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DESY 11-195Markus DiehlMultiparton interations and multipartondistributions in QCDReeived: date / Aepted: dateAbstrat After a brief reapitulation of the general interest of parton densities, we disuss multiplehard interations and multiparton distributions. We report on reent theoretial progress in their QCDdesription, on outstanding oneptual problems and on possibilities to use multiparton distributionsas a laboratory to test and improve our understanding of hadron struture.Keywords Parton distributions � multiple hard interations � hadron struture1 Parton distributions: a brief reapitulationAmong the most interesting and most diÆult aspets of QCD is the relationship between quarks andgluons, whih are the basi degrees of freedom of the theory, and hadrons, whih are the physial statesobserved at marosopi distanes. Parton distributions are among the most prominent quantities thatdesribe this relationship. Important issues in this ontext are:{ Parton densities desribe quarks, antiquarks and gluons as they manifest themselves in short-distane proesses, and they have a diret onnetion to the �elds that appear in the QCD La-grangian. How are these degrees of freedom related with the quarks that appear in non-perturbativeapproahes to hadron struture, suh as onstituent quark models, hiral quark models, the Dyson-Shwinger approah et.?{ The appearane of partons at small momentum fration x an to a large extent be desribed as theresult of parton radiation in the perturbative regime, as it is for instane enoded in the DGLAPequations. However, in partiular the �ts performed by the Dortmund group [1; 2℄ learly show thatperturbative physis alone is not suÆient for understanding sea quarks and gluons, given that theymust already be present at low resolution sales, where they an only be of non-perturbative origin.Distributions suh as �u� �d or s� �s are partiularly lear indiators of this fat.{ Whih roles do on�nement and hiral symmetry breaking play in determining the distribution ofpartons inside a hadron?{ Gluons and the hoie of gauge play an essential role when one desribes the dynamis of partonsinside hadrons. Our understanding of this issue has seen important progress in the last deade butis still far from satisfatory, as we will see at the end of this setion.Parton distributions ome in di�erent varieties, whih address di�erent aspets of hadron struture.Presented at LIGHTCONE 2011, 23 { 27 May, 2011, Dallas.Markus DiehlDeutshes Elektronen-Synhroton DESY, 22603 Hamburg, GermanyE-mail: markus.diehl�desy.de
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2PDFs, i.e. parton distribution funtions f(x), are the familiar funtions desribing the distribution ofpartons in longitudinal momentum fration x. There is a vast number of proesses where they anbe measured. The PDFs for unpolarized partons in the proton are an indispensable ingredient forunderstanding high-energy lepton-hadron and hadron-hadron ollisions, and with the exeption ofertain distributions they are among the most preisely measured non-perturbative quantities inQCD.TMDs, i.e. transverse-momentum dependent distributions f(x;k), desribe the joint distribution ofpartons in their longitudinal momentum fration and their transverse momentum. They are relevantin proesses with a measured transverse momentum muh smaller than the hard sale, e.g. in Drell-Yan prodution when the transverse momentum of the lepton pair is muh smaller than its invariantmass. (Here and in the following, vetors in the transverse plane are written in boldfae.)TMDs quantify a variety of spin-orbit orrelations at the parton level. A partiularly intriguingaspet of their dynamis is the role of gluons that are desribed by Wilson lines (see below). Wenote that the term TMD also inludes transverse-momentum dependent fragmentation funtions.GPDs, i.e. generalized parton distributions F (x; �; t), appear in the desription of exlusive proesseslike deeply virtual Compton sattering or meson prodution. The Mandelstam variable t an betraded for the transverse momentum di�erene � between the inident and the sattered proton,whih is Fourier onjugate to the transverse position b of the parton inside the proton. If theskewness variable � (whih desribes the longitudinal momentum transfer to the target) is zero, theFourier transformed distributions f(x;b) desribe the joint density of partons in their longitudinalmomentum fration and their transverse position [3℄. One often refers to f(x;b) as impat parameterdistributions.The Mellin moments R dx xn�1F (x; �; t) of GPDs an be identi�ed with the form fators of loaloperators. This