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Abstract

In this article we endow the group of bisections of a Lie groupoid with compact base with a natural
locally convex Lie group structure. Moreover, we develop thoroughly the connection to the algebra of
sections of the associated Lie algebroid and show for a large class of Lie groupoids that their groups of
bisections are regular in the sense of Milnor.
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The underlying idea is not new per se, statements like “...the group of (local) bisections is a (local) Lie
group whose Lie algebra is given by the sections of the associated Lie algebroid...” can be found at many
places in the literature. In fact it depends on the setting of generalised manifolds that one uses, whether or
not this statement is a triviality or a theorem. For instance, if the category of smooth spaces in which one
works is cartesian closed and has finite limits, then the bisections are automatically a group object in this
category and the only difficulty might be to calculate its Lie algebra. This applies for instance to diffeological
spaces, where it follows from elementary theory that the bisections of a diffeological groupoid are naturally a
diffeological group!. Another such setting comes from (higher) smooth topoi. See for instance [Sch13, FRS13a]
for a generalisation of bisections to higher groupoids and [FRS13b] for a construction of the corresponding
infinitesimal L.-algebra. Moreover, in synthetic differential geometry the derivation of the Lie algebra of the
group of bisections can also be done formally [Nis06].

What we aim for in this paper is a natural locally convex Lie group structure on the group of bisections,
which is not covered by the settings and approaches mentioned above. What comes closest to this aim are
the results from [Ryb02], where a group structure in the “convenient setting of global analysis” is established.
However, the results of the present paper are much stronger and more general than the ones from [Ryb02]
in various respects, which we now line out. First of all, we work throughout in the locally convex setting
[Nee06, G1602, Mil84] for infinite-dimensional manifolds. The locally convex setting has the advantage that it
is compatible with the underlying topological framework. In particular, smooth maps and differentials of those
are automatically continuous. This will become important in the geometric applications that we have in mind
(work in progress). Secondly, we not only construct a Lie group structure on the bisections, but also relate it
to (and in fact derive it from) the canonical smooth structure on manifolds of mappings. Thus one is able to
identify many naturally occurring maps as smooth maps. For instance, the natural action of the bisections on
the arrow manifold is smooth, which allows for an elegant identification of the Lie bracket on the associated
Lie algebra. The latter then gives rise to a natural isomorphism between the functors that naturally arise in
this context, namely the (bi)section functors and the Lie functors. This is the third important feature of this
paper. The last contribution of this paper is that we prove that the bisections are in fact a regular Lie group
for all Banach-Lie groupoids.

On the debit side, one should say that the exhaustive usage of smooth structures on mapping spaces forces
us to work throughout with locally metrisable manifolds and over compact bases, although parts of our results
should be valid in greater generality. Moreover, the proof of regularity is quite technical, which is the reason
for deferring several details of it to a separate section. To say it once more, the results are not surprising in
any respect, it is the coherence of all these concepts that is the biggest value of the paper.

We now go into some more detail and explain the main results. Suppose G = (G = M) is a Lie groupoid.
This means that G, M are smooth manifolds, equipped with submersions a, 5: G — M and an associative and
smooth multiplication G x4 g G — G that admits a smooth identity map 1: M — G and a smooth inversion
t: G — G. Then the bisections Bis(G) of G are the sections o: M — G of a such that Soo is a diffeomorphism
of M. This becomes a group with respect to

(ocx7)(x) :=0((BoT)(x))r(x) for x € M.

Our main tool to construct a Lie group structure on the group of bisections are certain local additions on the
space of arrows G. This is generally the tool one needs on the target manifold to understand smooth structures
on mapping spaces (see [Mic80, KM97, Wocl3] or Appendix A). We require that the local addition on G is
adapted to the source projection a, i.e. it restricts to a local addition on each fibre a=!(z) for z € M. If the
groupoid G admits such an addition, we deduce the following (Theorem 2.8):

Theorem A. Suppose G = (G = M) is a locally convex and locally metrisable Lie groupoid with M compact.
If G admits an adapted local addition, then the group Bis(G) is a submanifold of C°>°(M, Q). With this structure,
Bis(G) is a locally convex Lie group modelled on a metrisable space. [

LA natural diffeology on the bisections of a diffeological groupoid would be the subspace diffeology of the functional diffeology
on the space of smooth maps from the objects to the arrows.
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After having constructed the Lie group structure on Bis(G) we show that a large variety of Lie groupoids
admit adapted local additions, including all finite-dimensional Lie groupoids, all Banach Lie-groupoids with
smoothly paracompact M and all locally trivial Lie groupoids with locally exponential vertex group.

We then determine the Lie algebra associated to Bis(G). Our investigation shows that the Lie algebra
is closely connected to the Lie algebroid associated to the Lie groupoid. Explicitly, Theorem 3.4 may be
subsumed as follows.

Theorem B. Suppose G is a Lie groupoid which satisfies the assumptions of Theorem A. Then the Lie algebra
of the Lie group Bis(G) is naturally isomorphic (as a topological Lie algebra) to the Lie algebra of sections of
the Lie algebroid associated to G, endowed with the negative of the usual bracket. [

After this we briefly discuss some perspectives for further research. We then investigate regularity properties
of the Lie group Bis(G). To this end, recall the notion of regularity for Lie groups:

Let H be a Lie group modelled on a locally convex space, with identity element 1, and r € Ng U {oo}. We
use the tangent map of the right translation py: H — H, x — xh by h € H to define v.h := Typp(v) € T, H
for v € T1(H) =: L(H). Following [Dah12] and [G15612], H is called C"-regular if for each C"-curve 7: [0,1] —
L(H) the initial value problem

(1)
has a (necessarily unique) C"*!-solution Evol(y) :=n: [0,1] — H, and the map
evol: C"([0,1],L(H)) — H, ~~— Evol(y)(1)

is smooth. If H is C"-regular and r < s, then H is also C*-regular. A C*-regular Lie group H is called
regular (in the sense of Milnor) — a property first defined in [Mil84]. Every finite dimensional Lie group is
CP-regular (cf. [Nee06]). Several important results in infinite-dimensional Lie theory are only available for
regular Lie groups (see [Mil84], [Nee06], [Gl612], cf. also [KM97] and the references therein). We prove the
following result (Theorems 4.1 and 4.5):

