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A SHARP THRESHOLD FOR VAN DER WAERDEN’S THEOREM IN
RANDOM SUBSETS

EHUD FRIEDGUT, HIEP HAN, YURY PERSON, AND MATHIAS SCHACHT

ABSTRACT. We establish the sharpness for the threshold of van der Waerden’s theorem in
random subsets of Z/nZ. More precisely, for k > 3 and Z < Z/nZ we say Z has the van der
Waerden property if any two-colouring of Z yields a monochromatic arithmetic progression
of length k. Rodl and Ruciniski (1995) determined the threshold for this property for any k
and we show that this threshold is sharp.

The proof is based on Friedgut’s criteria (1999) for sharp thresholds, and on the recently
developed container method for independent sets in hypergraphs by Saxton and Thomason,

and Balogh, Morris and Samotij.

1. INTRODUCTION

A main research direction in extremal and probabilistic combinatorics in the last two
decades is the extension of classical results for discrete structures to the sparse random set-
ting. Prime examples include Ramsey’s theorem for graphs and hypergraphs [2,8,9], Turdn’s
theorem in extremal graph theory and Szemerédi’s theorem on arithmetic progressions [2, 12]
(see also [1,3,11]). Results of that form establish the threshold for the classical result in the
random setting. The threshold is given by a function p = p(n) such that for every py < p
the random graph G(n, pg) (or a random binomial subset of [n] = {1,2,...,n}) with parame-
ter po, asymptotically almost surely does not posses a given property, whereas if p is replaced
by some p; » p the property does hold asymptotically almost surely. The two statements
involving pg and p; are referred to as “O-statement” and “l-statement”. For the properties
mentioned above it could be even shown, that optimal parameters py and p;, for which the

O-statement and the 1-statement hold, only differ by a multiplicative constant.
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The threshold for van der Waerden’s theorem is such an example and was obtained by
R6dl and Rucinski in [9, 10]. We denote by [n], the binomial random subset of [n], where
every element of [n] is included independently with probability p = p(n). Furthermore, for a
subset A < [n] we write A — (k-AP), to denote the fact that no matter how one colors the
elements of A with r colors there is always a monochromatic arithmetic progression with k

elements in A.

Theorem 1 (R6dl & Rucinski). For every k = 3 and r = 2 there exist positive constants cq,
c; > 0 such that
tim B(fn], — (b-AP)) = 4 ;
For the corresponding result in Z/nZ and for two colors we close the gap between ¢y and ¢;.
More precisely, we show that there exist bounded sequences ¢q(n) and ¢;(n) with ratio tending
to 1 as n tends to infinity such that the statement holds (see Theorem 2 below). In other
words, we establish a sharp threshold for van der Waerden’s theorem for two colors in Z/nZ.
Similarly as above for subsets of [n] we write A — (k-AP), for subsets A < Z/nZ if any
r-coloring of A yields a monochromatic arithmetic progression with k-elements in Z/nZ and

we denote by Z, , the binomial random subset of Z/nZ with parameter p. With this notation

at hand we can state our main result.

Theorem 2. For all k > 3 there exist constants ¢; > co > 0 and a function c(n) with
co < ¢(n) < ¢ such that for every e > 0 we have
: 1
lim P(Z,, — (kAP = {0 TP S = edmn
e 1, ifp=(1+e¢e)c(n)n ¥,

We have to insist on the setting of Z/nZ (instead of [n]) since the symmetry will play a
small but crucial role in our proof. Another shortcoming is the restriction to two colors r = 2
and we believe it would be very interesting to extend the result for arbitrary . We remark
that only few sharp thresholds for Ramsey properties are known (see, e.g., [6,7]) so far.

Among other tools our proof heavily relies on the criteria for sharp thresholds of Friedgut
and its extension due to Bourgain [1]. Another crucial tool is the recent container theorem
for independent sets in hypergraphs due to Balogh, Morris and Samotij [1] and Thomason
and Saxton [I1]. The proof extends to other Ramsey properties for two colors, as long as

the corresponding extremal problem is degenerate, i.e., positive density yields many copies of
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the target structure and the target structure is strictly balanced with respect to its so-called
2-density. For example, even cycles in graphs, complete k-partite, k-uniform hypergraphs,
and strictly balanced, density regular Rado systems (see [10]) satisfy these assumptions.
Moreover, Schacht and Schulenburg [13] noted that the approach undertaken here can be
refined to give a shorter proof for the sharp threshold of the Ramsey property for triangles

and two colors from [7] and, more generally, for arbitrary odd cycles.

2. LOCALITY OF COARSE THRESHOLDS

In [1] Friedgut gave a necessary condition for a graph property to have a coarse threshold,
namely, that it is approximable by a “local” property. In the appendix to this work Bourgain
proved a similar result for more general discrete structures. Here we state the special case

applicable for properties in Z/nZ.