provides in partiular a onnetion between GPDs and the eletromagneti Diraand Pauli form fators of the nuleon, whih have been measured with great preision over a widerange of t. The moments of GPDs an also be evaluated in lattie QCD [4℄.A ommon feature of these di�erent types of distributions is that they are de�ned in terms of matrixelements hp2j�q�(z2)W (z2; z1) q�(z1)jp1i���z+1 =z+2 =0 (1)of quark-antiquark operators between proton states. For gluon distributions, the �elds �q and q arereplaed by the gluon �eld strength F+i. These matrix elements have a rather simple interpretationin light-one quantization, where the �elds �q(z2) and q(z1) at zero light-one time an be expanded interms of reation and annihilation operators for quarks or antiquarks (see e.g. [5℄). A subtle point ofinterpretation arises due to the Wilson line W (z2; z1), whih will be disussed shortly.Longitudinal and transverse oordinates play quite di�erent roles in the matrix element (1), whihmeans that one has lost manifest three-dimensional rotation invariane even if both proton states p1 andp2 are at rest. This orresponds to the fat that in proesses where parton distributions an be observed,there is a physially preferred diretion. The variables of z�1 and z�2 in (1) are related to the light-oneplus-momenta of the quark or antiquark by a Fourier transform, and a parton interpretation is moststraightforward in a referene frame where the protons move fast, i.e. where p+1 and p+2 are large. Thetransverse variables in (1) di�er between PDFs, TMDs and GPDs. One an swith between transverseposition and transverse momentum of the proton states or the partons by a Fourier transform. There isa subtle point in this, whih an easily be explained by a simple alulation. The Fourier transformedquark �eld q(z�;k) = Z d2z eikz q(z�; z) (2)at z+ = 0 annihilates quarks with transverse momentum k and reates antiquarks with transversemomentum �k. For a bilinear operator as in (1) we then have�q(k) q(k0) = Z d2z d2z0 e�i(kz�k0z0) �q(z) q(z0) ; (3)where here and below we suppress plus- and minus-oordinates for simpliity. Withkz� k0z0 = k+ k02 (z� z0) + (k � k0) z+ z02 (4)



3
a b cFig. 1 Graphs with gluon exhange between hadrons and the hard-sattering subproess for semi-inlusivedeep inelasti sattering (a), Drell-Yan prodution (b) and hadron pair prodution in pp ollisions ().we see that in the region where �q reates and q annihilates a quark, the average transverse momentum ofthe reated and annihilated quark is Fourier onjugate to the di�erene of their transverse positions,whereas the di�erene of the transverse momenta is onjugate to their average transverse position.Taking the matrix element of (3) between proton states that are loalized at transverse position(z + z0)=2 � b, and making an appropriate Fourier transformed with respet to the minus-positionsof the �elds, one obtains Wigner distributions W (k;b) that depend on both the average transversemomentum of a quark and its average transverse position relative to the proton, where the \average"refers to the two �elds in the operator (3). The integral R d2bW (k;b) gives the density of quarks withtransverse momentum k, i.e. a TMD, whereas the integral R d2kW (k;b) gives the density of quarkswith transverse position b in the proton, i.e. essentially a Fourier transformed GPD. This showsexpliitly that TMDs and GPDs ontain omplementary information about partons in the proton, andthat both types of quantities are desendants of higher-level funtions, namely of Wigner distributions.For a general introdution to Wigner distributions we refer to [6℄.Let us now return to the Wilson line in (1), whih we have glossed over so far. When establishingfatorization for proesses suh as Drell-Yan prodution or semi-inlusive deep inelasti sattering(SIDIS), one �nds that an arbitrary number of gluons in a right-moving hadron an attah to thehard-sattering proess without any twist suppression, provided that the gluons have polarization inthe plus-diretion. This is illustrated in Fig. 1a and b. It is the e�et of these gluons that is summedup in the Wilson line W (z2; z1), with a path between z1 and z2 that depends on the proess.For k integrated distributions, the situation simpli�es if one works in the light-one gauge A+ = 0,where the Wilson line redues to unity so that one has a literal parton model interpretation of theoperator in (1) as reating and annihilating quarks or antiquarks. For k dependent distributions,however, there are subtle spin e�ets suh as the Sivers or Boer-Mulders asymmetries, whih are quiteexpliit in a ovariant gauge, whereas in A+ = 0 gauge they are due to Wilson line