Theorem C. Let G = (G = M) be a Lie groupoid that admits a local addition and has compact space of
objects M. Suppose either that G is a Banach-manifold or that G is locally trivial with locally exponential and
CF¥-regular vertexr group. Then the Lie group Bis(G) is C*-regular for each k € Nog U {oco}. In particular, the
group Bis(G) is regular in the sense of Milnor. m

Note that all assumptions that we will impose throughout this paper are satisfied for finite-dimensional Lie
groupoids over compact manifolds. For this case, the above theorems may be subsumed as follows:

Theorem D. If G = (G = M) is a finite-dimensional Lie groupoid with compact M, then Bis(G) is a
regqular Fréchet-Lie group modelled on the space of sections T'(L(G)) of the Lie algebroid L(G). Moreover,
the Lie bracket on T'(L(G)) induced from the Lie group structure on Bis(G) is the negative of the Lie bracket
underlying L(G). m

1 Locally convex Lie groupoids and Lie groups

In this section we recall the Lie theoretic notions and conventions that we are using in this paper. We refer to
[Mac05] for an introduction to (finite-dimensional) Lie groupoids and the associated group of bisections. The
notation for Lie groupoids and their structural maps also follows [Mac05]. However, we do not restrict our
attention to finite dimensional Lie groupoids. Hence, we have to augment the usual definitions with several
comments. Note that we will work all the time over a fixed base manifold M.

1.1. Let G = (G = M) be a groupoid over M with source projection a: G — M and target projection
B: G — M. Then G is a (locally convex and locally metrisable) Lie groupoid over M? if

2See Appendix A for references on differential calculus in locally convex spaces.
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e the objects M and the arrows G are locally convex and locally metrisable manifolds,

e the smooth structure turns a and 3 into surjective submersions, i.e., they are locally projections®

e the partial multiplication m: G' X g G — G, the object inclusion 1: M — G and the inversion ¢: G = G
are smooth. -

The group of bisections Bis(G) of G is given as the set of sections 0: M — G of « such that foo: M — M is
a diffeomorphism. This is a group with respect to

(cx7)(x) :=0c((BoT)(x))r(x) for x € M. (2)
The object inclusion 1: M — G is then the neutral element and the inverse element of o is

o (z) == 1(o((Boo) ! (x))) for z € M. (3)

Remark 1.2.  a) The definition of bisection is not symmetric with respect to « and 5. This lack of symme-
try can be avoided by defining a bisection as a set (see [Mac05, p. 23]). This point of view is important
for instance in Poisson geometry, where one wants to restrict the image of bisection to be Lagrangian
submanifolds in a symplectic groupoid [Ryb01, Xu97]. However, we will not need this point of view in
the present article.

b) Each bisection o gives rise to a left-translation L,: G — G, g+ o(8(g))g. The map
(Bis(G),*) — (Diff(G),0),0 — L,

induces a group isomorphism onto the subgroup of all left translations (cf. [Mac05, p. 22]). Similarly we
could identify the bisections with right translations on G

¢) The group of bisections naturally acts on the arrows by

v: Bis(G) x G — G, (¢, 9) = Ly(g) = ¥(8(9))g

(in fact, the group structure on Bis(G) is derived from this action, see [Mac05, §1.4] or [SW99, §15.3]).
This action will play an important roéle when computing the Lie algebra of the Lie group of bisections in
Section 3.

d) The group Bis(G) depends functorially on G in the following way. Suppose H = (H = M) is another Lie
groupoid over M and that f: G — H is a morphism of Lie groupoids over M, i.e., it is a smooth functor
f: G — H which is the identity on the objects f o1lg = 1%. Then there is an induced morphism of the
groups of bisections
Bis(f): Bis(G) — Bis(H), o+ foo.

If K is another Lie groupoid over M and g: H — K another morphism, then we clearly have Bis(go f) =
Bis(g) o Bis(f). Lie groupoids over M, together with their morphisms form a category LieGroupoids,,.
We can thus interpret Bis as a functor

Bis: LieGroupoids,; — Groups. (4)

e) From G = (G = M) we can construct a new Lie groupoid TG := (T'G = T'M). This has the surjective
submersions T« and T8 as source and target projections, T'1 as object inclusion and 7' as inversion.

In order to define the multiplication we first have to identify T(G X, G) with TG X7qa,rs G. To this
end we first recall that G x4 g G is the submanifold {(a,b) € G x G | a(a) = B(b)} of G x G. We may

3This implies in particular that the occurring fibre-products are submanifolds of the direct products, see [Woc13, Appendix

al.
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thus identify T(G X 4,5 G) via the isomorphism T'(G x G) =2 T'G x TG with a subset of TG x TG. Now
we claim that

T(GXa5G)={(z,y) e TGxTG |Ta(x) =TBy)} =TG Xrars TG (5)

as subsets (and thus as submanifolds) of TG x TG. Note that the statement is a local one (we just have
to find representing smooth curves), meaning that we may assume G and M to be diffeomorphic to open
subsets U @ X and V @ Y for locally convex spaces X and Y. Since a and § are submersions we can
also assume that X = Z x Y, that U = W x V, that @« = 8 = pry and that there are diffeomorphisms
p: WxV —=>WxVand ¥: V=V that make

G WXV -2 aWxVe—a

Pl
= P =
M V |4 M

commute. In particular, we have ¢(w,v) = (p1(w,v),9(v)). By composing ¢ with the diffeomorphism
(z,y) — (2,971 (y)) we may assume that 1) is the identity. For the inner square we then have

TW XV Xprypr, W x V) ={((w, z,v,y), (w', 2", v",y") e W x ZxV x Y)2 |v=1"and y =y'}.