Theorem 3 (Bourgain). There exist functions 6(C,7) and K(C,T) such that the following
holds. Let p = o(1) as n goes to infinity, let A be a monotone family of subsets of Z/nZ, with

T <up,A) =PZ,peA) <1—r1,

and assume also p - %}’A) < C. Then there exists some B < Z/nZ with |B| < K such that

P(Zy, € A|BC Z,,) > P(Znyc A) +6. (1)

Note that whenever a property A (or rather, a series of properties A,,) has a coarse threshold
there exist constants C' and 7 such that for infinitely many values of n the hypothesis of the
theorem holds. For applications, it would be problematic if there exists a B with |B| < K
and B € A, since this would trivialise the conclusion (1). However, as observed in [5], the
above theorem can be strengthened, without modifying the original proof, to deduce that
the set of B’s for which the assertion holds has non-negligible measure, i.e., there exists a
family B such that

P(B < Z,,, for some B € B) > 1,

where n > 0 depends only on C' and 7 but not on n, and every B € B satisfies the conclusion
of Theorem 3, i.e., |B| < K and
P(Zpype A|B < Zyp) >P(Zp,e A)+6.

This allows us to make assumptions about B in the application below, as long as the set
of B’s violating the assumptions has negligible measure. In particular, Lemma 4 below asserts

that any B of bounded size fails to have the van der Waerden property, i.e., B - (3-AP),.
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Lemma 4. Let B be a family of subsets of Z/nZ with the property that every B € B satisfies
|B| < logn and B — (k-AP)y. Then for every function p = p(n) = @(n_ﬁ) we have
P(B < Zy,,, for some B € B) = o(1).

Lemma 4 was implicitly proved in [10, Section 7] (see Deterministic and Probabilistic
Lemma there). However, there are two differences which we discuss below. Firstly, in [10]
subsets of [n] were considered, but it is easy to check that the same argument can be applied
in Z/nZ. Secondly, in [10, Section 7] the 0-statement of Theorem 1 (in fact, for general Rado-
system) is given. As a consequence, the Probabilistic Lemma in [10] concerns configurations
B < [n] of arbitrary size with B — (k-AP)s. In order to rule out those of size larger than
logn it is required that p < co7fﬁ for some sufficiently small ¢y > 0. However, in Lemma 4
we only consider such configurations B of size at most logn and one can check that in the
proof in [10] these can be excluded as long as p = O(niﬁ).

We summarise the discussion above in the following corollary of Theorem 3, which is

tailored for our proof of Theorem 2.

Corollary 5. Assume that the property {Z < Z/nZ: Z — (k-AP)s} does not have a sharp
threshold. Then there exist constants ¢, ¢y, «, €, p >0, and K and a function ¢(n): N - R
with ¢y < c¢(n) < ¢1 so that for infinitely many values of n and p = c(n)n_ﬁ the following
holds.

There exists a subset B of Z/nZ of size at most K with B - (k-AP)y such that for every
family Z of subsets from Z/nZ satisfying P(Z,,, € Z) > 1 — p there ezists a Z € Z so that

(a) P(Z U (B+x)— (k-AP)sy) > «, where x € Z/nZ is chosen uniformly at random, and
(b)) P(Z VU Zyep — (k-AP)2) < /2.

We remark that the P(-) in Corollary 5 concern different probability spaces. While the
assumption P(Z,, € Z) > 1 — u concerns the binomial random subset Z, ,, we consider x
chosen uniformly at random from Z/nZ in (a) and the binomial random subset Z,, ., in ().

We close this section with a short sketch of the proof of Corollary 5.

Proof (Sketch). For k > 3 we consider the property A = {Z < Z/nZ: Z — (k-AP)y} and
assume that it does not have a sharp threshold. Consequently, there exists a function p = p(n)
such that for infinitely many n the assumptions of Theorem 3 hold, which implicitly yields
constants C, 7, 0, and K. Let A = P(Z/nZ)\A be the family of subsets of Z/nZ that fail to
have the van der Waerden property. Since we assume that the threshold for A is not sharp,

we may fix ¢ > 0 sufficiently small, such that there must be some o with /2 > o > 0 so that
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if we let 2’ < A be the sets Z € A for which
P(Z U Zy.p — (k-AP)s) < /2 (2)

then P(Z,, € Z2'| Zn,e A) = 1 —§/4.

Also for p = p(n) we have 7 < P(Z,,, — (k-AP)s) = P(Z,, € A) < 1—7, so by Theorem 1
there exist some constants ¢; > ¢y > 0 such that p = p(n) = c(n)n*k_il for some function
c(n): N — R satisfying ¢y < ¢(n) < ¢;. Strictly speaking, we should use the version of
Theorem 1 for Z/nZ instead of [n]. However, it is easy to see that the l-statement for
random subsets of [n] implies the 1-statement for random subsets of Z/nZ (up to a different
constant ¢1) and, as we discussed in the paragraph following Lemma 4, the proof of the
O-statement can be straightforwardly adjusted for subsets of Z/nZ.

