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Abstract

We develop the structure theory of symplectic Lie groups based on
the study of their isotropic normal subgroups. The article consists
of three main parts. In the first part we show that every symplectic
Lie group admits a sequence of subsequent symplectic reductions to
a unique irreducible symplectic Lie group. The second part concerns
the symplectic geometry of cotangent symplectic Lie groups and the
theory of Lagrangian extensions of flat Lie groups. In the third part
of the article we analyze the existence problem for Lagrangian normal
subgroups in nilpotent symplectic Lie groups.
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1 Introduction

A symplectic homogeneous manifold (M = G/H,w) is a symplectic manifold
(M,w) which admits a transitive Lie group G of symplectic automorphisms.
Symplectic homogeneous manifolds have been studied by many authors, see
for instance [44] for a classification of compact symplectic homogeneous man-
ifolds. Every symplectic homogeneous manifold of a given connected Lie
group G can be described as follows: Let w € Z2(g) be a two-cocycle on the
Lie algebra g = LieG. Then h = kerw c g is a Lie subalgebra, which is con-
tained in the stabilizer g, of w under the coadjoint action of g on forms. Let
G, be the stabilizer of w under the coadjoint action of G and assume that
there exists a closed subgroup H c G, with Lie algebra h. Then M = G/H
is a smooth manifold and w (considered as a two-form on g/h = T, M, where
o = eH is the canonical base point) uniquely extends by the G-action to an
invariant symplectic form w on M. Notice that if g is perfect, that is, if
[g,9] = g, then the Lie subgroup H c G generated by b is closed. In fact, in
that case H = (Gy,)o. This happens, in particular, for semisimple Lie groups
G, where all symplectic homogeneous manifolds (M = G/H,w) are coadjoints
orbits in g*, which are endowed with their canonical symplectic form (which
is unique up to scale). On the other hand, comparatively little is known
about symplectic homogeneous manifolds of non-reductive groups G.

In this article we will concentrate on symplectic Lie groups, that is, on
symplectic homogeneous manifolds with trivial stabilizer H. Thus a symplec-
tic Lie group (G, w) is a Lie group G endowed with a left-invariant symplectic
form w. The most important case is that of solvable Lie groups. In fact, it
is known that unimodular symplectic Lie groups are solvable, see [10, Thm.
11]. For example, if G admits a cocompact discrete subgroup I' then G be-
longs to this class. In this case, the coset-manifold I'\ G, with symplectic
structure induced by w is a compact symplectic solvmanifold. Symplectic
manifolds of this type have been of intense interest because they provide a
rich source of non-Kéhler compact symplectic manifolds [39, |6 5]. Another
important motivation to study symplectic homogeneous spaces of solvable
Lie groups comes from their role in the theory of geometric quantization and
the unitary representation theory of G as is apparent in the celebrated work
of Kostant, Kirillov and Souriau (see, [42], Lecture 9] for a discussion).

A recurring theme in the study of symplectic Lie groups is their interac-
tion with flat Lie groups. A flat Lie group is a Lie group endowed with a
left-invariant torsion-free flat connection. For example, it is well known that



every symplectic Lie group (G,w) carries a torsion-free flat connection V¥
on G, which comes associated with the symplectic structure [10, Theorem 6].
Furthermore, flat Lie groups arise as quotients with respect to Lagrangian
normal subgroups of symplectic Lie groups [7], and, more generally, in the
context of reduction with respect to isotropic normal subgroups satisfying
certain extra assumptions [12]. Another noteworthy appearance of flat Lie
groups is as Lagrangian subgroups of symplectic Lie groups with the induced
Weinstein connection.

These facts, which arise in the relatively rigid and restricted category of
symplectic Lie groups, mirror more general constructions for arbitrary sym-
plectic manifolds, in particular from the theory of Lagrangian and isotropic
foliations [14], 40, 41], [42]. In fact, every Lagrangian subgroup L of a symplec-
tic Lie group (G,w) defines a left-invariant Lagrangian foliation on (G,w).
Therefore, a Lagrangian subgroup gives a left-invariant polarization in the
sense of geometric quantization [43, Def. 4.5.1]. An important role is played
by the method of symplectic reduction [42] adapted to the setting of sym-
plectic Lie groups. Every normal isotropic subgroup of (G,w) determines a
coisotropic subgroup whose symplectic reduction is a symplectic Lie group.
As in the general theory, foundational questions in the context of symplectic
Lie groups are the existence problem for Lagrangian and isotropic subgroups
(in particular, for normal subgroups of this type), as well as associated clas-
sification (that is, “normal form”) problems for symplectic Lie groups with
Lagrangian subgroups.

There are several important contributions to the structure theory [12]
13), 32], 34], 16] and considerable classification work for symplectic Lie groups
in low dimensions [36, 24, 19, 27, B8, 17, 11, B5]. However, the general
picture concerning the above questions seems far from complete, with some
of the main conjectures or research hypotheses remaining unverified in the
literature. This concerns, in particular, the existence question for Lagrangian
normal subgroups in completely solvable or nilpotent groups (first raised in
[7]), the existence of Lagrangian subgroups in arbitrary symplectic Lie groups
(with partial results given in [12] [13] [I8]), and the theory of reduction with
respect to general isotropic normal subgroups (where it remains to extend
the approach pursued in [12] 32]), as well as various related or more specific
questions (for example, in the context of nilpotent symplectic Lie groups as
in [20] or [19} 31 [T5]).

A natural class of symplectic Lie groups arises from Lie groups for which
the coadjoint representation has an open orbit. The corresponding Lie al-
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gebras are called Frobenius Lie algebras [33]. There are many constructions
and classification results for Frobenius Lie algebras [34] (16, 17, [18] 111, 35]. In
the Frobenius case the canonical symplectic structure on the open coadjoint
orbit induces a left-invariant symplectic structure on the Lie group, which is
the differential of a left-invariant one-form. Therefore, such a Lie group is
never unimodular and, in particular, never nilpotent.

The principal aim of our article is to further develop the structure theory
of symplectic Lie groups and to shed some more light on the aforementioned
circle of ideas. We describe now the contents of the article and its main
results. Let us first remark though, that, for simply connected G, the study of
symplectic Lie groups reduces to the study of symplectic Lie algebras (g,w),
that is, Lie algebras g endowed with a non-degenerate two-cocycle w € Z2(g).
Therefore, most of our results (with the noteworthy exception of Section [
will be derived and formulated in the Lie algebra setting. The article is
divided into three main parts which we will discuss subsequently now.

Complete reduction of symplectic Lie groups

In the first part of the article we study the concept of symplectic reduction of
symplectic Lie groups with respect to their isotropic normal subgroups. In
the basic construction we can perform symplectic reduction of any coisotropic
subgroup of (G,w) to obtain a reduced symplectic manifold of lower dimen-
sion than the dimension of G. If the coisotropic subgroup arises as a sym-
plectic orthogonal of a normal isotropic subgroup J, the reduced symplectic
manifold carries the induced structure of a symplectic Lie group. Strictly
speaking, the reduced manifold is possibly defined only locally, but in the
context of symplectic Lie groups the construction always determines a unique
simply connected symplectic Lie group. This symplectic Lie group will be
called the symplectic reduction of (G,w) with respect to the isotropic normal
subgroup J. On the Lie algebra level symplectic reduction is well defined
and corresponds to studying the reduction of symplectic Lie algebras with
respect to isotropic ideals.

We will derive fundamental properties of the procedure of symplectic
reduction in Section Pl In particular, we describe the role of flat Lie groups
in symplectic reduction, a theme which will be important, in particular, in
the second part of the article. Another important idea which will be studied
in Section [2] is the concept of symplectic oxidation, that is, in principle,
the construction of new symplectic groups, which are reducing to a given



symplectic Lie group (G,w), by attaching suitable extra data to (G,w).

Reduction sequences and irreducible symplectic Lie groups If a
symplectic Lie group does not admit any proper isotropic normal subgroup,
it will be called an #rreducible symplectic Lie group. Since the dimension de-
creases in every possible reduction step, every symplectic Lie group admits
a finite sequence of reductions to an irreducible symplectic Lie group. Every
irreducible symplectic Lie group which terminates a reduction sequence aris-
ing from the symplectic Lie group (G,w) will be called a symplectic base of
(G,w). If it admits a reduction sequence to the trivial group, that is, if the
trivial group is a symplectic base, (G,w) will be called completely reducible.
We will show in Section that every completely solvable symplectic Lie
group belongs to this class] However, the property of complete reducibil-
ity is not confined to solvable symplectic Lie groups; indeed, the affine Lie
group with its canonical symplectic structure [I] is completely reducible, see
Example B.7. Moreover, Lagrangian extensions of flat Lie groups, which will
be studied in the second part of this article, are always completely reducible.
Therefore, non-solvable completely reducible symplectic Lie groups can also
be constructed by Lagrangian extension of flat Lie groups which are reduc-
tiv

Completely reducible symplectic Lie groups have particular tractable
properties because they are susceptible to inductive arguments based on
symplectic reduction. For example, as we deduce in Corollary B.I3] every
completely reducible symplectic Lie group has a Lagrangian subgroup.

Naturally, the classification problem for irreducible symplectic Lie groups
arises as an important question, which we discuss now. Building on a previ-
ous related investigation in [13], we will show in Section B4l that the structure
of irreducible symplectic Lie groups is surprisingly simple. Indeed every irre-
ducible symplectic Lie group is metabelian and has the additional structure
of a flat Kahler Lie groupﬁ In particular, all irreducible symplectic Lie
groups are solvable of very restricted type. The complete local classification
of irreducible symplectic Lie groups is described in Corollary BI7 As the
classification shows, the first non-trivial example of an irreducible symplectic
Lie group arises in dimension six.

!The nilpotent case is also a consequence of [32, Théoréme 2.5].
2For examples of such, see [2].
3See [26, 13] for this notion.



Uniqueness of the symplectic base Our main result on symplectic re-
ductions is a Jordan-Hoélder type uniquess theorem for the symplectic base.
Namely, as we will show in Theorem 8.4l the isomorphism class of the simply
connected symplectic base of (G,w) is independent of the chosen reduction
sequence. Therefore, the symplectic base is uniquely defined and it is an
invariant of (G,w). A derived numerical invariant is the symplectic length
of (G,w), which denotes the minimal length of a reduction sequence to the
irreducible base.

Existence of Lagrangian subgroups Certain properties of (G,w) may
be deduced from the properties of its symplectic base using induction over a
reduction sequence. Using this approach, we prove in Proposition [B.12]that a
symplectic Lie group (G,w) admits a Lagrangian subgroup if and only if its
symplectic base admits a Lagrangian subgroup. The latter result, in a sense,
gives a complete solution to the existence problem for Lagrangian subgroups
by effectively constricting it to the irreducible case.

Remarkably, this immediately implies that completely reducible symplec-
tic Lie groups do always admit a Lagrangian subgroup. In particular, com-
pletely solvable symplectic Lie groups have Lagrangian subgroups. Moreover,
Lemma [3.18 implies that in dimension less than or equal to six every sym-
plectic Lie group has a Lagrangian subgroupH We next employ the structure
theory for irreducible symplectic Lie groups as developed in Section [3.4] to
construct an eight-dimensional symplectic Lie group which does not have a
Lagrangian subgroup, see Proposition B.2Il To our knowledge, this is the
first example which shows that there do exist symplectic Lie groups without
Lagrangian subgroups at all.

Cotangent Lie groups and Lagrangian extensions

An important class of examples of completely reducible symplectic Lie groups
are those which arise as cotangent bundles (7* H, ) of flat Lie groups (H, V),
that is, of Lie groups H endowed with a left-invariant flat torsion-free connec-
tion V. Here €2 denotes the standard symplectic structure on the cotangent
bundle and the Lie group structure on 7T* H is given by identification of T* H
with a semi-direct product group G = H x, b*, where h = Lie H is the Lie al-
gebra of H and p is a representation of H on the dual vector space bh*. If €2 is

4Contradicting [I3, Théoreme 3.8], see Section B.4.2 for further remarks.



left-invariant with respect to this Lie group structure, (G, {2) is a symplectic
Lie group, which will be called a cotangent symplectic Lie group.

Generalizing partial results obtained in [I0] and [25], we prove in Section
AT that (G, Q) is a symplectic Lie group if and only if the dual of the group
representation ¢ : H - GL(h*) induces a Lie algebra representation V : b —
gl(h), which is defined by a left-invariant flat torsion-free connection vV on H.
This fact exemplifies the appearance of flat Lie groups in the construction of
symplectic Lie groups. For example, as observed in [34, Thm. 4.1 and Prop.
4.2] (see also [7, Thm. 3.5.1]), there is a one-to-one correspondence between
Frobenius Lie algebras of dimension 2n splitting over an abelian ideal of
dimension n and n-dimensional linear Lie algebra representations which are
étale. The corresponding symplectic Lie groups are examples of cotangent
symplectic Lie groups and the flat torsion-free connection mentioned above
is induced by the étale representation.

Lagrangian subgroups and flat Lie groups In a cotangent symplectic
Lie group (G,), H becomes a Lagrangian subgroup and h* is a normal
Lagrangian subgroup. As will be derived in Section [4.2] the flat connection
V associated to the representation o coincides with the Weinstein connection
induced on the Lagrangian subgroup H of (G,2). The construction thus al-
lows to transport a theorem of Weinstein [41] on leafs of Lagrangian foliations
to the category of symplectic Lie groups, showing that every flat Lie group
whose connection has trivial linear holonomy group (for example, every sim-
ply connected flat Lie group) can be realized as a Lagrangian subgroup of a
symplectic Lie group. This will be proved in Theorem [4.9.

Lagrangian extensions of flat Lie groups More generally, given a flat
Lie group (H, V), we can deform the associated group structure on 7*H (and
possibly also the symplectic structure) to construct symplectic Lie groups
(T*H = G,w), which have the property that h* is a normal Lagrangian sub-
group of G. In particular, h* is a totally geodesic subgroup of (T*H,V¥).
The corresponding symplectic groups are thus characterized by the require-
ment that the natural maps

b~ (I"H,v¥) > (H,V)

are connection preserving. We call a symplectic Lie group (T*H = G,w) of
this type a Lagrangian extension of the flat Lie group (H, V).
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In Section Bl we develop the theory of Lagrangian extensions on the Lie al-
gebra level. Our principal result, Theorem [5.13] shows that the isomorphism
classes of Lagrangian extensions of a flat Lie algebra (h, V) are classified
(in a way analogous to the classical extension theory of Lie algebras) by a
suitable two-dimensional cohomology group Hiv(f), bH*), which we call the
Lagrangian extension group for (h, V).

In an intermediate step we show that the extension cocycles representing
elements of the group H%’v(b, h*) classify strongly polarized symplectic Lie
algebras. A strongly polarized symplectic Lie algebra is a symplectic Lie
algebra with a fixed Lagrangian ideal and a complementary Lagrangian sub-
space. The reader should consult Section for the precise definition of the
relevant concepts and the corresponding results.

The classification of Lagrangian extensions sets up a one-to-one corre-
spondence of symplectic Lie groups with Lagrangian normal subgroups on
the one hand, and, on the other hand, flat Lie groups together with extension
classes in their Lagrangian extension cohomology group, see Corollary [5.141
Concerning the computation of the extension group Hiv(h’ h*), we point
out that this group has a natural homomorphism to the ordinary extension
group HZ(h,h*). However, this homomorphism is (as we discuss in Section
B.0) not necessarily an injective@ nor a surjective map.

Finally, it is an important observation that every simply connected sym-
plectic Lie group which has a Lagrangian normal subgroup is indeed a La-
grangian extension of a flat Lie group [7]. It also has been claimedd that
all simply connected completely solvable symplectic Lie groups arise as La-
grangian extensions of flat Lie groups. If this assertion were true, it would
essentially reduce the study of a huge class of symplectic Lie groups to that
of flat Lie groups. The claim relies on the equivalent statement that every
completely solvable symplectic Lie algebra admits a Lagrangian ideal. It fol-
lows from the work in [36] that every four-dimensional completely solvable
symplectic Lie algebra has a Lagrangian ideal; on the other hand, there ex-
ists a four-dimensional solvable Lie algebra of imaginary type which does not
have a Lagrangian ideal. The existence question for Lagrangian ideals is our
next main topic.

>This shows that the statement of [7, Theorem 3.2.1] is not correct.
6See [7, top of p. 1164, preceding Theorem 3.5.2].



Existence of Lagrangian normal subgroups

In the third part of the article we study the existence of Lagrangian ide-
als in completely solvable and nilpotent Lie algebras. We are particularly
interested in the nilpotent case, since all nilpotent symplectic Lie algebras
admit reduction with respect to central isotropic ideals (see [32, Théoreme
2.5] or Proposition B.9). It follows that nilpotent symplectic Lie algebras
may be constructed inductively by subsequent symplectic oxidation starting
from the trivial symplectic Lie algebra. (We explain the oxidation procedure
in Section 24l in detail.) Therefore, nilpotent symplectic Lie algebras can be
expected to have particular accessible properties.

Before describing some of our results concerning Lagrangian ideals, we
would like to mention the closely related notion of commutative polariza-
tion, which in the context Frobenius Lie algebras is the same as an abelian
Lagrangian subalgebra with respect to some exact symplectic form. As is
proved in [5, Thm. 4.1], for solvable Frobenius Lie algebras over algebraically
closed fields of characteristic 0, the existence of a commutative polarization
implies the existence of a commutative polarization, which is also an ideal.
In particular, under these assumptions an exact symplectic Lie algebra which
has an abelian Lagrangian subalgebra also admits a Lagrangian ideal. Un-
fortunately, for general symplectic Lie algebras, the existence of an abelian
Lagrangian subalgebra bears no direct implication for the existence of La-
grangian ideals, see Remark on page [72L

Counterexamples As our starting point we construct two examples of
symplectic Lie algebras in dimension six, and dimension eight, respectively,
which show that Lagrangian ideals in completely solvable, even in nilpotent
symplectic Lie algebras do not necessarily exist. Our first example, Example
[6.2] is a completely solvable non-nilpotent symplectic Lie algebra of dimen-
sion six whose maximal isotropic ideal has dimension two. Our next exam-
ple, Example[6.3] is a four-step nilpotent symplectic Lie algebra of dimension
eight, whose maximal isotropic ideal has dimension three. These examples
show (as we believe, for the first time) that, in general, completely solvable
and nilpotent symplectic Lie groups do not admit Lagrangian normal sub-
groups. The theory of Lagrangian extensions, as developed in the second
part of this article, can only describe the proper subclass of completely solv-
able symplectic Lie groups which do admit Lagrangian normal subgroups.
We will restrict our further considerations to the nilpotent case and analyze
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this situation more closely. Our findings suggest that nilpotent symplectic
Lie groups are very far from being understood, even if flat Lie groups were
well understood.

Symplectic rank and symplectic length The fact that Lagrangian ide-
als do not always exist leads us to define the following invariant of a symplec-
tic Lie algebra (g,w). The symplectic rank o(g,w) is the maximal dimension
of an isotropic ideal. In particular, o(g,w) is maximal if o(g,w) = 3 dimg
and (g,w) has a Lagrangian ideal. Observe also that the existence of a La-
grangian ideal in (g,w) is equivalent to the fact that (g,w) can be reduced to
the trivial algebra in one step, that is, this holds if and only if the symplec-
tic length satisfies sl(g,w) = 1. From this point of view, the above examples
show that symplectic rank and length are important invariants in the context

of nilpotent symplectic Lie groups.

Existence results and a further counterexample We would like to
understand the class of nilpotent symplectic Lie algebras which admit a
Lagrangian ideal as good as possible and give criteria for the existence of
Lagrangian ideals. We describe now our main results in this direction.

As a basic observation we show that every two-step nilpotent symplec-
tic Lie algebra admits a Lagrangian ideal. This is proved in Theorem [R.3]
Since Example is four-step nilpotent, one could hope that existence of La-
grangian ideals is satisfied also for three-step nilpotent Lie algebras. However,
in Section we construct a three-step nilpotent Lie algebra of dimension
ten which has symplectic rank four. Thus this symplectic Lie algebra has no
Lagrangian ideal.

To round up the theory of low-dimensional nilpotent symplectic Lie al-
gebras, we prove next that the dimensions in which the previous counterex-
amples occur are sharp. By Theorem R.4], every nilpotent symplectic Lie
algebra of dimension less than eight admits a Lagrangian ideal. Moreover, as
is proved in Theorem [0.6] every three-step nilpotent Lie algebra of dimension
less than ten admits a Lagrangian ideal.