Since T pry = pry X pry one sees that for the inner square we also have

T(W X V) prrquPTQ T(W X V) = {((’LU,Z,’U,y), (wlazlvvlay/)) € (W X Z X V X Y)2 | v = vl and y= y/}

This shows that both sides in (5) are actually the same. We thus may set
T‘LL: TG XTa, T8 TG — G

with respect this identification. One can easily check that yields in fact a new Lie groupoid T'G. [

We now recall the construction of the Lie algebroid associated to a Lie groupoid.

1.3. We consider the subset TG = (J ¢ Tya~a(g) of TG. Note that for all 2 € TG the definition implies
Ta(r) = 0qg) € Tag)M, i.e. fibre-wise we have T;*G = ker Tya. Since « is a submersion, the same is true
for Ta. Computing in submersion charts, the kernel of Tyo is a direct summand of the model space of T'G.
Furthermore, the submersion charts of T« yield submanifold charts for TG whence T“G becomes a split
submanifold of T'G. Restricting the projection of T'G, we thus obtain a subbundle 7, : T“G — G of the
tangent bundle T'G. [

1.4. We now recall the construction of the Lie algebroid L(G) associated to a Lie groupoid G. The vector
bundle underlying L(G) is the pullback 1*T*G of the bundle T*G via the embedding 1: M — G. We denote
this bundle also by L(G) — M. The anchor ar,g): L(G) — T'M is the composite of the morphisms

L(G) » T°G = TG 25 TM

To describe the Lie bracket on I'(L(G)) we need some notation: Let g be an element of G. We define the
smooth map R,: a=*(B(g)) — G, h — hg. A vertical vector field Y € I'(T*G) is called right-invariant if for
all (h,g) € G x4, G the equation Y (hg) = Th(R,)(Y (h)) holds. We denote the Lie subalgebra of all right
invariant vector fields on G by I'’(T*G). Then [Mac05, Corollary 3.5.4] shows that the assignment

T(L(G) - T/(T°G), X~ X, with X(g) =T(R,)(X(8(g))) (6)

is an isomorphism of C°°(G)-modules. Its inverse is given by I'?(T*G) — I'(L(G)), X — X o1. Now we define
the Lie bracket on I'(L(G)) via
- [XZ 7} ol. (7)

Then the Lie algebroid L(G) of G is the vector bundle L(G) — M together with the bracket [, -] from (7) and
the anchor ay,(g)- (]
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1.5. To fully describe the Lie functor on Lie groupoids, suppose that H = (H = M) is another Lie groupoid
over M and that f: G — H is a smooth functor satisfying f o 1g = 1y. Then Tf(T*G) C T*H and from
Jolg =1y it follows that T'f induces a morphism 157G — 13, T7“H of vector bundles. This morphism is in
fact a morphism of Lie algebroids [Mac05, Proposition 3.5.10], which we denote by L(f): L(G) — L(#). In
total, this defines the Lie functor

L: LieGroupoids,; — LieAlgebroids,,. (]

We now turn to the Lie functor defined on the category of locally convex Lie groups (cf. [Nee06, Mil84]).

1.6. Let H be a locally convex Lie group, i.e., a locally convex manifold which is a group such that the group
operations are smooth. The Lie algebra L(H) of H is the tangent space 71 H endowed with a suitable Lie
bracket [-,-] (cf. [Nee06, Definition IT1.5], [Mil84, §5]). To obtain the bracket, we identify 71 H with the Lie
algebra of left invariant vector fields I'*(H). Each element X € Ty H extends to a (unique) left invariant vector
field

X e T(TH) via X*h) =TI\ (X).

Here )\, is the left translation in H by the element h. Similarly, to X there corresponds a unique right invariant
vector field X”. Since the bracket of left invariant vector fields is left invariant and the bracket of right invariant
vector fields is right invariant there are now two ways of endowing 77 H with a Lie bracket. The convention
here is to define the bracket T1 H via left invariant vector field. Thus X — X A becomes an isomorphism of
Lie algebras and X — X? becomes an anti-isomorphism of Lie algebras, i.e., we have —[X,Y]? = [X? Y 7]
([Mil84, Assertion 5.6]). L]

1.7. Suppose H, H' are locally convex Lie groups and f: H — H’ is a smooth group homomorphism. Then
Tif: TiH — T1H' is a continuous and linear map which preserves the Lie bracket. This defines the morphism
L(f): L(H) — L(H’) of topological Lie algebras associated to f. In total, we obtain this way the Lie functor

L: LieGroups — LieAlgebras. [

Warning. FEach Lie group H gives rise to a Lie groupoid (H = x) over the point * and each Lie algebra b
gives rise to a Lie algebroid  — *. However, with the above convention the Lie algebroid L(H) — * is not
isomorphic to the Lie algebroid L(H = x). It rather is anti isomorphic. This is an annoying but unavoidable
fact if one wants to stick to the usual and natural conventions. [

We will now line out one main example that will be developed throughout the text to illustrate our results.

Example 1.8. Let 7: P — M be a principal H-bundle. Then the gauge groupoid P;IP = M is defined as
follows. The manifold of objects is M and the manifold of arrows is the quotient of P x P by the diagonal
action of H. We denote by (p, ¢) the equivalence class of (p,q) in (P x P)/H.

For later reference we recall the construction of charts for £X£. In order to obtain manifold charts for
(P x P)/H, let (U;)ier be an open cover of M such that there exist smooth local sections o;: U; — P of 7.
This yields an atlas (U;, k;)ier of local trivialisations of the bundle 7: P — M which are given by

kit m H(U;) = Ui x Hy  p (w(p), 6(0i(m(p)), p))

with 6: P x, P — H, (p,q) — p~'-q. Here we use p~! - q as the suggestive notation for the element in h € H

that satisfies p.h = ¢ (whereas p~! alone has in general no meaning).
The local trivialisations commute with the right H-action on P since

wi(p-h) = (x(p-h),6(0i(w(p-h)),p-h) = (x(p), (oi(m(p)), p) - h-
In particular, the trivialisations descent to manifold charts for the arrow manifold of the gauge groupoid:

P N (Ui) x 7 1(U;)

i i = Ui xUj x H,  (p1,p2) — (w(p1), 7(p2), 6(0i(m(p1)), p1)8 (05 (w(p2)), p2) ).
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One then easily checks that a({p,q)) := 7(p), 8((p, q)) := 7(q), 1(z) = {os(x), 0:(z)) if x € U; and
m((p, q), (v, w)) := {p,w - 5(v, q))

complete the definition of a Lie groupoid.

