of cross edges
is even [if and only if x and y lie in the same part], and (iv) the edges of G can be
partitioned into edge disjoint cycles [and a non-trivial segment]. We extend these
results to compact graph-like spaces, and prove the following result.

Theorem (B). Let X be a graph-like continuum with vertices V . The following
are equivalent:

(i) X is closed [open] Eulerian,
(ii) every vertex is even [apart from precisely two vertices which are odd],
(ii)′ every vertex has strongly even degree [apart from precisely two vertices which

have strongly odd degree],
(iii) [there are vertices x 6= y such that] for every partition of V into two clopen

pieces, the number of cross edges is even [if and only if x and y lie in the
same part], and

(iv) the edges of X can be partitioned into edge-disjoint circles [and a non-trivial
arc].

Further, if X is closed [open] Eulerian then either X has continuum many dis-
tinct Eulerian loops [Eulerian paths], or has a finite number of distinct Eulerian
loops [Eulerian paths], which occurs if and only if X is homeomorphic to a finite
closed [open] Eulerian graph.

Let X be a compact graph-like space with set of vertices V . A subspace of X is
called an arc if it is homeomorphic to I = [0, 1], and a circle if it is homeomorphic
to the circle, S1. A (standard) path is a continuous map f : I → X such that
f(0) and f(1) are vertices, f is injective on the interior of every edge and f−1(V )
has empty interior. Note that every continuous map f : I → X with f(0), f(1) as
vertices is homotopy equivalent (with fixed endpoints) to a path. Also note that if
X is a graph (with usual topology), then every path yields a corresponding trail,
and every trail corresponds to a path. A path, f , is open if f(0) 6= f(1), and closed
if f(0) = f(1). Closed paths are called loops. A path (or loop) is Eulerian if its
image contains every edge. Note that in a graph with the usual topology there is a
natural correspondence between Eulerian paths and Eulerian trails, and Eulerian
circuits and Eulerian loops. We abbreviate ‘closed and open’ to ‘clopen’. A vertex
v is odd (resp. even) if and only if there exists a clopen subset A of V containing v,
such that for every clopen subset C of the vertices V with v ∈ C ⊆ A the number
of edges between C and V \ C is odd (resp. even).

The equivalence of (i), (ii), (iii) and (iv) in Theorem (B) is established in Sec-
tion 3.1. At the heart of our proof is our representation of compact graph-like
spaces as inverse limits, and an induced inverse limit representation of all Eulerian
loops (possibly empty, of course). The ‘further’ part of Theorem (B) follows in
Section 3.2 from topological considerations of the space of all Eulerian loops.
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Our definition of ‘even’ and ‘odd’ vertices is natural within the context of The-
orem (B). An alternative approach to degree, due to Bruhn and Stein [3], leads to
the notions of ‘strongly even degree’ and ‘strongly odd degree’ appearing in item
(ii)′ of Theorem (B). See Section 4 for details and the proof that ‘(ii) implies (ii)′’
and ‘(ii)′ implies (i)’.

Alternative Paths. Theorem (A) shines an unexpected light on connections be-
tween concepts from continua theory (completely regular continua and inverse lim-
its of graphs), and concepts arising from infinite graph theory (graph-like continua,
Freudenthal compactifications of graphs, and their standard subspaces). As a re-
sult we discover that the various parts of Theorem (B) generalize numerous results
in the literature, and–with the considerable assistance of the machinery developed
here–Theorem (B) can be derived from older work.

For Freudenthal compactification of graphs, the equivalence of (i), (iii) and (iv)
is due to Diestel & Kühn, [11, Theorem 7.2], while the equivalence with (ii)′ is
due to Bruhn & Stein, [3, Theorem 4]. For standard subspaces of Freudenthal
compactification of graphs, the equivalence of (iii) and (iv) is due to Diestel &
Kühn, [12, Theorem 5.2], the equivalence of (i) and (iv) is due to Georgakopoulos,
[14, Theorem 1.3], and the equivalence (ii)′ and (iii) is due to Berger & Bruhn,
[1, Theorem 5]. It should also be noted that the method of lifting Eulerian paths
and loops via inverse limits, used by Georgakopolous, was previously introduced by
Bula et al. in [4, Theorem 5].

Thus an alternative path to proving Theorem (B) is as follows. Let X be a
graph-like continuum. According to the equivalence of (i) and (v) in Theorem (A),
which depends on the equivalence of (i) and (iv), X is homeomorphic to a standard
subspace of a Freudenthal compactification of a graph. Now equivalence of (i), (ii)′,
(iii) and (iv) follows from the results cited immediately above. To add equivalence
of (ii) apply Theorem 22 (which uses Theorem (A) (i) ⇐⇒ (iv), and a non-trivial
inverse limit argument) and Lemmas 19 and 23. Although this alternative path
exists, the direct proofs given here in Sections 3 and 4, using compact graph-like
spaces as the basic notion, are–in the authors’ view–much shorter and more natural.

1.2. Examples. Before proving our results on graph-like continua, we now intro-
duce some examples. With these examples we have three objectives. First show a
little of the variety of graph-like continua. Second elucidate some of the less familiar
terms in Theorem (B), in particular ‘even’ and ‘odd’ vertices. Third demonstrate
the remarkable complexity of Eulerian loops and paths in graph-like continua. This
complexity highlights the hidden depths of Theorem (B).

Example 1. The two-way infinite ladder with single diagonals, which is the infinite
graph G shown below. Notice that all its vertices are even, but it has no Eulerian
loop.

The Freudenthal compactification, γG, of G adds two ends. Then, as shown in
the diagram, γG has an open Eulerian path from one end to the other.
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It follows from Theorem (B) that the two ends are odd. We now demonstrate
that the left end is odd from the definition. For the clopen neighborhood A take the
left end along with all vertices to the left of some rung of the ladder. Now consider
an arbitrary clopen C containing the left end and contained in A (depicted by the
green vertices in the diagram below). Then C is the disjoint union of a C0 which
contains the end and all vertices to the left of a rung, and a C1 which is a finite
subset of A \C0. In the diagram we see that the number of edges from C to V \C
is 9, which is odd. In general, if we identify C0 (and all edges between members
of C0) to a vertex v and identify V \ A to a vertex w, then we get a finite graph
with exactly two odd vertices (namely, v and w, both of degree 3). Hence from the
equivalence of (ii) and (iii) of the graph version of Theorem (B), we see that the
number of edges from C to V \ C is odd – as required for the left end to be odd.

A V \A
C0

For the next two examples let C denote the standard ‘middle thirds’ Cantor
subset of I.

Example 2. The Cantor bouquet of semi-circles, CBS. The vertices are C × {0} in
the plane, along with semi-circular edges centered at the midpoint of each removed
open interval. Note that CBS is not a Freudenthal compactification of graph.

1

2

The vertex 0 = (0, 0) is neither odd nor even, and hence CBS is not Eulerian.
Indeed, as indicated on the diagram, there is one (odd) edge connecting all the
vertices in the ‘left half’ of the vertices to its complement (the ‘right half’), but two
(even) edges connecting the ‘left quarter’ to its complement. Similarly we see that
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every clopen neighborhood of 0 contains two clopen neighborhoods of 0 of which
one has an odd number of edges to its complement, and the other an even number.

Example 3. The Cantor bouquet of circles, CBC, can be obtained from the Cantor
bouquet of semi-circles by reflecting it in the real axis. One can check that all
vertices are even. The diagram illustrates an Eulerian loop in CBC.

I

CBC

Suppose f : I → X is a standard path in a graph-like continuum X with vertices
V and (open) edges (en)n. Then f−1(V ) is a closed nowhere dense subset of I, and
its complement, f−1 (

⋃

n en) is dense and a disjoint union of open intervals. This
countable family, {f−1(en) : n ∈ N} inherits an order from the order on I. So to
every path f we can associate a countable linear order Lf , which we informally call
the shape of f .

To illustrate this, consider L = Lf where f is the Eulerian loop in the Cantor
bouquet of circles diagrammed above. Then f traverses the top edge from left to
right, covers the right-hand copy of CBC, traverses the bottom edge from right
to left, and then covers the left-hand copy of CBC. So L satisfies the equation
L = 1 + L + 1 + L. It follows that L is an infinite ordinal. Thus L = 1 + L, and
we see L = L + L. The first infinite ordinal which is a fixed point under addition
of linear orders is the ordinal ωω. Hence L = ωω.

We now see how to construct for each countable linear order L a graph-like
continuum XL with an Eulerian loop f so that Lf = L. To do so recall: every
countable linearly ordered set L can be realized (is order isomorphic to) a countable
family of disjoint open subintervals of I, with dense union. For further material on
the interaction of linear orders and graph-like compacta, see [2, §4].

Given a line segment, S, in the plane the ‘circle with diameter S’ is the circle
with center the midpoint of the line segment, and radius half the length of the
segment.

Example 4. Let L be a countable linear order. Fix a family U of pairwise disjoint
open subintervals of I, with dense union, which is order isomorphic to L. Define
XL to be the subspace of the plane obtained by starting with X = I ×{0}, and for
each U in U , remove U × {0} from X and add the circle with diameter U × {0}.