Recall that a nilpotent Lie algebra is called filiform if its nilpotency class is
maximal with respect to its dimension, and that such Lie algebras are generic
in the variety of nilpotent Lie algebras. We show in Theorem that every
filiform nilpotent symplectic Lie algebra has a Lagrangian ideal. Since this
ideal is also unique, the Lagrangian extension theory for such algebras takes a
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particular simple form and it leads directly to a classification theory of filiform
nilpotent symplectic Lie algebras, which can be based on a classification of
filiform flat symplectic Lie algebras, see Corollary B.6. Somewhat strikingly,
the latter results also show that the existence of Lagrangian ideals is a generic
property for nilpotent symplectic Lie algebras.

Reduction theory of nilpotent symplectic Lie algebras Symplectic
reduction is one of the main methods in our study of nilpotent symplectic Lie
algebras. The basic properties of reduction, which are relevant to this part
of our article are developed in Sections - 2.3t The symplectic reduction
of a symplectic Lie algebra (g,w) with respect to an isotropic ideal j is a
symplectic Lie algebra (g,w) of dimension dim g-2dimj. Depending on the
properties of j it comes with additional algebraic structures. In the important
case where jt c g is an ideal, the additional structure is essentially encoded in
a Lie subalgebra q c Der(g), the elements of which are subject to a system of
quadratic equations which depend on w. The condition on j* c g is satisfied,
in particular, when reducing with respect to a central isotropic ideal. This
situation thus plays a mayor role in the nilpotent case.

We initiate the study of nilpotent endomorphism algebras q of the above
type in Section [7, which is at the heart of our results in this part of the
article. As a particular application of this theory, we prove, for instance,
that any nilpotent symplectic Lie algebra (g,w), which has an abelian re-
duction g with respect to a one-dimensional central ideal, has a Lagrangian
ideal, see Theorem [[.IIl The analogous fact for reduction with respect to
higher-dimensional central ideals fails. This is a basic observation for the
construction of our ten-dimensional three-step nilpotent Example in Section
without Lagrangian ideal. Furthermore, the proofs of Theorem B4 and
Theorem depend crucially on the results in Section [7l

Further considerations and examples We would like to conclude the
introduction to the third part of our article with some additional remarks.

The first remark concerns the notion of symplectic rank for nilpotent sym-
plectic Lie algebras. The importance of the invariant o(g,w) is underlined by
the fact that every isotropic ideal is abelian, see Lemma 2.1l Hence, o(g,w)
is bounded by the maximal dimension p(g) of an abelian ideal in g:

o(g,w) < u(g).
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Obviously, u(g) is in turn bounded by the maximal dimension v(g) of an
abelian subalgebra:
nLu.

An invariant related to v has been studied in detail by Milenteva [28], 29] [30].
Since every two-step nilpotent symplectic Lie algebra (g,w) admits a
Lagrangian ideal, these Lie algebras satisify

u@)z%mmg. (1.1)

Therefore, two-step nilpotent Lie algebras violating (1)) do not admit any
symplectic structure. This is already a strong restriction. For instance, the
existence of infinitely many two-step nilpotent Lie algebras violating

V@)Z%&mg (1.2)

and, hence, (1)) follows from [30, Lemma 11].

Note, however, that Lagrangian subalgebras of (g,w) do not lead to fur-
ther information on the invariant v(g). We explained before that every nilpo-
tent symplectic Lie algebra (g,w) has a Lagrangian subalgebra, see Corollary
B.I3 However, contrary to Lagrangian ideals, Lagrangian subalgebras are
not necessarily abelian. In fact, it follows from the results in Section [£.2]
that every nilpotent flat Lie algebra whose flat connection is complete arises
as a Lagrangian subalgebra of a nilpotent symplectic Lie algebra.

Finally, we would like to point out that based on our examples and the
theory developed in this work we already disproved several claims and con-
jectures, which play a role in the literature. Another application of this kind
concerns the following question: It was asked in [20], whether, given any
compact symplectic solvmanifold which may be presented as a coset-space
I'\G, where G is a solvable Lie Group and I' < G is a lattice, G can be at most
three-step solvable. This assertion has been verified in the literature mostly
in low dimensions. For example, it holds in dimension less than or equal
to six by [27, [36]. We answer this question in the negative by constructing
in Example [4.7 a family of symplectic nilmanifolds, which has unbounded
solvability degree. However, the lowest dimensional example of a symplectic
solvmanifold with solvability degree greater than three, which we can con-
struct, satisfies dim['\G' = 72. In general, this series of examples implies
that, quite to the contrary of the original conjecture, the solvability degree of
symplectic solvmanifolds is unbounded with increasing dimension.
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Notation and conventions

Ground fields. For our results on symplectic Lie algebras, if not mentioned
otherwise, we work over a fixed unspecified ground field k of characteristic
0. Global geometric interpretations for simply connected Lie groups may,
of course, be given over the field £ = R of real numbers, which therefore is
of principal interest for our investigations. For a vector space V and subset
AcV, welet (A) denote the span of A (over k).

Lie algebras. Let g=(V,[, ]) be a Lie algebra. Here V is the underlying
vector space of g and [, ] is a Lie bracket on V. For subsets A, B ¢ g, the
commutator [A, B] is the vector subspace which is generated by all brackets
[a,b], where a € A, be B.

We denote with Der(g) c¢ End(V') the Lie algebra of derivations of g
and with Inn(g) the image of g under the adjoint representation ad : g —
Der(g), where ad(u)v = [u,v], for all u,v € g. The Lie algebra out(g) =
Der(g)/Inn(g) is called the Lie algebra of outer derivations.

The derived series D'g of ideals in g satisfies D%g = g, and Ditlg =
[Dig, D'g]. We say that g has derived length, or solvability degree s(g) if
D#*@) = {0} and D5®-1 % {0}. Define a Lie algebra to be completely solvable
if it admits a complete flag of ideals.

Define the descending central series C'g of ideals in g inductively by

C%g=g,C"g=[g,C'g].
Dually, the ascending central series C; g, © > 0, of ideals is defined by
Cog=1{0}, Cing={v|[g,v]c Cig}.

In particular, C; g =Z(g) = {v | [v,g] = 0} is the center of g.
We observe the relations

[C'g,Cig]lc C™itlg, (1.3)

[C'g,Crg) € Crinrg - (1.4)

The Lie algebra g is called k-step nilpotent if C*g = {0}, for some k >
0. More precisely, we say that g is of nilpotency class k if C*g = {0} and
C*1g + {0}. If g is of nilpotency class k, we have

CtigcCig. (1.5)
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Low dimensional cohomology of Lie algebras. Let p:g — End(W)
be a representation of g on a vector space W. The elements of Ci(g,W) =
Hom(A" g, W) are called i-cochains for 9. We have the coboundary operators

0=0,: C'(g,W)—>C" (g, W)

of Lie algebra cohomology for o (see [23]), satisfying 00 = 0. The elements
of
Z,(g, W) ={aeC(g,W)|0,a =0}

are called i-cocycles and the elements of
By(g,W) ={0, a|aeC™ (g, W)}

are called i-coboundaries. We write Z?(g), respectively B(g), for these mod-
ules if p is the trivial representation on the ground field k. We need to
consider 0 only in low-degrees. Here we have, for all u,v,weg, t e W:

(0°1)(u) = p(u)t ,
(0" N)(u,v) = p(u)A(v) = p(v)A(u) = A([u,v])
(0%a)(u,v,w) = p(u)a(v,w) + p(v)a(w,u) + p(w)a(u,v)
+a(u, [v,w]) + a(w, [u,v]) + a(v, [w,u]) .

(1.6)

Connections on Lie algebras. A bilinear map V : g x g - g, written
as (u,v) » V0, is called a connection on g. For all u,v,w € g, the torsion
T =TV is defined by T'(u,v) = V,v-V,u—[u,v] and the curvature R = RV by
R(u,v)w = VyVow =V, Vyw =V, ,qw. If T =0 then the connection V is called
torsion-free. The curvature R vanishes if and only if the map oV :uw~ Vv, ,
g - End(g) is a representation of g on itself. In this case, the connection V
is called flat. A flat connection is torsion-free if and only if the identity of g
is a one-cocyle in Z1;(g,9). A flat Lie algebra is a pair (g, V), where V is a
torsion-free and flat connection on g. A subalgebra b of g is called a totally
geodesic subalgebra with respect to a connection V if, for all u,v € h, V,v € b.
In particular, if (g,V) is a flat Lie algebra and b is totally geodesic, then V
restricts to a connection on b, which is torsion-free and flat.

Symplectic vector spaces. Let w e A2V * be a non-degenerate alternating
form. The pair (V,w) is called a symplectic vector space.
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Let W €V be a subspace. The orthogonal of W in (V,w) is
W ={veV |w(v,w) =0, for all we W} .

The subspace W is called non-degenerate if W nWte = {0}. Tt is called
isotropic it W ¢ Wte. A maximal isotropic subspace is called Lagrangian. A
Lagrangian subspace satisfies W = Wte,

A direct sum decomposition V =V, @ W & V4 is called an isotropic decom-
position if V3, V4 are isotropic subspaces and W = Vi n V.

The subspace U is called coisotropic if Ut» ¢ U. If W is isotropic then
Wte is coisotropic. For any coisotropic subspace U in (V,w), w induces a
symplectic form w on U/U*«. The symplectic vector space (U/U* w) is
called the symplectic reduction with respect to the isotropic subspace U+tw.

For any isotropic subspace W, we define corank, W = %dim Wie [W. In
particular, W is Lagrangian if and only if corank, W = 0.

Lemma 1.1. Let U c (V,w) be a coisotropic subspace and W c (V,w) an
isotropic subspace. Then the image W of WnU in (UJU* @) is an isotropic
subspace which satisfies corankg W < corank, W.

Symplectic Lie algebras. A symplectic Lie algebra is a pair (g,w), where
w e Z%(g) is a closed and non-degenerate two-form. The condition that w is
closed is equivalent to

w([u,v],w) +w([w,u],v) +w([v,w],u) =0, (1.7)

for all u,v,w € g.

Two-cocycles and derivations. Let o € Z2(g) be a closed two-form for
the Lie algebra g and ¢ € Der(g) a derivation. Then the associated two-form
a,, which is defined by declaring

a,(v,w) = a(pv,w) + a(v, pw) , for all v,w e g, (1.8)

is a two-cocycle as well (that is, a, € Z2(g)).
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Part 1
Theory of reduction

2 Basic concepts

We introduce important notions in the context of symplectic Lie algebras
and study their basic properties. These will play a fundamental role in our
approach to the subject.

2.1 Isotropic ideals and symplectic rank

Let (g,w) be a symplectic Lie algebra. An ideal j of g is called an isotropic
ideal of (g,w) if j is an isotropic subspace for w. If the ortohogonal j*« is
an ideal in g we call j a normal isotropic ideal. If j is a maximal isotropic
subspace j is called a Lagrangian ideal.

Using ([L7), the following is easily verified:
Lemma 2.1. Letj be an ideal of (g,w). Then

1. If j is isotropic then j is abelian.
2. jte is a subalgebra of g.

3.yt is an ideal in g if and only if [i*~,j] = {0}.
Definition 2.2. Let (g,w) be a symplectic Lie algebra. The symplectic
rank of (g,w) is the maximal dimension of any isotropic ideal in (g,w).

The following dual definition is particularly useful in the context of sym-
plectic reduction (compare Section 2.5)): The symplectic corank of (g,w)
is the corank of any isotropic ideal of maximal dimension. For example,
corank(g,w) = 0 if and only if (g,w) has a Lagrangian ideal.

2.2 Symplectic reduction

Let (g,w) be a symplectic Lie algebra and j € g an isotropic ideal. The
orthogonal j*« is a subalgebra of g which contains j, and therefore w descends
to a symplectic form @ on the quotient Lie algebra

g=i*/j.
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Definition 2.3. The symplectic Lie algebra (g,w) is called the symplectic
reduction of (g,w) with respect to the isotropic ideal j.

If j*« is an ideal in g we call the symplectic reduction normal, and j is
called a normal isotropic ideal. Normal reduction is of particular interest and
we single out several important special cases:

The reduction of (g,w) with respect to j is called

e Lagrangian reduction if j is a Lagrangian ideal. In this case, j'v =j
and g = {0}.

o C(entral reduction if j is central. In this case, j'« is an ideal in g, which
contains C'g = [g,g].

e Codimension one normal reduction if j is one-dimensional and [j,j*] =

{0}

Reducibility of symplectic Lie algebras Not every symplectic Lie al-
gebra may be reduced to one of lower dimensions (compare Section 3.4]). If
(g,w) cannot be symplectically reduced, that is, if g does not have a non-
trivial, isotropic ideal j, then (g,w) will be called symplectically irreducible.
(Similarly if j does not have a non-trivial normal or central ideal, we speak
of normal, respectively central irreducibility of the symplectic Lie algebra
(g,w).) We shall construct an irreducible six-dimensional solvable symplec-
tic Lie algebra in Example .14l On the other hand we have:

Example 2.4 (Completely solvable implies reducible). Let (g,w) be a sym-
plectic Lie algebra with g completely solvable. The definition of complete
solvability implies that there exists a one-dimensional ideal j in g. Then j is
also a one-dimensional isotropic ideal in (g,w).

2.3 Normal symplectic reduction

In this subsection we analyze in detail the process of normal reduction. That
is, we consider reduction of (g,w) with respect to isotropic ideals j, which
have the property that jt« is an ideal as well[l Given such j, the Lie algebra

TA similar analysis has been carried out in [I2]. The “symplectic double extension”
covers in particular Lagrangian reduction and one-dimensional central reduction. However,
the assumption that the sequence ([27) splits (which is required for the constructions in
[12]) is too restrictive for our purposes. Also we use a slightly different terminology.
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extensions

0>je>g—oh-0, (2.1)
0>j—>ije—>g-0 (2.2)

naturally arise in the reduction process. Here (g,w) is the symplectic reduc-
tion and b arises, since j*« is an ideal. As will be explained in the following
two subsections, the quotients (g,w) and b carry additional structure, which
is induced from the sympletic Lie algebra (g,w):

1. The Lie algebra b = g/j*~ admits an induced torsion-free flat connection
V = V¥ such that the projection map (g, vV¥) — (b, V¥) is an affine map
of flat Lie algebras.

2. The symplectic Lie algebra (g, @) comes equipped with a distinguished
algebra q of derivations of g, which satisfies a compatibility condition
with respect to w.

Not every Lie algebra carries a torsion-free flat connection. (See, for
example, [8, §2] for discussion.) Note therefore that the existence of the
torsion-free flat connection V puts a strong restriction on the possible quo-
tients b, which may occur for normal reductions in (2.1]).

2.3.1 The induced flat connection on b

We show that normal reduction induces a torsion-free flat connection on its
associated quotient algebra . This stems from a more general construction
which we introduce now.

Induced flat connection on normal quotients Let j be an ideal of g,
which satisfies [j*~,j] = {0}. According to Lemma [2.1], the subalgebra j‘« is
then an ideal of g. We call such an ideal j a normal ideal of (g,w) and let
b=g/i*

denote the associated quotient Lie algebra. From w we obtain a non-degenerate
bilinear pairing wy between h and j, by declaring

wy(t,a) =w(u,a) ,foralueh, aej, (2.3)
where, for u € g, u denotes its class in . Since j is normal, there is an induced

representation ad‘*j of h on j* and viewing the form wy as a linear map b — j*
it defines a non-singular one-cocycle with respect to this representation:
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Proposition 2.5. Let j be a normal ideal in (g,w). Then the following
hold:

1. The adjoint representation of g gives rise to an induced representation
adj; of b on j.

2. The homomorphism wy, € Hom(h,j*), u ~ wy(1,-), is an isomorphism
b — j*. Moreover, it defines a one-cocycle in Z;d‘_*(b,j*), where ad‘*j
denotes the representation of b on j* which is dual to ady;.

3. The Lie algebra b = g/j*« carries a torsion-free flat connection V = V¥
which 1s defined by the equation

wy(Vat,a) = —w(v,[u,a]) , forallu,veh, acj. (2.4)

Proof. Since j is centralized by j*~, the restricted representation ad); of g is
well defined on h = g/jt~. Thus 1. holds.

By (2.3), the element @ € b is contained in kerwy if and only if u 1, j,
that is, if v € j*«. Thus u € kerw, implies u = 0. Since codimj‘~ = dimj,
dim b = dimj*. Therefore, wy is an isomorphism.

The one-cocycle condition (cf. (I.6])) for wy with respect to the coadjoint
representation p = ad[j on j* reads:

0= p(@) (7) - (3 (@) - wy([@,7)), forall @7 eb,
This is equivalent to the requirement that, for all a €,
—W(U,[U,G,])+W(u, [v,a])—w([u,v],a) =0. (25)

The latter holds by (L.7)), since w is closed. This shows 2.

Finally, 3. is a standard consequence of 1. and 2. Indeed, the coadjoint
representation together with the one-cocycle wy define an affine representa-
tion of the Lie algebra h on the vector space j*. This representation is étale,
since wy is an isomorphism. To every étale affine representation of b there is
an associated torsion-free flat connection on b (compare, for example, [3] [4]),
which in our case satisfies (2.4)). O

Remark. The proposition generalizes the well-known fact (compare [10),
Theorem 6] and also [32, §1]) that g admits a torsion-free flat connection
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which arises from w in a natural way. Indeed, taking j = g we have jtv = {0}
and therefore g is a normal ideal. Now (2.4]) states that the expression

w(Vev,w) = —w(v, [u,w]) , forall u,v,weg, (2.6)

defines a torsion-free flat connection V¥ on g. Note also that the natural
map of flat Lie algebras (g, V¥) — (b, V*) is affine, that is, it is a connection
preserving map.

As a particular consequence, we note:

Proposition 2.6. Ifj is central then the quotient Lie algebra b = g/j* is
abelian and the induced connection ¥V on b is the trivial connection V = 0.

Proof. Indeed, if j is central then V = V¥ = 0, by (24). Since V is torsion-
free, [@,v] = Va0 — Vyu = 0, for all u,v € h. This shows the proposition.
(Alternatively, the first claim can be read off directly from (2.3]).) O

In the context of mormal reduction, we are considering normal isotropic
ideals j. By the above, for every normal isotropic ideal j, the associated
quotient Lie algebra h = g/jt« carries a torsion-free flat connection V = V.

Definition 2.7. The flat Lie algebra (h, V) is called the quotient flat Lie
algebra associated to reduction with respect to the normal ideal j.

Totally geodesic subalgebras The properties of the symplectic Lie alge-
bra (g,w) closely interact with the geometry of the flat Lie algebra (g, v¥)
and also with its flat quotients (b, V*). For instance, we have:

Proposition 2.8. Let (g,w) be a symplectic Lie algebra and V¥ its asso-
ciated torsion-free flat connection. Then:

1. A subalgebra | of g is a totally geodesic subalgebra with respect to V = V¥
if and only if [I[,[*v] € [,

2. For every ideal i of g, the orthogonal subalgebra i« s totally geodesic.

3. Ewvery isotropic ideal j of (g,w) is a totally geodesic subalgebra and the
induced connection V¥ on j is trivial.

4. Lagrangian subalgebras of (g,w) are totally geodesic.
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Proof. Let u,v € l. Then V,v € [ if and only if, for all w € [* w(V,v,w) = 0.
That is w(V,v,w) = —w(v, [u,w]) = 0. Hence, 1. is proved. The further
assertions are immediate consequences. For 3. one uses (2.6) to show that
the induced connection vV« on j is trivial. O

In particular, Lagrangian subalgebras [ of (g,w) carry an induced flat
structure (I, v¢) from (g,Vv«). Contrasting with 3., the results in Section
below show that every flat Lie algebra (h,V) appears in this way as a
Lagrangian subalgebra for some (g, V¥).

2.3.2 Induced derivation algebra on (g,w)

Let j be a normal isotropic ideal in (g,w). Dividing out the ideal j from the
exact sequence (2.]) gives an extension of Lie algebras

0O-g—-g/j-bh->0, (2.7)
which directly relates h and g. Let

¢ : b — out(g) = Der(g)/ Inn(g)

be the conjugation class which belongs to this extension. The preimage
of im¢ = @(h) € out(g) under the projection Der(g) — out(g) is a Lie
subalgebra

q € Der(g) (2.8)

of derivations of g, which is determined by . The algebra q consists of the
inner derivations of g together with the derivations induced from h. This
also shows that q is induced by the image of the adjoint representation of
g restricted to the ideal jtv. As will be derived in Proposition 2.10] below,
the algebra q satisfies a strong compatibility condition with respect to the
symplectic form @ on g.

Since j is isotropic in (g,w) we can choose an isotropic decomposition
g=NeWaj. (2.9)
Then, in particular,

jt* =W ea&jand N**=We N .
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Using (2.9), we identify the underlying vector spaces of the quotient Lie
algebras b, g/j, g with N, N @ W, W via the respective quotient maps.
Choosing a representing map

¢: N — Der(g) , n ~ ¢, (2.10)

for the conjugation class ¢, the Lie products for g/j and g can be described
as follows:

1. There exists
2. .
pe/N'h*®g
such that, given n,n’ € N, w,w’ € W, the expression
[n+w,n +w]g; =[n,n ]+ p(n,n') + op(w) = pp(w) + [w,w']y

describes the Lie product of g/j on the vector space N & W.