The associated Lie algebroid is naturally isomorphic to the Atiyah algebroid TP/H — M. If we identify
sections of TP/H — M with right-invariant vector fields on P, then the bracket is the usual bracket of vector
fields on P and the anchor is induced by T'w. To see that this is naturally isomorphic to L(% = M) itis a
little more convenient to identify M with the submanifold % via the diffeomorphism % = % = M. Here,
AP denotes the diagonal AP C P x P. Then we have a({p,q)) = (p,p), 8({p,q)) = (¢,q). Consequently,

ToLxP — 0pxTP 51 thus we have the natural isomorphism

H H
PxP PxP TP
L(— ") = 22 WX IPL s ppig
H H |ar H ar
H H
of vector bundles over M. One easily checks that this is in fact a morphism of Lie algebroids. [

2 The Lie group structure on the bisections

It is the task of this section to lift the functor from (4) to a functor that takes values in locally convex Lie
groups. Our main technical tool for understanding the Lie group structure on Bis(G) will be local additions
(cf. Definition A.4) which respect to the fibres of a submersion. This is an adaptation of the construction of
manifold structures on mapping spaces [Wocl3, KM97, Mic80] (see also Appendix A). In particular, special
cases of our constructions are covered by [Mic80, Chapter 10], but we aim here at a greater generality. In the
end, we will have to restrict the functor from (4) to those Lie groupoids that admit such a local addition.

Definition 2.1. (cf. [Mic80, 10.6]) Let s: Q@ — N be a surjective submersion. Then a local addition adapted
to s is a local addition X: U @ T'Q — @ such that the fibres of s are additively closed with respect to X, i.e.
Y(vg) € s71(s(q)) for all ¢ € Q and v, € Tys™*(s(q)) (note that s7!(s(g)) is a submanifold of Q). "

We will mostly be interested in local addition which respect the source projection of a Lie groupoid.

Lemma 2.2. IfG = (G = M) is a Lie groupoid with a local addition adapted to the source projection «, then
there exists a local addition adapted to the target projection f3.

Proof. Let ¥: U @ TG — G be a local addition adapted to a. Recall that the inversion map t: G — G
is a diffeomorphism. Hence the tangent Tt is a diffeomorphism mapping the zero-section in T'G to itself. In
particular, Tw(U) is an open neighbourhood of the zero-section in T'G. Define X°?: Tw(U) @ TG — G via
¥ =, 0 ¥ 0Tt and observe that X°P(0,) = g holds for all g € G. Now X being a local addition implies that
(7o), 2%): Te(U) @ TG — G x G induces a diffeomorphism onto an open neighbourhood of the diagonal,
whence X°P is a local addition. To prove that X°P is adapted to 3 we use that ¢ intertwines o and 3, i.e.
B = aor. Thus ¢ maps each submanifold 371(8(g)) to a~*(8(g)) and thus Tw(T,8~(8(g))) = T, *(B(g)).
As ¥ is adapted to «a, we can deduce easily from these facts that X°P is adapted to 3. [

Remark 2.3. Exchanging the role of a and § in the proof of Lemma 2.2, we see that a local addition adapted
to the source projection exists if and only if a local addition adapted to the target projection exists. [

Definition 2.4. We say that that a Lie groupoid G = (G = M) admits an adapted local addition if G admits
a local addition which is adapted to the source projection « (or, equivalently, to the target projection 3). We
denote the full subcategory of LieGroupoids,, of Lie groupoids over M that admit an adapted local addition
by LieGroupoids]XQ. [

In the following, all manifolds of smooth mappings are endowed with the smooth compact-open topology
from A.6 and the manifold structure from Theorem A.8. If a Lie groupoid admits an adapted local addition,
then we can prove the following result. Note that if the manifold G x G admits tubular neighbourhoods for
embedded submanifolds, then the assertion of the next lemma is a special case of [Mic80, Proposition 10.8].
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Lemma 2.5. Suppose K is a compact manifold and G = (G = M) is a Lie groupoid which admits an adapted
local addition ¥. Then C*°(K,G x5 G) is a submanifold of C*°(K,G x G).

Proof. Since a is a submersion the fibre product G x,, g G is a split submanifold of G x G. By Lemma 2.2 G
admits a local addition ¥ adapted to « and a local addition X°P adapted to 8. We will identify T(G xq4,5 G)
with TG X71a.75 TG as in Remark 1.2 ). Then we obtain a local addition P := ¥ x X°P on T(G x G).
Since ¥ is adapted to a and X°P is adapted to 3, the local addition ¥P*9 restricts to a local addition on the
submanifold G x, g G (i.e. the submanifold is additively closed).

Now let g € C®°(K,G Xqo,3G) C C®(K,G x G). We consider the chart (Ogy, p,) for g on C*(K,G x G)
which is induced by P4, As G X3 G is additively closed with respect to »Prod we derive the condition:

fE€C®(K,G xapG) N0y« 04(f) = (mraxa), N g, f) € T(¢"T(G xa,5 G))

Notice that the linear subspace I'(¢*T (G x4, G)) is closed. This follows from the continuity of the point
evaluations evy,: I'(¢*T(G x GQ)) = T(G x G), f — f(z) (cf. [AS12, Proposition 3.20]): As the vector subspace
Ty(G Xqa,3 G) is complemented (thus closed) for all y € G X4, G, we can write I'(¢*T(G Xqa,3 G)) as an
intersection of closed subspaces (), ¢ (Thac9) © €va) ™ (Ty(2)G Xa,s G). Thus the canonical chart restricts
to a submanifold chart ¢,: Oy NC®(K,G Xa0,3G) = T(¢*T(G x5 G)) CT(¢*T(G x G)). n

We now use adapted local additions to endow the sections of a submersion with a smooth manifold struc-
ture.