Moreover, for any such n Theorem 3 yields a family B of subsets of Z/nZ each of size at
most K such that (1) holds and an element of B appears as a subset of Z,, , with probability at
least n. Consequently, Lemma 4 asserts that at least one such B € B fails to have the van der
Waerden property itself, i.e., B - (k-AP)y. By symmetry it follows from (1), that the same
holds for every translate B + = with x € Z/nZ. In particular, consider the family Z” < A of
all sets Z € A such that for at least (§/2)n translates B + x we have Z U (B + ) — (k-AP)s,
ie.,

P(Z U (B+x) — (k-AP)y) > §/2 > «

for z chosen uniformly at random from Z/nZ. Then P(Z,,, € Z"|Zy,, € A) = §/2. So, taking
pu<9-P(Z,,ec A)/8 we have that if P(Z,,€ Z) >1—puthen Zn Z' n 2" # &. Any Z in
this non-empty family has the desired properties. ([l

3. LEMMAS AND THE PROOF OF THE MAIN THEOREM

In this section we state all the necessary notation and lemmas to give the proof of Theo-

rem 2. We start with an outline of this proof.

3.1. Outline of the proof. The point of departure is Corollary 5 and we will derive a
contradiction to its second property. To this end, we consider an appropriate set Z as given
by Corollary 5 and let ® denote the set of all colorings of Z without a monochromatic k-AP.
such that

any two colorings ¢, ¢’ from any partition class ®; agree on a relatively dense subset C;

The main obstacle is to find a partition of ® into ig = 2°®™ classes @4, ..., D,

of Z, ie. p(z) = ¢'(2) for all z € C;. Let B; denote the larger monochromatic subset of Cj,

say of color blue. Note that Corollary 5 allows us to impose further conditions on Z as
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long as Z, , satisfies them almost surely. One of these properties is that the “focus” of B;,
denoted by F(B;), is of a linear size, i.e. there are a linear number of elements each of
which forms a k-AP with some (k — 1)-tuple of elements in B;. By a quantitative version of
Szemerédi’s theorem we know that the number of k-APs in the focus of B; is Q(n?). Consider
Ui = (Z/nZ)., N F(B;) and note that if any element of U; is colored blue then this induces
a blue k-AP with Z under any coloring ¢ € ®;. Hence, to extend any ¢ € ®; to a coloring
of Z u U; without a monochromatic k-AP it is necessary that all elements in U; are colored
red. Consequently, the probability of a successful extension of any coloring in ®; is bounded
from above by the probability that U; does not contain a k-AP. This, however, is at most
exp(—Q(p*n?)) = exp(—Q(pn)) by Janson’s inequality. We conclude by the union bound that
after the second round, i.e. Z, .,, the probability that any k-AP-free coloring of Z survives is
ipexp(—Q(pn)) = o(1) with contradiction to (b).

To establish the above mentioned partition of ® we will define an auxiliary hypergraph H in
such a way that every ¢ € ® can be associated with a hitting set of H. As the complements of
hitting sets are independent and as H will be “wellbehaved” we can apply a structural result of
Balogh, Morris and Samotij [1] on independent sets in uniform hypergraphs (see Theorem 15)
to “capture” the hitting sets of H and hence a partition of ® with the properties mentioned
above (see Lemma 8). Next we will introduce the necessary concepts along with the lemmas
needed to give the proof of the main theorem. The proof of Theorem 2 will then be given in
Section 3.3.

3.2. Lemmas. We call (Z, B) an interacting pair if Z - (k-AP)y and B - (k-AP)y but
Z B — (k-AP),. Further, (Z, B, X) is called an interacting triple if (Z, B + x) is interacting
for all z € X. Note that Corollary 5 asserts that there is an interacting triple (Z, B, X)
with |X| > an. In the following we shall concentrate on elements which are decisive for
interactions. Given a (not necessarily interacting) pair (A, B) we say that an element a € A
focuses on b € B+ x if there are k — 2 further elements in Au B forming a k-AP with a and b.

The set of vertices of particular interest, given a pair (A, B), is
M(A,B) = {a € A: there is a b € B such that a focuses on b}

and for a triple (A, B, X) we define the hypergraph H = H(A, B, X) with the vertex set
A and the edge set consisting of all M(A, B + x) with z € X. We are interested in the
hypergraph H(Z, B, X)) with an interacting triple (Z, B, X). We will make use of the fact

that Corollary 5 allows us to put further restrictions on Z as long these events occur a.a.s.
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for Z, ,. The requirement we want to make is that the maximum degree and co-degree of
H(Z, B, X) are well behaved.

Lemma 6. For given Cy,k, K and all B < Z/nZ of size |B| < K the following holds a.a.s.
for 2logn < p < Cyn~Y*=Y: There is a set Y < Z/n7Z of size at most n*~"*#=Vlogn such
that the hypergraph H = H(Zy, ,, B, (Z/nZ)\Y') satisfies

(1) 2pn = v(H) = pn/2,
(2) A(H) < 10k3KpF—2n

We postpone the proof of Lemma 6. It can be found in Section 4.

A set of vertices of a hypergraph is called a hitting set if it intersects every edge of this
hypergraph. The conditions in Lemma 6 will be used to control the hitting sets of H(Z, B, X)
which play an important role as explained in the following. A coloring of a set is called k-AP
free if it does not exhibit a monochromatic k-AP. For an interacting triple (Z, B, X) we fix
a k-AP free coloring of B and the same coloring for all its translates B + x. More precisely,
let o: [|B]] — {red,blue} be such that for each x € X the coloring o,: (B + z) — {red,blue}
is k-AP free, where o, is defined via 0,(b;) = o(i) with by < --- < b being the elements of
B + z. Such a function o exists due to B - (k-AP),.