2. Since j is central in j'v, the extension (2.2]) is determined by a two-
cocycle
e Z(g,])
such that, for all v,w e W,
[v,w] = [v,w]; + a(v,w) (2.11)
describes the Lie product [,]: g x g — g restricted to W.
3. Similarly, there is a one-cochain
AeCl(g, Hom(h,j)) , v A(v),
such that, for all ne N, ve W,

[n,v] = n(v) + A (v) . (2.12)

Observe that 1. to 3. determine the Lie product of g in case that j is
central in j. We remark that the extension cocycles o and p are determined
by the symplectic reduction (g,w) together with the maps ¢ and .

Lemma 2.9. Let (g,w0) be the reduction with respect to the normal isotropic
ideal j of (g,w), and ¢ : N - Der(g) the representing map (2Z.I0). Then, for
all u,v e W, n,n’ € N, the following hold:
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1. wy(a(u,v),n) = = (@(pn(u),v) +@(u, ¢n(v))).
2. w(p(n,n'),u) = wy(A,(u),n") +wy(n, Ay (u)).

Proof. Both equations are enforced by the cocycle condition (7)) for w. For

example, we have (using (ZI1) and (2.12))):

0=w([n,ul],v) +w([v,n],u) + w([u,v],n)

= @(gpnu,v) + @(—cpnv,u) + wh(a(u,v),n) .
This implies 1. O

We derive now our principal result on the derivation algebra q (defined
in (2.8)) in the case of central reduction:

Proposition 2.10. Let (g,w) be the reduction with respect to the central
isotropic ideal j of (g,w). Then, for allu,v e W, n,n’ € N:

Wh ()‘n’([u> U]ﬁ)a n) =

_ i} i . (2.13)
—(@(npnu,v)+0(ppu, QOTLU) +@(Pntt, o) + (U, PrPnv) ) .
Proof. Note that the expression
ay(v,w) = a(pv,w) +a(v,pw) , for all v,w € g, (2.14)

defines a two-cocycle a,, € Z2(g, Hom(h,j)), where Hom(b,j) is considered to
have the trivial g-module structure. Using that j is central we may read off
from the Jacobi-identity in g that the relation

a@(vvw) = A([va]ﬁ) (215>

is satisfied, for all v,w € g. (This shows that a, = -0\ and, in particular, o,
is a coboundary.) Combining Lemma 2.9 with (2.15]) proves (2.13). O

For central reductions to abelian symplectic Lie algebras (g, @) we deduce:

Proposition 2.11. Let (g,w) be the reduction with respect to the central
isotropic ideal j of (g,w) and q the image of the lift ¢ : N - Der(g). If g is
abelian then the following hold:

1. The image q = pn S End(g) is an abelian Lie subalgebra of endomor-
phisms of g.
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2. For all ¢, € q, we have
0 = w(pu,v) +@(pu,pv) +w(Yu, pv) + @(u, pyhv) . (2.16)

Proof. Since g is abelian, the map ¢ is indeed a homomorphism h — End(g),
and the representing map ¢ = ¢ is a homomorphism. As observed in Propo-
sition 2.6l the Lie algebra b is abelian, since j is central. It follows that q is
a homomorphic image of an abelian Lie algebra. Moreover, (2.10) is a direct
consequence of (2.15]). O

2.4 Symplectic oxidation

Given an appropiate set of additional data on a symplectic Lie algebra (g,w)
the process of reduction can be reversed to construct a symplectic Lie algebra
(g,w) which reduces to (g,w). In this context we speak of symplectic oxida-
tion. Here we deal with the important special case of one-dimensional central
oxidation ] The case of Lagrangian oxidation will be covered separately in
Section

Oxidation of Lie algebras. Let g be a Lie algebra and [, ] its Lie bracket.
Assume the following set of additional data is given:

1. a derivation ¢ € Der(g),
2. a two-cocycle a € Z%(g),

3. a linear form A € g*.

Let

g= ()o ge(H) (2.17)
be the vector space direct sum of g with one-dimensional vector spaces
(€),(H). Define an alternating bilinear product

[l:gxg—g
by requiring that the non-zero brackets are given by
[v,w] = [v,w]+a(v,w)H , (2.18)
[&,v] = p)+A(v)H , (2.19)

8This special case of symplectic oxidation essentially coincides with the “double exten-
sion” as developed in [32] Théoréme 2.3].
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where v,w € g € g, and [, | denotes the bracket in g. In particular, j = ( H )
is a central ideal of g.

Proposition 2.12.  The alternating product [,] as declared in 2.I]) -
(2I9) above defines a Lie algebra g = (g,[,]) if and only if

o, = -0\ € B*(g). (2.20)
(That is, o, is a coboundary and satisfies a,(v,w) = A([v,w]).)

Proof. Recall from (L8)) that o, (v,w) = a(pv,w) +a(v, pw), v,w € g. Then
it is easily verified that the coboundary condition (Z20) is equivalent to the
Jacobi-identity for the alternating product [, ]. O

We call the Lie algebra g = g,.0,\ the central ozidation of g (with respect to
the data ¢, a, A).

We remark next that central oxidation with nilpotent derivations con-
structs nilpotent Lie algebras.

Proposition 2.13. Let g be a nilpotent Lie algebra and assume that the
derwation ¢ above is nilpotent. Then the Lie algebra g = g, o\ 15 nilpotent,
and H is contained in the center of g.

Proof. Recall that Engel’s theorem [21] III, Theorem 2.4] asserts that a Lie
algebra is nilpotent if and only if all linear operators of the adjoint representa-
tion are nilpotent. With our assumptions, the linear operators of the adjoint
representation of g, which are defined by (2.I8) and (2.19), are nilpotent.
Moreover, H is always central in g. O

Symplectic oxidation. Now let (g,w) be a symplectic Lie algebra. We
define a non-degenerate two-form w on the vector space g defined in (2.17)
by requiring that

1. w restricts to @ on A? g,
2. the decomposition ([2I7)) of g satisfies gt~ = (¢, H),
3. w(¢,H)=1.
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In particular, the decomposition (2.17)) of g is isotropic.

Let ¢ € Der(g) and w, the two-cocycle associated to w and ¢ (using
notation as in (L)).

Proposition 2.14. Let o € Z2(g) be a two-cocycle such that o, = =0\, for
some \€g*. Then
(ng) = (ggo,a)\aw)

1s a symplectic Lie algebra if and only if
a=a,. (2.21)

Proof. The coboundary condition for « is required by Proposition 2.12] and
ensures that [, ] as defined in (ZI8) - (2.19) is a Lie algebra product. Now,
for w to be closed it is required that, for all u,v € g,

0=w([&u],v) +w([v,€],u) +w([u,v],£)

= w(pu,v) - w(pv,u) - a(u,v),

which is equivalent to o = @w,,. It is straightforward to verify that (g,w) is
symplectic if and only if the latter condition holds. O

The symplectic Lie algebra (g, w) = (§¢5,,1,w) is called symplectic oxidation
of (g,w) with respect to the data ¢ and A. Observe that the symplectic
oxidation reduces to (g,w) with respect to the one-dimensional central ideal
j=(H).

Given ¢ € Der(g), the derived two-cocycle is a = @, and its second
derivation is the two-cocycle w,, , = v,. According to the previous proposition
the cohomology class of a, is the obstruction for the existence of a symplectic
oxidation to the data (g,@,¢):

Corollary 2.15. Let (g,w) be a symplectic Lie algebra and ¢ € Der(g) a
derivation. Then there exists a symplectic ozidation (§,s,.x,w) if and only
if the cohomology class

(@] € H* ()

vanishes.
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Oxidation reverses reduction Let (g,w) be a symplectic Lie algebra,
j = (H) a one dimensional central ideal and (g,&) the symplectic reduction
with respect to j. We may choose £ in the complement of j*~ with w(§, H) =1
and an isotropic direct sum decomposition

g={)ei~=(()egej.
The adjoint operator ad(¢) € Der(g) induces a derivation
¢ = ad(¢)[g € Der(g)
of the reduced Lie algebra g = j'v /j. With respect to the above decomposition

we may write, as in (2I8)), (219,
[€,0]= () + M) H , [v,w] = [v,w] +a(v,w)H

where
Negh, aeZ%(g)

are determined by the bracket [, ] of g.

Symplectic oxidation as introduced in Proposition 2.14] above reverses
one-dimensional central symplectic reduction:

Proposition 2.16. Let (g,w) as above be a symplectic Lie algebra which
reduces to (§,w) with respect to a one dimensional central ideal j = (H). Put
Ao(v) =w(&,[€,v]), for allveg. Then

1. A= )\,.
2. The data w, ¢, N\, for g satisfy the coboundary relation (2.20]).

In particular, (g,w) is the symplectic oxidation of (g,w) with respect to ¢,
Aw-

Proof. Since [£,v] = p(v) + M(v)H, evidently -A(v) = w([&,v],£). Hence 1.
holds. The remaining assertions are a consequence of Proposition 2.12] and
of Proposition 2.14 O

2.5 Lifting and projection of isotropic subalgebras and
ideals, corank of reductions

Let j be an isotropic ideal in (g,w) and let (g,@) be the symplectic reduction
with respect to j. Recall that g =j* /j.
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Isotropic lifting Let a be an isotropic subalgebra in g. Then the preimage
a c jtv of a under the quotient homomorphism j*~ — g is an ideal of jt« and it
is called the lifting of a. The lifting a is an isotropic subspace of (g,w); in fact
it is a subalgebra of g. Furthermore if a is Lagrangian then a is Lagrangian
in (g,w). If a is an ideal of g, then, in general, the lifting a is not an ideal
of g. However, in the context of normal reductions, we have the following
criterion:

Proposition 2.17. Let (§,0) be a normal symplectic reduction with repre-
senting cochain ¢ : N - Der(g) defined with respect to an isotropic decompo-
sition as in (ZI0). Let a be an isotropic ideal in (g,w0) and a € g the lifting
of a. Then:

1. The lifting a is an isotropic ideal in (g,w) if and only if a is a q-
invariant ideal of g.

2. The lifting a is an isotropic ideal in (g,w) if and only if

ppaca , forallneN.

3. The lifting a is a Lagrangian ideal in (g,w) if and only if @ is a -
invariant Lagrangian ideal of (g, ).

4. If the ideal @ is characteristic in g (that is, a is invariant under every
derivation of §) then a is an isotropic ideal in (g,w).

Proof. Since the reduction is normal, j*« is an ideal in g. Recall that q c
Der(g) is the homomorphic image of the adjoint representation of g restricted
to jtv. Therefore, a is an ideal of g if and only if qa € a. This shows 1. Now
2. follows also, since q = ¢ + Inn(g) consists of ¢ and inner derivations of
g. Finally, 3. holds since the lift of every Lagrangian subspace in (g,@) is a
Lagrangian subspace in (g,w). O]

Isotropic projection Conversely, if a is an isotropic subalgebra of (g,w)
then a = anj'~/j is an isotropic subalgebra of (g,w), which is called the
projection of a. Note that if a is an isotropic ideal in j*« then @ is an isotropic
ideal in (g,®).

Proposition 2.18. Let a be an isotropic subalgebra of (g,w). Then the
following hold:
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1. The subalgebra a is isotropic in (g,w) and corankg a < corank, a.
2. If a is Lagrangian then a is Lagrangian.

3. Every isotropic subalgebra of (g,w) is the projection of an isotropic
subalgebra of (g,w) which is contained in j*.

4. Ewery Lagrangian subalgebra of (§,w) is the projection of a Lagrangian
subalgebra of (g,w) which is contained in j*«.

Proof. The first statement is a consequence of Lemmal[l.Il The second follows
since a is Lagrangian if and only if corank, a = 0. Since projection reverses
the process of lifting, the next two statements are implied. O

As an application, we observe that the corank of a symplectic Lie algebra
as defined in Section [2.1] behaves nicely with respect to symplectic reduction:

Corollary 2.19. Let (g,w) be a symplectic Lie algebra and (g,o) a sym-
plectic reduction (with respect to some isotropic ideal of (g,w)). Then

corank(g,w) < corank(g,w) .

In particular, if (g,w) has a Lagrangian ideal then (g,w) has a Lagrangian
ideal.

3 Complete reduction of symplectic Lie alge-
bras

We say that a symplectic Lie algebra (g,w) can be symplectically reduced
in ¢ steps to a symplectic Lie algebra (g,w) if there exists a sequence of
subsequent symplectic reductions

(gaw)>(glawl)> "',(9@,@@) = (ﬁ,@) :

The number ¢ is called the length of the reduction sequence and the symplectic
Lie algebra (g, ) is called its base. The reduction sequence is called complete
if its base is an irreducible symplectic Lie algebra, that is, if (g,&) does not
have a non-trivial isotropic ideal. Every symplectic Lie algebra (g,w), which
occurs as the base of a complete reduction sequence for (g,w), will be called
an irreducible symplectic base for (g,w).
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Our main result on symplectic reduction is Theorem [3.4] below, which
asserts that all irreducible symplectic bases for (g,w) are isomorphic. That
is, we show that the irreducible base does not depend on the choice of complete
reduction sequence, but instead (g,w) is an invariant associated with (g,w).
In particular, the theorem provides a rough classification of symplectic Lie
algebras according to the type of their irreducible base.

As an illustration of this principle, we will show that a symplectic Lie
algebra admits a Lagrangian subalgebra if and only if its base has a La-
grangian subalgebra. This approach motivates a detailed discussion of the
properties of irreducible symplectic Lie algebras. Somewhat surprisingly, as
we show in Section B.4], it turns out that irreducible symplectic Lie alge-
bras are solvable of rather restricted type and a complete classification up to
symplectomorphism is possible. This also leads us to the construction of an
eight-dimensional irreducible symplectic Lie algebra, which does not have a
Lagrangian subalgebra.@

3.1 Complete reduction sequences

For every reduction sequence of symplectic Lie algebras of the form

(gaw)>(glawl)> "',(gé,wz):(ﬁ,@) (31)

let j;41 denote the isotropic ideal in (g;,w;), which determines the reduction
to (gir1,wis1). To such a sequence (B]) there belongs an associated nested
sequence of isotropic subalgebras j; of (g,w) such that:

j=31 S92 S ... S S j~ C ... Ci¥ i, (3.2)
where j;“, i=1,...,(, is a subalgebra of g and there are isomorphisms

(Here w; is the symplectic form induced on the quotient by the restriction of
w to j;*.) The sequence ([B.2) is constructed inductively in such a way that
jir1 is the preimage in j7 of the isotropic ideal j;,;, where we put jo = {0}.
Note in particular, that

(*) jir1 is an ideal in j;¢, for all 1 =0,...,¢-1.

9To our knowledge this is the first published example of a symplectic Lie algebra without
a Lagrangian subalgebra. Compare also footnote [[1}
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Sequences (B.2)) with this property will be called reduction sequences of
isotropic subalgebras.

Proposition 3.1. There is a one-to-one correspondence between reduction
sequences of symplectic Lie algebras as in (B.1) and reduction sequences of
isotropic subalgebras (that is, sequences [B.2) which satisfy (*) ).

Proof. Consider a nested sequence of isotropic subalgebras j; as in (3.2]),

which satisfies (*). Since j;41 is an ideal in j;«, j;¥ is a subalgebra of g and

ji+1 projects to an isotropic ideal jir1 in
(gzawl) = (]jw/]lvw) )

so that the reduction of (g,;,w;) with respect to j;,; is isomorphic to the
quotient (j; /ji+1,@). This shows that nested sequences ([B:2]) which satisfy
(*) give rise to reduction sequences of the form (B.1)). O

Let (g,w) be a reduction of (g,w) and let j; be a reduction sequence of
isotropic subalgebras for (g,w). As the following result shows, there is an
induced reduction sequence on (g,).

Proposition 3.2. Given a reduction sequence j;, i = 1,.... ¢, of isotropic
subalgebras for (g,w) and i an isotropic ideal of (g,w), the sequence

LCi+hnit Ci+jonite .. C i+jnitv (3.3)
is a reduction sequence of isotropic subalgebras for (g,w).

Proof. Clearly, the sums i+ j; nit~ are isotropic subalgebras of (g,w) and
they form a nested sequence, contained in i*~. It remains to verify that the
subalgebra i +j;,1 Nitv is an ideal of

(i+j;nit)™ =it n (i +1) =i+j nite (3.4)
Taking into account that j,,; is an ideal in j;«, this follows, since:

. ¢lw ¢lw - . .LW - ¢lw . ¢lw - . ¢lw
[+ nit i4jg nite] C i+ [§;9,di ] nite C i+jq nite .
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~ Let (g,) be the reduction of (g,w) with respect to i. Then the sequence
ji =1+j; nite defines the induced reduction sequence for (g,w).

Now the following observation on inheritance of irreducible bases is fun-
damental:

Proposition 3.3. Let (b,wy) be an irreducible base for the symplectic Lie
algebra (g,w). Then (b,wy) is an irreducible base for every reduction (g,o)

of (g,w).

Proof. Let j; be a reduction sequence of isotropic subalgebras of (g,w) such
that its associated reduction sequence (g;,w;) has base

(ge,we) = (§7%/ e, @) = (b, wy) -

According to Proposition B2 for any isotropic ideal i of (g,w) the base of
the induced sequence for the reduction (g,w) with respect to i is

(ge,wg,) = ((i+ijmilW)/(i+jgni“),az) (3.5)

(Ge nit=)/(inip +jenit), @) .

The two bases are related by the diagram of symplectomorphic natural maps

(]z_w/]fvw) — (]z_w niLw/jf niLw7aJ) - (gfawﬁz) . (37>

Obviously, the left arrow is injective, while the right arrow is surjective.
Then, since i Nj;* projects to an isotropic ideal in (gs,w) (which must be
trivial, by the irreducibility of (g¢,wy)), we have

inj, cj, and (inj;~)*«2j~. (3.8)
The first inclusion implies that inj,* =inj, € j,nite and, therefore,
(8e,wg,) = (g nit/jenit,w) .

In particular, the right arrow in (8.7)) is an isomorphism. Furthermore,

it +ie = (Geri)nipe)™ (3.9)
= (je+inj)™ (3.10)
= jren(ing)™ . (3.11)
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From the second inclusion in (3.8)), we infer that j;» nitw +j, = j;~. Therefore,
the left arrow in (3.7 is surjective, hence it is an isomorphism of symplectic
Lie algebras. This shows that the base (gs,wg,) for the induced reduction
sequence on (g,w) is isomorphic to (b,wy). O

We can now deduce the following Jordan-Hélder type uniqueness state-
ment for symplectic bases:

Theorem 3.4 (Uniqueness of the base). Let (g,w) be a symplectic Lie alge-
bra. Then all its irreducible symplectic bases are isomorphic.

Proof. We call a reduction sequence (g;,w;) proper if in each step the di-
mension of g; is reduced. For any symplectic Lie algebra (g,w) define its
reduction length ¢(g,w) to be the maximal length of a proper reduction se-
quence of (g,w). We prove the theorem by induction over the reduction
length. Observe that ¢(g,w) = 0 if and only if (g,w) is irreducible. There-
fore, the theorem holds for ¢(g,w) = 0. Now let (g,w) have reduction length
l(g,w) > 1. We further assume that the theorem is satisfied for all sym-
plectic Lie algebras of reduction length less than ¢(g,w). Let (b,wy) be an
irreducible base for the symplectic Lie algebra (g,w). Let (g,&o) be any
further irreducible base for (g,w) and (g,w), (g1,w1), =, (ge,we) = (g, @) a
proper reduction sequence. Observe that ¢(g;,w;) < £(g,w) and that (g,w)
is an irreducible base for (gi,w;). Moreover, by Proposition B3] (b,wy) is
another base for (g1,w;). By our induction assumption it follows that (g,@)
and (b,wy) are isomorphic symplectic Lie algebras. This shows that (g,w)
has only one irreducible base. O

3.2 Completely reducible symplectic Lie algebras

We consider the important class of symplectic Lie algebras which admit the
trivial symplectic Lie algebra as a base.

Definition 3.5. A symplectic Lie algebra (g,w) is called completely re-
ducible if it can be symplectically reduced (in several steps) to the trivial
symplectic algebra g = {0}.

Completely solvable symplectic Lie algebras are completely reducible:

Theorem 3.6. Let (g,w) be a symplectic Lie algebra, where g is completely
solvable. Then (g,w) is completely reducible.
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Proof. By Example 2.4] every completely solvable symplectic Lie algebra is
completely reducible by a series of (not necessarily normal) codimension one
reductions. O

In particular, if g is nilpotent then (g,w) is completely reducible. As we
shall remark in Proposition if g is nilpotent, the reduction steps are cen-
tral. Note further, that the solvable four-dimensional symplectic Lie algebra
in Example is completely reducible but not completely solvable.