Proposition 2.6. Let N be a locally convex and locally metrisable manifold and K be a compact manifold.
Furthermore, let s: N — K be a submersion. If there exists a local addition ¥: U @ TN — N adapted to s,
then the set

'K < N):={0€C®K,N)|soo=idg}

is a submanifold of C*= (K, N). Furthermore, the model space of an open neighbourhood of o € T(K <= N) is
the closed subspace
E,:={yeT(c"TN) |Vx € K, v(x) € Tg(z)sfl(x)}

of all vertical sections in T'(c*TN).

Proof. Endow C*°(K, N) with the manifold structure from Theorem A.8.b) constructed with respect to the
local addition ¥ that is adapted to s. We claim that for a section ¢ of the submersion s the canonical charts
(¢0,05) of C*(K,N) from A.8.a) define submanifold charts for T'(K <> N). To see this, consider g € O, and
recall p,(g) = (mrn, %) 1 o (0,g). Since the local addition ¥ is adapted to s, the formula for ¢, shows that

geT(K < N)YNO, & p,(9) € E, NC®(K,U),

where U @ T'N is as is Theorem A.8. For z € K we define the evaluation map ev,: I'(c*TN) — T'N, f — f(x).
It is easy to see that the evaluation maps are continuous, since they are continuous in each chart (cf. [AS12,
Proposition 3.20]). The vector subspace E, C I'(¢*TN) is thus closed as an intersection of closed subspaces
Es = Nyex ((mpyo)oeve) H(Tiyys~ ' (2)). In particular, ¢, is a submanifold chart and the assertion follows.m

Remark 2.7. In certain cases the submanifold T'(K < N) constructed in Proposition 2.6 will be a split
submanifold of C°°(K, N). For example this will happen if N is a finite dimensional manifold (see [Mic80,
Proposition 10.10]). The same proof carries over to the following slightly more general setting: If N is
a manifold such that for each embedded submanifold ¥ C N there exists a tubular neighbourhood, then
(K < N) is a split submanifold of C*(K, N). u

Using this manifold structure we can finally prove the first main result of this paper.
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Theorem 2.8. Suppose M is compact and G = (G = M) is a locally convex and locally metrisable Lie
groupoid over M which admits an adapted local addition. Then Bis(G) is a submanifold of C>°(M,G) (with the
manifold structure from Theorem A.8). Moreover, the induced manifold structure and the group multiplication

(0x7)(2) == o((BoT)())7(2) for z € M

turn Bis(G) into a Lie group modelled on
By :={y € C®(M,TG) |Vx € M, ~(x) € Ty, s *(z)}. m

Note that Fj is in fact isomorphic to the space of sections of the Lie algebroid L(G) associated to G. It
will be the content of Section 3 to analyse this isomorphism and show that it is natural and respects the Lie
bracket (up to a sign).

Proof (of Theorem 2.8). In Proposition 2.6 we endowed the space of sections I'(M <= G) with the structure
of a submanifold of C°°(M, G). Observe that by Theorem A.8 e) the map

C*(M,G) = C>*(M,M), [ fof

is smooth, and so is its restriction 8, to I'(M <= G). Recall from [Mic80, Corollary 5.7] that the subset of all
diffeomorphisms Diff (M) C C°°(M, M) is open. By construction Bis(G) = (3.) "} (Diff (M)) is thus an open
submanifold of T'(M <> G), and thus also a submanifold of C> (M, G).

As T'(M <& @) is locally metrisable by Proposition 2.6, so is Bis(G). Thus all we have to show is that the
group operations (2) and (3) of the group of bisections are smooth with respect to the submanifold structure.
We begin with the group multiplication.

By Theorem A.8 e) the maps f,: Bis(G) — Diff (M) and m.: C°(M,G xq,3G) = C*°(M,G) are smooth.
Furthermore, by Theorem A.8 f) the composition Comp: C*(M,G) x C>°(M,M) — C*°(M,G) is smooth.
Hence for o, 7 € Bis(G) the map

p: Bis(G)? — C*(M,G)?,(0,7) = (¢ 0 Bor,7) = (Comp(e, B.(7)), 7)
is smooth. Let A: M — M x M be the diagonal map. The canonical identification
h: C%(M,G)* = C*(M,G x G), (f,9) = (f.g) 0 A.

is a diffeomorphism by an argument analogous to [Mic80, Proposition 10.5]. Indeed, the proof carries over
verbatim to our setting of infinite dimensional locally convex manifolds since G admits a local addition.
Observe that the map h oy takes its image in the submanifold C*° (M, G X4, G) (cf. Lemma 2.5). Hence we
can rewrite the multiplication formula (2) for o, 7 € Bis(G) as a composition of smooth maps:

oxT=(0coBoT)-T=msohopu(oT).

In conclusion the group multiplication is smooth with respect to the manifold structure on Bis(G).