piees at in�nity,orresponding to gluon modes with k+ = 0, see e.g. [7; 8℄.Closer inspetion shows that in TMDs one an atually not take the Wilson line W (z2; z1) along apath in the light-like diretion, sine this leads to rapidity divergenes [5℄. To regulate these divergenes,one an introdue a diretion v with nonzero plus- and minus-omponents, so that the resulting Wilsonlines redue to unity in the axial gauge Av = 0 rather than in light-one gauge. A formulation offatorization with TMDs in the framework of light-one quantization and the A+ = 0 gauge has so farnot been ahieved. On the positive side, the formulation with Wilson lines along a diretion v allowsone to resum Sudakov logarithms to all orders. This has led to a suessful phenomenology of proesseswith small measured transverse momentum, see [9; 10℄ and referenes therein. On a more fundamentallevel, the physial phenomena assoiated with TMDs fore (and guide) us to think more deeply aboutthe role of gluons and of gauge degrees of freedom when desribing how parton emerge from hadronsand interat with eah other.Finally, we must note that TMD fatorization has so far only been established for proesses with asimple olor struture in the hard sattering, suh as SIDIS and Drell-Yan prodution. Serious obstalesfor suh a formulation have been identi�ed for proesses like the prodution of bak-to-bak hadronsor jets in pp ollisions, where graphs like the one in Fig. 1 do not appear to admit a resummation intoWilson line operators [11℄. It remains an open question whether a fatorized desription (and alongwith it, Sudakov resummation with the same auray as for Drell-Yan prodution) an be found forthis important lass of proesses.
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baFig. 2 Double hard sattering proesses produing a Drell-Yan lepton pair and a dijet (a) or two Drell-Yanpairs (b).2 Multiparton interations: what are they and why are they interesting?In a generi hadron-hadron ollision, several partons in one hadron satter on orresponding partonsin the other hadron. At high energy, several of these satters an have a hard sale and produepartiles with large invariant mass or large transverse momenta. Examples are shown in Fig. 2. Thee�ets of suh multiparton interations (also referred to as multiple interations) average out or arepower suppressed in suÆiently inlusive observables. This is why they are not inluded in the familiarfatorization formulae for hadron-hadron ollisions, whih involve single-parton densities and a singlehard-sattering subproess. However, for more exlusive observables and more spei� kinematis,ontributions from multiple interations an be substantial, and it has been estimated that they willplay an important role in many analyses at the LHC. There is a long history of theoretial andexperimental studies of suh interations, and the �eld has seen a strong boost in ativity sine theLHC has started operation, see e.g. the reent proeedings [12℄.The desription of multiparton interations involves multiparton distributions, whih are interestingin their own right sine they ontain information about orrelations between di�erent partons in theproton wave funtion. This information is inaessible in the singe-parton distributions we disussedin Set. 1.The existing phenomenology of multiple interations (inluding implementations in Monte Carloevent generators) is based on a simple and physially intuitive piture, whih involves however manysimplifying assumptions. A systemati treatment in QCD, whih would math the level of sophistia-tion ahieved for single hard-sattering proesses, remains to be given. Some steps into this diretionhave been taken in [13℄, and in the present proeedings we will point out results that have been ob-tained, open problems that have been identi�ed, and prospets of using multiple interations to learnmore about hadron struture at the parton level and about theoretial approahes to understand thisstruture.3 Some basi resultsTo begin with, let us speify the theoretial framework we will be using. We onsider double hardsattering as the simplest (and often most prominent) ase of multiparton interations. Requiring bothparton-level sattering proesses to be hard allows us to use the onept of fatorization and the predi-tive power of perturbation theory. Sine the phenomenologial interest in multiple interations omesfrom the neessity to understand the hadroni �nal state in detail, we keep the transverse momenta ofthe produed partiles di�erential and are hene led to using transverse-momentum dependent fator-ization and the assoiated multiparton distributions. Given the status of TMD fatorization for singlehard