The Eulerian loops onXL are naturally bijective with all functions ρ : L→ {±1}.
To see this take any ρ : L→ {±1}. Since U and L are isomorphic we can think that
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the domain of ρ is actually U . Define gρ : [0, 1] → XL by requiring (i) g(t) = t on
I \

⋃

U , and (ii) on U in U the path g traverses the top (resp. bottom) semi-circle
in XL corresponding to U if ρ(U) = +1 (resp. ρ(U) = −1). Now define fρ –
the desired Eulerian loop – by fρ(t) = gρ(2t) on [0, 1/2] and fρ(t) = g−ρ(2 − 2t)
on [1/2, 1]. Informally, on [0, 1/2] the path fρ travels from left to right along XL

crossing the circles by either taking the upper or lower semi-circles depending on
ρ; and then on [1/2, 1] it travels across XL from right to left taking the opposite
upper/lower semi-circles than before. Every Eulerian loop arises in this way, and
observe that they all have the same shape, L.

The following diagram depicts XQ where Q is the linearly ordered set of dyadic
rationals in (0, 1). Recall that Q is order isomorphic to the rationals, Q.

Q

XQ

1
2

1
22

3
22

1

23
3

23
5

23
7

23

The graph-like continuum XQ provides an example of the difficulties involved in
näıvely trying to lift arguments for graphs to graph-like continua. In the standard
proof of Theorem (B) for graphs one moves from (iv) ‘the edges of the graph can be
decomposed into disjoint cycles’ to (i) ‘there is an Eulerian circuit’ by amalgamating
the cycles, one after another to form the circuit. Notice that in XQ there is a
canonical decomposition of XQ into edge disjoint circles – namely the circles in the
definition of XQ. But these circles are pairwise disjoint. Hence there is no natural
method of amalgamating them into an Eulerian loop for XQ.

Example 5. The Hawaiian earring, H , is also Eulerian. Unlike the XL examples
above, every countable linear order can be realized as the Lf of an Eulerian loop.
Write H as 0 = (0, 0) (the sole vertex) and the union
of circles in the plane Cn, for n ∈ N, where Cn has
radius 1/n and is tangential at 0 to the x-axis.

We can identify the Eulerian loops in the Hawaiian
earring as follows. For any countable linear order L and
function ρ : L→ N× {±1} such that π1 ◦ ρ : L→ N is
a bijection, there is a naturally corresponding Eulerian
loop fρ of H . Indeed, given L and ρ, let U be a family
of pairwise disjoint open subintervals of I, with dense
union, which is order isomorphic to L (and identify
them). Define fρ to have value 0 on the complement
of

⋃

U , and on U in U , writing ρ(U) = (n, i), it should
traverse Cn clockwise (respectively, anticlockwise) if i = +1 (respectively, i = −1).
One can check all Eulerian loops arise this way.
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2. Properties and Characterizations of Graph-like continua

2.1. Basic Properties. Most of the following basic properties of graph-like spaces
are well-known, see e.g. [22]. Nonetheless, it might be helpful to give a self-contained
outline of the most important properties we use.

Let (X,V,E) be a compact graph-like space. We often identify the label, e, of
an edge, with the subspace e × (0, 1) of X . Note that since V is zero-dimensional,
for every edge e, the closure, e, of e adds at most two vertices – the ends of the
edge – and e is homeomorphic to the circle, S1, or I = [0, 1]. With this in mind,
our definition of compact graph-like space is the same as the original in [22].

A separation (A,B) of a graph like space X is a partition of V (X) into two
disjoint clopen subsets. The cut induced by the separation (A,B) is set of edges with
one end vertex in A and the other in B, denoted by E(A,B). More generally, we call
a subset F ⊂ E a cut if there is a separation (A,B) of X such that F = E(A,B). A
multi-cut is a partition U = {U1, U2, . . . , Un} of V (X) into pairwise disjoint clopen
sets. For each two Ui, Uj, not necessarily different, E(Ui, Uj) denotes the set of
edges with one endpoint in Ui and the other endpoint in Uj. By X [Ui] we denote
the induced subspace of X , i.e. the closed graph-like subspace with vertex set Ui

and edge set E(Ui, Ui). Finally, a clopen subset U ⊂ V (X) is called a region if the
induced subspace X [U ] is connected.

Lemma 1. In a compact graph-like space, all cuts are finite.

Proof. Suppose there is an infinite cut F = {fn : n ∈ N} induced by a separation
(A,B) of a graph-like space X . Then A and B are disjoint closed subsets of X , so
by normality there are disjoint open subsets U ⊇ A and V ⊇ B. Since edges are
connected, there exist xn ∈ fn \ (U ∪ V ) for all n. It follows that {xn : n ∈ N} is
an infinite closed discrete subset, contradicting compactness. �

Lemma 2. Let X be a compact graph-like space. For every vertex v of X and
any open neighborhood U of v, there is a clopen C ⊂ V (X) such that v ∈ C and
X [C] ⊂ U . Moreover, if X is connected, then C can be chosen to be a region.

Proof. Since V (X) is totally disconnected we have

{v} =
⋂

{X [A] : (A,B) a separation of X, v ∈ A}.

Now
⋂

X [A] ⊂ U and compactness implies that there is a finite subcollection
A1, . . . , An such that for the clopen set B = A1 ∩ · · · ∩ An we have

v ∈ X [B] = X [A1] ∩ · · · ∩X [An] ⊂ U.

For the moreover part, since E(B, V \ B) is finite by Lemma 1, it follows from
connectedness of X that X [B] consists of finitely many connected components, say
X [B] = X [C1]⊕· · ·⊕X [Ck], one of which contains the vertex v. This is our desired
region C. �

Definition 3. Let X be a graph-like space and U be a multi-cut of X . The multi-
graph associated with U is the quotient space G(U) = X/{X [U ] : U ∈ U}. The map
πU : X → G(U) denotes the corresponding quotient map.

We remark that G(U) is indeed a finite multi-graph. The identified X [U ] form
a finite collection of vertices, which are connected by finitely many edges (see
Lemma 1). The degree of πU (Ui) in G(U) is given by |E(Ui, V \ Ui)| < ∞. Our
next proposition gathers properties of graphs associated with multi-cuts.
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Proposition 4. Let X be a graph-like compact space. Then

(1) X is connected if and only if G(U) is connected for all multi-cuts U of X.
(2) All cuts of X are even if and only if all vertices in G(U) have even degrees

for all multi-cuts U of X.

Proof. (1) If X is connected, then connectedness of G(U) follows from the fact that
it is the continuous image of X . Conversely, a disconnection of X gives rise to a
G(U) which is the empty graph on two vertices.

(2) If every cut of X is even, then the above degree considerations show that
every vertex in G(U) has even degree. And conversely, any odd cut of X gives rise
to a graph G(U) on two vertices of odd degree. �

Recall that a standard subspace Y of a graph-like space X is a closed subspace
that contains all edges it intersects (i.e. whenever e∩Y 6= ∅ then e ⊂ Y ). Standard
subspaces of graph-like spaces are again graph-like. Write E(Y ) for the collection
of edges of Y .

Lemma 5. Let X be a graph-like space and C ⊆ X a copy of a topological circle.
Then C is a standard subspace.

Proof. Assume, by contradiction, that there exists e ∈ E(X) such that e ∩ C 6= ∅
and that e 6⊂ C. Let y ∈ e \ C. Then there exist x0 ∈ C with the properties that
the arc [x0, y] is a subset of e and [x0, y] ∩ C = {x0}. Observe that x0 6∈ V . Let
U be an open set containing x0 such that U ∩ V = ∅. Let α be the component in
[x0, y] of x0 contained in U and β be the component in C of x0 contained in U .
Then α∪ β contains a triod and α∪ β ⊂ X \V which is a contradiction to the fact
that X \ V ∼= E × (0, 1) contains no triods. �

Lemma 6. Let X be a graph-like space and C ⊆ X a copy of a topological circle.
Then E(C) ∩ F is finite and even for all cuts F = E(A,B) of X.

Proof. By Lemma 5 we may assume X = C. Let F = E(A,B). That F is finite is
immediate from Lemma 1, so we only need to prove that |F | is even.

Let C[A] (resp. C[B]) be the standard subspace containing A (resp. B) and all
edges with both endpoints in A (resp. B). Observe that

(a) C = C[A] ∪ F ∪C[B], and
(b) C[A] and C[B] have finitely many components.