We are left to prove that inversion in Bis(G) is smooth. To this end let us recall the formula (3) for the
inverse of o € Bis(G):

07! = (00 (Boo)™!)! = 1. Comp(, (B.(0))7)

Here ¢: G — G is the inversion in the groupoid, whence t,: C*°(M,G) — C*(M,G) is smooth by Theorem
A.8 e). Furthermore, ., maps Bis(G) into the open submanifold Diff (M). Inversion of 5.(o) in (3) is thus
inversion in the group Diff(M). The group Diff (M) is a Lie group with respect to the open submanifold
structure induced by C°°(M, M) (see [Mic80, Theorem 11.11]). We conclude from (3) that inversion in the
group Bis(G) is smooth and thus Bis(G) is a Lie group. m

Proposition 2.9. Suppose G = (G = M) and H = (H = M) are Lie groupoids over the compact manifold
M and that G and H admit an adapted local addition. If then f: G — H is a morphism of Lie groupoids over
M, then

Bis(f): Bis(G) — Bis(H), o~ foo

is a smooth morphism of Lie groups.
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Proof. The map f.: C°(M,G) — C>°(M,H), v+ f o~ is smooth by Theorem A.8 e). Thus its restriction
to the submanifold T'(M <= G) and in there to the open subset Bis(G) is smooth. That it is a group
homomorphism follows directly from the definition. [

Remark 2.10. Suppose M is a compact manifold. Then we consider the full subcategory LieGroupoidsE of
LieGroupoids;,; whose objects are locally convex and locally metrisable Lie groupoids with object space M that
admit an adapted local addition. Then the results of this section show that Bis may be regarded as a functor

Bis: LieGroupoids]z\Z — LieGroups,
where LieGroups denotes the category of locally convex Lie groups. [

Proposition 2.11. Under the assumptions from Theorem 2.8, the natural action
v: Bis(G) x G = G, (¢,9) = ¥(B(9))9-
is smooth, as well as the restriction of this action to the a-fibre
Ym: Bis(G) x a”H(m) = a7 (m), (1, 9) = $(B(g))g
for each m € M.

Proof. The action v is given as the composition (¢, g) = m(ev(y, 5(g)),g) for (¢, g) € Bis(G) x G. Here
ev: Bis(G) x M — G is the canonical evaluation map, which is smooth by A.8 d). Thus the action « is smooth
as a composition of smooth maps.

From a(v¥(8(g))g) = a(g) it follows that the action v preserves the a-fibres. Since « is a submersion,
a~!(m) is a submanifold. Consequently, the action restricted to a~!(m) is also smooth. u

We will now give examples for Lie groupoids which admit an adapted local addition. Hence the following
classes of Lie groupoids we can apply the previous results of this section to.

Proposition 2.12. Suppose G = (G = M) is a Lie groupoid such that G, M are Banach manifolds and M
admits smooth partitions of unity. Then G admits an adapted local addition.

The statement suggest similarities to [Ryb02, Proposition 3.2]. However, the difference between [Ryb02,
Proposition 3.2] and the previous proposition is that we will construct an adapted local addition on all of G,
whereas in [Ryb02, Proposition 3.2] a local addition is only constructed on a neighbourhood of M in G. This
allows us to view Bis(G) as a submanifold of C>°(M,G) and to use the known results on mapping spaces,
rather than constructing an auxiliary manifold structure on Bis(G).

Proof (of Proposition 2.12). We first recall some concepts from [Lan95, §IV.3]. Suppose X is an arbitrary
Banach manifold and write mrx: TX — X for the projection of the tangent bundle. Then a vector field
TX — T(TX)on TX is said to be of second order if

T(mrx)(F(v)) =v (8)

holds for all v € TX. For each s € R we denote by spx: TX — TX the vector bundle morphism which
is given in each fibre by multiplication with s. With this notion fixed we define a second order vector field
F:TX —T(TX) to be a spray if

F(s-v) =T(srx)(s - F(v)) 9)

holds for all s € R and all v € TX. For each v € T X there exists a unique integral curve g, of F' with initial
condition v. The subset W C T'X such that 3, is defined on [0, 1] is an open neighbourhood of the zero section
in TX. Then the ezponential map of F is defined to be

expp: W —= X, v~ mrx(8,(1)).
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The restriction of expp to T, X is for each € X a local diffeomorphism at 0,. By the Inverse Function
Theorem there exists U, @ TX NW with 0, € U, such that (7 X exp F)lUI is a diffeomorphism onto its image.
Consequently, we obtain a local addition

YNp:U:=UgexU, = X, v+ expp(v).

Thus sprays are the key to constructing local additions on Banach manifolds. We now assume that this
manifold is the manifold of arrows of the Lie groupoid (G = M). For the rest of this proof we identify
M with the submanifold 1(M) of G and TM with the submanifold T1(TM) of TG. There exists a spray
F:TM — T(TM) on M by [Lan95, Theorem IV.3.1]. With respect to the mentioned identifications, we may
interpret F as a section of TT*TG|,,, — TM that satisfies (8) and (9) for all v € TM and all s € R.

We now want to extend this spray by right translation. To this end, recall from Remark 1.2 e) that
TG = (TG = TM) is also a Lie groupoid, where we take the tangent maps at all levels.

Claim: The vertical right-invariant extension ?: TG — TT*TG of F is a spray satisfying
F(v) € TT*TG for all v € TG.
We first establish (8) for all v € TG. To this end we compute

T(rr6)(F (v)) = T(rr6) (TR, (F(TB(v)))) = T(rre o Tm)(F(TB(v)),0,)
=T(mormraxre)(F(TB(v)),0,) = Tm(Trra(F(TS1w))),v) = Tm(TS(v),v) = v,

where we have used Trrg(F(TB(v))) = TS(v) since TS(v) € TM, that T5(v) is an identity in (TG = TM)
and that

TG XTea, TS TG TL} TG

TTGx TGJ/ lﬂ'TC

GXapG@—"—G
commutes. That (9) holds for all s € R and all v € T'G follows from the linearity of the tangent maps on each
tangent space and the equality Ry, o st = s7g © Ry, which imply
?(s ) =TRs,(F(TB(s-v))) =TRsy(F(s-TBW))) = TRsy(Tsrc(s- F(TH(v))))
=Tspq(TRy(s- F(TS(v)))) = Tsra(s - TR, (F(TB(w)))) =Tsra(s- ?(v))

Claim: The local addition X% constructed from ? is adapted to the source projection a.