However, in general, a completely reducible symplectic Lie algebra need
not be solvable. A trivial remark is the following: If (g,w) has a Lagrangian
1deal then it is completely reducible. Therefore, starting with a non-solvable
flat Lie algebra (b, V), we can construct a non-solvable symplectic Lie algebra
(g,w) by Lagrangian extension. This symplectic Lie algebra (g,w) is then
completely reducible. The following example is of different kind:

Example 3.7 (Affine Lie algebras are completely reducible). Let
aff(n) = gl(n,R) @ R"

be the Lie algebra of the real affine group. The Lie product for aff(n) is thus
given by the formula

[(A,u),(B,v)] =(AB - BA, Av - Bu) .

The affine Lie algebra aff(n) admits symplectic structures and all of them are
symplectically isomorphic [I]. According to [32, Théoreme 3.7], a symplectic
form w on aff(n) is obtained by declaring

w((Au),(B,v))=AAv-Bu)+k(M,AB - BA) ,

where A\ : R" - R is a linear map, x denotes the Killing form on gl(n,R),
and M is a diagonal matrix with pairwise distinct eigenvalues, such that the
standard basis vectors are not in the kernel of A. Observe that the translation
ideal

t={(0,u) |ueR"}

is isotropic in the symplectic Lie algebra (aff(n),w). Let

gr = {Aegl(n,R) [A(A(R")) = {0}} .
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Then g, is a subalgebra of gl(n,R), which is easily seen to be isomorphic to
aff(n—1). Since t'v = gy @t, the Lie algebra tt« /t of the symplectic reduction
of aff(n) with respect to t is isomorphic to aff(n—1). Repeating the reduction
inductively, we thus obtain a complete reduction sequence of length n, which
reduces aff(n) to the trivial symplectic Lie algebra.

Chu [10] observed that four-dimensional symplectic Lie algebras are al-
ways solvable. (A list of all real four-dimensional symplectic Lie algebras was
presented subsequently in [32], see also [?;{%) Here we show (independently
of the just mentioned classification resultd!9):

Proposition 3.8. Fvery symplectic Lie algebra of dimension four over the
reals is completely reducible.

Proof. Let (g,w) be a four-dimensional symplectic Lie algebra of symplectic
rank zero. Then g has, in particular, no one-dimensional ideals. This implies
that g is solvable, since a four-dimensional Lie algebra with non-trivial Levi
decomposition is necessarily reductive with one-dimensional center. Next we
conclude that that a := [g,g] is at least two-dimensional, since otherwise g
would clearly contain a one-dimensional ideal. The case dima = 3 is also
excluded, because a would then be either a Heisenberg algebra and its center
is a one-dimensional ideal of g, so this is not possible. Otherwise a can be
abelian, and (since we are working over the reals) contains a weight vector
of h = g/a, which spans a one-dimensional ideal.

Thus the ideal a is a two-dimensional nilpotent Lie algebra and, therefore,
abelian. Furthermore, the abelian Lie algebra b := g/a acts on a by a faithful
representation

p:h—gl(a) = gly,
without eigenvectors. In fact, an eigenvector for p would span a one-dimen-
sional (isotropic) ideal. Similarly, a one-dimensional kernel of p gives rise to
an ideal in g. Considering the possible Jordan normal forms, this implies
that we can choose a basis {e1,es} of a and {e3, e} of b such that

p(es)=((1) (1)) p(e4)=((1) _(1))-

We observe that the cohomology class [a] € HZ(h, a) of the cocycle a, which
is associated with the extension 0 - a - g - b — 0 is trivial. This follows

10 Alternatively, a short proof can be given using Proposition
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from the fact that Z7(h,a) = A’b*®a = B3(h,a). Therefore, g is a semi-
direct sum. Since every ideal of g is h-invariant, one can see that the only
ideal of dimension less than or equal to two is [g,g] = a. Next we determine
all closed 2-forms on g: Using the notation introduced in Theorem we
note the relations

Del =B e 9= eB el 9P = 9et = 0,
where €% := et A eJ. Thus we obtain
Z%(g) = B*(g) @ ('), B*(g) = (e - e +e!).

This shows that a is isotropic for all closed forms on g. Thereby proving that
there does not exist a four-dimensional symplectic Lie algebra of symplectic
rank zero (over the real numbers). O

Nilpotent symplectic Lie algebras We call a symplectic Lie algebra
(g,w) nilpotent if the underlying Lie algebra g is nilpotent. In the context
of nilpotent symplectic Lie algebras, central reduction provides an important
tool, because of the following observation (cf. [32] Théoreme 2.5]):

Proposition 3.9. Let (g,w) be a nilpotent symplectic Lie algebra. Then
there exists a finite series of central reductions to the trivial symplectic Lie
algebra. (In particular, a nilpotent symplectic Lie algebra (g,w) is symplec-
tically irreducible if and only if it is trivial.)

Proof. Indeed, the center of every nilpotent Lie algebra is a non-trivial ideal.
Every one-dimensional subspace of the center is an isotropic ideal. Therefore,

every nilpotent symplectic Lie algebra admits an (at least one-dimensional)
central isotropic ideal. O

3.3 Symplectic length

Let (g,w) be a symplectic Lie algebra. The symplectic length of (g,w) mea-
sures how close (g,w) is to its irreducible symplectic base.

Definition 3.10. The symplectic length sl(g,w) of (g,w) is defined to be
the minimum number of steps which is required for symplectic reduction of
(g,w) to its irreducible base. (That is, si(g,w) is the minimum length of a
complete reduction sequence for (g,w).)

Note, if dim g = 2k we have si(g,w) < k. Furthermore, sl(g,w) = 0 if and
only if (g,w) is irreducible.
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Isotropic ideals and corank The symplectic length and the base of (g,w)
relate to the rank, resp. corank, of (g,w) of as follows:

Theorem 3.11.  Let (g,w) be a symplectic Lie algebra and (b,w) its
irreducible base. Then corank(g,w) > %dimb with equality if and only if
sl(g,w) < 1.

Proof. Indeed, we have corank(b,w) = %dim b for every irreducible symplec-
tic Lie algebra (b,w). Moreover, by Corollary 2.19] corank(g,w) > corank(b,w)
if (g,w) reduces to (b,w).

Now assume that equality holds. Then (g,w) has an isotropic ideal j
with corankj = 3 dimb. Let (g,&) be the reduction of (g,w) with respect
to j. By the definition of corank , we have dimg = dimb. By Theorem [3.4]
we know that (b,w) is a base for (g,w). Thus, (g,w) = (b,w). We deduce
that sl(g,w) < 1. Conversely, if si(g,w) < 1 then either (g,w) is irreducible
or (g,w) has a complete reduction sequence of length one. In the latter case,
(g,w) has a maximal isotropic ideal j of corank 5 dim b. O

In particular, if (g,w) is not completely reducible then corank(g,w) > 3.
This follows by Proposition (compare also Corollary B.I7), which implies
that the dimension of any irreducible symplectic Lie algebra is at least six.
Furthermore, if the non-trivial symplectic Lie algebra (g,w) is completely
reducible then si(g,w) =1 if and only if (g,w) has a Lagrangian ideal.

Remark. In Section [6l we construct various examples of completely reducible
symplectic Lie algebras, which satisfy sl(g,w) > 1.

Existence of Lagrangian subalgebras Inductive arguments with respect
to the symplectic length can be a useful tool. For example, if a is a Lagrangian
subalgebra of the reduction (g,w) then also the lift a of a defined in Section
2.5 is Lagrangian. A simple consequence is:

Proposition 3.12.  Let (g,w) be a symplectic Lie algebra and (b,w) its
irreducible base. Then (g,w) has a Lagrangian subalgebra if and only if its
base (b,w) has a Lagrangian subalgebra.

Proof. As follows from Proposition [2.18] we may project any Lagrangian
subalgebra a of (g,w) to a Lagrangian subalgebra of (b, @) along a reduction
sequence with base (b,w).
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We now show that (g,w) has a Lagrangian subalgebra if (b,w) has a
Lagrangian subalgebra. The proof is by induction over the sympletic length.
The statement is obvious for every irreducible symplectic algebra. Assume
now that sli(g,w) = k > 1 and that the statement holds for all symplectic
Lie algebras with symplectic length < k. Considering a complete reduction
sequence of minimal length, we see that (g,w) reduces to a symplectic Lie
algebra (g,w) with sl(g,w) < k. By the induction assumption, there exists a
Lagrangian subalgebra a in g. Then the lift a of a is a Lagrangian subalgebra
of (g,w). O

Corollary 3.13.  Let (g,w) be a completely reducible symplectic Lie al-
gebra. Then (g,w) has a Lagrangian subalgebra. In particular, Lagrangian
subalgebras exist if g is completely solvable (in particular if g is nilpotent).

Proof. 1t follows from Example 2.4 that every completely solvable symplectic
Lie algebra is completely reducible. O

We further remark that the irreducible symplectic Lie algebras introduced
in Example 314 do admit Lagrangian subalgebras, see Lemma B.18 This
shows that every symplectic Lie algebra of dimension less than or equal to
siz has a Lagrangian subalgebra. In Proposition B.21] we shall construct an
eight-dimensional irreducible symplectic Lie algebra, which does not admit
a Lagrangian subalgebra.

3.4 Lagrangian subalgebras in irreducible symplectic
Lie algebras

In this subsection we describe the structure of irreducible symplectic Lie al-
gebras and their Lagrangian subalgebras. The underlying Lie algebras which
belong to irreducible symplectic Lie algebras are metabelian and solvable
of imaginary type. We use this characterization to show that there exist
eight-dimensional irreducible symplectic Lie algebras which do not have a
Lagrangian subalgebra, whereas all irreducible symplectic Lie algebras of
lower dimension admit a Lagrangian subalgebra.

3.4.1 Structure of irreducible symplectic Lie algebras

We start by presenting a family of six-dimensional symplectic Lie algebras,
which are all irreducible over the real numbers. Indeed, remarkably, every
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symplectic form on the Lie algebra, which is exhibited in the following ex-
ample, gives rise to an irreducible symplectic Lie algebra.

Example 3.14 (six-dimensional, irreducible). Let g be the semi-direct sum
of a two-dimensional abelian Lie algebra b = (es5,¢e6) and a four-dimensional
abelian ideal a = (eq,..., e, ), where b acts on a by the following representa-

tion p: b - gl(a) =gl, :

(1Y) was(88) s (23)

Using the fact that every ideal of g is h-invariant, one can easily check that
the only ideals of dimension less than or equal to three are a; = (e1,es ) and
as = (e3,e4 ). Using the relations

Oet =, 0e?=-e', 0e3=¢ 0et=-e% 0e’=0e° =0,
we compute

B2(g) — <615,€25,€36,646) — 65 A ai« @66 A a§,

Z%(g) = B(g)®(e2,e¥,e®) =B (g)e Najo Nayo b

Since el? + €34 + €56 € Z2(g) is non-degenerate, we see that the the symplectic
forms on g form a non-empty open subset of the seven-dimensional vector
space Z2(g). Furthermore, every symplectic form w has non-zero coefficients
over the two elements e'? and e3* of the basis {e!2?,e34, €56 el5 25 36 46}
of Z2(g). Therefore, the ideals a;, ay are non-degenerate with respect to w.
This proves that the symplectic rank of (g,w) is zero for all symplectic forms
w on g.

It is not a coincidence that the above example splits has a semi-direct
product with respect to a non-degenerate abelian ideal. Indeed, we note the
following preliminary structure result for irreducible symplectic Lie algebras,
which is a direct consequence of [I3, Théoreme 1.3]:

Proposition 3.15. Let (g,w) be a symplectic Lie algebra, which is ir-
reducible over the reals. Then a = [g,8] is a mazimal abelian ideal of g,
and 1t is non-degenerate with respect to the form w. The abelian subalgebra
b = at acts faithfully on a and a decomposes as an orthogonal direct sum of
two-dimensional irreducible subspaces.
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Let h be an abelian algebra and V' a module for § over the reals. We call
V' a purely imaginary module if all eigenvalues for the action of h are purely
imaginary. The following gives a strengthening of Proposition and also
a converse. The result essentially classifies all irreducible symplectic Lie
algebras by associating to an abelian algebra b, dimbh = 2k, a set of real
characters \;, ¢ = 1,...,m, m > 2k, which satisfy certain conditions (see
Corollary BI7 below).

Theorem 3.16. Let (g,w) be a real symplectic Lie algebra and let a = [g, g]
denote the commutator ideal of g. Then (g,w) is irreducible over the reals if
and only if the following conditions hold:

1. The commutator ideal a is a mazximal abelian ideal of g, which is non-
degenerate with respect to w.

2. The symplectic Lie algebra (g,w) is an orthogonal semi-direct sum of
an abelian symplectic subalgebra (h,w) and the ideal ([g,g],w).

3. The abelian ideal (a,w) decomposes into an orthogonal sum of two-
dimensional purely imaginary irreducible submodules for by, which are
pairwise non-isomorphic.

Proof. For the first part of the proof let us assume that the symplectic Lie
algebra (g,w) satisfies 1. and 3. (Note that condition 2. is implied by 1.)
Put dimb = 2%k and let a = ®*;a; be a decomposition of a into h-invariant
non-degenerate and mutually orthogonal irreducible subspaces. Such a de-
composition exists, by condition 3. Since the irreducible subspaces a; are all
two-dimensional, there exists a complex structure J on the vector space a
such that b acts complex linearly on a. With respect to J, the irreducible
subspaces a; are complex subspaces of a and the restriction of J to a; is
uniquely defined up to sign. Since h acts by purely imaginary transforma-
tions on a;, there exist non-zero characters \;: h - R, 2=1,...,m, such that,
for all v =Y v;, v; € a; and, for all H € b, we have

[H,v] - iki(H)Jw.

Since w is symplectic for g and a is abelian, h necessarily acts by transfor-
mations on a, which are skew with respect to w. In particular, we see that
the symplectic form w on a is preserved by the complex structure J. Since
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a is maximal abelian, the action of h on a is faithful. We also deduce that
m > 2k.

Now we can show that (g,w) is irreducible. Indeed, let j be an ideal of
such a g. Then [g,j] is an h-invariant subspace of a, which decomposes as a
direct sum of irreducible subspaces for f. These are also irreducible subspaces
for the action of h on a. Since these are mutually non-isomorphic, they
coincide with some of the spaces a;, which are non-degenerate and mutually
orthogonal. Assuming that j is isotropic this shows that [g,j] = {0}. That is,
j must be central. However, since h acts faithfully, the center of g is trivial.
Hence, (g,w) is symplectically irreducible.

For the second part of the proof consider now (g,w), which is irreducible.
By Proposition BI85 (g,w) satisfies 1., 2. and, as is easily seen, also the
first part of 3., which asserts that h acts purely imaginarily on its irreducible
subspaces. Our next claim is that the characters );, which as above belong
to the action of h, are mutually distinct. Suppose to the contrary that
A=\ = A;, where ¢ # j. Then (a; @ a;,w) is a non-degenerate subspace
and H € b acts by imaginary scalar-multiplication v » A(H)Jv on a; @ a;.
Evidently (compare the proof of Lemma [3.18)), since w is J-invariant, a; & a;
contains a two-dimensional isotropic and J-invariant subspace. A fortiori,
this subspace is also h-invariant and therefore is a non-trivial isotropic ideal
of (g,w). Since this contradicts the irreducibility of (g,w), all the characters
A; must be mutually distinct. Hence, 3. is satisfied. Moreover, it is implied
that every h-invariant subspace of a that is irreducible coincides with one of
the a;, and, therefore, is non-degenerate with respect to w.

U

Let h = b be an abelian Lie algebra of dimension dimb = 2k > 2 over
the reals. Let \; : h > R, i =1,...,m, be a set of characters. Let V' be a
complex vector space of dimension m and denote with J : V' — V the complex
structure. Let e;,4=1,...,m, be a complex basis for V with a; = (e; ). Then,
for all H e and v =Y, v;, v; € a;, define

[H,v] = i)\i(H)Jv,-. (3.12)

Furthermore, we let
Ok Ai,dm = D@V

be the real Lie algebra of dimension 2k +2m, which is the semi-direct product
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of the abelian Lie algebras b, and V' such that H € b acts on V' by the above
bracket (3.12)).

Corollary 3.17 (Classification of irrreducible symplectic Lie algebras). Let
(g,w) be an irreducible symplectic Lie algebra. Then g is isomorphic to a Lie
algebra @i, 2,, Where k> 1, m > 2k and \y,..., A\, is a set of mutually
distinct non-zero characters that span h*.

Proof. Observe that since b acts faithfully on a, the set of characters \q,..., A\,
spans h*. Therefore, the result is a consequence of Theorem [3.16] and its
proof. O

Of course, up to isomorphism of Lie algebras, the characters \q,..., Ao
may be chosen to form a any given standard basis for the dual space by;.

3.4.2 Lagrangian subalgebras

In the following results we analyze the structure of Lagrangian subalgebras
in irreducible symplectic Lie algebras. We start with an important example,
which shows that, in general, irreducible symplectic Lie algebras may have
Lagrangian subalgebras

Lemma 3.18. Let g be the Lie algebra defined in Ezample [3.14 Then,
for every symplectic form w on g, there exists a subalgebra b of g which is
Lagrangian with respect to w.

Proof. By the above (a =[g,g],w) = (a;,w)®(az,w) is a non-degenerate ideal
of (g,w). Therefore, we have an orthogonal direct sum (g,w) = (h,w)®(a,w),
where  is an abelian subalgebra of g. We find a basis as in Example [3.14]
such that h = (e;5,e6), a1 = (e1,e2) and as = (e3,e4). We can assume that
wig,wsq € {£1}.

Define H = W3q €5 — W19 Eg, X = €1 + €3 and Y = —W34 €9 + W12 €4. Then
a=(H,X,Y) is a subalgebra of g, which is Lagrangian with respect to w.
Indeed, [X,Y] = O, [H,X] = —W34 €9 +Wi9€4 = Y, [H,Y] = [H, [H,X]] =-X.
Therefore, a is a three-dimensional subalgebra. It remains to show that a is

1 Note (compare the first part of the proof of Proposition B.19) that the Lie algebras
(g,w) in Example BI4] admit the structure of a (flat) Kéhler Lie algebra in the sense of
[13]. The existence of the Lagrangian subalgebra b thus furnishes a counterexample to the
assertion of [I3] Théoréme 3.8], where it is mistakenly claimed that g has no Lagrangian
subalgebra.
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isotropic with respect to w. Since the ideals a; and ay are orthogonal, we
obtain w(X,Y) = —wiawsq + wsaywis = 0. Since b is orthogonal to a, w(H, X) =
w(H,Y) =0. This shows that a is isotropic. O

The following proposition sheds some light on the general structure of
Lagrangian subalgebras in irreducible symplectic Lie algebras.

Proposition 3.19. Let [ be a Lagrangian subalgebra of an irreducible sym-
plectic Lie algebra (g,w) = (h,w) @ (a=[g,8],w). Let b=[na andi=I[/b the
subalgebra of By, which is the image of | under projection to the first direct
summand b of g. Write 2m = dima, 2k = dimb. Then the following relations
are satisfied:

1. diml=m+k.
m > dimb > 2k.
2m—-dimb > 2dimi = 2(m +k—-dimb).

k> dimbhnl > k+dimb-m.

2%k — dim h n [ > dimi.

Proof. We use the notation as in the proof of Theorem [3.16l Let us further
put y(u,v) = w(Ju,v), for all u,v € a. Then ~ defines a positive definite
J-hermitian inner product on a, such that § acts by y-skew maps. Indeed,
it follows that the image of b is a purely imaginary torus in the unitary Lie
algebra u(y, J). This torus is diagonalized with respect to the decomposition
a=e"a;.

With this remark in place we can turn to the proof of the proposition.
Since the kernel b = [N a of the natural map [ — i acts trivially on b, the
subalgebra i of h acts on the isotropic subspace b of a. Since « is positive
definite and b is isotropic, we easily deduce that bnJb = {0} and, moreover,
b @ Jb is a non-degenerate subspace with respect to w. It follows that there
is an i-invariant isotropic decomposition

a=boW e Jb, where W =b* n Jb* (3.13)

and dim W =dima-2dimb = 2m-2dim b. We further have dim g = 2k + 2m,
and, by Corollary BI7 m > 2k. Since [ is Lagrangian, this implies

diml=k+m and dimi=k+m-dimb .
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Since i acts purely imaginarily on b and faithfully on a, we deduce from the
decomposition (B.13) that

dim b . dim W o dim b

dimi=k+m-dimb < m
2 2 2

We infer that dimb > 2k, as well as dim W < 2m — 4k. Note that up to now
we have established relations 1.-3.