For any k-AP-free coloring ¢ of Z and any x € X the coloring of Z u (B + x) induced by o,
and ¢ must exhibit a monochromatic k-AP (intersecting both Z and B + x) since (Z, B + x)
is interacting. Hence, for each x € X the edge M(Z, B + x) contains an element z focussing
on an element b € B + x such that ¢(z) = 0,(b). Such a vertex z € M(Z, B + x) we call

activated by o, and @ and we define the set of activated vertices
A7(Z, B +1x) ={z € Z: z is activated by o, and ¢}
which is a non-empty subset of M (Z, B + z).

Observation 7. Given an interacting triple (Z,B,X), a k-AP free coloring o: [|B|] —
{red,blue} of B and the same for all its translates B + =, x € X. Further, let ¢ be a k-AP

free coloring of Z. Then the set of activated vertices

Ay = AY(Z,B,X) = | | A%(2,B + 1)

zeX

is a hitting set of H(Z, B, X).
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The following lemma shows that the hitting sets of well-behaved uniform hypergraphs can

be “captured” by a small number of sets of big size called cores.

Lemma 8. For every natural k = 3, £ = 2 and all positive cqy, ¢1 there are co and B > 0 such
that the following holds.

If H if an -uniform hypergraph with m vertices and com'™/*=2) edges such that A (H) <
ermV* =2 and Ay (H) < ¢y logm then there is a family C of subsets of V(H), which we shall

call cores, such that

(i) fort =1—1/(k —2)({ —1) we have

e 5,0
i€[camt]
(i) |C| = pm for every C € C, and

(ii1) every hitting set of H contains some C' from C.

Lemma 8 will follow from the main result from [1]. The proof can be found in Section 5.

As it turns out, we can insist that the interacting triple (Z, B, X) guaranteed by Corollary 5
has the additional property that X contains a suitable subset X’ < X so that the hypergraph
H(Z, B, X") is uniform. In this case Lemma 8 allows us to partition the sets of all k-AP free
colorings of Z into a small number of partition classes {®c}coee, each represented by a big
core C' e C.

However, we wish to refine the partition classes further so that every two colorings o, ¢’ €
® from the same partition class agree on a large vertex set. This can be accomplished by
applying Lemma 8 to H(Z, B, X’) for a more refined subset X’ < X. Indeed, we will make
sure that there is a set which guarantees that the colors of the activated vertices A, under
¢ as defined in Observation 7 is already “determined” by o. This particularly implies that
any two colorings ¢, ¢’ € ®¢ agree on A, N Ay, hence, on the core C' representing them, i.e.
v(z) = ¢'(z) for all z € C. To make this formal we need the following definitions. A triple
(Z, B, X) is called regular if for all x € X every element of Z focuses on at most one element
in B+ x. Given a regular triple (Z, B, X) and an z € X let z; < -+ < z; denote the elements
of M, = M(Z,B+z)e H(Z, B, X). Wesay that z € M(Z, B + z) has indez i if z = z; and
the triple (Z, B, X) is called index consistent if for any element z € Z and any two edges M,,
M, containing z the indices of z in M, and M, are the same.

Further, let b; < --- < bp| be the elements of B +x. We associate to the edge M, its profile

which is the function 7: [¢] — [|B|] indicating which z; is focussed on which b;, formally:
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m(i) = j if 2z; focusses on b;. Since (Z, B, X) is regular, each z € M, focuses on exactly one
b € B+ x, thus, the profile of M, is well-defined and unique. We call ¢ the length of the profile
and we say that the triple (Z, B, X') has profile 7 with length ¢ if all edges of H(Z, B, X)
does. We summarize the desired properties for the hitting sets of H(Z, B, X) associated to
k-AP free colorings of Z.

Observation 9. Suppose the triple (Z, B, X) in Observation 7 is index consistent and has
profile . Let A, = AZ(Z, B, X) be the vertex set activated by p and o as defined in Obser-
vation 7. Then for any vertex z € A, the color ¢(z) of z is already determined by o and the
(unique) index i of z, indeed, o(z) = o(i). In particular, any two k-AP free coloring ¢ and
' of Z agree on A, N Ay, e () = ¢'(2) forall ze A, n Ay

The following lemma will allow us to restrict the consideration to index consistent triples

with a bounded length profile.

Lemma 10. For all Cy > 0, k, K and o > 0 there exist L and o' > 0 such that for all
B < Z/nZ of size |B] < K and p < Cin~Y*=Y the following holds a.a.s. There is a set
Y, < Z/nZ of size at most n'~/*~Dlogn such that for every set X < Z/nZ of size X = an
there is a set X' < X\Y,, of size | X'| = o'n and a profile m of length at most L such that

(Zy,,, B, X'") is index consistent and has profile .

The proof of Lemma 10 can be found in Section 4. Lastly, we put another restriction on
Z as to make sure that any relatively dense subset of any core create many k-AP’s for the

second round. The proof of Lemma 11 can be found in Section 6.

—1/(k-1)

Lemma 11. For every ¢y > 0 and v > 0 there is a 6 > 0 such that for p = con a.a.s.

the following holds. The size of Zy, is at most 2pn and for every subset S < Z,, of size

|S| > vpn the set
F(S)={z€Z/nZ: there are ay,...,a_1 € S which forms a k-AP with z}

has size at least on.