Let A1, . . . , Ar be the components of C[A] and B1, . . . , Bs be the components of
C[B]. These components induce a multi-cut, U = {UA1

, . . . , UAr
, UB1

, . . . , UBs
}, of

the vertices of C where UAi
(resp. UBi

) consists of all vertices contained in Ai (resp.
Bi). Then G(U), the multi-graph associated with U , is a cycle whose edges are the
elements of F and whose vertices are the equivalence classes containing the sets
UA1

, . . . , UBs
. Observe that the sets A = {UA1

, . . . , UAr
} and B = {UB1

, . . . , UBs
}

give a 2-coloring of the vertices of G(U). Hence G(U) has an even number of edges,
i.e. |F | is even. �

2.2. Characterizations and Representations. In this section we prove Theo-
rem (A). The equivalence of (i) and (iii) is given by Proposition 10, the equivalence
of (i) and (ii) is Theorem 11, while the equivalence of (i), (iv) and (iv)’ follows from
Theorems 13 and 14. Compact graph-like spaces were explicitly defined to include
standard subspaces of the Freudenthal compactification of locally finite graphs.
Theorem 15 provides the converse, establishing equivalence of (i) and (v).
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Recall that a continuum X is regular if it has a basis of open sets, each with finite
boundary, and it is called completely regular if each non-degenerate subcontinuum
of X has non-empty interior in X , see [4, Page 1176]. A continuum is hereditar-
ily locally connected (hlc) if every subcontinuum is locally connected, and finitely
Souslian if each sequence of pairwise disjoint subcontinua forms a null-sequence, i.e.
the diameters of the subcontinua converge to zero. It is known that for continua

(‡) completely regular ⇒ regular ⇒ finitely Souslian ⇒ hlc ⇒ arc-connected.

For the first three implications, see [16, Proposition 1.1].

Lemma 7. Every compact graph-like space is regular.

Proof. Let X be a compact graph-like space, p ∈ X , and U be an open of X set
such that p ∈ U . We will show that there is an open set O with finite boundary
such that p ∈ O ⊆ U .

The case when p is in the interior of an edge follows from the fact that the set of
edges is discrete. So we may assume p ∈ V . For this case let X [B] as in the proof of
Lemma 2, then p ∈ X [B] ⊆ U . Now for each e ∈ E(B, V \B), let (v, xe) be a subarc
of e such that (v, xe) ⊆ U and such that v ∈ B. Since cuts are finite, then there
are only finitely many of these arcs. The desire open set O is then X [B]∪{(v, xe) :
e ∈ E(B, V \B)} as its boundary is the set {xe : e ∈ E(B, V \B)}. �

Corollary 8. Every graph-like continuum is finitely Souslian, hereditarily locally
connected and arc-connected.

Proof. By Lemma 7 and (‡), this is a consequence of regular.
For a direct proof that graph-like continua are finitely Souslian, suppose for

a contradiction that {Ai : i ∈ N} forms a sequence of disjoint subcontinua of X
with non-vanishing diameter. It follows from the sequential compactness of the
hyperspace of subcontinua, [19, Corollary 4.18], that there is a subsequence Aij

such that A = limj→∞ Aij =
⋃

j Aij \
⋃

j Aij is a non-trivial subcontinuum of X .

But since edges are open, we also have that A ⊂ V (X), so is totally disconnected,
a contradiction.

For a direct proof that graph-like continua are hlc, see Lemma 2. �

In particular, noting that a compact graph-like space has at most countably
many edges (as they form a collection of disjoint open subsets), it follows that the
edges of X form a null-sequence, i.e. limn→∞ diam(en) = 0. Here, for a subset A
of a metric space, we denote by diam(A) the diameter of A.

In the next theorem we use the following notation. For a subspace A ⊂ X we
denote by Bd(A) its boundary. A subarc A ⊂ X is called free if A removed its
endpoints is open in X .

Theorem 9 ([16, Theorem 1.3]). A continuum X is completely regular if and only
if there exists a 0-dimensional compact subset F of X and a finite or countable null
sequence of free arcs A1, A2, . . . in X such that

X = F ∪
(

⋃

{An : n ≥ 1}
)

and Aj ∩ F = Bd(Aj)

for each j ≥ 1

Observe that Theorem 9 implies that every completely regular continuum is
a graph-like space. Conversely, if X is a graph-like continuum, then the set of
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vertices V is zero-dimensional. Also by Corollary 8, E(X) forms a null sequence.
By Theorem 9, X is a completely regular continuum.

Proposition 10. Let X be a continuum. Then X is completely regular if and only
if X is a graph-like space.

Recall that a graph can be characterized in terms of order: a continuum is a
graph if and only if every point has finite order, and all but finitely many points
have order 2, [19, Theorem 9.10 & 9.13].

Theorem 11 (Graph-like Characterization). A continuum is graph-like if and only
if it is regular and has a closed zero-dimensional subset V such that all points outside
of V have order 2.

Proof. Sufficiency follows from the definition of graph-like and Lemma 7.
For the necessity, first observe that regular implies local connectedness. Let

V ⊂ X be a closed zero-dimensional collection of points in X such that all points
outside of V have order 2. By local connectedness, all components of X \ V are
open subsets of X . In particular, we have at most countably many components,
and each component is non-trivial, non-compact, and consists exclusively of points
of order 2. So each component is homeomorphic to an open interval. So all that
remains to show for graph-like is that the closure of each edge is compact, which is
automatic. �

Corollary 12 (Canonical Representation of Graph-like Spaces). Let X 6∼= S1 be a
graph-like continuum. Then there is a unique minimal set V ⊂ X which witnesses
that X is a graph-like space. We call (X,V,E) the standard representation of X.

Proof. Let {Vs : s ∈ S} be the collection of all subsets of X which witness that X
is graph-like. We claim that V =

⋂

s∈S Vs is also a vertex set.
Clearly, V is closed and zero-dimensional. Further, if x /∈ V , then x /∈ Vs for

some s ∈ S, so x has order 2. So either V is empty, in which case X ∼= S1; or V
is non-empty, in which case every component of X \ V is non-compact, open, and
consists of points of order 2, so is homeomorphic to an open interval. �

Our next theorem has been proved, for completely regular continua, by Nikiel,
[20, 3.8]. We reprove his theorem here (and extend it to graph-like compacta),
phrased for convenience in the language of graph-like continua.

Theorem 13 (Inverse Limit Representation). Every graph-like compact space X
can be represented as an inverse limit of multi-graphs Gn (n ∈ N) with onto sim-
plicial bonding maps that have non-trivial fibres at vertices only, such that

(1) X connected if and only if Gn is connected for all n, and
(2) all cuts E(A,B) in X are even ⇔ all vertices in Gn are even for all n.

Moreover, if X is connected, then the bonding maps can additionally be chosen
monotone.

Proof. Let X be a graph-like continuum with vertex set V and edge set E. Without
loss of generality, X contains no loops, as otherwise we can subdivide each edge
once (this does not change the homeomorphism type of X , and the new edge set
is still a dense open subset, so the new vertex set is a compact, zero-dimensional
subspace as required).

Since V is a compact, zero-dimensional metrizable space, we can find, as in
Lemma 2, a sequence of multi-cuts {Un : n ∈ N} such that
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(a) Un+1 is a refinement of Un,
(b)

⋃

n∈N Un forms a basis for V (X), and

Writing Un = {Un
1 , U

n
2 , . . . , U

n
i(n)} we observe that every v ∈ V has a unique descrip-

tion in terms of {v} =
⋂

n∈N Un
l(v) and that conversely, for every nested sequence of

cut elements, there is precisely one vertex in
⋂

n∈N Un
ln

by compactness and (b).

The inverse system: Let {Un : n ∈ N} be as above. To simplify notation, let qn
stand for πUn . For each n ∈ N let fn : G(Un+1)→ G(Un) be defined as

fn(x) = qn
(

q−1n+1(x)
)

for all x ∈ G(Un+1).

Observe that if Un+1
i , Un+1

j ⊂ Un
s ,

(i) then f
(

qn+1(U
n+1
i )

)

= f
(

qn+1(U
n+1
j )

)

= qn(U
n
s );

(ii) and if e ∈ E(Un+1
i , Un+1

j ); in particular e ∈ E(Un
s , U

n
s ), then fn(e) =

qn(U
n
s ).

In particular, each fn is an onto simplicial map with non-trivial fibres only at
vertices of G(Un). Then {G(Un), fn}n∈N is an inverse sequence of multi-graphs.
Hence, its inverse limit is compact and nonempty. We will show that there is a
continuous bijection

f : X → lim
←−−−

n∈N

G(Un).

For x ∈ X , we define f(x) = (q1(x), q2(x), . . .). By the product topology, this
is a continuous map into the product

∏

n G(Un), as all coordinate maps qn are
continuous. Moreover, it is straightforward from the definition of fn to check that
f(x) ∈ lim

←−
G(Un). That the map f is surjective follows from the fact that each qn

is continuous and X is compact (see [19, 2.22]). Finally, f is injective because of
the neighborhood bases requirement (b) on Un. Since X is compact and lim

←−
G(Un)

is Hausdorff, it follows that f is a homeomorphism as desired, and properties (1)
and (2) now follow from Proposition 4.

For the moreover part, simply require that besides (a) and (b), our sequence of
multi-cuts {Un : n ∈ N} also satisfies

(c) every multi-cut Un partitions V (X) into regions.