Every complementary subspace i of b in [ must be orthogonal to b, since
[ is isotropic. Therefore, we may choose such i of the form

i={H+7(H)|Hcei},
for some 7 :1 - W. Moreover,
kerr=hnl=inl
is an isotropic subalgebra of . Now we also have
k>dimker7 >dimi-dimW =k +m —-dimb-dimW =k -m+dimb .

This proves the fourth relation.

Finally, observe that i is contained in the orthogonal of h n [ in b, since
[ is isotropic. This implies dimi < 2k — dim b n [. Therefore, the last part of
the proposition follows. O

In particular, if m is minimal with respect to k = dim b, that is, if m = 2k
then Lagrangian subalgebras of (g,w) decompose into Lagrangian subalge-
bras of h and a respectively.

Corollary 3.20. Let [ be a Lagrangian subalgebra of an irreducible symplec-
tic Lie algebra (g,w) = (h,w) ® (a =[g,g],w), which satisfies dima = 2dim b.
Then there exist Lagrangian subspaces i ¢ (h,w) and b c (a,w) such that
[i,b] € b and, moreover, [=i® b is a semi-direct sum of subalgebras.

Proof. The result follows directly from Proposition .19, where we have m =
2k. Indeed, from 2. we infer that dimb = m = 2k, and therefore b is a
Lagrangian subspace of (a,w). The third relation then implies dimi = k,
and by 4. also dimin [ = k. Therefore, i =in[is contained in [ and i is a
Lagrangian subalgebra of h. The corollary now follows. O

45



Finally, we use Proposition B.19 to show that there exist certain irre-
ducible symplectic Lie algebras that can not have Lagrangian subalgebras.

Proposition 3.21 (Irreducible with no Lagrangian subalgebra). Let by de-
note a two-dimensional abelian Lie algebra and let

A = (>\17>\27>\3) : bl - R3
be a character map, which satisfies the conditions:

i) the two-dimensional subspace im A does not meet the siz points whose
coordinates are permutations of (0,1,-1).

ii) the characters satisfy \; # £\;, fori # j.

Let (g,w) be an eight-dimensional irreducible symplectic Lie algebra with g
isomorphic to g1 a0, Where A1, Ag, A3 are as above. Then (g,w) has no
Lagrangian subalgebra.

Proof. 1t is easy to see that there exist characters A\, Ao, A3 that satisfy the
assumptions i) and ii). Also by Theorem there do exist irreducible sym-
plectic Lie algebras (g,w) with g = g1.,.x,.05- In the notation of Proposition
these are of type k=1 and m = 3.

Assume now that there exists a Lagrangian subalgebra [ of (g,w). Then
dim[ = 4. Consider the subalgebras b = [na and i 2 [/b as in Proposition
B.19. We infer from Proposition that 3 >dimb > 2.

In the case dim b = 3, we have dimi=1 and we deduce from 4. of Propo-
sition that also diminl= 1. Therefore, i = hnlis a Lagrangian subspace
of (h,w) and [=i® b. Since b is Lagrangian in (a,w), there is an i-invariant
isotropic decomposition

a=ba Jb.

Let i = (H). Since H preserves b, its action on a is the complexification of
its restriction to b. Also, since H has only imaginary eigenvalues except 0,
its complex eigenvalues on a are 0 and +\J, for some A\ € R. After scaling
H and rearranging the characters if necessary, we may thus assume that
M(H) =1=-X(H) and \3(H) = 0. However, by assumption i) on the \;,
this is not possible. Therefore, dim b # 3.

In the remaining case dim b = 2, we necessarily have dimi =2 =dimbh and
hnl={0}. Since dimb = 2, there is an h-invariant isotropic decomposition

a=be W & Jb, where W = b'v n Jb*
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and dim W = 2. Since W is J-invariant, it is one of the complex irreducible
subspaces a; of a, say W = a;. Moreover, since b defines a real structure for
the complex vector space b @ Jb, it follows as above that Ay = —\3. This
contradicts assumption ii) on the characters \;. Therefore, (g,w) has no
Lagrangian subalgebra. O

Part II
Symplectic Lie groups of
cotangent type

4 Symplectic geometry of cotangent Lie groups

Before developing the Lagrangian symplectic extension theory in a systematic
way on the Lie algebra level in the following Section [5 we clarify the relation
of Lagrangian extensions of Lie groups with symplectic Lie group structures
on the cotangent bundle. We show that all extensions of Lie groups to sym-
plectic Lie group structures on the cotangent bundle (which are assumed
to be symplectic with respect to the standard symplectic geometry on the
cotangent bundle) arise from Lagrangian extensions of flat Lie groups. Spe-
cial cases of this problem have already been considered in [10] and [25]. As
an application of the extension construction we also derive that every flat Lie
group may be realized as a Lagrangian subgroup in a symplectic Lie group.

4.1 Cotangent Lie groups

Let G be a Lie group with Lie algebra g and its dual vector space g*. The
elements of g* are henceforth considered to be left-invariant one-forms on
G. Let TG be the tangent bundle of G and let T*G denote the cotangent
bundle. If « is a one-form on G, we denote with

ag e T;G = (T,G)*

its value at g € GG. Since G is a Lie group, we have the following natural
trivialization of the cotangent bundle.
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Lemma 4.1. The map G xg* —» T*G such that (g, \) = A\, is a diffeomor-
phism which commutes with the natural projections onto G.

Let o: G - GL(g*) be a representation. We form the semi-direct product
Lie group

Gx,g"
by defining the group product on the manifold G' x g* as
(g,@)- (7, B) = (gh, o(h™") () + ) . (4.1)

There is thus a natural exact sequence of Lie groups
0—)9*—>Gxgg*—>G—>O

which splits by the homomorphism g — (g,0). Then the following holds
(compare [25]):

Lemma 4.2. Let o, € g* be left-invariant one-forms. Under the iden-
tification map G x g* — T*G the group product (A1) transported to T*G
satisfies

ag- B = (o(h™)(a) + B)gn - (4.2)

The splitting G - G x g* = T*G corresponds to the zero-section G - T*G of
the cotangent bundle. Moreover, for all g € G, the left-multiplication

L,: Gxg" - Gxg*

corresponds to the natural extension of the left-multiplication diffeomorphism
L, : G - G on the cotangent bundle. Finally, the right-multiplication of
elements in G on T*G arises as the natural extension from G if and only if
0 is the coadjoint representation.

Proof. Let @ : G — G be a diffeomorphism. For any one-form «, the natural
cotangent action ®* : T*G — T*G of ® is expressed by the relation

@* () (d®7), = a,.

Equivalently, ®* (ay,) = (®*a)p-15. If « is left-invariant, and L, : G - G is
the left-multiplication diffeomorphism, we thus have

L; (Ozh) = O{g—lh.
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Correspondingly, by (4.2)), left-multiplication with 0, € T*G satisfies
04 - ap = agp.
Let R, : G — G be right-multiplication then similarly we deduce

Ry (o) = ((Ad(g7")) @ )ng1-

Which compares to
Qap - Og = (Q(g)_la)hg .
O

Natural symplectic structure on 7*G. As for any cotangent bundle
there is a canonical one-form on T*G, which, for all vector fields X* on T*G
satisfies

O, (X2)) = g (ma (X3))) -
Its derivative
Q=df

defines the natural symplectic structure on T*G, which is thus computed by
the formula

QX*, YY) = X*0(Y*) - Y*0(X*) - 0([X*,Y"]). (4.3)

Evaluation on left-invariant vector fields. Note that left-invariant vec-
tor fields on the Lie group G'x,g* project to left-invariant vector fields on G,
since the natural bundle projection 7 : T*G — G is a homomorphism of Lie
groups. If X* is left-invariant, we denote with X =7, (X*) its projection to a
vector field on G. Let p: g - End(g*) be the derivative of the representation
0:G — GL(g*) at the identity. Since 6 and € are preserved by the cotangent
action of diffeomorphisms of G, it follows from Lemma [4.2] that both forms
are invariant by the left-multiplications with elements g = (¢,0) €e G x,g*. A
precise formula is contained in the following proposition:

Proposition 4.3.  For all left-invariant vector fields X*,Y* on the Lie
group G %, g*, there exist linear maps A\, pu: g - R such that, we have
QX" Y")(ay) = (p(=X)a) (V) = (p(-Y)a) (X) - o([X,Y])

FAY) - (X)) . (4.4)
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Let 7 : g — End(g) be the dual representation for p, so that, for all
X,Y eg, we have

a(7(X)(Y)) = (p(-X)a) (V).

Then 7 defines a left-invariant flat connection V = V# on the Lie group G by

declaring
VY =1(X)(Y), (4.5)

for all left-invariant vector fields X,Y € g.

The following result can be seen as a generalization of a theorem of Chu
[10, Theorem 5|, which asserts that for the coadjoint representation p = Ad*,
Q) defines a left-invariant symplectic form on G xaq+ g* if and only if G is
abelian.

Proposition 4.4. The canonical symplectic form Q on T*G is left-invariant
for the Lie group structure defined by the group law ([A2)) if and only if the
flat connection V? is torsion-free.

Proof. Indeed, (2 is left-invariant, if and only if, for all oy € T*G,
QX Y7)(ag) = QX7 Y7)(01),

for all left-invariant vector fields X*, Y*. By formula (£4) this is the case if
and only if, for all « € g*, we have

(p(=X)a) (V) = (p(-Y)a) (X) - a([X,Y]) = 0.
Equivalently, o (7(X)(Y) - 7(Y)(X) - [X,Y]) = 0. O

Proof of Proposition[{.3 Let ¢ be the one-parameter group on 7*G tangent
to the left-invariant vector field X*. Using the coordinates introduced in
Lemma [T, we can write ¢(s) = a(s)expsx, Where @ is a curve in g*, with
a(0) = 0. Similarly, we can write ¥(s) = b(S)expsy, for the one-parameter
group tangent to Y*. Observe next that

H(QQ)(X;g) = ay(Xy) = (X)) ,
for all ay € T*G, where o € g*. The curve
ay - p(s) = (o((exp s X)) a+a(s))gexpsx
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is tangent to X* at ay,. Therefore,

(X*0(Y™)),, = % IR
= 55|, (el(expsX) ) (1) +a(s)(¥))

= (p(-X)a) (V) +A(Y) .

Analogously, we compute (Y*0(X~)), = (p(-Y)a)(X) +p(X). Thus {.4)
follows by inserting into (4.3). O

Proposition 4.5.  The Lie algebra of the Lie group T,;G with the group
structure (4.9) identifies with gx,g*, where g is the Lie algebra of g and p is
the derivative of 0. The evaluation of the canonical symplectic form Q2 of T*G
at the tangent space of the neutral element of the Lie group T;G coincides
with the (skew-symmetric extension of) the canonical pairing between g and
g*. In particular, iof Q is left-invariant for the Lie group T*G then G is a
Lagrangian subgroup in the symplectic Lie group (T*G, Q).

Proof. Evaluating (4.4) at the neutral element we have Q(X* Y*)(0;) =
A(Y) = u(X). This is zero if X*,Y* € g* c LieT*G = g x, g*, since then
X =Y =0. The description of A and g in the proof of Proposition (£3)
shows that A = 0 if X* e g and p =0 if Y* € g. In fact, the one-parameter
group ©(s) = a(s)expsx generated by X* = X € g is given by the constant
curve a = 0 in g*. (Notice that the zero section G ¢ T*G is a subgroup.)
Thus A = @’(0) = 0, in this case. So we are left with the case X* = a € g*
and Y* =Y € g. Here we have Q(X*,Y*)(0;) = A(Y) = a(Y), since \ =
a’(0) = a is now computed from a(s) = sa. (Notice that g* =T5 G c T*G is
a subgroup.) O

Recall that a Lie group G with a flat and torsion-free left-invariant con-
nection V is called a flat Lie group. The affine holonomy of (G,V) is the
representation of the fundamental group of GG, which comes from affine par-
allel transport along closed curves. The linear part of this representation is
called the linear holonomy. Every flat Lie group arises from an étale affine
representation G - Aff(R"), n = dim G, of the universal covering group G
of G, see for example [3], Section 5]. The affine holonomy of (G, V) is trivial
if and only if the associated étale affine representation of G factors over G.
The linear holonomy is trivial if and only if the linear part of the associated
étale affine representation factors over G.
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Corollary 4.6. There exists a Lie group structure on T*G with multipli-
cation law of the form (A2) with respect to a representation o : G — GL(g*),
which is symplectic for the canonical symplectic form 0 if and only if G
admits the structure of a flat Lie group with trivial linear holonomy.

Proof. Indeed, if (T;G,€2) is symplectic then Proposition A.4] shows that
(G, V?) is a flat Lie group. Moreover, since V¢ is defined by (AH), we see that
the linear part of the derivative of the étale affine representation belonging
to V2 is 7. Since 7 is the dual of the representation p : g — End(g*) which
integrates to o, the representation 7 integrates to the dual representation
for o. This shows that (G,V?) has trivial linear holonomy. We postpone
the proof of the converse statement to the proof of Theorem [£.9. There we
show that a flat Lie group with trivial holonomy has a cotangent extension
(T; G,Q). O

We call symplectic Lie groups of the form (T*G,€2) as above cotangent
symplectic Lie groups. Symplectic Lie groups of this type provide a rich and
easily accessible source of examples for symplectic Lie groups. This is illus-
trated by the following example, in which we construct nilpotent symplectic
Lie groups of arbitrary large solvability degree

Example 4.7 (Symplectic solvmanifolds with unbounded derived length).
Let T, be the nilpotent group of upper triangular n x n matrices with 1 on
the diagonal and t,, its Lie algebra (t, is the Lie algebra of upper triangular
matrices with zero diagonal). The Lie group 7T, acts simply transitively
by left-multiplication on the affine subspace T,, ¢ Mat(n,R), and therefore
inherits a left-invariant torsion-free connection V, since the action is by affine
transformations. Let us denote by o: 7, - GL(t;) the representation which
is dual to the left-multiplication action of T, on t,. Then we have V = V¢,
as defined in (4H), that is, ¢ is the associated representation for the flat
connection V. (Compare also Example B.5) Let (G,, = T, %, t;,§2) be the
associated nilpotent cotangent symplectic Lie group. The nilpotent Lie group
G, has a cocompact lattice I'; since the structure constants of it Lie algebra
are rational. (For example, the semi-direct product of the subgroup I',, of
matrices in 7,, with integral entries with a suitable lattice in t} will do.) The

12 As explained in the introduction, Example 5.5 disproves a conjecture (cf. [20 36]) that
the solvability degree of a compact symplectic solvmanifold is bounded by three (or, more
generally, we disprove that there exists a uniform bound at all).
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quotient manifold
(T\Gx, Q)

endowed with the induced symplectic structure is a compact symplectic nil-
manifold (in particular, it is also a symplectic solvmanifold). Observe that
the length s, of the derived series for GG,, is unbounded as a function of n (in
fact, sogmy1 =m+ 1, cf. Example [1.0]).

4.2 Lagrangian subgroups and induced flat connection

Let £ denote a Lagrangian foliation in a symplectic manifold (M,€2). As
for any foliation, the normal bundle for £ carries a natural connection (Bott
connection, see for example [9, Lemma 6.1.7]), which is flat in the directions
tangential to £. In case of a Lagrangian foliation in a symplectic manifold,
this induces a torsion-free flat connection on any leaf L of the foliation £, cf.
[41, Theorem 7.7] and [14]. This connection is called Weinstein connection
and it is defined by the formula

QVLY,Z) = -QY,[X,Z]) + Lx (Y, 2)) , (4.6)

for all tangent vector fields X,Y on L, and all sections Z of T M. Weinstein
[41l, Theorem 7.7] proved that every flat manifold, that is, every manifold
with a torsion-free flat connection V, appears as a closed leaf of a Lagrangian
foliation of some symplectic manifold such that V is equal to the induced
Weinstein connection. In the context of symplectic Lie groups we look at
Lagrangian subgroups L of symplectic Lie groups (G,€2). Clearly, the left-
cosets of L in G define a left-invariant Lagrangian foliation £, on G. We
remark:

Lemma 4.8. Let L be a Lagrangian subgroup of a symplectic Lie group
(G,9). Then the Weinstein connection V<L on L, which is induced by the
foliation Ly, is left-invariant and gives L the structure of a flat Lie group.

Proof. We may evaluate above (4.6)) for left-invariant vector fields X,Y on
G, which are tangent to L. That is, X,Y are contained in the Lie subalgebra
[ of g which is the Lie algebra of L. Then, for all Z € g, (A6]) reduces to

QVLY,Z) = -Q(Y,[X,Z]) . (4.7)

Since € is left-invariant, this shows that V4V is a left-invariant vector field
and tangent to L. In particular, this implies that the connection V¥4 is left-
invariant. 0
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Note that by (A7), the restriction of the Weinstein connection V# to the
Lie algebra [ defines a connection on [, which coincides with the canonical
flat induced connection V¥ on the Lagrangian subalgebra [ of (g,w), as in-
troduced in Proposition 2.8 In particular, the Weinstein connection on L
coincides with the left-invariant connection on L, which is defined by vv.

The following result is the analogue of Weinstein’s theorem in the category
of symplectic Lie groups.

Theorem 4.9. Let (H,V) be a flat Lie group which has trivial linear
holonomy representation. Then there exists a symplectic Lie group (G,)
such that (H,V) is a Lagrangian (closed) subgroup of (G,) and V coincides
with the induced flat Weinstein connection. In particular, a simply connected
Lie group H admits the structure of a flat Lie group if and only if it is a simply
connected Lagrangian subgroup of a symplectic Lie group.

Proof. Let p : b - End(h*) be the dual representation of 7 : X — Vy.
Since the linear holonomy representation for V is trivial, 7 integrates to a
representation of H. Therefore, p integrates to a representation o : H —
GL(b*). Let (G = T;H,f2) be the cotangent symplectic Lie group with
respect to o (that is, G = H x, h* is satisfying the group law (4.2)), and it
is equipped with the canonical cotangent symplectic form ). By Lemma
42l H is the zero-section in the cotangent space T*H and it is therefore a
closed Lagrangian subgroup of Ty H. Let V” be the canonical left-invariant
flat connection on H, which is attached to ¢ by (43]). By duality, we observe
that v? = V. Therefore, V? is torsion-free and, by Proposition [4.4], 2 is
a left-invariant symplectic form on Ty H. Hence, H is a closed Lagrangian
subgroup of the cotangent symplectic Lie group (7;H,). According to

(@), we have

QVEY,a) = —Q(Y,[X,a]) = QY p(X)a)
for left-invariant vector fields X,Y, o on T,y H, where X,Y e h and a € h*. By
Proposition 3] €2 induces the duality pairing between b and h*. Hence, we
can deduce that V = V£ is the Weinstein connection. O

5 Lagrangian extensions of flat Lie algebras

In this section we describe in detail the theory of Lagrangian extensions
of flat Lie algebras and its relation to Lagrangian reduction. Lagrangian
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extensions of flat Lie algebras generalize symplectic cotangent Lie groups as
introduced in Section [ on the infinitesimal level. Our main observation is
that the isomorphism classes of Lagrangian symplectic extensions of a flat Lie
algebra (h,V) are parametrized by a suitable restricted cohomology group
H %,v(b’ h*). This describes the Lagrangian symplectic extension theory in a
manner analogous to the Lie algebra case.

5.1 Lagrangian extensions and strongly polarized sym-
plectic Lie algebras

Let (h,V) be a flat Lie algebra, that is, a Lie algebra endowed with a flat

torsion-free connection V. We explain how to construct symplectic Lie al-

gebras (g,w), which have h as quotient algebra arising in a Lagrangian re-

duction and V as the induced quotient flat connection, as described in Sec-
tion 2.3l These Lie algebras are called Lagrangian extensions of (h,V).

Since V is a flat connection, the association u — V, defines a represen-
tation h — End(h). We denote by p: h — End(h*) the dual representation,
which satisfies

p(U)E = ~Vi€ = €0V, weh, e’ (5.1)
Define Z2(h,h*) = Z2(b,b*). Every cocycle a € Z2(h,h*) thus gives rise to
a Lie algebra extension
0->b"—>gya—>bh->0,
where the non-zero Lie brackets [, |, for g = gy, are defined on the vector
space direct sum g =0 @ h* by the formulas
[u,v]g = [w,v]p+a(u,v), forall u,vebh, (5.2)
[u, &l = p(u)s, forallueh, eh. (5.3)

We let w be the non-degenerate alternating two-form on g, which is defined
by the dual pairing of h and h*. (Namely h and h* are w-isotropic subspaces
of g, and w(§,u) = —w(u,§) =&(u), for all ue b, £ € h*.)