The proof of Lemma 11 can be found in Section 6. We are now in the position to prove

the main theorem.

3.3. Proof of the main theorem. The proof of the main theorem uses the lemmas intro-

duced in the previous section and follows the scheme described.
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Proof of Theorem 2. For a given k > 3 assume for a contradiction that the property Z, , —
(k-AP) does not have a sharp threshold. By Corollary 5 there exist ¢y < ¢(n) < ¢, p =
c(n)n=Y*=Y o e 1 > 0and K such that there exist infinitely many n for which there exists
a subset B < Z/nZ of size at most K such that B - (k-AP)s.

We apply Lemma 10 with C4, k, K and « to obtain L and o’ > 0. For each 2 < ¢/ < L
we apply Lemma 8 with the constants &, £, ¢y = o'/(2C}) and ¢; = 2(10k3K)b-2CF2"71 ¢4
obtain c(¢) and S(€) > 0. Let ¢o = max{ca(¢): 2 < ¢ < L} and f = min{B({): 2 < ¢ < L}
and we apply Lemma 11 with Cy and v = /2 to obtain § > 0.

For each n we define Z,, to be the sets of subsets Z c 7Z/nZ which satisfies the conclusions
of Lemma 6, Lemma 10 and Lemma 11 (with Z, , replaced by Z) with the constants given
and chosen from above. As the conclusions of these lemmas holds a.a.s. for Z,, , we know for
sufficiently large n that P(Z, , € Z,) > 1 — p hence, by Corollary 5 there is an interacting
triple (Z, B, X) such that |B| < K, | X| = an and Z € Z,,. In particular, since Z satisfies the

1-1/(k—1

conclusion of Lemma 6 and Lemma 10 there exists a set Y,, of size at most 2n )logn

and a profile 7 of length 1 < ¢ < L and a set X’ < X\Y,, such that

e | X' =an

e the (interacting) triple (Z, B, X’) is index consistent and has profile 7,

e the hypergraph H = H(Z, B, X') satisfies 2pn > v(H) = |Z| = pn/2, the maximum

degree of H satisfies A(H) < 10k3KpF~2n and Ay(H) < 8logn.

As (Z, B, X’) is particularly regular we have ¢ > k — 1 > 2 by definition. Further, H is an
(-uniform hypergraph on m = |Z| vertices which satisfies the presumptions of Lemma 8 with
the constants chosen above. Hence, by the conclusions of Lemma 8 we obtain a family C of

cores, such that
(i) fort =1—1/(k —2)(¢ — 1) we have
m
cl= > ( | )
, i
1€[camt]
(i) |C| = pm for every C € C, and
(7i) every hitting set of H contains some C' from C.
Let @ be the set of all k-AP free colorings of Z. By Observation 7 and Observation 9 we can
associate to each ¢ € ® a hitting set A, of H such that any two colorings ¢, ¢’ € ® agree on
A, N Ay, e p(z) = ¢(2) for all ze A, n Ay, For any C € C we define ®¢ to be the set of
¢ € ® such that C' < A, and obtain ® = |, Pc. Clearly, for any C € C, any two ¢, ¢’ € ®¢

agree on C' < A, n Ay. Let Bo < C be the larger monochromatic subset of C' under (any)
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¢ € §¢, say of color blue. Then B¢ has size |Be| = |C|/2 = ypn and as Z € Z,, we know
by Lemma 11 that |F(Bc)\Z| > on/2. Let P(C) denote the set of all k-AP contained in
F(B¢). By the quantitavive version of Szemerédi’s theorem (see [141]) we know that there
is an 7 > 0 such that for sufficiently large n we have |[P(C)| = nn?. Consider the second
round exposure Ug = Z, o, N F'(B¢) and let ¢; be the indicator random variable for the event
1 € Uo. We are interested in the probability that there is a ¢ € & which can be extended to
a k-AP free coloring of Z U Ug. To extend any coloring ¢ € ®¢ of Z to a k-AP free coloring
of Z U Ug, however, it is necessary that Us < F(B¢) is completely colored red, i.e. that Ug

does not contain any k-AP. This probability can be bounded using Janson’s inequality for
X = Xpep(c) [ Licp ti given by

where

A = Z E ( H t,-) < p2k—1n3 +pk+1k2n2 < 2p2k—1n3
A,BEP(C): AnB# 1€AuB

for large enough n. We obtain

P (Jp € ®c: ¢ can be extended to a k-AP free coloring of Z U Up)
< P (Ue does not contain a k-AP) < exp{—n?pn/4}.

Taking union bound we conclude
P ((Z U Zyep) » (k-AP)2) < [Clexp{—n’pn/4}

which goes to zero as n goes to infinity. This, however, is a contradiction to the property
((b)) of Corollary 5. O

4. PROOFS OF THE LEMMAS 6 AND 10

In this section we prove the lemmas introduced in the previous section. We start with some
technical observations. Given B c Z/nZ and an element z € (Z/nZ)\B let

P(z,B) = {P < Z/nZ: There is a b€ B such that P U {z,b} forms a k-AP}

and let P(z, 2/, B) = P(z, B) x P(%/, B) where z and 2z’ need not to be distinct. Further, let
P(z, B,Z/nZ) = \U,ep/nz P(2, B + x) and in the same manner define P(z,2', B, Z/nZ).