That this is possible follows from Lemma 2; and clearly, property (c) implies that
each fn as defined above will be a monotone map. �

In fact, a converse of the above theorem holds. This has been mentioned, for
completely regular continua, by Nikiel, [20, 3.10(i)], though without proof. We
provide the proof in the language of graph-like continua.

Theorem 14. Let X be a countable inverse limit of connected multi-graphs Xn

with finite vertex sets V (Xn) and onto monotone bonding maps fn : Xn+1 → Xn

satisfying: (+) fn(V (Xn+1)) ⊆ V (Xn). Then X is a graph-like continuum.

Proof. By Theorem 11, every regular continuum with the property that all but a
closed zero-dimensional subset of points are of order 2 is a graph-like continuum.

That X is regular follows from [20, 3.6]. For sake of completeness, we provide
the argument. Let πn : X → Xn denote the projection maps, and for m ≥ n write
fm,n = fn ◦ fn+1 ◦ · · · ◦ fm−1 ◦ fm : Xm+1 → Xn.

Claim: For every n ∈ N, the set Pn =
{

y ∈ Xn :
∣

∣π−1n (y)
∣

∣ > 1
}

is countable.
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This holds, because for every m ≥ n, the set Qm =
{

y ∈ Xn :
∣

∣f−1m,n(y)
∣

∣ > 1
}

is countable: By assumption, all bonding maps fm are monotone, and hence so is
fm,n. Thus, the collection of non-degenerate f−1m,n(y) from a disjoint collections of
subcontinua of Xm, all with non-empty interior. It follows that Pn =

⋃

m≥n Qm is
countable, completing the proof of the claim.

To conclude that X is regular, let x ∈ X and let U be an open neighborhood of
x ∈ X . Then there is k ∈ N and an open subset W ⊂ Xk with x ∈ π−1k (W ) ⊂ U .
Note that since Xk is a graph, and Pk is countable by the claim, we may choose W
with finite boundary such that Bd(W ) ∩ Pk = ∅. It follows that π−1k (W ) has finite
boundary, as well.

Our candidate for the vertex set of X is V (X) =
⋂

n∈N π−1n (V (Xn)). By (+), the
family {(V (Xn), fn) : n ∈ N} gives a well-defined inverse limit, which is identical
with our vertex set, i.e. V (X) = lim← {V (Xn), fn}. Since all V (Xn) are finite
discrete sets, it follows that V (X) is a compact zero-dimensional metric space, as
desired.

To see that elements y ∈ X \ V (X) have order 2, note that y /∈ V (X) means
there is an index N ∈ N such that πn(y) is an interior point of an edge of Xn for
all n ≥ N . Consider an open neighborhood U with y ∈ U ⊂ X . As before, there
is an index k > N and an open subset W ⊂ Xk with y ∈ π−1k (W ) ⊂ U . Since
πk(y) ∈ Xk is an interior point of an edge, and Pk is countable by the claim, we
may assume that W has 2-point boundary with Bd(W ) ∩ Pk = ∅. It follows that
π−1k (W ) has a 2-point boundary, as well. �

In fact, the class of continua, which can be represented as countable monotone
inverse limits of finite connected multi-graphs are precisely the so-called totally
regular continua, [5] – for each countable P ⊂ X , there is a basis B of open sets
for X so that for each B ∈ B, P ∩ Bd(B) = ∅ and B has finite boundary. These
continua have also been studied under the name continua of finite degree. The class
of totally regular continua is strictly larger than the class of completely regular
continua. In particular, the condition in Theorem 14 on fn having nontrivial fibers
only at vertices cannot be omitted. For example, the universal dendrite Dn of order
n can be obtained as the inverse limit of finite connected graphs, see [7, Section 3],
and Dn has a dense set of points of order 6= 2.

In [8] the graph-like continuum depicted on the left side of the diagram below
served to show that graph-like continua form a wider class than Freudenthal com-
pactifications of locally finite graphs. Note that the two black nodes simultaneously
act as ends for the blue double ladder, and as vertices for the red edge.

→֒
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However, after subdividing the red edge appropriately – turning it into a double
ray – we see from the right side that it can be realized as a standard subspace
of the Freudenthal compactification of the triple ladder. We now show that every
graph-like continuum has the same property.

Theorem 15. Every graph-like continuum can be embedded as a standard subspace
of a Freudenthal compactification of a locally finite graph.

We remark that Theorem 15 can be rephrased as saying that every graph-like
continuum has a subdivision, turning each edge into a double ray, which is a stan-
dard subspace of a Freudenthal compactification of a locally finite graph.

In the proof of Theorem 15, we use the following notation. Let G be a finite,
connected graph with vertex set V , and let L(G) be its (connected) line graph,
both considered as 1-complexes. For every edge e ⊂ G, let me ∈ e be the mid-point
of that edge. Then by G⊛ we denote the graph

G⊛ = (G⊕ L(G))/∼, where me ∼ e for me ∈ G and e ∈ V (L).

Geometrically, we subdivide each edge of G in its mid-point, and connect two new
such vertices if and only if their underlying edges share a common vertex.

Proof of Theorem 15. Let X be a graph-like continuum. Represent X as a mono-
tone inverse limit of finite multi-graphs Gn with onto, monotone simplicial bonding
maps fn : Gn+1 → Gn having non-trivial fibres at vertices only.

Recall first that the Freudenthal compactification of a locally finite graph can
be realized as an inverse limit: Let L be a locally finite graph with vertex set
V (L) = {vk : k ∈ N} say. Let kn be an increasing sequence of integers, and consider
for each n the induced subgraph Ln = L[v0, . . . , vkn

]. Let Ln denote the multi-
graph quotient of L where we contract every connected component of the induced
subgraph L[V (L) \ V (Ln)], deleting all arising loops. Since L was locally finite, it
is easy to check that Ln is a finite multi-graph. Then {Ln : n ∈ N} forms an inverse
system under that natural projection maps gn : L

n+1 → Ln, such that the resulting
inverse limit lim← Ln ∼= γL is the Freudenthal compactification of L; moreover,
this holds independently of the sequence kn.

Now our proof strategy is as follows. We plan to find a locally finite graph L as
above such that there are subgraphs Tn ⊂ Ln such that

(i) ĝn = gn ↾ V (Tn+1)→ V (Tn) restricts to a surjection (so that the Tn form
a subsystem of the inverse limit with bonding maps ĝn), and

(ii) for each n ∈ N, the graph Tn witnesses that Gn is a topological minor of
Ln, meaning there are homeomorphisms hn : Gn → Tn of the underlying
1-complexes which map V (Gn) →֒ V (Tn), and map distinct edges vw and
xy of Gn to independent hn(v)hn(w)- and hn(x)hn(y)-paths in Tn, and

(iii) we have ĝn ◦ hn+1 = hn ◦ fn for all n, i.e. the following diagram commutes:

Tn Tn+1

Gn Gn+1

hn

ĝn

fn

hn+1

Under these assumptions, it follows that X = lim←Gn is homeomorphic to the
inverse limit lim← Tn, which in turn, as it was constructed as a subsystem, embeds
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into the inverse limit lim← Ln = γL, which equals the Freudenthal compactification
of L by the foregoing discussion. Thus, it remains to find a locally finite graph L
subject to requirements (i)–(iii).

We will build this locally finite graph L by geometric considerations as a direct
limit of finite connected graphs Fn, so that Fn = L[V (Fn)] = Ln. More precisely,
we will define finite connected 1-complexes Fn such that

(1) F0 →֒ F1 →֒ F2 →֒ · · · forms a direct limit such that for all n > 0, no vertex
of Fn+1 \ Fn is incident with a vertex of Fn−1, and

(2) Fn is embedded together with Gn in some ambient 1-complexHn = Fn∪Gn

such that
(a) no vertex of Gn lies in Fn,
(b) every vertex of Fn lies on an edge of Gn,
(c) every open edge of Fn is either disjoint from Gn, or completely con-

tained in an edge of Gn, and
(d) every edge of Gn intersects with Fn in a non-trivial path P ⊂ Fn such

that the end-vertices of P are vertices of V (Fn) \ V (Fn−1).

To begin, put H0 = G⊛

0 , and let F0 denote the subgraph L(G0) ⊂ G⊛

0 . Then (2) is
satisfied since vertices of F0 are mid-points of edges of G0, and every open edge of
F0 is disjoint from G0; and (1) is trivially true.

x y

z v

f0
←−

x y

z v1

v2

v3

Figure 1. Depicts the first bonding map f0 between graphs G1

and G0 in black, where f({v1, v2, v3}) = {v}. Further, the figure
on the left shows F0 ⊂ G⊛

0 in red, and on the right F1 ⊂ H1 as the

union of F̃0 in red,
⋃

v Lv in blue, and edges induced by F̃0 and
⋃

v Lv in green.

Now inductively, suppose we have already defined Hn = Gn∪Fn for some n ∈ N

according to (1) and (2). First, consider the natural pull-back F̃n ⊂ Gn+1 of Fn

under fn. More precisely, by (2), the preimage f−1n (Fn) ⊂ Gn+1 is isomorphic to a

subgraph of Fn. Let F̃n be an isomorphic copy of Fn on the vertex set f−1n (V (Fn))
obtained by adding all edges missing from f−1n (Fn) so that they are disjoint from
Gn+1.