sattering desribed above, we onsider the double Drell-Yan proess of Fig. 2b as a ase wherethe prospets for obtaining rigorous theory results are best, referring the pratially important aseswhere seondary interations produe jets to future work.The graph in Fig. 3a shows the prodution of a gauge boson pair by two hard-sattering proesses.This graph an be evaluated with the same tehniques that are used for single hard sattering, wheresmall momentum omponents are negleted ompared to large ones in eah parton-level subproess. Inthis approximation, the plus-momenta of right-moving partons and the minus-momenta of left-movingones are �xed by the �nal-state kinematis, but their transverse momenta are not. With the momentumassignments in Fig. 3a, one �nds xi = q+i =p+ and �xi = q�i =�p� for the longitudinal parton momentum
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bFig. 3 Graphs for the prodution of two eletroweak gauge bosons by double (a) and by single (b) hardsattering. The dashed line indiates the �nal-state ut, and the deay of the bosons into leptons is not shownfor simpliity.frations. Momentum onservation gives r + �r = 0 for the transverse omponents of the momentummismath between partons on the left and the right of the �nal-state ut. The ontribution of Fig. 3a tothe ross setion is then proportional to R d2rFa1;a2(xi;ki; r)F�a1;�a2(�xi; �ki;�r), where the �rst fator isthe distribution for two quarks and the seond fator the distribution for two antiquarks in the proton.Fourier transforming the distributions w.r.t. their last argument, one �nds that the onjugate positionvariables satisfy �y = y, and the full expression of the ross setion readsd�Fig. 3aQ2i=1 dxi d�xi d2qi = 1S Xa1;a2=q;�q;Æq�a1;�a2=�q;��q;Æ�q� 2Yi=1 Z d2ki d2�ki Æ(2)(qi � ki � �ki)�� �̂1;a1�a1(q21) �̂2;a2�a2(q22) Z d2yFa1;a2(xi;ki;y) F�a1;�a2(�xi; �ki;y) ; (5)where �̂i;ai�ai denotes the hard-sattering ross setion for single-boson prodution. The statistialfator S is 2 if the produed bosons are idential and 1 if they are not.From our disussion in Set. 1 it follows that the Fourier onjugate variable y of r representsthe distane between the two sattering partons, averaged between the sattering amplitude and itsomplex onjugate. On the other hand, k1 and k2 are the transverse momenta of the partons, averagedin the same sense. Fa1;a2(xi;ki;y) thus has the struture of a Wigner distribution in the transversedegrees of freedom. It is gratifying that this allows for a rather intuitive interpretation of the rosssetion formula (5): we have two quark-antiquark annihilation proesses separated by a transversedistane y, where in eah annihilation the inident transverse parton momenta ki and �ki add upto the measured transverse momentum qi of the produed gauge boson. Note, however, that theresult (5) is fully quantum mehanial and has been obtained from Feynman graphs using standardapproximations, without the need to appeal to semi-lassial arguments. The operator de�nition of atwo-quark distribution readsFa1;a2(xi;ki;y) = � 2Yi=1 Z dz�i d2zi(2�)3 ei(xiz�i p+�ziki)� 2p+Z dy�
p �� �q(� 12z2)W (� 12z2; 12z2)�a2 q( 12z2)� �q(y � 12z1)W (y � 12z1; y + 12z1)�a1 q(y + 12z1) �� p����z+1 =z+2 =y+=0 (6)and is a natural extension of the de�nition of TMDs for a single parton desribed in Setion 1.The transverse-momentum integrated distribution Fa1;a2(xi;y) = R d2k1 d2k2 Fa1;a2(xi;ki;y) givesthe joint density of two quarks with momentum frations x1 and x2 and relative transverse distane y.It enters in the transverse-momentum integrated ross setion asd�Fig. 3aQ2i=1 dxi d�xi = 1S Xa1;a2=q;�q;Æq�a1;�a2=�q;��q;Æ�q �̂1;a1�a1(q21) �̂2;a2�a2(q22) Z d2yFa1;a2(xi;y) F�a1;�a2(�xi;y) : (7)



6The integration over k1 and k2 puts the relative transverse oordinates z1 and z2 to zero in (6), so thatin eah quark-antiquark operator the two �elds are separated by a light-like distane, as they are forthe usual PDFs. However, the operators desribing the �rst and the seond quark are still separatedby a transverse distane y. The resulting distribution does therefore not involve a twist-four operatorbut rather the produt of two operators with twist two.For eah of the two quark-antiquark operators there are three Dira matries �a that give a leadingontribution to the ross setion, namely �q = 12+, ��q = 12+5 and � jÆq = 12 i�j+5 with j = 1; 2.These matries respetively projet on unpolarized, longitudinally polarized and transversely polarizedquarks and are well-known from the de�nition of single-parton densities. Note that for multipartondistributions one an have spin e�ets even in an unpolarized proton beause the polarizations ofdi�erent partons an be orrelated