Fact 12. Let 2,2 € Z/nZ and a € Z/nZ be given. Then
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(1) the number of P € P(z, B,Z/nZ) such that a € P is at most k*|B|.
(2) the number of pairs (P, P') € P(z, 2, B,Z/nZ) such that a € PU P’ is at most 2k°| B|*.

Proof. We only prove the second property. For that we count the number of pairs (P, P’) €
P(z,7,B,Z/nZ) such that a is in, say, P. Recall that there must exist x € Z/nZ and
b,/ € B + z such that P u {z,b} and P" u {z/,b'} are both k-APs. Choosing the positions
of z and a uniquely determines the first k-AP. There are at most (k — 2) choices for b to be
contained in the k-AP and at most |B| choices of = such that b € B + x. Each such choice
determines P and moreover, gives rise to at most |B| choices for ¥'. Choosing the positions
of b/ and 2’ then determines the second k-AP, hence also P'. O

We define
Po(z,B) = {P € P(z,B): P and B are disjoint }

and
Po(z,2',B) = {(P,P') € P(z,2',B): P u{z},P' u{Z} and B are pairwise disjoint}.
Further, let
Pi(z,B) = P(z, B)\Po(z,B) and Pi(z,2',B) =P(z 2, B)\Py(z, 2, B).

For given sets A, B ¢ Z/nZ we call z € Z/nZ bad (with respect to A and B) if

(1) there are z € A\B + x and P € Py(z, B + z) such that Pu {z} ¢ Au B+ z or
(2) there are z,2' € A\B + x and (P, P') € Pi(z,2', B+ z) such that P u P u {z,2'}
AuB+zx.

Fact 13. Let p < Cin* " Y* =1 and let B be a set of constant size. Let Y, be the set of bad

elements with repect to Z,, and B. Then a.a.s. |Y,| < pnlogn.

Proof. We will show that the expected size of Y, is of order pn so that the statement follows
from Markov’s inequality.

For a fixed x we first deal with the case that x is bad due to the first property, i.e. there is
a k-AP P U {z,b} with b e B+, P intersecting B + = and z € Z,,, which does not belong to
B + x. Note that after choosing b, one common element of P and B + x and their positions
the k-AP is uniquely determined. Then there are at most (k — 2) choices for z each of which
uniquely determines one P. Hence the probability that x is bad due to the first property is
at most |B|k®*p and summing over all  we conclude that the expected bad elements due to

the first property is at most |B|k3pn.
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If x is bad due to the second property then there are two k-APs P u {z,b} and P’ u {z/, '}
such that two of the three sets Pu{z}, P'u{z'}, B4+x intersect and PUP'U{z, '} < Z, ,0B+x
where z and 2’ are not in B + x.

We distinguish two cases and first consider all tuples (P, P, z,z/,b,0') with the above
mentioned properties such that P (or P’ respectively) does not intersect B + x. Note that
with this additional property the probability that x is bad due to (P, P’, z, 2/, b, V') is at most
pF since 2,2’ and P all need to be in Z,,. First, we count the number of such tuples with
the additional property that P’ (or P respectively) also has empty intersection with B + z.
This implies that P and P’ must intersect and in this case, choosing b, € B + = and one
common element a € P n P’ and the positions of b, b, a in the k-AP’s uniquely determines
both k-APs. After these choices there are at most k% choices for z,z’. Hence, there are at
most | B|*k°n such tuples for a fixed .

Next, we count the number of tuples (P, P’, z, 2’, b, V') with the property that P’ and B+ x
intersect. In this case choosing o/ € B + x and one element in P’ n B + z and their positions
in the k-AP uniquely determines the second k-AP. Choosing b € B + x, another element
a € Z/nZ, and their positions determines the first k-AP. After these choices there are at most
k? choices for z, 2’ hence in total there are at most |B|3k%n such tuples for a fixed z. We
conclude that the expected number of bad = due to tuples (P, P, z, z/,b,0') such that P (or
P’ respectively) does not intersect B + x is at most p*2n(|B|*k®n + | B|2k®n).

It is left to consider the tuples (P, P’, z,2’, b, V') such that (P, P’) € Pi(z,2',B + x) and P
and P’ both intersect B + x. In this case choosing b, V', the element(s) in P n B + = and
P’ n B + x and their positions uniquely determine the two k-APs. Since z, 2" € Z,, with
probability p? the expected number of bad z due to tuples (P, P’,z,2',b,¥) with the above
mentioned property is at most |B|*k®p?n.