Proposition 5.1.  The form w is symplectic for the Lie-algebra gy o if and

only if
a(u,v)(w) + a(w,u)(v) + a(v,w)(u) =0, (5.4)

for all u,v,w €b.
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Proof. 1t suffices to check that w is closed. Clearly, the equation (5.4]) is
equivalent to the vanishing of dw on h x b x h. Moreover, Jw vanishes on
h* x h* x g, since the subspace h* is an abelian ideal in g, which is isotropic
with respect to w. Finally, we obtain for u,v € hh and £ € h*:

w([u,v],8) +w([v, €] u) +w([€ ul,v) = =&([u,v]) - E(Vou) +E(Vuv)
§(TV (u,v)) -

Now the latter term vanishes, since V is torsion-free. O

It is customary (cf. [42]) to call a choice of a Lagrangian foliation in
a symplectic manifold a polarization of the manifold. This motivates the
following terminology:

Definition 5.2. A polarization for a symplectic Lie algebra (g,w) is a choice
of a Lagrangian subalgebra [ of (g,w). A strong polarization of a symplectic
Lie algebra (g,w) is a pair (a, N) consisting of a Lagrangian ideal a c g and
a complementary Lagrangian subspace N c g. The quadruple (g,w,a, N)
is then called a strongly polarized symplectic Lie algebra. An isomorphism
of strongly polarized symplectic Lie algebras (g,w,a, N) - (g/,w’,a’, N') is
an isomorphism of symplectic Lie algebras (g,w) — (g’,w’) which maps the
strong polarization (a, N) to the strong polarization (a’, N').

With this language in place, we can summarize the above as follows:

Theorem 5.3. Let (h,V) be a flat Lie algebra. To every two-cocycle
o € Z2(h,b*) which satisfies [5.4) one can canonically associate a strongly po-
larized symplectic Lie algebra F(h,V,a) := (gy.a,w,h*,b), whose Lagrangian
reduction has associated quotient flat Lie algebra (b,V).

We call the symplectic Lie algebra (gyv.a,w) the Lagrangian extension of the
flat Lie algebra (h, V) with respect to .

Example 5.4. Note that every flat Lie algebra has at least one Lagrangian
extension, using the zero-cocycle o = 0. This is the semi-direct product La-
grangian extension (h @y h*,w) or cotangent Lagrangian extension. In par-
ticular, this shows that every flat Lie algebra arises as a quotient from a
Lagrangian reduction. Theorem proves that the simply connected sym-
plectic Lie group G with symplectic Lie algebra (h @y h*,w) is indeed a
cotangent symplectic Lie group (7 H,€)) as introduced in Section ATl
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We discuss now the series of nilpotent symplectic Lie groups (G,,$2,)
constructed in Example [4.7] on the infinitesimal level.

Example 5.5 (Nilpotent with unbounded derived length). Let t, denote
the Lie algebra of upper triangular matrices with zero diagonal. This Lie
algebra is nilpotent of class n—1. Its derived length (or solvability length) s,
satisfies s, = min{k | 2 > n}. In particular, som = Som_1 = m, for m > 2, and
somi1 = m + 1. Hence, the family of Lie algebras t,,, n € N, has unbounded
solvability degree. Recall that the Lie algebra t, carries a natural torsion-
free flat connection V, which arises from matrix multiplication. Indeed, for
A, B € t,, this connection is defined by

VaB =A-B.
Now let
(gn,w) = (t &7 £, w)
be the semidirect-product Lagrangian extension of the flat Lie algebra (t,,, V).
This extension therefore is a nilpotent symplectic Lie algebra which has nilpo-
tency class n — 1. The surjective homomorphism g, — t, shows that the

solvability degree s(g,) of g, is bounded from below by s,. Also, it is easy
to see that s(gamy1) =m+ 1.

5.2 Extension triples associated to Lagrangian reduc-
tion

We shall prove now that every symplectic Lie algebra (g,w), which has a
Lagrangian ideal a arises as a Lagrangian extension of a flat Lie algebra.

Recall from Proposition and (24) that the associated flat torsion-free
connection V = V¥ on the quotient Lie algebra b = g/a satisfies the relation
wy(Vyv,a) = -w(0,[u,a]), forall u,veh, aca. (5.5)

(Here, u,v € g denote respective lifts of u,v.) The pair (h,V) is called the
quotient flat Lie algebra associated to the Lagrangian ideal a of (g,w).

Theorem 5.6. Let (g,w,a,N) be a strongly polarized symplectic Lie algebra
and (b, V) its associated quotient flat Lie algebra. Then there exists

Q= Q(g.w.a,N) € Z%(f), b*)
satisfying (5.4), such that (g,w,a, N') is isomorphic to F(h,V,a).
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Proof. Observe first that, since a is abelian, there is a well defined adjoint
representation ady , of h on a, which satisfies

adp q(u)a = [u,a], forall uebh, aeca. (5.6)

Let 7, : ¢ = a be the projection map which is induced by the strong
polarization g =a® N. For u,v € h, let u,0 € N denote their lifts in N with
respect to the quotient homomorphism g — . The expression

a(u,v) = ma([@, 0]) (5.7)

then defines a two-cocycle & € Z2,(h, a) for the representation ady .

Let ¢, : a = b*, a » w(a,-) be the identification of a with h*, which is
induced by w. With these definitions, the equation (5.53]) is equivalent to the
relation

p(u) o, =1, 0adyq(u) . (5.8)

In particular, this shows that the representation p of h on h*, which belongs
to the flat connection V by (5.1 is equivalent to ady .

Let my : N — b be the isomorphism of vector spaces induced by the
quotient map g — h. The isomorphisms 7, and ¢, assemble to an isomorphism

Ty ®l: g=Ne&a— hobh*.

Define
a=1,0a €Z2(h,h°) (5.9)

to be the push-forward of &. It is now easily verified that the map

Ty @ Lyt (9,w) = (Fv,a, W)

defines an isomorphism of symplectic Lie algebras. As a consequence, «
satisfies (5.4)), by Proposition 5.1l O

We call the triple (h, V, a) constructed in Theorem [5.6]the extension triple
associated to (g,w,a,N). In general, triples (h,V,«), where a € Z2(h,h*)
satisfies the symplectic extension condition (5.4), will be called a flat Lie al-
gebra with symplectic extension cocycle.
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5.3 Functoriality of the correspondence

We consider briefly the functorial properties of our constructions. The fol-
lowing Lemma is an easy consequence of (B.5]):

Lemma 5.7. Let (g,w) be a symplectic Lie algebra with Lagrangian ideal

a and (h = g/a,V) the associated quotient flat Lie algebra. Let @ : (g,w) —

(¢',w") be an isomorphism of symplectic Lie algebras, and @y : h = g/a —

h' = g'/a’ the induced map on quotients, where a’ = ®(a). Then V' = (Py).V

(push-forward of V) is the associated quotient flat connection on b'.
Similarly, we can state:

Lemma 5.8. Let ®: (g,w,a,N) - (g',w’,a’,N') be an isomorphism of
strongly polarized symplectic Lie algebras. Then a (g o o N1y = (Py)+(gw,a,nN) -

Proof. Put a = a(guan) and o = a(y oy By equations (G.7) and (5.9),
we have (using repeatedly that ® is an isomorphism of strongly polarized
symplectic Lie algebras) that

P——

W' (7o ([yu, Byv] ), Dyw)
= W' (1w ([Pu, D)), Pyw)
= W'(me(®[a,7]), Pyw)

= W(Pm([,0]), Pyw)

= w(ma(la,0]),w)

= a(u,v)(w), for all u,v,w €Bh.

o' (Pyu, Pyv) (Pyw)

O

Let (h,V,«a) and (b',V,’ ) be flat Lie algebras with extension cocycles.
An isomorphism of Lie algebras ¢ : h — b is an isomorphism of flat Lie alge-
bras with extension cocycle if ¢*V' =V and p*a’ = a.

In the view of Lemma 5.7 and Lemma 5.8 isomorphic strongly polarized
symplectic Lie algebras give rise to isomorphic flat Lie algebras with extension
cocycle. Together with Theorem [5.3] we therefore have:

Corollary 5.9. The correspondence which associates to a strongly polar-
ized symplectic Lie algebra (g,w,a, N) its extension triple (h,V,«) induces a
bijection between isomorphism classes of strongly polarized symplectic Lie al-
gebras and isomorphism classes of flat Lie algebras with symplectic extension
cocycle.
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Change of strong polarization Let (g,w,a,N) and (g,w,a, N') be two
strong polarizations belonging to the same Lagrangian extension. Then
the corresponding two-cocycles a = o guan) and o' = a(guqn) differ by
a coboundary:

Lemma 5.10. There exists 0 € Hom(bh, h*), satisfying
o(u)(v) —o(w)(u) =0, for all u,veh, (5.10)
such that o/ = a+ 0,0.

Proof. Let m,, my, as well as 7}, 7}, be the corresponding projection opera-
tors on the factors of g. Then there exists 7 € Hom(g,a) with a € ker 7 such
that ), = 7y + 7 and 7} = 7, — 7. Since, both N and N’, a are Lagrangian,
the homomorphism 7 satisfies the condition

w(t(n),m) +w(n,7(m)) =0, for all n,m e N. (5.11)

€ N their respective lifts to N. We compute [7, 1, 74, 70] =

Let u,v € hand @, v
| =[u,0]+[@,70] + 74, 0], since a is abelian. By (5.9), we thus

[G+T0,0+70
have

a(ngvﬂ,N')(u"U) = W(W;([Wg\/’aaﬂjl\f’ﬁ])a')
= w(m([a+ 70,0+ 70])-7([a+70,0+710]),-)

= oguwan) () +w([Ta, 0] + [, 70] - 7([@,7]), -)

Since a is contained in ker 7, 7 defines an element 7 € Hom(h, a) and therefore
o =1,07 € Hom(h,h*). Using (58), we deduce from the above that o' =

a + 0,0. Moreover, (5.10) is implied by (5.1T) O

5.4 Equivalence classes of Lagrangian extensions

Let b be a Lie algebra. A Lagrangian symplectic extension (g,w,a) over b is
a symplectic Lie algebra (g,w) together with an extension of Lie algebras

0->a-g—-h->0,

such that the image of a in g is a Lagrangian ideal of (g,w).
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Definition 5.11. An isomorphism of Lagrangian extensions over b is an
isomorphism of symplectic Lie algebras ® : (g,w) — (¢’,w’) such that the

diagram
0 a g b 0
o [
0 a’ g b 0

1S commutative.

It is important to note that isomorphic Lagrangian extensions over b give
rise to the same associated quotient flat Lie algebra (b, V). This is an easy
consequence of Lemma [5.7]

We now construct for any flat Lie algebra (h,V) a cohomology group,
which describes all Lagrangian extensions of f with associated flat Lie alge-
bra (b, V):

First, we define Lagrangian one- and two-cochains on b as

Cr(h,b7) = {peC'(h,b") ] p(u)(v) —¢(v)(u) =0, for all u,veb}
Ci(h.h") = {aeC?(h,h")| o satisfies (5.4) }

Furthermore, let p = pV be the representation of h on h* associated to V, as
defined in (5.1]). Denote by dy = 9, the corresponding coboundary operators
for cohomology with p-coefficients.

Lemma 5.12.  The coboundary operator Oy : C*(h,b*) — C2(h,b*) maps
the subspace C;(h,h*) into C2(h,h*) N Z2(h,b*).

Proof. Let p €C'(h,bh*), and u,v,w € h. Then

(Ovp)(u,v) = p(u)p(v) - p(v)e(u) - e([u,v])
= —p(v) o Vy+p(u) o Vo — @([u, v])
and, hence,
(Ovp)(u,v)(w) = —p()(Vew) + p(u)(Vow) = @([u, v])(w). (5.12)
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Taking the sum over all cyclic permutations of (u,v,w), we obtain:

> (Ov)(u,v)(w) = 3 (=p(v)(Vaw) + p(u)(Vow) = o([u,v])(w))

cycl cycl

- (o) (Vou) + o(w)(Vuv) = ([u, v]) (w))

cycl

> (e(w)([u,v]) - ¢([u, v]) (w)).

cycl

For ¢ € C;(h,h*), all summands in the latter sum are zero. Hence, in this
case Oy € C2(h,b*). O

Let Z7 ;(h,h*) = C{(h,b*) n Z2(bh,b*) denote the space of Lagrangian
cocycles. We now define the Lagrangian extension cohomology group for the
flat Lie algebra (h, V) as

Z} (b, b*)
Oy Cr(b,b*)

Remark. By construction there is a natural map from Hg’v(f),b*) to the
ordinary Lie algebra cohomology group H2(h,h*). Note that this map need
not be injective, in general, see Example 517 below.

Together with Corollary 5.9, the following shows that the isomorphism
classes of Lagrangian extensions over a flat Lie algebra are in one-to-one
correspondence with the group Hiv(b, h*):

H%,V(ba b*) =

Theorem 5.13.  Every symplectic Lagrangian extension (g,w,a) over the
flat Lie algebra (h,V) gives rise to a characteristic extension class

[Qg.,a] € Hg,v(ha b*) .

Two extensions (g,w,a) and (g',w’,a’) over (h, V) are isomorphic if and only
if they have the same extension class in Hiv(b> h*).

Proof. Let (g,w,a) be a Lagrangian extension over (h, V). Choose a strong
polarization (g,w,a, N), and put [agwq] = [gwan], Where agqn € Z7 o (b, 5*)
is defined as in Theorem By Lemma [5.10, this cohomology class is inde-
pendent of the choice of strong polarization N.

Now suppose ¢ : (g,w,a) — (g/,w’,a’) is an isomorphism over ). Choose a
complementary Lagrangian subspace N for (g,w,a). Then ®: (g,w,a, N) —
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(¢/,w',a/, N’ = ®(N)) is an isomorphism of strongly polarized symplectic Lie
algebras. By Lemma 5.8 oy an) = (Pp)s(guw,a,N) = Q(guw,an), since, by
assumption, ® = idy. This shows that isomorphic extensions over h have the
same cohomology class.

It remains to show that two extensions over h with the same class are
isomorphic. By Theorem [B.6] it is enough to show that any two strongly
polarized symplectic Lie algebras F'(h,V,«) and F'(h, V,a’) give rise to iso-
morphic extensions over b if [a] = [a/] € sz(f), h*); that is, if o' = - dyo,
for some o € C}(h,h*). Using (5.2) and (5.3) it is easily verified that then
the map

(gV7a>w) - (gv,a’>w) ) (u>§) = (U,€+ O'(U))

is the required isomorphism of Lagrangian extensions over b. O
Similarly, we obtain the following refinement of Corollary 5.9t

Corollary 5.14. The correspondence which associates to a symplectic Lie
algebra with Lagrangian ideal (g,w,a) the extension triple (h,V,[a]) induces
a bijection between isomorphism classes of symplectic Lie algebras with La-
grangian ideal and isomorphism classes of flat Lie algebras with symplectic
extension cohomology class.

In certain situations the preceding corollary can be used to classify also
isomorphism classes of symplectic Lie algebras. See, for instance, Corollary
on filiform symplectic Lie algebras.

5.5 Comparison of Lagrangian extension cohomology
and ordinary cohomology

In this subsection, we shall briefly describe the kernel x;, of the natural map
Hi o(9,0") — Hj(g.9%) . (5.13)
It is clear that the kernel of this map is
B(9,9") N7} o(9,9")
B; o(g,0%) ’

where B2Z(g,9*) = {0, A | A e Hom(g,g*)} is the set of ordinary two-coboun-
daries with p-coefficients and B} (g,9%) = {9, A | A € C;(g,0%)} is the set of
two-coboundaries for Lagrangian extension cohomology.

R, =

63



Remark. In the following computations we will use the natural identification
of the module C'(g,g*) = Hom(g,g*) with bilinear forms, as well as the
inclusion of C2(g, g*) = Hom(A?g, g*) into the vector space of trilinear forms.
We thus have a decomposition

2
Cl(g.9")=5%g"® \g’
of g*-valued one-cochains into symmetric and alternating forms, where
C1(g.97) = S%g".

In particular, we may consider the module of two-cocycles Z2(g) c A?g* as a
subspace of C'(g,g*), and the coboundary map (for Lie algebra cohomology
with trivial coefficients) 92 : A2 g* — A®g* maps to a subspace of Cx(g,9").

Proposition 5.15. We have
1. For all N e N®g*, Yeyea(O3A) = 207\

2. Bi(9.97)nZ} o(9,9") = 9} (S?g" ® Z%(9)) = B} y(9.9")+0, (Z*(g9)) -
Proof. Recall from the proof of Lemma [5.12 that
Z (a;)‘)(u> v, w) = Z ()\('LU, [u> U]) - )\([U, 'U]a 'LU)) :
cycl cycl
For alternating A, this implies 3., (9} \) (u, v, w) =2 ¥y AM(w, [u,v]). There-

fore, ¥.,q(93A) =202\, thus proving the first formula.
By definition of Z7 (g, g*), we have

B3(g,9") N Zj 5(8.9%) = {0, Zl(a,ik) =0, XeCy(g,07)} -
cyc
Decomposing, p € Ci(g,8%) as o = py + A, where pp, € S?g* and \ € A g*,
we deduce (using Lemma B.I2) that ¥.,,(93u) = ¥eyq(95A). By 1., this
implies Y., (93p) = 0 if and only if A € Z2(g). Hence, the second part of the
proposition holds. O

For an illustration, we compute two examples.

Proposition 5.16.  Let (h,V) be a two-step nilpotent flat Lie algebra,
where V is the canonical flat connection on by, satisfying V,v = %[u,v], for
all w,v €b. Then the natural map Hj (b, h*) — HZ(b,b*) is injective.
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Proof. By Proposition[5.13] it is enough to show that 9; (Z%(h)) is contained
in B} (b, h*). Let p €C'(h,h*) then by (EI2) we have

(00) (w,0,0) = =300, [, w]) + o [0,0]) = ([, 0], w0).

If A e Z2(h) is a two-cocycle for h we infer that
(Ov ) (u,v,w) = %)\(w, [u,v]) . (5.14)

Note that A defines a map £(\) : h = [b,h]*, w > A(w,-), such that

(0 (a,0,w) = SEQA) @) ([uv]) -

Note further that £(\) vanishes on the center Z(h) of b, which contains
the commutator [h,h]. Therefore, there exists a symmetric form p € S?(h*)
which satisfies, for all u,v,w € b,

:u(w> [u,v]) = g()‘)(w)([u>v]) = )\('LU, [U,U]) .
Then we compute

(o) (w,v,0) = =, [, w]) + Sl [o,w]) = 0], )

= _%M(% [u’w]) + %M(ua ['an]) - :u(w’ [u,v])

1 1
—§>\(U7 [uvw]) + 5)\(11, [va]) - A(w7 [U,U])

—%)\(w, [, v]) = Aw, [u,v])

3
_5)‘(1”7 [ua 'U])

Comparing with (5.14), we deduce that dy(—34) = OyA. This shows that
9} (Z2(h)) is contained in B} (b, h*). O

In view of the previous proposition it seems important to remark that
there do exist simple examples of flat Lie algebras where the homomorphism

(5.13) is not injective:
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Example 5.17 (Natural cohomology map is not injective). Let V = (e, e3)
be a two-dimensional vector space viewed as an abelian Lie algebra g. Let ¥
be the connection on g whose non-zero products in the basis are

Velel =€ and V62€1 = v61 €y = €9 .

It is straightforward to verify that V is a torsion-free flat connection on the
abelian Lie algebra g. Let A € C}(g,g*). Using (5.12) we compute

8,1))\(61762761) -z, e1) + A\(eq, e2)
a;)\(elye%eZ) = _)\(62,62)

This shows that B} ;(g,0%) = {1 € Hom(A?g,g%) | u(e1,ez,e1) =0} and
B3(9,0%) N Z1 o(0,8") = Bi y(9,0") + 9} (Z%(9))
2
= B%,V(gag*) @ {/J € Hom(/\gvg*) | M(€17€27€2) = 0}

In particular, k= {y € Hom(A%g,¢*) | u(e1, ea,e2) = 0} is non-zero.

Part 111
Existence of Lagrangian normal
subgroups

6 Existence of Lagrangian ideals: basic coun-
terexamples

In this section we present several fundamental examples of real symplectic
Lie algebras which show that, even for nilpotent symplectic Lie algebras,
Lagrangian ideals do not necessarily exist. It seems worthwhile to mention
that all Lie algebras occurring in these examples do have a unique maximal
abelian ideal, which is non-degenerate for the symplectic structure, and, in
particular, the examples decompose as proper symplectic semi-direct prod-
ucts.
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6.1 Solvable symplectic Lie algebras without Lagran-
gian ideal

Every two-dimensional symplectic Lie algebra (g,w) has a one-dimensional
ideal, which is Lagrangian for dimension reasons. The following four-dimen-
sional solvable symplectic Lie algebra (g,w) does not admit a Lagrangian
ideal.