For every component Cv of the topological subspaceHn\Fn (which by (2)(a) and
(b) will be a vertex v of Gn incident with finitely many half-open edges), consider

the subcontinuum Kv = f−1n (Cv) ⊂ Gn+1. Then Kv is a finite connected graph.
For each v, consider K⊛

v , and Lv = L(Kv) ⊂ K⊛
v , and define Fn+1 to be the

induced subgraph Fn+1 = F̃n ∪
⋃

{Lv : v ∈ V (Gn)}.
Claim 1: Fn+1 is a connected graph.
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By induction on n. If Fn is connected, then so is its isomorphic copy F̃n. As line
graphs of connected graphs, every Lv is connected. Since by construction, every
Lv is connected via an induced edge to F̃n, it follows that Fn+1 is connected.

Claim 2: Property (2) holds for Fn+1 and Gn+1.

(a) No vertex v of Gn+1 lies on F̃n, as otherwise fn(v) would be a vertex of Gn

on Fn. Also, since all Lv are partial line graphs of Gn+1, we see that (a) holds at
step n+ 1.

(b) Similar.

(c) By construction, this holds for all edges of F̃n. Further, all edges of Lv

are disjoint from Gn+1, and all edges of Fn+1 induced F̃n and Lv are completely
contained in one edge of Gn+1 be definition.

(d) Let e = vw be an edge of Gn+1. If e /∈ E(Gn) then Fn+1 ∩ e = Lv ∩ e
is a trivial path consisting of one new vertex. Otherwise, if e ∈ E(Gn), then by

construction and induction assumption, F̃n intersects e in a non-trivial path P ⊂ F̃n

such that the end-vertices of P have been added only at the previous step. But
now, we see that Fn+1 ∩ G is a path P ′ which is one edge longer on either side
than P , because we added two edges induced by Lv and Lw. In particular, the end
vertices of P ′ are vertices of Lv and Kv, and so have only been added at this step.

Claim 3: Property (1) holds.

Since Fn
∼= F̃n ⊂ Fn+1 it is clear how to choose the embedding Fn →֒ Fn+1.

The second part of the claim now follows from (2)(d) as follows: Every vertex of
Fn+1 \ Fn is a vertex of some Lv. By construction, any such vertex is connected
at most to one of the end vertices on some path P , which is, by (2)(d), a vertex of
Fn \ Fn−1.

This completes the recursive construction. As indicated above, the graphs F0 →֒
F1 →֒ F2 →֒ · · · give rise to a direct limit, which we call L. Let V (L) = {vk : k ∈ N}
be an enumeration of the vertices of L, first listing all vertices of F0, then all
(remaining) vertices of F1 etc. It is clear that there is an increasing sequence of
integers kn such that Ln = L[{v0, . . . , vkn

}] = Fn.
Claim 4: L is a locally finite connected graph.
To see that L is locally finite, note that any vertex v ∈ L is contained in some

Fn for some n, and then (1) implies that degL(v) = degFn+1
(v) < ∞. And since

every Ln is connected, so is L.
Claim 5: There are isomorphisms ϕn : Hn → Ln. It suffices to show that

Ln ∼= Fn+1/{Lv : v ∈ V (Gn)}. Indeed, (1) implies that the connected components
of L \ Fn correspond bijectively to the connected components of Fn+1 \ Fn, which
are, by construction, precisely the Lv indexed by the different v ∈ V (Gn). In
particular, ϕn is a bijection between V (Gn) and the dummy vertices of Ln that
commutes with the respective bonding maps, i.e.

(†) gn−1 ◦ ϕn(v) ↾ V (Gn) = ϕn−1 ◦ fn−1(v) ↾ V (Gn).

Claim 6: For Tn = ϕn(Gn) ⊂ LN the subgraph of Ln which is the image of
1-complex Gn ⊂ Hn subdivided by the vertices of Ln, satisfies (i)–(iii). Everything
is essentially set up by construction; (iii) follows by (†) with hn = ϕn ↾ Gn. �

Note that our embedding of X into γL has the property that every vertex of
the graph-like continuum X is represented by a compactification point (an end) of
γL. By exercising some extra care in the above construction, one could arrange for
isolated vertices of V (X) to be mapped to vertices of L.
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Remark. Theorem 15 has the following notable consequence. Diestel asked in [9]
whether every connected subspace of the Freudenthal compactification of a locally
finite graph is automatically arc-connected. In 2007, Georgakopoulos gave a neg-
ative answer, [15]. However, the analogous problem for arbitrary continua is a
well-studied problem. Indeed, a continuum is said to be in class A if every con-
nected subset is arc-wise connected. Continua in class A have been characterized
by Tymchatyn in 1976, [23]. Even earlier, in 1933, Whyburn gave an example of a
completely regular continuum which is not in class A, [24, Example 4]. Applying
Theorem 15, Whyburn’s example shows at once that Freudenthal compactifications
of locally finite graphs are not necessarily in class A.

3. Eulerian graph-like continua

3.1. Characterizing Eulerian Graph-Like Continua. We now prove the equiv-
alence of (i), (ii), (iii) and (iv) of Theorem (B) in the case of closed paths, and then
deduce the same equivalences in Theorem (B) for open paths. To start note that
(iv) ⇒ (iii) and (i) ⇒ (iii) of Theorem (B) follow from Lemma 6. The next lemma
takes care of (iii) ⇒ (iv).

Lemma 16. A graph-like continuum such that every topological cut is even can be
decomposed into edge-disjoint topological cycles.

Proof. We adapt the proof from [21] as follows. Let G be a graph-like continuum,
and E(G) = {e0, e1, . . .} an enumeration of its edges. Note that G − e0 is not
disconnected: If G − e0 = A ⊕ B then (A,B) would be a separation in G with
E(A,B) = {e}, so odd, a contradiction. Since G is arc-connected by Corollary 8,
there is an arc inG−e0 connecting x and y. Together with e0 that gives a topological
circle C0.

Now let ei = xiyi be the first edge not on C0. We claim that there is a path
connecting xi to yi in G \ (E(C0) ∪ {ei}). Otherwise, there is a cut (A,B) of
G′ = G \ E(C0) such that EG′(A,B) = {ei}. But then the same cut viewed in G
would be odd by Lemma 6. A contradiction.

It is clear that we can continue in this fashion until all edges are covered. �

To establish the equivalence of clauses (i), (iii) and (iv) of Theorem (B), it
remains to show (iii) implies (i), which is established by the next result.

Proposition 17. Let X be a graph-like continuum. If all topological cuts of X
have even size then X has an Eulerian loop.

Proof. By Theorem 13 (2), X can be written as an inverse limit of graphs Gn,
which are all closed Eulerian. Let fn denote the bonding map fn : Gn+1 → Gn.

For each n, let En be the collection of all Euler cycles of Gn. Since Gn is finite,

so is En. For each n ∈ N, let f̂n : En+1 → En be the map induced by fn. That is, if
E = (v0e0v1e1v2e2 · · · vkekv0), then

f̂n(E) = (fn(v0)fn(e0)fn(v1)fn(e1) · · · fn(ek)fn(v0)).

Observe that from the proof of Theorem 13 some of the edges in E get contracted

to a vertex. So f̂n(E) is an Eulerian circuit in Gn. Now, {En, f̂n}n∈N forms an
inverse system, and since each En is compact, we see lim← En 6= ∅.

Let (En) ∈ lim← En. For each n ∈ N, fix an Eulerian loop φn : S
1 → Gn following

the pattern given by En. Now observe that since the (En)n∈N are compatible, there
are monotone continuous maps gn : S

1 → S1 (n ∈ N) such that the diagram
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G1
f1
←− G2

f2
←− G3

f3
←− · · ·

↑ φ1 ↑ φ2 ↑ φ3

S1 g1
←− S1 g2

←− S1 g3
←− · · ·

commutes. As an inverse limit of circles under monotone bonding maps, we have
lim
←−

S1 ∼= S1, [6, 4.11], and so the map

g : lim
←−

S1 → lim
←−

Gn, (xn)n∈N 7→ (φn(xn))n∈N

is our desired Eulerian loop. �

The proof of the equivalence of (i), (ii), (iii) and (iv) in Theorem (B), for closed
loops, is completed by Lemma 19 showing the equivalence of (ii) and (iii). A
preliminary lemma is needed.

Lemma 18. Let X be a graph-like continuum, (A,B) be a separation of V, and
U = {A1, . . . , An} be a multi-cut of A. If the cut E(A,B) is odd, then E(Aj , V \Aj)
is odd for some 1 ≤ j ≤ n.

Proof. Consider the contraction graph induced by the multi-cut (B,A1, . . . , An).
By assumption, the vertex {B} has odd degree. Since by the Handshaking

Lemma, the number of odd-degree vertices in a finite graph is even, there must be
some further vertex {Aj} with odd degree, so E(Aj , V \Aj) is odd. �

Lemma 19. Let X be a graph-like continuum. All topological cuts of X are even
if and only if every vertex of X is even.