Hence the expected size of Y,, is

Y,.| < 20n(|BP*k°n + | B|*kSn) + | B|*kSp*n < 5| B|*kSpFn?,

as claimed. 0

Fact 14. Let { > 1 be an integer and let F be an (-uniform hypergraph on the vertex set
Z/nZ which has mazimum vertex degree at most D. Let U = Z,,, with p = en =1 Then
with probability at most 2Dn~* we have e(F[U]) > 5D(p'n/¢ + logn).
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Proof. For £ =1 the bound directly follows from Chernoft’s bound

IP’(|X—IE(X)|>t)<26xp{—2(E(Xt)+t/3)} (3)

for a binomial distributed random variable X. For ¢ > 1 we split the edges of F' into
o < D matchings M,..., M;,, each of size at most n/¢. For an edge e € E(F) let t.
denote the random variable indicating that e € E(F[U]). Then P (¢, = 1) = p’ and we set
s = 4max{p‘n/l,logn}. By Chernoff’s bound we have

P <3z <ip: Z t, > s> <2Dn?

EEMZ‘

This finishes the proof since e(F[U]) = XJ,cfi 2eens, te Which exceeds Ds with probability at
most 2Dn "% O

Proof of Lemma 6 and Lemma 10. Based on the preparation from above we give the

proof of Lemma 6 and Lemma 10 in this section.

Proof of Lemma 6. Let t; be the indicator random variable for the event i € Z, ,. Since
V(H) = Ylicznz ti is binomially distributed the first property directly follows from Chernoff’s
bound (3).

For the second and third properties we first consider all elements from Z/nZ which are bad
with respect to Z, , and B. By Fact 13 we know that a.a.s. the set Y, of bad elements has
size at most n'~Y#~D]ogn and in the following we will condition on this event.

We consider the degree and co-degree in the hypergraph H(Z, ,, B, (Z/nZ)\Y,). Let z,2" €
Z/nZ be given. If z is contained in an edge M, = M(Z,,, B + x) then there is an element
P e P(z, B+x) such that P < Z,, v B+ x. It is sufficient to focus on those P € Py(z, B+ )
since after removing Y,, those P € P;(z, B+z) will have no contribution. Hence we can assume
P c Z,, or equivalently [[..pt; = 1. Further, there are at most three different values of y
such that P is contained in Py (2, B+y). Hence, letting Po(2, B, Z/nZ) = J,cznz Po(z, B+x)
we can bound the degree of z by

deg(z) <3 Z Ht (4)

PePy(z,B,Z/nZ) i€l
Similarly, if z, 2/ are contained in an edge M, then there is a pair (P, P") € Po(z,2', B + x)
such that P U P © Z,,, u B + z, i.e. [ [..pp ti = 1. We obtain

iePu

codeg(z1,22) <9 2 H ti (5)

(P,P")ePo(2,2',B,Z/nZ) i€ PUP'
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We consider Py(z, B, Z/nZ) (resp., Po(z, ', B,Z/nZ)) as an (k—2)-uniform (resp., (2k—4)-
uniform) hypergraph on the vertex set Z/nZ. By Fact 12 we know that the maximum
degree of the hypergraph is at most k*K (resp. 5k°K?). By Fact 14 the probability that
deg(z) > 10k*Kp*~2n or codeg(z,2') > 8logn is at most 2k* Kn~*. Taking union bound over

all elements and all pairs of Z/nZ we obtain the desired property. 0J

Proof of Lemma 10. For given k,c, K and «a set L = 20c*"'k?/a and o/ = a/2(LK)L. First
we choose Y,, as to guarantee regularity of the triple (Z,, B, (Z/nZ)\Y,). Note that there
are two sources of irregularity: k-APs containing two elements from B + x for some x € Z/nZ
and pairs of k-APs with one common element in Z, , and each containing one element in
B + z for some x € Z/nZ. These are ruled out by removing all = which are bad with respect

1-1/(k=1) Jog .

to Z,, and B. By Fact 13 a.a.s. the set Y}, of bad elements has size at most n

Further, we count the number of (k — 1)-element sets in Z,, , which arise from k-APs with
one element removed. The expected number of such sets is at most p*~'kn? and the variance
is of order at most p*~2n%. Hence, by Chebyshev’s inequality the number of such sets in Z,,
is at most 2¢*'kn asymptotically almost surely.

Consider any set A < Z/nZ which posseses the two properties mentioned above: there is a
set Y, of size at most n'~/*~Ylogn such that (A, B, (Z/nZ)\Y,) is regular and the number
of (k — 1)-element sets in A which arise from k-APs with one element removed is at most
2c"kn. Let X < Z/nZ of size | X| = an be given. For every x € X\Y,, let £, denote the size
of M, = M(A, B, X). Then there are at least ¢, /(k — 1) sets of size (k — 1) contained in M,
each forming a k-AP with an element in B + z. Further, each such set is contained in B + 2’
for at most three 2’ € Z/nZ, hence, > vy, z/(k — 1) < 6¢*~kn and we conclude that the
number of r € X\Y,, such that £, > 20c*"'k*/a = L is at most an/3. Moreover, there are
at most | B’ distinct profiles of length ¢, hence there is a profile 7 of length ¢ < L and a set
U c X\Y, of size |U| = an/2K" such that (A, B,U) has profile .

To obtain a set X’ < U such that (A, B, X’) is index consistent we consider a random
partition of A into ¢ classes (Vi,...,V;). We say that an edge M, € H(A, B,U) with the
elements z; < --- < z; survives if z; € V; for all i € [¢]. The probability of survival is ¢, hence
there is a partition such that at least |U|/¢¢ edges survives. Choosing the corresponding set

X' < U yields a set with the desired properties. O
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5. PROOF OF LEMMA &

In this section we prove Lemma 8. The proof relies crucially on a structural theorem
of Balogh, Morris and Samotij [I] which we state in the following. Let H be a uniform
hypergraph with vertex set V' and let F be an increasing family of subsets of V' and ¢ € (0, 1].
The hypergraph H is called (F,¢)-dense if for every A € F

e(H[A]) = ce(H).