Example 6.1 (four-dimensional, metabelian, symplectic rank one).
The Lie algebra g is defined with respect to the basis {X,Y,Z, H} by the
following non-trivial Lie brackets

[H,X]=-Y, [H,Y]=X, [H,Z]=-Z.

Therefore g is metabelian with three-dimensional commutator ideal [g,g] =
(X,Y,Z). The only two-dimensional subalgebras of g which are invariant
under the derivation ad(H) are (X,Y) and (H,Z). Since every ideal is
invariant by ad(H), ( X,Y ) is the only two-dimensional ideal of g.

Let {X*,Y*, Z* H*} be the dual basis. Using the differentials

OX " =-H"AY*, OY*"=H"AX",0H" =0, 02" =H*"ANZ"
it is easily checked that the two-form
w=X"AY*"+H*"ANZ*

is closed. Neither of the above two subalgebras is isotropic for w. Indeed,
(X,Y) is an abelian non-degenerate ideal of (g,w) and there is a semi-direct
orthogonal decomposition

(gw)=((H,Z), H AnZ")a ((X,Y), X*AY™).

In particular, the symplectic Lie algebra (g,w) has no Lagrangian ideal. Note,
however, that j = (Z) is a one-dimensional normal isotropic ideal, with
it = [g,9]. In particular, (g,w) is symplectically reducible and has a two-
dimensional abelian reduction.

The above example is neither completely solvable nor unimodular. The
next example in dimension six shows that complete solvability and unimod-
ularity are not sufficient to ensure the existence of a Lagrangian ideal.
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Example 6.2 (six-dimensional, completely solvable, no Lagrangian ideal).
Let g =(di1,d2) ®p, p, Vi be the semi-direct sum of the abelian ideal V; and
the plane spanned by dj,ds. With respect to the basis {eq,...,eq} of Vi,
we let di,ds act on V; via the two derivations D; = diag(uq,—p1,0,0) and
Dy = diag(0,0, pio, —pi2), where py, us € R. Putting {d',d?,e!,... e*} for the
dual basis, one can check that

w=elre?+e3net +dt A d?
is a sum of closed forms. Moreover, the two-form w is non-degenerate. This
shows that w is a symplectic form.

From now on we assume that pipe # 0. We claim that, in this case,
(g,w) does not admit any Lagrangian ideal. To see this we consider the root
decomposition of g with respect to the Cartan subalgebra b = (d;,dy) c g,
which is of the form

4
g:h@@Rfii.
i=1

Using this decomposition, it follows that every abelian ideal a c g is contained
in the mazximal abelian ideal Vi = [g,g] c g. Since the subspace Vj is non-
degenerate with respect to w, V4 is also a non-degenerate ideal and

(ng) = ((dl>d2 )7 dl A d2) 69D1,D2 (V;bw)

is a symplectic semi-direct sum. Since, by 1. of Lemma 2.1} every isotropic
ideal is abelian, it is contained in Vj. This implies that every isotropic abelian
ideal has dimension at most two. In particular, this proves that there exists
no Lagrangian ideal a c g.

6.2 An eight-dimensional nilpotent symplectic Lie al-
gebra of symplectic rank three
We shall establish in Theorem [8.4lthat every nilpotent symplectic Lie algebra

of dimension less than or equal to six admits a Lagrangian ideal. The next
example shows that this result can not be extended to higher dimensions.

Example 6.3 (eight-dimensional, nilpotent, no Lagrangian ideal).
Let g = b3 @ b3 be the direct sum of two Heisenberg Lie algebras. Choose a
basis {X,Y,Z, X', Y’ Z'}, such that non-zero commutators are [X,Y] = Z
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and [ X', Y'] = Z'. Let {X*,Y*, Z*, X", Y, Z"} be the corresponding dual
basis. We endow the nilpotent Lie algebra g with the symplectic form

W=X"NZ"+X"ANZ"+Y*AY".

Let ¢ be the derivation of g which maps Y to X, Y’ to X’ and the other
basis vectors to zero. The derived two-cocycle a=w(p-, ) +@(-, ¢-) then is

a=Y*AZ +Y" AT (6.1)

This is easily computed using the fact that the dual map ¢* : g* — g* maps
X* to Y*, X' to Y'* and the remaining vectors of the dual basis to zero.
The same fact immediately implies that o, = a(p-, ) +a(-, ¢-) =0. Let

(g=(&)+g+(H), w=E""H"+&) (6.2)

be the symplectic oxidation of (g,w) associated with the derivation ¢ and
the one form A =0, as constructed in Proposition 2.14]

Proposition 6.4. The eight-dimensional symplectic Lie algebra (g,w) de-
fined in (6.2)) of Example 1s four-step nilpotent and is of symplectic rank
three. In particular, (g,w) has no Lagrangian ideal.

Proof. As is easily deduced from the above definitions and the defining equa-
tions (2.I8)), (2.19)), the descending central series of g is given by

Cl(g) = [o.0]=(X,Z, X" 2" H)
{

C2(g) = (Z,7'.H)
C*(g) = (H)
C'(g) = 0.

Therefore, g is of nilpotency class four. Observe that

(€.[g,0]) = (V. Y")™ (6.3)

W = <€7X7Z7X,7Z,7H>
is a non-degenerate abelian ideal in (g,w) and

(g.0) = ((Y.Y'), Y AY ™) @ (Ww).
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Suppose that a c g is an abelian ideal. We claim that
ac V. (6.4)

Suppose otherwise. Then there exists U = aY +a'Y’+U e a, U € W, such that
a + 0 or a # 0. Without restriction we can then assume that a = 1. Using

6.1)), as well as (ZI8), (ZI9), we derive that
[, U]=X+d' X" €ea

and
[[¢,U],U]=2Z+(a')*Z" %0,

which contradicts the fact that a is abelian. This proves ([6.4]). Now let ac g
be an isotropic ideal. It is abelian by Lemma 2.1l and, hence, contained in
W. Since w is non-degenerate on W, the dimension of the isotropic subspace
ac W is at most three. Therefore, a is not Lagrangian in (g,w).

On the other hand j = (H,Z,Z") is clearly an isotropic ideal, showing
that the symplectic rank of (g,w) is three. O

As a side-remark we state the following corollary which shows that The-
orem in Section [Z.I] cannot be generalized from endomorphisms of sym-
plectic vector spaces to derivations of symplectic Lie algebras:

Corollary 6.5. The siz-dimensional symplectic Lie algebra (g = hz @ b3, o)
occuring in Example has no p-invariant Lagrangian ideal.

One can ask whether the non-existence of Lagrangian ideals in Example
is due to the particular choice of symplectic form. The following result
answers this question.

Theorem 6.6. For every choice of symplectic form w on the eight-dimen-
sional Lie algebra g of Example[G.3, the symplectic Lie algebra (g,w) has no
Lagrangian ideal.

Proof. Let us first determine the space Z2(g) of closed 2-forms. Its dimension
can be read off from

2 2
dim Z%(g) = dim A g* —dima(/\g*) =28 -17=11,
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where , ,
8=821 /\g*_)/\gyr

is the boundary operator on forms. In fact,

2
8(/\9*) — <€1237€134 136 156 167 236 6246 356 367 137

6237 56’ 6235 + 6146, _ 238 67’ —6568 + 6347

+et 238 4 et el A (¥ +e%9),

e 4 02 A (P4 7Y, 18 4 6B A (31 4 e5T)),
where we are using the basis {e!,... e} of g*, which is dual to
{617"'768} = {€>X>KZaX,aY,aZ/>H}

and the notation €7 = et Aed, ek = e Ael AeF. One can easily check that the
following eleven 2-forms are closed and linearly independent:

{612’ 13 15 (16 (23 o34 (36 (56 6T (26 _ ;35 24 5T 4 18 } ' (6.5)

Therefore, they form a basis of Z2(g).

Claim 1. The subspace
W= <6la62>e4765767768> = <€>X>Z>X/aZ/>H> cg,

cf. (64), is an abelian ideal, which is non-degenerate for every symplectic
form w on g.

Proof of Claim[dl. Since the last element of the basis (6.5) is the only which
does not vanish on eg = H, we see that every symplectic form w on g has
non-zero coefficient over e?* + €57 + 8. Up to scaling, we can assume that
the coefficient is 1, so that

w=e*+e 1+ e+ ael? + bel® + wy, (6.6)

where a,b € R, and w; is a linear combination of the remaining eight basis
vectors of Z2(g). Note that the restriction of w; to A> W vanishes. Now one
can easily check that w is non-degenerate on W, for any choice of a,b e R. [
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Claim [1l above implies that W does not contain a Lagrangian ideal of g. On
the other hand, we saw in the proof of Proposition that every abelian
ideal of g is contained in W. Since a Lagrangian ideal is necessarily abelian,
this proves the theorem. O

Remark. The symplectic form w considered in Example is obtained by
putting a = b =0 and w = €36 in ([6.6). As in Example 6.3 the above proof
shows that the ideal j = ( H, Z,Z") is isotropic for all symplectic forms w on
the Lie algebra g.

Since jt = (H, Z, 2" Y,)Y"), a=(H,Z,Z" )Y ) is an abelian Lagrangian
subalgebra. This shows that the existence of Lagrangian abelian subalgebra
of a symplectic Lie algebra (g,w) does not imply the existence of an abelian
ideal of (g,w) and not even the existence of a symplectic form w’ on g such
that (g,w’) admits an abelian ideal, contrary to the case of commutative
polarizations considered in [I8, Thm. 4.1].

7 Endomorphism algebras on symplectic vec-
tor spaces

Let w be an alternating form on a vector space V. (At the moment we do
not assume that w is non-degenerate.) For any endomorphism ¢ of V' we
define alternating forms o = w, and 8 =w, , on V by

a(u,v) = wy(u,v) = w(pu,v) +w(u,pv) (7.1)
and
B(u,v) = w(@*u,v) + 2w(pu, pu) + w(u, *v). (7.2)
We are interested to study solutions ¢ of the quadratic equation
B =Wy, =0. (7.3)

More specifically, we will be interested to study Lie algebras of endomor-
phisms which satisfy this condition.

Definition 7.1. Let (V,w) be a symplectic vector space. An abelian Lie
subalgebra n of End(V') will be called symplectic for w if, for all ¢, € n,
u,v €V, the relation

0 = w(pyu,v) + w(pu, Yv) +w(tu, pv) + w(u, pYv) (7.4)

is satisfied.
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The analysis of abelian symplectic subalgebras of endomorphisms is moti-
vated by Proposition 2.11] which shows that such algebras arise from central
symplectic reduction to abelian Lie algebras. They can also be viewed as gen-
eralizing abelian subalgebras of the symplectic Lie algebra sp(w) c End(V).
Our results on such algebras will be a principal tool for our investigations in
Section [9l A first application is discussed in Theorem [7.11] below.

7.1 Invariant Lagrangian subspaces for nilpotent en-
domorphisms

Let ¢ € EndV an endomorphism which is a solution of (73]). A basic and
straightforward observation is:

Lemma 7.2. Let a=w,. Then:
1. ¢ 1s skew with respect to «.
2. ker v 1s a p-invariant subspace of V.
3. imep 1, (keranker ).

4. For all Z e keranker p, Z*« (the ortohogonal of Z with respect to w)
s a p-invariant subspace of V.

5. (im)*e nker ¢ is contained in ker a.

Lemma 7.3. Let o € EndV be an endomorphism which satisfies ©* =0,
for some k > 1, and which is a solution of the equation ([3)). Then

im ¢/ 1, im @~
for all j€{0,1,... k}.

Proof. We may assume k > 2. Clearly, the statement is true for j € {0, k}.
Let u,v € V and define

7= w(@(u),¢"7(v)), 1<j<k-1.

Since ¢ satisfies (Z.3)), we have equations

T2+2T1 =0 (75)
Tj+1+2Tj+Tj,1 = O,j6{2,...,]€—2} .
QTk_l + Tp—o = 0 (77)
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These define a linear system

Thk-1 0

where A € Mat(k—1,k—1) is a matrix of the following form (non-zero entries
shown):

2 1
1 2 1
A= DR
1 21
1 2
Since A is nonsingular, we conclude that 7; = 0, for all j. This shows that
im 7 is perpendicular to im ¢*~J with respect to w. a
We deduce:

Proposition 7.4. Let ¢ €e EndV be an endomorphism which satisfies o =
0, for some k > 1, and which is a solution of the equation ([T3)). Then

1. imp* "t ckera. In particular, the alternating form « is degenerate.
2. For all Z € im ©*1, the orthogonal complement Z*~ is invariant by .

Proof. By Lemma [7.3] im ¢*~! 1, im . Since im ¢*~! is contained in ker ¢,
5. and 4. of Lemma imply the statements of the proposition. O

We call a subspace of (V,w) Lagrangian if it is isotropic for w and of
maximal dimension with this property. Our main observation is:

Theorem 7.5. Let (V,w) be a vector space with alternating bilinear form.
Let ¢ € EndV an endomorphism which satisfies ©F = 0, for some k > 1,
and which is a solution of the quadratic equation ([L.3). Then there exists a
p-invariant Lagrangian subspace of (V,w).

Proof. We may assume that ©*=1 # 0. The proof is now by induction on the
dimension of V. Let dimV = n, and assume that the result is shown for all
vector spaces with alternating form, which have dimension less than n. Let
0 # Z € imp* 1. By Proposition [T.4, the subspace Z« is invariant by ¢.
Consider the vector space W = Z+«[(Z) with alternating form @ induced by
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w. Since p(Z) =0, W has a nilpotent endomorphism ¢, which is induced by
¢, and also satisfies 3 = Wz, = 0. The induction hypothesis implies that ¢
has a Lagrangian ¢-invariant subspace. Its preimage in Z*« is a Lagrangian
subspace of (V,w), which by construction is invariant by . O]

The theorem is certainly well known under the much stronger assumption
that ¢ is skew with respect to a non-degenerate form w, that is, ¢ is contained
in in the Lie algebra sp(w) c End V' of the symplectic group Sp(w). Indeed,
we recall:

Proposition 7.6. Let (V,w) be a symplectic vector space, and ® c sp(w) a
Lie subalgebra which consists of nilpotent endomorphisms. Then there exists
a ®-invariant Lagrangian subspace of V.

Proof. Since ® is nilpotent, it is contained in a maximal triangular subalge-
bra of sp(w). By the conjugacy theorem, every such subalgebra stabilizes a
Lagrangian subspace of V. O

7.2 Symplectic quadratic algebras of endomorphisms

A Lie subalgebra n of End(V') will be called quadratic if for all ¢ € n, ©? = 0.
In such n, all elements ¢, 1 € n anti-commute, that is @ = - . By Engel’s
theorem, the Lie algebra n is nilpotent. Notice that a quadratic subalgebra n
is abelian if and only if 1) =0, for all p,1) e n. A quadratic abelian algebra
n is symplectic for w in the sense of Definition [7.1]if and only if

w(pu,pv) =0, (7.8)

for all ¢ € n and all u,v € V. That is, a quadratic abelian subalgebra n is
symplectic if the image of every ¢ € n is isotropic. The main motivation to
study symplectic abelian quadratic algebras is the fact that they arise from
central reductions of three-step nilpotent symplectic Lie algebras to abelian
Lie algebras (compare Section 2.2]).

In this section we prove that in low dimensions every abelian symplectic
quadratic algebra admits invariant Lagrangian subspaces. However, quite
to the contrary, we also construct an abelian quadratic symplectic algebra
(acting on a six-dimensional vector space), which does not have an invariant
Lagrangian subspace, see Section [[.2.2]
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7.2.1 Invariant Lagrangian subspaces in dimensions less than six

We first remark that in low dimensions Theorem holds for quadratic
endomorphisms even without the additional assumption that the condition

() is satisfied:

Lemma 7.7. Let (V,w) be a symplectic vector space of dimension less
than or equal to four, and let ¢ € End(V') satisfy p? =0. Then there exists a
p-invariant Lagrangian subspace a in V.

Proof. If im ¢ is isotropic for w, every Lagrangian subspace a which contains
im ¢ is invariant. Otherwise, we may assume that dim V' =4 and that im ¢ is
a non-degenerate subspace. Let U = (im ¢)*« be the orthogonal complement,
and let 0 # uw € U. Then a = (u, pu) is a p-invariant Lagrangian subspace. [

The following shows that symplectic abelian quadratic subalgebras in low
dimensions always admit invariant Lagrangian subspaces:

Proposition 7.8. Let (V,w) be a symplectic vector space of dimension less
than or equal to four. Then every abelian quadratic symplectic subalgebra
qc End(V') has an invariant Lagrangian subspace in (V,w).

Proof. Let us consider imq = qV. If imq is one-dimensional then every La-
grangian subspace a of (V,w) which contains im q is invariant. In particular,
if dim V' =2 then there exists an invariant Lagrangian subspace.

Assume that V' is four-dimensional and has no invariant Lagrangian sub-
space for q. Because q is abelian, g2 = 0. Therefore, every subspace of im ¢ is
annihilated by ¢, and, in particular, it must be invariant. It follows that im g
must be two-dimensional and w is non-degenerate on imq. Since the image
of every ¢ € q is isotropic, this also implies that im ¢ is one-dimensional, for
all ¢ #0.

Now choose uy € V', @1 € ¢ with p1u; # 0, 0 # us € img*~ nker ;. Then
ker 1 = (ug,imq). Moreover, there exists ¢, € q such that imq = (@11, Yous).
(Otherwise, a = (¢ju1, uz) would be a Lagrangian subspace, which is invariant
for all s €q.)

Clearly, we may also assume that u; € ker @5, unless ker ¢; = ker 5. The
latter case is not possible, since pous # 0. Since (1 + w2)u; = @iu; and
(g1 + p2) Uy = pauy are linearly independent, the element ;1 +¢5 € q has rank
two, which is a contradiction. O
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7.2.2 A quadratic symplectic algebra without invariant Lagrangian
subspace

Consider a six-dimensional vector space Vg with basis
{1, ug,v1,v2, w1, Wy}
and define subspaces U = (uy,us), V = (v1,v2), W = (wq,ws), so that
Ve=VaeUaWW. (7.9)

We now choose a symplectic form w = wg on Vg such that the decompo-
sition (Z.9) is isotropic (that is, V', W are isotropic and U = (V & W )+).
To w we associate the non-singular 2 x 2-matrix

w(vy,wy) w(vg,ws)
S = ’ . 7.10

(W(U2>w1) w(vg, ws) (7.10)
Note that, conversely, to every such S there exists w = wg such that (7.9) is
an isotropic decomposition and (ZI0) is satisfied.

Now define linear operators X,Y € End(Vg) by declaring
XU,’ = Vi, YUZ = Wy, X'UZ' = X'LUZ = YUZ' = Y’LUZ = O, 1€ 1,2 (711)

Lemma 7.9. The linear span qg ¢ End(Vs) of X and Y is a two-dimen-
sional abelian quadratic algebra of endomorphism of Vs. The algebra qg is
symplectic with respect to wg if and only if S is symmetric.

Proof. Since XY =YX =X?2=Y2=0, q=q¢ = (X,Y) is indeed an abelian
quadratic subalgebra of endomorphisms. Now let ¢ = X + Y € q. Then
Bo(uiuy) = ?w(Xuy, Xug) + af(w(Xug, Yug) + w(Yuy, Xvj))
+ B2w(Yu, Yuy)

= ap (w(v,-,wj) + W(whvj)) :

Hence, 5, =0, for all ¢ € q, if and only if w(vy,ws) = w(ve, wy). That is, q is
symplectic if and only if S is symmetric. O

The following proposition shows that there do exist quadratic symplectic
algebras which do not admit a Lagrangian invariant subspace:
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Proposition 7.10. Let S be a symmetric non-singular 2 x 2-matriz. Then
the symplectic quadratic algebra q¢ = (X,Y) ¢ End(Vg) admits an invari-
ant Lagrangian subspace a (that is, q¢a € a) in the symplectic vector space
(V,ws) if and only if det S < 0.

Proof. Assume that a is a Lagrangian (that is, a is three-dimensional and
isotropic) subspace of (Vg,wg), which satisfies qa c a. Observe that imq =
qVs =V @ W is a non-degenerate subspace with respect to w = wg. Therefore,
animgq is at most two-dimensional. We infer that there exists a = u +w € a,
such that 0 # v = au; + Buy € U and w € V @ W. Then ga c a contains
Xu=aXuy +BXus = avy + fvy and Yu = aw; + fwe. We compute

w(Xu,Yu) = a?w(vy,wy) + 2aBw(va, wy) + B2w(vy, ws) .