among themselves. If suh orrelations are large, they leave animprint in the ross setion formulae (5) and (7), where they an hange both the size of the ross setionand the distribution of partiles in the �nal state. In partiular, one �nds that a orrelation betweenthe transverse polarization of two quarks or antiquarks leads to an angular orrelation between theleptoni deay planes of the two produed gauge bosons. Whether and where spin orrelations betweendi�erent partons in the proton are important is therefore an important question for phenomenology atthe LHC. It is also of great interest from the point of view of hadron struture, and one may hope fora fruitful interplay between these two �elds in the future.Not only the spin but also the olor of two partons an be orrelated. In Eqs. (5) to (7) we haveglossed over this degree of freedom, and it turns out that two-quark distributions an have two olorstrutures, both of whih ontribute to the ross setion. The two quark lines with momentum frationx1 in Fig. 3a an ouple either to a olor singlet or to a olor otet. A orresponding olor oupling ofthe two quark lines with momentum fration x2 then follows from olor onservation. It is the olorsinglet ombination that has the interpretation of a Wigner distribution disussed above, whereas theolor otet ombination desribes an interferene between di�erent olor states of a parton in thesattering amplitude and its omplex onjugate. The operator de�ning the olor otet ombinationreads (�q2 �a2taq2) (�q1�a1taq1), where ta denotes 12 times the Gell-Mann matries. The subsripts 1and 2 of the quark �elds indiate that after Fourier transformation the �elds are assoiated withmomentum fration x1 and x2, respetively. Although the possibility of spin and olor orrelations inmultiparton distributions has been pointed out long ago [14℄, the lak of a method to estimate theirsize has prevented them from being inluded in phenomenologial analyses up to now.In Set. 1 we mentioned the resummation of Sudakov logarithms in single hard-sattering proesseswith small transverse momenta. Suh logarithms also appear in the double sattering proess depitedin Fig. 3a. They an be omputed by generalizing the method of [15; 16℄ from single to double hardsattering. An important result is that the leading double logarithms in q2i =Q2 are given by theprodut of the orresponding fators for eah separate hard-sattering proess. Beyond this auray,the struture beomes more involved sine soft gluons an be exhanged between all parton lines inFig. 3a. Expliit alulation shows that these e�ets also lead to a mixing between the olor singletand olor otet distributions mentioned in the previous paragraph.4 Power ounting: when are multiple interations suppressed and when are they not?When deriving the ross setion formula (5) we have taken the leading approximation in the smallparameter �=Q, where the large sale is provided by Q2 � q21 � q22 , whereas the small sale � isgiven by the transverse boson momenta jq1j, jq2j or by the sale of nonperturbative interations,whihever is larger. One readily �nds that, up to logarithmi terms, the overall saling behavior of thedouble-sattering ross setion (5) is d�Fig. 3aQ2i=1 dxi d�xi d2qi � 1Q4�2 : (8)One �nds the same behavior for the ase where the two bosons are produed in a single hard sattering,as illustrated in Fig. 3b. In the fully di�erential ross setion, multiple hard interations are thus notpower suppressed with single hard sattering and an hene be of signi�ant size.The situation hanges if one integrates over the transverse momenta q1 and q2. In the doublesattering mehanism both jq1j and jq2j result from transverse parton momenta and are hene limited



7to size �. By ontrast, with a single hard sattering the sum jq1 + q2j is of order � but the individualtransverse momenta an be as large as kinematially allowed, i.e. they an be of order Q. Single hardsattering an thus populate a larger phase spae, and one hasd�Fig. 3aQ2i=1 dxi d�xi � �2Q4 ; d�Fig. 3bQ2i=1 dxi d�xi � 1Q2 : (9)The double sattering ontribution is now power suppressed in the overall ross setion. This is in-deed neessary for the onsisteny of the usual fatorization formulae, whih only desribe the singlesattering ontribution.Multiple interations are thus important in observables that are suÆiently exlusive and in kine-matis where this mehanism an ontribute. The relevant kinemati regions are those where one hassubsets of �nal-state partiles for whih the vetor sum of transverse momenta is small ompared withthe hard sale in the proess. In our ase this is the double Drell-Yan proess with small transverse mo-menta of the produed vetor