Further, let Z(H) denote the set of all independent sets of H. The theorem by Balogh, Morris

and Samotij [1] reads as follows.

Theorem 15. [I, Theorem 2.2] For every ¢ € N and all positive ¢ and e, there exists a positive
constant ¢ such that the following holds. Let H be an (-uniform hypergraph and let F be an
increasing family of subsets of V' such that |A| = ev(H) for all A € F. Suppose that H is
(F,e)-dense and p € (0,1) is such that for every t € [{],

1e(H)

v(H)

Then there is a family S < (ng/;i}{)) and functions f: S — F and g: Z(H) — S such that
for every I e Z(H),

Ay(H) < ep'™

gty =1 and I\g(I) < f(g(I))-

Theorem 15 roughly says that if an uniform hypergraph H satisfies certain conditions then
the set of independent sets Z(H) of H can be “captured” by a family S consisting of small sets.
Indeed, every independent set [ € Z(H) contains a (small) set g(I) € S and the remaining
elements of I must come from a set determined by ¢(7).

We now in the position to derive Lemma 8 from Theorem 15.

Proof of Lemma 8. Given the constants k,/,cy and ¢; we apply Theorem 15 with ¢ = 1/2,
and ¢ = max{1,c;/co} to obtain ¢’. Let ¢y = ¢ and, further, let § = min{1/4,co/(4¢1)} > 0.
We define the increasing family F by

F={A: AcV(H), s.t. |A] =m/2 and e(H[A]) = e(H)/2}.

Clearly, H is (F,1/2)-dense and, moreover, any set A € F has size less than m/2 or e(H[A]) <
e(H)/2. Thus, at least e(H)/2 edges of H are incident to the vertices outside of A. Therefore,
A(H)(m —|A]) = e(H)/2 = com V%2 /2 and with A (H) < ¢;m*=2) we conclude:

|Al < (1 —28)m.
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We define p = m™V/*=2=1) g0 that A (H) < cptfl% for all ¢ € [¢]. In fact, for ¢ = 1 this
follows directly from the bound A;(H) < clmk%2 given by the assumption of Lemma 8. For
t=2,...,0—1weuse Ay(H) < Ay(H) and on Ay(H) given by the assumption of Lemma 8.
Finally, for t = ¢ we note that Ay(H) = 1 and the desired bound follows again from the
choices of p and c.

Thus there exist a family S and functions f: & — F and g: Z(H) — S with the properties

described in Theorem 15. We define
A={5u f(5): §elm(g)},
where Im(g) is the image of g. Our cores will be the complements of the elements of A,
C={V(H)\A: Aec A}

Since |C| = |A| < |S|, we infer (i) of Lemma 8. Further, every A € A has size at most
(1 =28)m + 'pm < (1 — B)m which yields the property (i7) of Lemma 8. Finally, by the
properties of the functions f and g, every independent set I is contained in A = g(I)u f(g(1)),
so, by taking complements, every hitting set contains an element of C which completes the

property (4ii) of Lemma 8. O

6. PROOF OF LEMMA 11

In this section we prove Lemma 11 which relies on the following result by the last author [12]
(see also [1,2,11]).

Theorem 16. For every integer k = 3 and every v € (0,1) there exists C' and § > 0 such
that for every sequence p = p, = Cn~Y*=Y the following holds a.a.s. Every subset of Z,.,

of size at least ypn contains at least EpFn? arithmetic progression of length k.
With this result at hand we now prove Lemma 11.

Proof of Lemma 11. The upper bound on the size of Z,, , follows from Chernoft’s bound (3).
For the second property let £ > 3 and ~ be given. For k > 4 we apply Theorem 16 with k£ —1
and 7 to obtain C' and £. We may assume that £ < 7?/4 and we note that in the case k > 4
we have p = Con~V/*=1 > Cn=Y(#=2) for sufficiently large n. We choose § = £2/20.

Let S < Z,, be a set of size at least ypn. For a given i € Z/nZ let deg(i) denote the
number of (k — 1)-APs in S which form a k-AP with i. Note that i € F(S) if deg(i) # 0.
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Then a.s.s we have

which holds trivially for the case k = 3 due to £ < ¥?/4 and which is a consequence of
Theorem 16 for larger k.

Further, let W =%, ., (deg(i)). Then, as S < Z,,,

E (W) < n<p2(k—1)n2 + k2pk717[%Jn) < 2p2(k71)n3

2(k—1),,3

and its variance is of order at most p n’. Hence, by Chebychev’s inequality we have

Yicznz (deg(i)) < 4p*F=Dp3 asymptotically almost surely.

Altogether we obtain

(fp’“;nz) - (Ziep(s% deg(@’)) <IFE) Y (deg(i))

i€F(S)

N

|F(S)[4p**Pn?
and we conclude that |F(S)| = £2n/20 = én. O
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