Proof. If all cuts are even, then from the definition every vertex is even. We prove
the converse by contrapositive. Assume there exists a separation (A0, B0) of V
such that E(A0, B0) is odd. Let U0 = {U10 , . . . , Un0

} be a separation of A0 into
sets with diameter < 1

2diam(A0). By Lemma 18 there exists 1 ≤ j0 ≤ n0 such that
E(Uj0 , V \Uj0) is odd. Denote Uj0 by A1 and V \Uj0 by B1. Let U1 = {U11 , . . . , Un1

}
be a separation of A1 into sets with diameter < 1

2diam(A1). Again by Lemma 18
there exists 1 ≤ j1 ≤ n1 such that E(Uj1 , V \ Uj1) is odd. Denote Uj1 by A2

and V \ Uj1 by B2. Continuing with this procedure we obtain a nested sequence
of nonempty cut elements {Ai}i∈N. By construction

⋂

i∈N Ai = {v} ∈ V and
E(Ai, Bi) is odd for every i ∈ N, hence v is not even. �

It remains to deduce the equivalence of (i), (ii), (iii) and (iv) in Theorem (B)
for the case of open paths from that of closed paths. This can be achieved with a
simple trick.

Suppose, to start, that item (i) for open paths of Theorem (B), holds for a graph-
like continuum X . So in X there is an open Eulerian path starting at a vertex v
and ending at another vertex w. Create a new graph-like continuum Z by adding
one edge to X with endpoints at v and w. Then Z is a graph-like continuum with
an Eulerian loop. So, by Theorem (B) applied to Z, each of (ii)-(iv) (for closed
paths) of that theorem hold for Z. But now it easily follows from the definitions
that each of (ii)-(iv) (for open paths) of Theorem (B) hold for X .

Now let X be a graph-like continuum for which one of items (ii)-(iv) for open
paths in Theorem (B) holds. To complete the deduction we show (i) holds for open
paths. Each of these items highlights two distinct vertices (the two odd vertices
in (ii) and the ends of the arc in (iv)). Call them v and w. Create a new graph-
like continuum Z by adding one edge to X with endpoints at v and w. Then
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Z is a graph-like continuum and it is easily verified from the definitions that it
satisfies one of (ii)-(iv) for closed paths in Theorem (B). Hence (i) for closed paths
of Theorem (B) holds, and there is a closed Eulerian path in Z. Removing the
added edge yields an open Eulerian path in X .

3.2. Counting All Eulerian Loops and Paths. In this section we aim to count
the number of distinct Eulerian loops and paths in a given graph-like continuum. To
do so we must decide what it means for two paths to be equivalent. This is a well-
studied problem in combinatorial group theory, and we adopt the approach taken
there. Two maps f, g : I → X are equivalent if v = f(0) = g(0), w = f(1) = g(1),
v and w are vertices, and f is homotopy equivalent to g relative to v, w. As noted
in the Introduction, every map f : I → X with vertices for endpoints is equivalent
to a standard path.

Let X be a graph-like continuum. By Theorem 13 (2), X can be written as an
inverse limit of graphs Gn, via bonding maps fn : Gn+1 → Gn. As in Proposi-
tion 17, for each n, let En be the collection of all Eulerian cycles in Gn, and let

f̂n : En+1 → En be the map induced by fn. Recall, (En, f̂n)n forms an inverse sys-
tem, and set E = E(X) = lim← En. As in Proposition 17, every (En)n in E(X)
gives rise to an Eulerian loop in X . It is straightforward to check that distinct
members of E(X) gives rise to inequivalent Eulerian loops. The converse is also
true, although we do not need that for our counting result. In any case we consider
E(X) to be the space of Eulerian loops in X .

Theorem 20. A closed Eulerian graph-like continuum has either finitely many dis-
tinct Eulerian loops in which case it is a graph, or it has continuum many Eulerian
loops.

Proof. Since every E(Gn) is finite discrete, the inverse limit is a compact subspace
of a Cantor set. As compact subspaces of a Cantor set without isolated points have
size continuum, the result follows from the next claim.

Claim: If E(X) contains an isolated point, then X is homeomorphic to a graph.
Fix an isolated element (En)n in E(X). Fix an Eulerian loop f : I → X of X

corresponding to (En)n (as in Proposition 17). To witness that f is isolated, find
coordinate graphGn induced by a multi-cut U = (U1, . . . , Un) ofX such that the the
quotient map q : X → G acting on the set of (distinct) Euler cycles E(X)→ E(Gn)
satisfies q−1(q(f)) = {f}. We claim that every X [Ui] (the subspace of X induced
by the vertex set Ui) is a graph. This would show that X itself is also a graph.

Without loss of generality, f(0) /∈ X [Ui]. The map f induces a linear order on
E(Ui, V \ Ui), say (e0, . . . , e2k−1). For all 0 ≤ l < 2k write xl for the end vertex of
el in Ui (of course, the xl need not be distinct). Let fm be the arc between x2m

and x2m+1 induced by f . We claim that the arcs {fm : 0 ≤ m < k} witness that
X [Ui] is a graph.

First of all, X [Ui] =
⋃

m<k fm since f(0) /∈ X [Ui] implies fm ⊆ X [Ui], and f
Eulerian implies that all edges in E(Ui, Ui) are hit. As the edges are dense, all of
X [Ui] is covered.

To complete the proof, it remains to show that our arcs intersect pairwise only

finitely. Indeed, we claim that |f̊m ∩ f̊p| ≤ 1. Otherwise, suppose that y 6= z are
two vertices lying in the interior of both arcs. Denote by em = fm ↾ [y, z] and
ep = fp ↾ [y, z] (or em = fm ↾ [z, y] depending on which vertex comes first). Since
fm, fp are edge disjoint, em 6= ep. Then replace
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• fm by fm ↾ [x2m, y] ∪ ep ∪ fm ↾ [y, x2m+1], and
• fp by fp ↾ [x2p, y] ∪ em ∪ fp ↾ [y, x2p+1].

This change gives rise to an Eulerian loop f ′ of X distinct from f , with q−1(q(f)) ⊃
{f, f ′}, a contradiction. �

We can deduce the analogous result for the number of open Eulerian paths by
the same trick used to derive the open version of Theorem (B) from the closed
version. Let X be an open Eulerian graph-like continuum, and let v, w be the
two odd vertices of X . Add an edge connecting v and w, to get a closed Eulerian
graph-like continuum Z. Apply the preceding result to deduce Z has either finitely
many distinct Eulerian loops in which case it is a graph, or it has continuum many
Eulerian loops. Removing the added edge yields either that X is a graph or has
continuum many open Eulerian paths.

Theorem 21. An open Eulerian graph-like continuum has either finitely many
distinct open Eulerian paths in which case it is a graph, or it has continuum many
open Eulerian paths.

4. Bruhn & Stein Parity

Let X be a graph-like continuum with vertex set V . Let v be a vertex of X .
Then we say that v has strongly even degree (respectively, strongly odd degree) if
there is a clopen neighborhood C of v such that for every clopen neighborhood A of
v contained in C the maximal number of edge-disjoint arcs from V \A to v is even
(respectively, odd). By Lemma 1, this is well-defined. We further say that v has
weakly even degree (resp., weakly odd degree) if v does not have strongly odd (resp.
even) degree. Equivalently, v has weakly even degree if v has a neighborhood base
of clopen sets, C, so that the maximal number of edge-disjoint arcs from V \ C to
v is even. And similarly for weakly odd degree. Bruhn & Stein [3] use the same
terminology for ‘strongly odd’ and ‘weakly even’ degrees, but use ‘even’ for our
‘strongly even’ and ‘odd’ for our ‘weakly odd’.

Note that isolated vertices have finite degree by Lemma 1, so for them being
even and having strongly even degree coincide (and similarly for odd). In general,
our notion of ‘even’ and ‘odd’ vertices implies those of Bruhn & Stein. To see this,
we shall need a version of Menger’s theorem in the edge-disjoint version. That
Menger-like theorems hold for graph-like continua is not surprising, and vertex-
disjoint versions of Menger have been proved in [22]. We complement their results
by the following theorem. Note that in finite graph theory, the edge disjoint version
follows from the vertex disjoint version by applying the latter theorem to the line
graph. As it is unclear, what a line-graph for graph-like spaces should be, we need
a different proof.

Theorem 22 (Menger for Graph-like Continua—Edge Disjoint Version). Let X
be a graph-like continuum. For disjoint closed sets A and B of vertices of X, the
maximum number of edge-disjoint A−B paths equals the minimum cut separating
A from B.