Suppose f,: [0,1] = TG is an integral curve for 7. By definition we have

a(%z () = a(rra(Bu(1))) = mrm (Ta(By(1)))-

Thus it suffices by [Lan95, Proposition 2.11] to check that Ta o 3,: [0,1] — T'M is an integral curve for the
zero vector field. The latter is in fact the case since we have

(TaoB,) (t) = T (Ta(B,(t) =T | Ta( F(B.(t)) ) | =0.
€ker Tg, (n Tax

Putting these two proven claims together establishes the proof of the proposition. [

Remark 2.13. Let G = (G = M) be a locally trivial Lie groupoid, i.e., one for which (8,a): G - M x M is a
surjective submersion. Then G is equivalent over M to the gauge groupoid of a principal bundle (the argument
from [Mac05, §1.3] carries verbatim over to our more general setting). Thus the following proposition implies
that each locally trivial Lie groupoid with locally exponential vertex group and finite-dimensional space of
objects admits a local addition. [
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Proposition 2.14. Let w: P — M be a principal H-bundle with finite-dimensional base M and locally expo-
nential structure group H. Then the associated gauge groupoid P;IP = M admits an adapted local addition.

Proof. We begin with the construction of a local addition for the Lie group H. As H is locally exponential,
the exponential map expy: L(H) — H restricts to a diffeomorphism on a zero-neighbourhood. Fix a convex
zero-neighbourhood W @ L(H) = T.H (the tangent space at the identity e € H) together with an identity-
neighbourhood V' @ H such that 1 := (expy [{;;) "' V — W becomes a manifold chart for H. By construction
this chart satisfies the following properties:

a) P(e) =0
b) If x € V and for k € H the product kzk~! is also contained in V, then ¢(kxk~!) = Ad(k)()(x)) holds.
Here Ad: H — Aut(L(H)) is the adjoint representation of H on its Lie-algebra.

Let my be the group multiplication in H and A, = my(h,-), pn = mu(-,h) for h € H. The tangent bundle
T'H of the Lie group H admits the following trivialisation ®: H xT.H — TH, (h,V) = h.V = 0,-V = TAp(V).
Hence W := ®(H x W) is an open neighbourhood of the zero-section in TH. We define a smooth map

Yp: W — H, Y (h.V):i=h-expy(V),

which obviously satisfies Xz (0,) = h for all h € H. The inverse to (h.V) — (h,Xg(h.V)) is given by
(h,h') = hap(h~'h') and thus Xp is a local addition. Moreover, the local addition X is left-invariant and
right-invariant, i.e. for h € H, V4 € W and V4 € Tp;,-1 (W) we have

Suh Vi) =h-Xg (V1) (10)
by definition and, if V5 € Ty, H,

Y (Va.h) = S ((R'h(Wh) 1) Va.h) = Wh-expy(Ad(h™ 1) (W ™1 Va)) = Whh ™ expy (B ™1 V0) - h

= %5 (Va) - h. ()

We use the local addition on H to construct the desired local addition on the gauge groupoid £ flp = M.
We will use the notation introduced in Example 1.8 for the gauge groupoid. To simplify the notation,
define vy, ,, := 8(oi(m(p1),p1))d(ci(m(p2)), p2) "1, set U;; := U; NU; and denote by kj;: U;j — H the smooth

map z — (0 (z),0;(x)).

Construction of the local addition in charts: Fix ¢ € I and let X;: TM — M be a local addition for
M. Since M is finite dimensional a globally defined local addition always exists by [KM97, p. 441]. For i € I
we set W; = E;}(Ui) NTU; and V; := 7wy, (W;). Then V; is open in U; and W; is an open neighbourhood
of the zero-section in T'V;. By making the indexing set I larger and shrinking U; if necessary we may assume
that (V;);er is still an open cover of M.

We now now want to use similar trivialisations as in Example 1.8 for the gauge groupoid of the principal
TH-bundle Tw: TP — TM. In order to obtain trivialisations with a slightly more specialised property, we
proceed as follows. Since V; C Uj;, for the open cover (T'V;);c; there exist the local sections To;: TV; — TP
of T'w. Now choose a connection on TP, which we interpret as a decomposition TP = TV P & § of the tangent
bundle of P into the vertical bundle T"P := ker(T'w) and an H-equivariant horizontal complement. The
existence of such a connection is ensured by the smooth paracompactness of the base T'M by constructing a
connection on T'P |TV1_ and patching them together with a partition of unity. From this we obtain the projection
72 TP — §, which is a morphism of vector bundles over TM. Consequently, &; := 72 o To;: TV; — TP is
another system of sections of T'r. From this we deduce for v, € T'V; N T'V; the formula

i(vz) = 7 (vs) - Kji (),
since 7;(v;;) and (v ) are both horizontal tangent vectors in T, ()P and T, (. P respectively. If we denote
as in Example 1.8 the trivialisations associated to the sections o; by

— Tr Y TV;) x Tr~Y(TV;
Ticy: LT (Vz)quﬂ (TVj)

—TV; x TV; x TH,
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then the associated chart changes are given by

o~ —1
TKijoTKpn :TVixTV;xTH —TVp x TV, x TH, (Ve Vy, Vi) 5 (Ve Viy ks () - Vi = e () 1),

Here the product in the third component is the product in the tangent group TH. Now we can define a smooth
map

3

— 1 - —
Eij:TKij (‘/iX‘/jXW)g)Kij(UiXUjXH), Eij = K;lo(ZMXEMXZH)OTKZ‘j. (12)

By construction J?I?ij(()(pgﬂ = (0x(p)» Ox(g)5 O, .., ) holds for (p,q) in the domain of Kj;. Since ¥j and X g
are local additions, for all such (p, q) we obtain X;;(0, 4y) = (P, q)-

Claim: For i,j,m,n € I the maps Y;; and %,,, coincide on the intersection of their domains.
Assume that the intersection P"mi;%" of the domains of K;; and K, is non-empty. Let (p, ¢) be an element
of @ with z := 7(p) and y := 7(q). We will show that for V, ,y € T@ﬁ@% Ndom ¥;; N dom X, the
mappings ¥;; and X,,, yield the same image. The image Z?I/(ij(‘/(pﬂ)) = (Va, Vi, Vo, ) € TiVign X Ty Vi X
T,, H is related to the image under TK mn via the formula

TKmn(Wp,q)) = (V:m Vya kml(x) : V'Yp,q : knj (9)71) (13)

The change of charts formula (13) shows that the first two components of the image are invariant under change
of charts. By definition of the maps ¥;; and X,,,, the two maps coincide in these components since they are
just a restriction of the map X 5;. We compute now a formula for the third component of K,,, o Emn(‘/(pm),
which is given by (13), (12), (11) and (10) by

St (kmi () - Vo, - knj () ™1 = kmi(2) Sa (Vs hng (y) "

We can thus conclude 3 (Vi g)) = Smn(Vip,g))- As the smooth maps Yij, (i,7) € I? coincide on the intersec-
tion of their domains, we obtain a well-defined smooth map

P x P

YGan U dom ¥y gT(

(i,5)€1?