We may view the expression w(Xu,Yu) as a quadratic form in the variables
a, 5. Hence, if the matrix S, as defined in ((ZI0) is positive (or negative)
definite, we conclude that w(Xwu,Yw) # 0. This is a contradiction to the
assumption that a is isotropic. Therefore, S is not definite.

Conversely, assume that S is not definite. Then there exists 0 # u =
auy + Puy € U with w(Xu,Yu) = 0. Therefore, a = (u, Xu,Yu) is a ¢-
invariant Lagrangian ideal. O

7.3 Application to symplectic Lie algebras

Theorem 7.11.  Every nilpotent symplectic Lie algebra (g,w) which admits
a central element H such that the reduction g = H-/( H) is abelian has a
Lagrangian ideal.

Proof. Let ¢ be the derivation of g induced by an element & € g~ H*,
w(§, H) =1, and A =w(§,adelz) € g*. Using Proposition 2,16, we have that
(g,w) is the symplectic oxidation of (g,w) for the data ¢, A. In particular,
the Lie product of g is described with respect to an isotropic decomposition of
the form (2I7) by equations (ZI8), (ZI9). Here, the extension two-cocycle
« appearing in (2.I8)) satisfies o = w,,, according to Proposition 2.14. More-
over, by Proposition 212} also (2.13]), that is, 5 = a, = Wy, = —0\ is satisfied.
Since g is abelian, OA = 0. In other words, (7.3)) is satisfied for ¢. Since (7.3)
holds, according to Theorem [.5 the vector space g has a p-invariant sub-
space, which is Lagrangian for the induced symplectic form w. This subspace
is, of course, also an ideal a of g, since g is abelian. The preimage a of a
under the projection H+ — g is then a Lagrangian ideal of g. O
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Remark. As follows from Proposition 2.14] for every endomorphism ¢ of a
symplectic vector space (V,w), which satisfies (7.3]) for w, there exist sym-
plectic oxidations (g,w) = (gy.x,w), for every A e V*. This construction thus
provides a rich class of examples of symplectic Lie algebras (g,w), which have
a Lagrangian ideal.

Further applications can be found in the proof of Theorem

8 Isotropic ideals in nilpotent symplectic Lie
algebras

In the first part of this section we derive basic orthogonality relations of the
ideals in the central series of a nilpotent symplectic Lie algebra (g,w). These
are used to detect lower bounds for the symplectic rank of (g,w) in terms
of the nilpotency class of g. In particular, filiform symplectic Lie algebras
are shown to be of maximal symplectic rank. More precisely, we show that
filiform symplectic Lie algebras admit a unique and characteristic Lagrangian
ideal. This allows to classify filiform symplectic Lie algebras via Lagrangian
extension classes of certain flat Lie algebras.

8.1 Existence of isotropic ideals

We have the following orthogonality relations in every symplectic Lie algebra
(g,w):

Lemma 8.1. Let (g,w) be a symplectic Lie algebra. Then, for all i >0,
C'gc (Cig)*™ .
In particular, [g,9] € Z(g)*~.

Proof. The proof is by induction. Assume that the statement is true for all
i <f—1. For the induction step, consider z € Cy g and w = [u,v] € C*g, where
veClg. Thus w(w,z) = w([u,v],2) = w([u, z],v) + w([z,v],u). Note that
[u,z] € Cp_1g. Thus by induction the first summand is zero. On the other
hand, by (L4), [2,v] € Co—ps1-1 8 = Cog = {0}. Therefore, w(w,z) = 0. O

As a consequence, nilpotent symplectic Lie algebras admit non-trivial
isotropic ideals:
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Proposition 8.2. Let (g,w) be a symplectic Lie algebra which is of nilpo-
tency class k. Then the following hold:

1. Foralli,j, withi+j>k, C'g 1, Cig.
2. For all i, with 2i > k, C'g is an isotropic ideal.

3. If k =20 is even then (g,w) has an isotropic ideal of dimension at least

0.

4. If k=20-1 is odd then (g,w) has an isotropic ideal of dimension at
least (.

Proof. Recall from (L) that C'g ¢ Cy_;g if g has nilpotency class k. As-
suming ¢ + j > k, we have k-4 < j. Hence, Cy_;g € C;g. On the other hand,
by Lemma BT C;gc (Cig)*t«. Therefore, Cigc (CYg)*«~. This shows 1) and
2). Observe that for any i < k, dim C'g > k —4. If k = 2( is even then C'g is
isotropic and dim C*g > ¢, which shows 3).

Now assume that k =2¢-1. By 2), C'g is an isotropic ideal of dimension
at least k—¢ = ¢—1. Next observe that, by 1), C*'g 1, C*g. Now choose an
ideal j of g, Cfg cj c C* g such that C*g has codimension one in j. Then j
is isotropic of dimension at least £. O

In the two-step nilpotent case we thus have:

Theorem 8.3. Let (g,w) be a two-step nilpotent symplectic Lie algebra.
Then the following hold:

1. The ideal C'g = [g,g] is isotropic.
2. (g,w) has a Lagrangian ideal.

Proof. For u,v € g and z € Z(g), we have w([u,v],z) = -w([v,z],u) -
w([z,u],v) = 0. This implies that [g,g] is isotropic, since [g,g] c Z(g).
Any maximally isotropic subspace a which contains [g,g] is a Lagrangian
ideal. O

In the following subsection we deduce the existence of Lagrangian ideals in
filiform symplectic Lie algebras. Here we conclude with another application
of Proposition B.2] which concerns the existence of Lagrangian ideals in low
dimensions:
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Theorem 8.4. Let (g,w) be a nilpotent symplectic Lie algebra of dimension
less than or equal to sixz. Then (g,w) has a Lagrangian ideal.

Proof. Assume first that g is six-dimensional. If g is filiform (that is, of
nilpotency class five) then C?g is a Lagrangian ideal by Corollary 8.5 which
will be proved below.

We now analyze the case that g is of class four: We may centrally reduce
(g,w) to a symplectic algebra (g,w) of dimension four, which is at most
three-step nilpotent. If g is of class three then it is filiform and therefore
(g,w) has a characteristic Lagrangian ideal. It follows from Proposition 2.17]
that this ideal lifts to a Lagrangian ideal in (g,w). So we may assume that g
is at most two step. If g is of class two then it has a two-dimensional center
which is a characteristic Lagrangian ideal in (g,w). (Indeed, g is the product
of a Heisenberg algebra with a one-dimensional algebra.) So this case can be
excluded as well. Finally, if the reduction g is abelian then the existence of a
Lagrangian ideal is ensured by Theorem [[.T1l Hence, (g,w) has a Lagrangian
ideal.

It remains to consider the case that g is three-step nilpotent. This will
be postponed to the proof of Theorem O

8.2 Filiform symplectic Lie algebras

An important class of nilpotent Lie algebras are filiform nilpotent Lie alge-
bras, cf. [22, Chapter 2, §6.2]. Recall that a nilpotent Lie algebra g is called
filiform if its nilpotency class is maximal relative to its dimension n = dim g.
This is the case if and only if g is of nilpotency class kK =n - 1. In a filiform
Lie algebra, dimCig=n-i-1,i>1, and C; g = C*~1g. Filiform symplectic
Lie algebras have been studied intensely, see e.g. [19, 31]. We show now that
filiform symplectic Lie algebras admit a unique Lagrangian ideal:

Theorem 8.5. Let (g,w) be a filiform nilpotent symplectic Lie algebra of
dimension n = 20. Then C*'g is a Lagrangian ideal. Moreover, C*lg is the
only Lagrangian ideal in (g,w).

Proof. Since g is filiform, it is of nilpotency class k = 2¢ — 1. By Proposition
B2 there exists an isotropic ideal j € C*lg containing C*g of codimension
one. Since g is filiform, j = C*'g and dim C*'g = ¢. Therefore, C*'g is a
Lagrangian ideal.
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To show uniqueness, we argue as follows. Let a € g be a Lagrangian
ideal in (g,w) and consider h = g/a. Since dimb = ¢, we have C*~1h = {0}.
This implies that C*'g ¢ a. Since dim C*'g = ¢ = dima, we conclude that
a=CtHlyg. O

Observe that every quotient b of a filiform Lie algebra g must be filiform
as well. In view of the correspondence theorems in Section [, the previous
theorem shows that filiform symplectic Lie algebras arise as Lagrangian ex-
tensions of certain flat Lie algebras (h, V), where b is filiform. Ignoring the
precise conditions on V, «, which are required in addition to the assumption
that b is filiform, we call a Lagrangian extension triple (h,V,«) (as defined
in Theorem [5.0)) a filiform triple if the extension F'(h,V,«) is filiform. The
uniqueness of the Lagrangian ideal in g has the following remarkable conse-
quence:

Corollary 8.6. The correspondence which associates to a filiform symplec-
tic Lie algebra the extension triple (h,V,[a]), which is defined with respect
to the Lagrangian ideal C*~'g of (g,w), induces a bijection between isomor-
phism classes of filiform symplectic Lie algebras and isomorphism classes of
flat Lie algebras with filiform symplectic extension cohomology class.

Proof. Since every symplectic automorphism & : (g,w) — (g’,w’) maps a =
C*1g to a’ = C* g/, @ is an isomorphisms of pairs (g,a) — (g’,a’), as well.
Therefore, the corollary follows from Corollary 5.141 O

9 Three-step nilpotent symplectic Lie alge-
bras

In this section, we present a ten-dimensional example of a three-step nilpo-
tent symplectic Lie algebra which has less than maximal rank. In addition,
we show that every three-step nilpotent symplectic Lie algebra of smaller di-
mension than ten has a Lagrangian ideal. The proofs of both results depend
heavily on the methods developed in Section [7.2
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9.1 A three-step nilpotent symplectic Lie algebra with-
out Lagrangian ideal
The Lie algebra g,o. Consider a ten-dimensional vector space Vi, with

basis
{xvy7u17u27U17U27w17w27Z17Z2}

and define subspaces N = (x,y), U = (uj,uz), V = (v1,v2), W = (wy,ws),
Z ={z1,22), so that
Vo=NeUeVeWeLs.

We declare the non-trivial brackets of the basis vectors as

[z, ui] = vi s [y, wi] =w;, (9.1)

[u,-,v,-] =—Z9, [ul,wz] =2z , 7€ ]_,2

Since the Jacobi identity holds for the above brackets, linear extension defines
a Lie Algebra g19 = (Vio,[, ])- The descending central series of gy is

Clgy = VoeWeZ, (9.3)
02910 = Z, (94)
03910 = {0} . (95)

MOI‘QOVGI‘, Cl g10 = Z(Qm) = Z and C2 dio = {’U € g1o | [glo,’U] c Z(glo)} =
Clg1p. In particular, gqo is a three-step nilpotent Lie algebra.

Note that a,, = NeClg; is a maximal abelian ideal of g;(, which contains
the commutator subalgebra Clg.

Lemma 9.1. FEvery abelian ideal of g19 is contained in a,,. In particular, the
mazimal dimension of an abelian ideal in g1 is eight. Every (not necessarily
abelian) ideal of dimension at least five contains C?gyg.

Proof. Let a be an abelian ideal. Let a € a. We write a = auy + [ us +w, with
w € ay. Then [x,a] = avy + Puy € a. Therefore, [a,[x,a]] = —(a? + %)z =0,
since a is abelian. This implies a = w. Hence, a € a,,.

Suppose now that j is an ideal, which satisfies j n C2gy9 = {0}. Then
j N Cy gy is contained in the center Z(gig) of gig. Therefore,

jinClgio=inCagio € inZ(go) = {0}.
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So [g10,j] = {0}, which means that j is central. Hence, j is contained in C?gy
and, therefore, j = {0}.

Similarly, suppose that j is an ideal such that jnC?g;q is one-dimensional.
Without loss of generality (cf. Lemma[@.2lbelow), we can assume that jnC?gyq
contains z;. Therefore, j n Clgyo is contained in

{v]{gw0,v] € {21)} =W e (2).

This implies [g10,j] € W @ (21). Hence, j is contained in the four-dimensional
(abelian) ideal (y)®W @(z1). In particular, j is at most four-dimensional. ]

We briefly observe that there is a natural action of GL(2,R) by automor-
phisms on the Lie algebra g;:

Lemma 9.2. Let (a;;) € GL(2,R). Then the definitions

Ar = anw +any, Ay = apr +axny, Au; = u;,
Av; = anv; + anw; , Aw; = a12v; + axnw;

Az = a2 — a1229 , Azy = —ag121 + a1122

define an automorphism A of the Lie algebra gqp.

A symplectic form for g;;. We define a non-degenerate two-form w, on
the vector space Vig:

Wo =T A2] + Y AZy + U] AUy + V] AW] + V5 AWy
With respect to the form w,, the decomposition
Vo=Neoe(UsVeW)eZ

is isotropic, the subspace (V @& W, w,) is non-degenerate with isotropic de-
composition, and the sum

Ue(VeW)=U 1, (VeW)
is orthogonal.

Lemma 9.3. The form w, is symplectic for the Lie algebra gio. In particu-
lar, (g10,wo) is a symplectic three-step nilpotent Lie algebra, and the maximal
abelian ideal a,, = N @ Clgyo is non-degenerate in (g10,ws)-
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Proof. Clearly, from (@.1) and (9.2), dz* = y* = Ju? =0 and

vl =—x* Aul, Ow! = -y Aul, 0z7 == (u] Awy +us Awsy)

0z =uj AVY +uy Avy .
Therefore,
8 — * 8* * 8* a * * * a *
wo = —x* ADz} +y* ADzy + Y (Ov] Awf - v Adw))
i=1,2
=AU AW =TT AU AWS =Y AU AV] =Y AUy AUy
- > (@ AUl Aw -yt AUl AYY)
i=1,2

=0.
Hence, (g10,w,) is symplectic. O

Remark that the action SL(2,R) on g19 which is defined in Lemmal9.3 is
by symplectic automorphisms with respect to w,.

We recall (cf. Definition [22]) that the rank of a symplectic Lie algebra is
defined to be the maximal dimension of an isotropic ideal.

Proposition 9.4. The symplectic Lie algebra (g10,w,) has symplectic rank
four. In particular, (g10,w,) has no Lagrangian ideal.

Proof. Observe first that the ideal j = (y) @ W & (z1) is isotropic and of
dimension four. Therefore, the rank of (gi9,w,) is at least four.

Let us consider next the symplectic reduction of (g9, w,) with respect to
the isotropic ideal C2?giy. The reduction consists of an abelian symplectic
Lie algebra (ag,w,), which is defined on the vector space Vi = (C?%g)*+/C?%g =
UeaV e W; the symplectic structure on Vg is given by the restriction of w,.

The adjoint representation ad of gio induces a two-dimensional Lie subal-
gebra n = ad(N)|y, of derivations of the symplectic Lie algebra (ag,w,). It is
obtained by restricting ad to (C2?g)*/C?g. Note that n has a basis X = ad(z),
Y =ad(y), which, by (O.1]), satisfies

Xu;=v;, Yu; =w;, Xv;=Xw;=Yv; =Yw; =0, 1€1,2.

In particular, for every element ¢ € n, we have ©? = 0. Indeed, the subalgebra
n coincides with the quadratic algebra of endomorphisms qg of Vi as defined

in Section [.2.2] equation (7.11).
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Assume now that a is a Lagrangian ideal in (gi9,w,). Since, by Lemma
0.1 every Lagrangian ideal a of gio contains C?gyq, a ¢ C%g;& projects to a
Lagrangian subspace of (Vg,w,), which is furthermore invariant by the Lie
algebra of operators n = qg.

We observe that the matrix S associated to w, in (ZI0) is the identity
matrix, and w,|y, = wg. Therefore, n is a quadratic symplectic algebra with
respect to w,ly,. According to Proposition [[.I0, (Vg,w,) does not admit a
Lagrangian n-invariant subspace, since det.S > 0. This is a contradiction to
our assumption that a is a Lagrangian ideal in (ag,w,). O

Theorem below shows that (gi0,w,) is an example for a three-step
nilpotent symplectic Lie algebra without Lagrangian ideal, which is of mini-
mal dimension.

9.2 Three step nilpotent Lie algebras of dimension less
than ten

Here we show that every three step nilpotent symplectic Lie algebra of di-
mension less than ten admits a Lagrangian ideal. We start with the following
proposition which ensures that a large class of three-step nilpotent symplectic
Lie algebras admits Lagrangian ideals:

Proposition 9.5. Let (g,w) be a three step nilpotent symplectic Lie algebra
which has a central reduction to a two-step nilpotent symplectic Lie algebra
of dimension at most four. Then (g,w) admits a Lagrangian ideal a which
contains C?g.

Proof. By assumption, there exists a central and isotropic ideal j such the
symplectic reduction of (g,w) with respect to j is a two-step nilpotent sym-
plectic Lie algebra (ﬁ,w), and g is of dimension at most four. We may
assume without loss of generality that j contains C?g, since C?g is isotropic
and also orthogonal to j. (Indeed, C2?g contained in Z(g) and it is orthogonal
to Z(g), by Lemma B1])

We may choose an isotropic decomposition

g=NeWeaj,

131n this proof, we deviate from our previous convention and denote the symplectic form
on the reduction also with w.
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where j*« = W @ j is an ideal in g. (Recall that j*~ contains C'g = [g,g].)
Since jtv is an ideal, the adjoint representation of N induces a subspace
q =ad(N)| of derivations of

g=i"/j.
Clearly (see Proposition [2.17), if (§,w) admits a Lagrangian ideal a which
satisfies qa c a, then the pull back a of a under the natural homomorphism

i~ g

is a Lagrangian ideal in (g,w), which contains j. Since j contains C?g, this
will prove the proposition. We claim now that such an ideal a always exists.

Since [N, [N, g]] c C?g, every ¢ € q satisfies ¢? = 0. Note further that q is
also an abelian Lie subalgebra of Der(g), since [ [N, N],g] € C?g. Similarly,
since [[N,W],W] c C?%g, we deduce that imq is contained in the center of
g. This implies that imq L, C'g. In particular, q preserves the ortohogonal
(Clg)te.

If the Lie algebra g is abelian then g is an abelian quadratic symplectic
subalgebra (see Section [T.2)), since its elements satisfy (2.16]), by Proposition
2.11l Therefore, in the latter case the existence of a is ensured by Proposition
[7.8, which may be applied since the reduction g is at most four-dimensional.

Therefore, it remains the case that g is of nilpotency class two and of di-
mension four. Recall that then C'g is an isotropic ideal in (g,w). Therefore,
if dim C'g =2 we can put a = C'g. We thus assume now that dim C'g = 1.
As remarked above, q preserves the ortohogonal (C'g)t~. Therefore, (g,w)
reduces to a two-dimensional symplectic vector space (Vs,w) and q, as well
as g, act on V5. The pull back a of any g- and g-invariant Lagrangian sub-
space in V5 will be a g-invariant ideal in g. Since V5 is two-dimensional, and
the algebra of endomorphisms of V5, which is generated by q and g, is nilpo-
tent, such a subspace clearly exists. This shows that a exists if g is two-step
nilpotent and of dimension four. O

We now prove:

Theorem 9.6. Let (g,w) be a three step nilpotent symplectic Lie algebra
of dimension less than or equal to eight. Then (g,w) admits a Lagrangian
ideal a which contains C?%g.

Proof. By Theorem B3] Lagrangian ideals always exist if g is two-step nilpo-
tent. We may thus assume from the beginning that g is of class three.
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For the construction of a, we reduce now (g,w) by the central ideal C?%g
to a symplectic Lie algebra (g,w). (In a class three nilpotent symplectic Lie
algebra C?g is isotropic by 2. of Proposition [8.21)

Assume first that dim C?g is at least two. Then the reduction g is at
most four-dimensional, since dimg < 8, and g is two-step nilpotent. In this
case, the existence of a is ensured by Proposition [0.5

Therefore, we can assume now that C?g is one-dimensional. This means
that we may choose an isotropic decomposition

g= ()eWe(C?%g.

Moreover, in the view of Theorem [.11], it suffices to consider the case that the
reduction g is of class two (and not abelian). Let ¢ = ad{; be the derivation
on g which is induced by the reduction. Clearly, ¢? = 0. Similarly, we have
©g S Z(g). We need to construct a p-invariant Lagrangian ideal a in (g,w).
(As usual, its pullback to g is the required Lagrangian ideal a in (g,w).)

If the commutator C'g has dimension three, a = C''g is such an invariant
Lagrangian ideal, since dimg = 6. If this is not the case, reduction with
respect to C'g gives a (now at most four-dimensional) symplectic abelian
Lie algebra (g’,w) = (V,w). Note that (g’,w) has an induced action of ¢,
since g c Z(g) < (C'g)t~. Moreover, any Lagrangian subspace a’ of (V,w),
which is invariant by ¢, will pull back to a ¢-invariant Lagrangian ideal a in
(g,w). The existence of such a’ is guaranteed by Lemma [[.7]

This finishes the proof. O
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