Proof. Let k be the size of a smallest cut separating A from B. Note that since A
and B are closed disjoint, it follows from compactness that such a cut exists, and
hence k is finite by Lemma 1. It is clear that the maximum number of edge-disjoint
A−B paths is bounded by k.
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Conversely, write X as an inverse limit X = lim←Gn with simplicial bonding
maps fn : Gn+1 → Gn and simplicial projection maps πn : X → Gn. Without loss
of generality, πn(A) ∩ πn(B) = ∅ for all n. Let Tn be the (finite) space of all k-
tuples of edge-disjoint connected subgraphs of Gn that intersect both πn(A) and
πn(B). By Menger’s theorem for finite graphs, Tn 6= ∅ for all n, so Tn with natural

bonding maps f̂n form their own inverse system, which is non-empty. Taking the
inverse limit in each coordinate, we obtain k edge-disjoint subcontinua of X each
intersecting both A and B. By Corollary 8, we can find A − B paths inside each
subcontinuum, which are then edge-disjoint by construction. �

Lemma 23. Let X be a graph-like continuum and v an even (resp. odd) vertex in
X. Then v has strongly even (resp. odd) degree.

Proof. Let v be an even vertex and let C be a clopen neighborhood of v such that
if A is a clopen neighborhood of v contained in C, then E(V (X) \ A,A) is even.
Observe that E(V (X) \ A,A) is the minimum cut separating V (X) \ A from v.
Hence by Theorem 22, the maximum number of edge-disjoint paths from V (X) \A
to v is equal |E(V (X) \A,A)| which is even. This shows that v is strongly even. �

However, in general, strongly even degree vertices need not be even.

Example. The right hand vertex in the graph-like continuum illustrated below is
neither even nor odd but has strongly even degree.

If each simple circle, , in the above example is replaced with a copy of , then in
the resulting graph-like continuum the right hand vertex has strongly odd degree.

Our aim is to prove the following theorem, generalizing corresponding results
of Bruhn & Stein [3] and Berger & Bruhn [1] for Freudenthal compactifications of
graphs, and their Eulerian subspaces. Observe that this theorem can be rephrased
as saying that although not every vertex of strongly even degree must be even, if
all vertices of a graph-like continuum have strongly even degree then they are all
even.

Theorem 24. A graph-like continuum is closed Eulerian if and only if all its
vertices have strongly even degree.

It is an interesting open problem, whether the same conclusion holds under the
assumption that all vertices have weakly even degree. The forward implication of
Theorem 24 follows from Lemma 23, Lemma 19 and Proposition 17. Theorem 33
establishes the converse. The plan for the proof of Theorem 33 is to establish
the contrapositive: if X is a graph-like continuum which is not closed Eulerian
then it contains a vertex without strongly even degree (i.e. of weakly odd degree).
Lemma 26 shows how a certain sequence of regions leads to such a vertex. Now if
X is a graph-like continuum which is not closed Eulerian, then by Theorem (B) (iii)
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=⇒ (i), there must be an odd cut in X . This provides the starting point for the
sequence needed to apply Lemma 26. Theorem 27 then provides the ‘Contraction
Machine’ required to create the remaining elements of the sequence.

If v and w are distinct vertices in a graph-like continuum X , and they both
have strongly odd degree, then after connecting them with a new edge they will
both have strongly even degree. Conversely if they both have strongly even degree,
then after removing an edge connecting them, they will have strongly odd degree.
Hence, as we deduced the open version of Theorem (B) from the closed version, we
now derive the following characterization of open Eulerian graph-like continua.

Theorem 25. A graph-like continuum is open Eulerian if and only if it has exactly
two strongly odd degree vertices, and the rest have strongly even degree.

4.1. The odd-end lemma. For a clopen subset U ⊂ V (X), consider the induced
graph-like space X [U ]. We say that a clopen subset U ⊂ V (X) is a region if X [U ]
is connected. By ∂U ⊂ E(X) we denote the set of edges between the separation
(U, V \ U). This set is finite for regions U . Let us call a region U of X a k-region
if |∂U | = k, and an even or an odd region depending on whether k is even or odd.

The following lemma generalizes the corresponding lemma of Bruhn & Stein for
locally finite graphs, [3, p.7f], to graph-like continua.

Lemma 26. Let X be a graph-like continuum, and let E(X) = {e0, e1, . . .} be an
enumeration of its edges. Assume there exists a sequence of regions U0, U1, . . . of
X with the following properties:

(1) |∂Un| is odd for all n ∈ N,
(2) Un ⊃ Un+1,
(3) if D is a region of X with Un ⊃ D ⊃ Un+1 then |∂Un| ≤ |∂D| for all n ∈ N,

and
(4) en /∈ E[Un+1].

Then X has a vertex which has weakly odd degree.

Proof. Since A =
⋂

n∈N X [Un] is a nested intersection of continua by (2), it is non-
empty and connected. It follows from (4) that A ⊂ V (X), so A = {v} for some
vertex v, since V (X) is totally disconnected. Furthermore, compactness implies
that {Un : n ∈ N} is a neighborhood base for v in V (X).

Property (3) together with Theorem 22 shows that for all Un the maximal number
of edge disjoint arcs from V \ Un to v equals |∂Un|, so is odd by (1). Since the Un

form a neighborhood base, it follows that v has weakly odd degree. �

4.2. The contraction machine. Suppose we have an odd region U0. We want to
construct a sequence as in Lemma 26. If we recursively choose an odd region Un+1

of minimal |∂Un+1| amongst all odd regions contained in Un, then (1) and (2) are
fine, and property (3) is satisfied at least for all odd regions D nested between Un

and Un+1. Following Bruhn & Stein’s idea [3], our plan for evading all even regions
D with |∂D| < |∂Un| nested between Un and Un+1 is roughly as follows: first, we
contract all even regionsD ⊂ Un with boundary smaller than |∂Un| to single points.
Only then do we pick our region Un+1. After uncontracting, this means that every
small even region lies either behind Un+1, or is completely disjoint from Un+1.

The next result formalizes this idea for contracting regions.
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Theorem 27 (Contraction Theorem). Let X be a graph-like continuum such that
all isolated vertices are even. Suppose further that U ⊂ X is an odd region of X
such that for some even m > 0, there is no infinite k-region with k < m of X
contained in U .

Then there is a collection M of disjoint regions of U such that after contract-
ing every element of M to a single point, the graph-like continuum X/M, with
associated (monotone) quotient map π : X → X/M, has the property that

(i) all isolated vertices of X/M are even,
(ii) there are no infinite k regions with k ≤ m contained in the region π(U) ⊂

X/M, and
(iii) if D ⊂ U is an ℓ-region of X, then there is an ≤ ℓ-region D′ ⊂ π(U) such

that |π(D) \D′| <∞.

We divide the proof into a sequence of lemmas. For two subsets A,B ⊂ X , say
that A splits B, or B is split by A, if A ∩B 6= ∅ 6= B \A.

Lemma 28. Let X be a graph-like continuum, and U ⊂ X a region. Let R,S1, . . . , Sn

be infinite m-regions contained in U , where S1, . . . , Sn are pairwise disjoint and
|R \

⋃

i≤n Si| =∞.
If there is no infinite k-region with k < m of X contained in U , then there is an

m-region R̃ which doesn’t split any Si such that |R \ (
⋃

i≤n Si ∪ R̃)| <∞.

For the proof we need the following lemma, which can be proven, as for graphs,
by a simple double-counting argument.

Lemma 29. Let X be a graph-like space, and Y, Z ⊂ V (X) clopen subsets. Then

|∂Y |+ |∂Z| ≥ max {|∂(Y ∩ Z)|+ |∂(Y ∪ Z)|, |∂(Y \ Z)|+ |∂(Z \ Y )|}.

Proof of Lemma 28. Without loss of generality, assume that S1 is split by R, i.e.
that R ∩ S1 6= ∅ 6= S1 \ R. We claim that one of S1 ∪ R or R \ S1 is an m-region.
They are clearly clopen subsets of vertices of X .

Otherwise, since S1 ∪ R and R \ S1 are infinite, we have |∂S1 ∪R| > m and
|∂R \ S1| > m. Thus, Lemma 29 implies that |S1 \R| < m and |S1 ∩R| < m, so
both regions are are finite, contradicting that S1 is infinite.

Hence, one of S1 ∪ R or R \ S1 is has a boundary of size m, and they can’t
be disconnected, as otherwise their components had to be finite. Now put R′ to
be either one of them, whichever was the m-region. Then R′ splits strictly fewer
Si than R, but covers the same set together with the Si. Thus, we may pick R̃
to be such that it splits the fewest number of Si, subject to the condition that
|R \ (

⋃

i≤n Si ∪ R̃)| < ∞. By the preceding argument, it follows that R̃ does not
split any of the Si. �

Let X be a graph-like continuum, and U ⊂ X a region. Assume there is no
infinite k-region with k < m of G contained in U . Let R = {Rn : n ∈ N} be an
enumeration of all infinite m-regions of G contained in U . Since each Ri is faithfully
represented by the finite cut ∂Ri ⊂ E, and E is countable, there are indeed at most
countably many such regions. Below we write S � S ′ if S is a refinement of S ′, i.e.
for all S ∈ S there is S′ ∈ S ′ such that S ⊆ S′.