bosons. Another important example emphasized in [17℄ is the produtionof two dijet pairs, eah of whih is approximately bak-to-bak.5 High transverse momentumThe preditive power of the theory inreases if one onsiders kinematis where the transverse momentaqi are large ompared with the sale of nonperturbative interations (while still being small omparedwith the very large sale Q). At least some of the transverse parton momenta are then large as well,and one an ompute the transverse-momentum dependent multiparton distributions in terms of aperturbative subproess at sale jqij and distributions that depend on fewer variables.Two types of graphs are of partiular importane in this ontext. In the double ladder graphof Fig. 4a, eah of the two partons that will enter the ollision proess aquires a large transversemomentum by radiating a parton into the �nal state. This is a straightforward generalization of theorresponding mehanism for single-parton densities at large k. The two ladders in the graph areindependent, so that this mehanism an ontribute for interparton distanes y of hadroni size. Animportant �nding is that the olor fators for ladder graphs favor the ase where the parton pairs withequal momentum fration x1 or x2 are oupled to olor singlets. It remains to be studied quantitativelyhow strong this preferene for the olor singlet hannel is.In the graph of Fig. 4a a single parton splits into two partons with high transverse momenta, bothof whih will then take part in a hard ollision proess. This mehanism is in partiular relevant forlarge r, whih translates to a small distane y. One �nds that the transverse-momentum integrateddistribution F (xi;y) behaves like 1=y2 at small y due to these splitting graphs. This poses a problemof onsisteny, sine the integral over y in the ross setion (7) is then linearly divergent in y2 atshort distanes. Likewise, one �nds that the y integral in (5) diverges logarithmially at small y. Theunderlying problem signaled by these divergenes is that the graph shown in Fig. 5 an be interpretedin two ways. If one identi�es the two boxes in the �gure as representing the splitting graphs for aquark-antiquark distribution, one has a graph for double hard sattering as just disussed. However,without the boxes one has a graph for single hard sattering, namely for the fusion of two gluons intotwo eletroweak gauge bosons via a quark loop. For a detailed investigation of this loop graph we
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Fig. 5 Graph for the prodution of two gauge bosons, where in both olliding protons an initial gluon splitsinto a quark-antiquark pair. The boxes indiate the splitting graph of Fig. 4b for a quark-antiquark distribution.refer to [18℄. A proper theoretial formulation will need to make sure that there is no double ountingproblem for this graph and remove the divergenes in the y integration of the double sattering rosssetions (5) and (7). To ahieve this in a onsistent and pratiable way is an outstanding problem.6 Approximation by single-parton distributionsTo develop a phenomenology of multiple interations, one needs a simple ansatz for multiparton distri-butions as a starting point. For those distributions that admit an interpretation as Wigner distributionsit is natural to approximate them by the produt of single-parton densities, negleting any possibleorrelations between the di�erent partons.To formalize suh an ansatz we insert a omplete set of intermediate states PX jXihX j betweenthe two operators (�q2 �a2q2) and (�q1 �a1q1) in the de�nition (6) of the two-parton distribution. If weassume that this sum is dominated by single-proton states, then we obtain an approximation in termsof single-parton distributions. For transverse-momentum integrated distributions, this approximationreads Fa1;a2(xi;y) � Z d2b fa2(x2;b) fa1(x1;b+ y) ; (10)where fa(x;b) is the impat parameter distribution of parton a disussed in Set. 1. This approxi-mation, visualized in Fig. 6, is the starting point of most estimates for multiparton sattering in theliterature, although there is a number of attempts to go beyond it [19; 20; 21℄.The orresponding approximation for transverse-momentum dependent distributions has a simplerstruture if we use the variable r rather than y. We then haveFa1;a2(xi;ki; r) � fa2(x2;k2 � 12x2r;�r) fa1(x1;k1 � 12x1r; r) : (11)Here fa(x;k; r) is a transverse-momentum dependent generalized parton distribution, de�ned by theFourier transform of a matrix element as in (1), where the annihilated quark arries momentum fra-tion x and transverse momentum k � 12r and the reated quark arries momentum fration x andtransverse momentum k+ 12r.