Lemma 30. For every n ∈ N there are finite collections Sn ⊂ R of disjoint m-
regions of U such that

(1) for all Rj with j ≤ n we have |Rj \
⋃

Sn| <∞, and (2) Sn � Sn+1.
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Construction. We begin with S0 = {R0}. Suppose Sn ⊆ R has been found satis-
fying the above properties. Applying Lemma 28 with Rn+1 and the collection Sn,
we obtain an infinite m-region R̃n+1. We claim that Sn+1 = {R̃n+1} ∪ {S ∈ Sn :

S ∩ R̃n+1 = ∅} is as desired. Indeed, by construction, Sn+1 covers Rn+1 up to
finitely many vertices; and

⋃

Sn ⊆
⋃

Sn+1, so we preserved the covering properties
of earlier stages. �

We would like to contract the ‘maximal’ m-regions (with respect to inclusion)
contained in S =

⋃

Sn. However, for graph-like continua, there can be infinite non-
trivial chains in S. Still, for any such chain S0 ( S1 ( S2 ( · · · of m-regions, we
can contract a suitable collection of disjoint even regions such that after contraction,
all Sn are finite. Our plan is to contract S0, and each component of Sn+1 \Sn, to a
single point for all n ∈ N. Our next lemma provides the details for the second case.

Lemma 31. Let X be a graph-like continuum, and U ⊂ X a region. Assume there
is no infinite k-region with k < m of G contained in U .

If S ( R are infinite m-regions contained in U , then X [R \ S] has at most m
connected components, and every such component is an even region of X.

Proof. Note that since X [R] is path-connected, it follows that every component of
X [R \ S] has to limit onto an end vertex of some e ∈ ∂S. Thus, X [R \ S] has at
most |∂S| = m components. In particular, every component is clopen in X [R \ S],
and hence a region of X .

To see that ∂(R \ S) is even, consider the graph induced by the multi-cut (S,R\
S, V \ R). This graph has two even vertices, namely {S} and {V \R}. So by the
Handshaking Lemma, also the last vertex is even, i.e. R \ S induces an even cut.
Moreover, since in the contraction graph, both {S} and {V \R} have degree m, it
follows that the third vertex has the same number of edges to {S} and to {V \R}.
In other words, we have |∂(R \ S) ∩ ∂R| = |∂(R \ S) ∩ ∂S|.

Let C denote the vertex set of one such component. It follows that in order to
establish that C is an even region, it suffices to show that

|∂C ∩ ∂R| ≥ |∂C ∩ ∂S|.(1)

Indeed, once we know that (1) holds for every component C, then |∂R| = m = |∂S|
gives equality in (1). To see that (1) holds, note that if |∂C ∩ ∂R| < |∂C ∩ ∂S|,
then we see that |∂(S ∪ C)| < m, so this is a finite region, contradicting that S was
infinite. �

We now collapse all maximalm-regions in S =
⋃

Sn, and for every infinite proper
chain in S we perform the above contractions. WriteM for the disjoint collection
of even regions we contract. Write qM : V (X) → V (X/M), which extends to a
continuous (monotone) quotient map on X → X/M (where we also contract all
potential loops), which we also call qM. Note that since we contracted regions of a
compact space, the map qM : X → X/M is a closed, monotone map. In particular,
this implies that preimages of regions are regions, see Theorem 9 of [17].

Proof of Theorem 27. First, to see that X/M is still a graph-like continuum, note
that our countable family M forms a null-sequence of clopen sets by Corollary 8.
It follows from the fact that if X is separable metrizable, and A = {An : n ∈ N} a
null-sequence of non-empty compact subsets of X, then X/A is separable metrizable,
[18, A.11.6], that X/M is a continuum. Further, it is graph-like, because its vertex
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set V (X)/M is totally disconnected: If there was any non-trivial connected set
C ⊂ V (X/M), then C cannot contain contracted vertices (they are isolated), so
C ⊂ V (X) is non-trivial connected, contradiction.

Item (i), that every isolated vertex of X/M is even, follows from Lemma 31, as
we only contracted even regions.

For (ii), that all m-regions of X/M contained in π(U) are finite, note that for
any such m-region D of X/M, the clopen vertex set D′ = π−1(D) is an m-region
of X . If D′ was infinite, then D′ appears in our list, so is covered by some finite
Sn. Consider S ∈ Sn. Note that S either gets contracted to a single point, or S
appears in an infinite chain with at most n predecessors, in which case we contract
S to at most (m · n+ 1)-many points. It follows that D′ gets contracted to finitely
many points, i.e. D is finite.

For (iii), let D be an ℓ-region of X . There are at most ℓ many elements
M1, . . . ,Mℓ ∈ M such that ∂D ∩ E[Mi] 6= ∅. Now if D ⊂ Mi for some i then
it is clear that π(D) is finite. Otherwise, choose disjoint m-regions Si ⊃ Mi in S.
We claim that either D̃ = D ∪ S1 or D̃ = D \ S1 is an ≤ ℓ-region. Otherwise, it
follows from Lemma 29 that |∂(D ∩ S1)| < m and |∂(S1 \D)| < m. So S1 is finite,
a contradiction. Continue with the other Si. This gives us an ≤ ℓ-region D′, which
differs from D by finitely many S ∈ S. �

4.3. Chasing odd regions. After having established Theorem 27, the proof now
proceeds essentially as in [3]. We need one more simple lemma.

Lemma 32. A graph-like continuum in which all isolated vertices are even does
not contain finite odd regions.

Proof. If A = {v1, . . . , vn} ⊂ V (X) is a finite region, consider the finite graph
induced by the multi-cut (V \ A, {v1}, . . . , {vn}). Since all vertices vi are even, it
follows from the Handshaking Lemma that also {V \A} must be even. �

Theorem 33. A graph-like continuum is Eulerian if all its vertices have strongly
even degree.

Proof. Assume X is not Eulerian. To prove the contrapositive we show X con-
tains a vertex without strongly even degree. If some isolated vertex does not have
(strongly) even degree then we are done. So assume all isolated vertices of X are
even. We construct a sequence of graph-like continua X = X0, X1, . . . such that

(a) X0
π1−→ X1

π2−→ X2
π3−→ · · · are successive quotients with monotone open

quotient maps πn, and write fn = πn ◦ πn−1 ◦ · · · ◦ π1,
(b) all Xn have the property that all isolated vertices are even,
(c) there are regions Vn ⊂ Xn such that

(1)′ |∂Vn| is odd for all n ∈ N,
(2)′ πn+1(Vn) ⊃ Vn+1,
(3)′ any ℓ-region of X gets contracted to a ≤ ℓ-region of Xn modulo finitely

many isolated vertices; and any k-region of Xn contained in Vn with
k < |∂Vn| gets contracted to finitely many vertices in Xn+1,

(4)′ en /∈ E[Vn+1].

Before describing the construction, let us see that that Un = f−1n (Vn) defines regions
satisfying the requirements of Lemma 26, and so X has a vertex which does not
have strongly even degree, as desired.
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Indeed, as inverse images under monotone closed maps, they are connected, and
hence regions in X . Next, it is easy to check that (1)′ ⇒ (1), (2)′ ⇒ (2) and (4)′ ⇒
(4). Finally, to see (3), i.e. that Un+1 does not lie behind some region D of Un with
small |∂D|, note that by (3)′, this region D would have been contracted to finitely
many points in Xn+1, and hence Vn+1 would be finite, which is a contradiction by
(b) and Lemma 32.

Now towards the construction of our sequence X0, X1, . . . with (a)–(c). First,
since X = X0 is not Eulerian, it has an odd cut. By choosing V0 = U0 to be an odd
region of X such that |∂U0| is minimal, we see that V0 is as desired. Now suppose
we have constructed Vn ⊂ Xn according to (a)–(c). Put mn+1 = |∂Vn| − 1.

Recursively, apply Theorem 27 with graph-like continuum X(k) and region qk ◦
· · · ◦ q1(Un) to obtain graph-like continua Xn = X(mn) ≻ X(mn+1) ≻ · · · ≻
X(mn+1) = Xn+1 with corresponding monotone quotient maps qk : X

(k−1) → X(k)

for all even 0 < k ≤ m. Define πn+1 = qmn+1
◦ · · · ◦ qmn+1 : Xn → Xn+1.

Note that Theorem 27(i) implies (b), and (ii) and (iii) imply (c)(3)′. We now
want to find an odd cut V ⊂ πn+1(Vn) such that en /∈ E(V ). Towards this, note
that fn+1(en) is either an isolated vertex v of Xn+1, or fn+1(en) is an edge with
end vertices say x and y in Xn+1. Find a multi-cut V of πn+1(Vn) into regions
which either displays v as a singleton, or contains x and y in different partition
elements. By Lemma 18, there is an odd region V ∈ V . Since isolated vertices of
Xn+1 are even, V is not the singleton {v}. In the other situation, note that in the
induced graph G(V), the edge fn+1(en) is displayed as cross edge. In either case,
we have en /∈ E(V ).

Finally, amongst all odd regions of Xn contained in V pick any odd region
Vn+1 ⊂ V such that |∂Vn+1| is minimal. This choice satisfies items (1)′, (2)′

and (4)′. �
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