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9This strategy of approximation an also be adapted to the olor otet distributions desribedin Set. 3, whih annot be interpreted as Wigner distributions. To this end, we perform a Fierztransformation in olor and in spin spae,(�q2 �a2taq2) (�q1�a1taq1) = � 16 (�q2 �a2q2) (�q1�a1q1) + 12 Xb1;b2 a1a2;b1b2 (�q1�b2 q2) (�q2 �b1 q1) ; (12)where the oeÆients a1a2;b1b2 are straightforward to alulate. The �rst term on the r.h.s. is a olorsinglet distribution and an be approximated as desribed above. In the seond term, the quark andantiquark �elds oupled to olor singlets are now assoiated with di�erent longitudinal momentumfrations. Repeating the steps that lead to (11) one �nds that this term is represented by transverse-momentum dependent GPDs in whih not only the transverse but also the longitudinal parton momentadi�er between the reated and the annihilated quark. This just means that the skewness variable �mentioned in Set. 1 is nonzero in this ase.It should be emphasized that the above approximations are ad ho in the sense that we annotquantify to whih extent the sum over all intermediate states X in our derivation is atually dominatedby single-proton states. However these approximations may serve as a starting point, and they angive valuable information about aspets that are poorly known otherwise, suh as the distribution ofpartons in transverse spae and the possible size of olor interferene e�ets.7 Possible strategies for modeling multiparton distributionsOur urrent knowledge of multiparton distributions is very limited, and it should be interesting toinvestigate them in approahes that have suessfully been applied to single-parton densities. Theomparison of preditions obtained in suh approahes with upoming data on multiple interationsat LHC ould lead to signi�ant progress, with bene�ts for both sides.One possible avenue is to take Mellin moments of two-parton distributions and to study the resultingmatrix elements in lattie QCD as desribed in [13℄. This will naturally give limited information aboutthe dependene of the distributions on their momentum frations xi, but it has the potential to quantifyparton orrelations in a genuinely nonperturbative framework.Constituent quark models, hiral quark models, the Dyson-Shwinger approah and similar meth-ods should be suitable to evaluate not only the distributions of single partons but also two-partondistributions. As illustrated by simple examples in [13℄, one may expet two-parton orrelations ofsigni�ant size in these approahes. They an also be used to investigate the degree of validity of theapproximations (10) and (11).The two avenues just disussed will mostly give information about partons with momentum fra-tions xi above, say, 0:1. In multiple interations at LHC, typial values of xi are smaller by at least anorder of magnitude. One way to investigate this region would be to take the results from quark modelsas an input for sale evolution, whih will generate partons with lower xi by perturbative splitting asthe sale is inreased. Obvious questions to study in this ontext are to whih extent sale evolutionmay wash out two-parton orrelations present at low sales, and whether evolution to higher salesmight improve the quality of the approximation in (10). These would be important lessons, even if onehas to bear in mind that perturbative evolution alone annot aount for sea quarks and gluons atsmall x, as already mentioned in the beginning of Set. 1. An outstanding hallenge for the study ofhadron struture is to �nd and develop nonperturbative approahes suitable to desribe these degreesof freedom in a quantitative way.Aknowledgements The results presented here have been obtained in ollaboration with D. Ostermeier andA. Sh�afer. It is a pleasure to thank S. Dalley and his olleagues for hosting a wonderful Light Cone meeting.Referenes1. Gl�uk, M., Reya, E., Vogt, A.: Dynamial parton distributions revisited, Eur. Phys. J. C5, 461 (1998)[hep-ph/9806404℄.2. Jimenez-Delgado, P., Reya, E.: Dynamial NNLO parton distributions, Phys. Rev. D79, 074023 (2009)[arXiv:0810.4274℄.

http://arxiv.org/abs/hep-ph/9806404
http://arxiv.org/abs/0810.4274


103. Burkardt, M.: Impat parameter spae interpretation for generalized parton distributions, Int. J. Mod.Phys. A18, 173 (2003) [hep-ph/0207047℄.4. H�agler, Ph.: Hadron struture from lattie quantum hromodynamis, Phys. Rept. 490, 49 (2010)[arXiv:0912.5483℄.5. Collins, J. C.: Rapidity divergenes and valid de�nitions of parton densities, PoS LC2008, 028 (2008)[arXiv:0808.2665℄.6. Hillery, M., O'Connell, R. F., Sully, M. O., Wigner, E. P.: Distribution Funtions in Physis: Fundamentals,Phys. Rept. 106, 121 (1984).7. Collins, J. C.: Leading twist single transverse-spin asymmetries: Drell-Yan and deep inelasti sattering,Phys. Lett. B536, 43 (2002) [hep-ph/0204004℄.8. Belitsky, A. V., Ji, X., Yuan, F.: Final state interations and gauge invariant parton distributions, Nul.Phys. B656, 165 (2003) [hep-ph/0208038℄.9. Nadolsky, P. M.: Multiple parton radiation in hadroprodution at lepton hadron olliders,[hep-ph/0108099℄.10. Aybat, S. M., Rogers, T. C.: TMD Parton Distribution and Fragmentation Funtions with QCD Evolution,Phys. Rev. D83, 114042 (2011) [arXiv:1101.5057℄.11. Rogers, T. C., Mulders, P. J.: No Generalized TMD-Fatorization in Hadro-Prodution of High TransverseMomentum Hadrons, Phys. Rev. D81, 094006 (2010) [arXiv:1001.2977℄.12. Bartalini, P. et al.: Multiple partoni interations at the LHC. Proeedings of MPI 08, Perugia, Italy,Otober 27{31, 2008, [arXiv:1003.4220℄.13. Diehl, M., Sh�afer, A.: Theoretial onsiderations on multiparton interations in QCD, Phys. Lett. B698,389 (2011) [arXiv:1102.3081℄.14. Mekh�, M.: Correlations In Color And Spin In Multiparton Proesses, Phys. Rev. D32, 2380 (1985).15. Collins, J. C., Soper, D. E.: Bak-To-Bak Jets in QCD, Nul. Phys. B193, 381 (1981).16. Collins, J. C., Soper, D. E., Sterman, G. F.: Transverse Momentum Distribution in Drell-Yan Pair and Wand Z Boson Prodution, Nul. Phys. B250, 199 (1985).17. Blok, B., Dokshitser, Yu., Frankfurt, L., Strikman, M.: pQCD physis of multiparton interations,[arXiv:1106.5533℄.18. Gaunt, J. R., Stirling, W. J.: Double Parton Sattering Singularity in One-Loop Integrals, JHEP 1106,048 (2011) [arXiv:1103.1888℄.19. Calui, G., Treleani, D.: Proton struture in transverse spae and the e�etive ross-setion, Phys. Rev.D60, 054023 (1999) [hep-ph/9902479℄.20. Domdey, S., Pirner, H. J., Wiedemann, U. A.: Testing the Sale Dependene of the Sale Fator in DoubleDijet Prodution at the LHC, Eur. Phys. J. C65, 153 (2010) [arXiv:0906.4335℄.21. Rogers, T. C., Strikman, M.: Multiple Hard Partoni Collisions with Correlations in Proton-Proton Sat-tering, Phys. Rev. D81, 016013 (2010) [arXiv:0908.0251℄.

http://arxiv.org/abs/hep-ph/0207047
http://arxiv.org/abs/0912.5483
http://arxiv.org/abs/0808.2665
http://arxiv.org/abs/hep-ph/0204004
http://arxiv.org/abs/hep-ph/0208038
http://arxiv.org/abs/hep-ph/0108099
http://arxiv.org/abs/1101.5057
http://arxiv.org/abs/1001.2977
http://arxiv.org/abs/1003.4220
http://arxiv.org/abs/1102.3081
http://arxiv.org/abs/1106.5533
http://arxiv.org/abs/1103.1888
http://arxiv.org/abs/hep-ph/9902479
http://arxiv.org/abs/0906.4335
http://arxiv.org/abs/0908.0251

	1 Parton distributions: a brief recapitulation
	2 Multiparton interactions: what are they and why are they interesting?
	3 Some basic results
	4 Power counting: when are multiple interactions suppressed and when are they not?
	5 High transverse momentum
	6 Approximation by single-parton distributions
	7 Possible strategies for modeling multiparton distributions