> %G, VHZ”(V) lfVEdOmE”

Claim: Y., is a local addition adapted to the source projection: By construction gy is defined
on an open neighbourhood of the zero-section. The local additions ¥ ); and ¥z do not depend on the chart Kj;.
Using this fact, an easy computation in charts shows that (7, rxr |U(- Jer2 dom By YGau) is a diffeomorphism

H Z

xXP PLHP. We conclude that Yaay, is a local addition.

onto an open neighbourhood of the diagonal in PT
Recall that the source projection of the gauge groupoid PEP is the mapping a: PEP — M, {(p,q) — 7(q).
Computing in the chart K;; we see that « is just the projection onto the second factor of the product.

Hence the kernel of T'a at a point (p,q) in this chart is the subspace of elements Vi, o € T@y@% with

pry of?{ij (Vip.ay) = Ox(q)- The local addition Xps satisfies Xp7(0r(g)) = 7(q). By construction, this implies
Ygau(ker Ty oy Ter) € w1 (w(g)). Summing up, the local addition Yqay is adapted to the source projection. m

Remark 2.15. The same argument as in the previous proof shows that under the same assumptions the

associated Lie group bundle % — M has an adapted local addition. In fact, £ IX_IH = M may be considered

as the arrow manifold of the subgroupoid Px—hf}fp = M (with equal source and target projection) of £ :IP = M,

and the local addition constructed in the previous proof restricts to a local addition on this submanifold with
the desired properties. [

Example 2.16. For a principal H-bundle 7: P — M with locally exponential structure group H and compact

M we thus obtain a Lie group structure on Bis(£ EP ). Moreover, the natural map

B.: Bis (%) — Diff(M)
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is smooth by Theorem A.8 e). Its kernel is the group of bisections Bis(PX—I}fP) of the associated Lie group

bundle. The latter is a submanifold of Bis(£X£) since the adapted local addition on £X£ used in the
PxXuP
H

construction of the manifold structure on Bis(Z ;IP ) restricts to an adapted local addition on

thus the corresponding carts for the manifold structure on Bis(£3£) yield submanifold charts for Bis(

In total, we have a sequence of Lie groups

Bis (M) — Bis (P;;P) — im(Bs). (14)

, and
PX]\/[P)
H .

H

In fact, we get this sequence if we start with an arbitrary locally trivial Lie groupoid [Mac05, p. 130] (or
in finite dimensions, equivalently with a Lie groupoid whose base is connected and whose Lie algebroid is
transitive [Mac05, Corollary 3.5.18]).

We will now explain how to turn this sequence into an extension of Lie groups, i.e., into a locally trivial
bundle. To this end it suffices to construct a smooth section of 8, on some identity neighbourhood of Diff (M).
This then implies in particular that im(S,) is an open subgroup of Diff (M).

Recall the notation from Example 1.8. We choose a finite subcover Uy, ..., U, of the trivialising cover
(Ui)ier. From Theorem A.8 a) recall the chart

Pid Oiq —)F(M(—TM)QCOO(M,U)

of Diff (M), where U denotes the domain of a local addition ¥: U @ TM — M. Observe that o' (h)(z) =
o1t (W) (z) if h(x) = B’ (z) follows from the construction of ;4. We now choose a partition of unity A;: M — R
with supp()\;) C U;. For f € Oiq we then have that

si(f) = @i (1 + e+ Aim1) - ia(F) 7 o i (An + e+ i) - @ia ()
defines a smooth map s;: Oiqg — Diff (M). Moreover, we have s;(f)(z) = x if ¢ supp(\;), since
(A1 + -+ A1) - pia(H)) (@) = (A + o+ A) - @ia(f)) () for @ ¢ supp(Xi).
In addition, s1(f) o ... 0 s,(f) = f follows directly from the definition (see also [HT03, Proposition 1]).
With the aid of the chart

w1 (U) x 71 (U))
H

Kiji %UZ‘XU]'XH

we then define the bisection

Pl (ZL',y) > {le((x’ SJ(f)(y)ae)) if (;C,y) (= Ui X U_j

Sii(f): M x M — ————,
](f) o 1(z,y) — Kigl(x,y,e) else.

This defines a smooth map since s;(f)(z) = = if x ¢ supp();) and M x (M \ supp(};)) is open in M x M.

Moreover,

P xP
sij: Oia — Bis <%) o fersi(f)

is smooth by Theorem A.8 e). From S o Kigl = pry we infer 8.(5;;(f)) = s;(f) and thus

O — Bis (PHLP) e F(f) % ek ()

is a smooth section of 3., where * is the product (2). This turns (14) into an extension of Lie groups.
We now identify Bis (P EP ) with the group of bundle automorphism of P via the group isomorphism

Aut(P) - Bis (PHLP) C Fes (o (ou(m), floi(m)) if z € U).
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Under this isomorphism the subgroup Bis(%) maps to the group of gauge transformations Gau(P). If we

denote by Diff (M )[p] = im(53«) the open subgroup of diffeomorphisms of M that lift to bundle automorphisms,
then we obtain the well-known extension of Lie groups

Gau(P) — Aut(P) — Diff(M)p
from [Woc07]. Moreover, the natural action

Aut(P) x P — P, (f,p)+~ f(p)

is smooth with respect to this identification, since it can be identified (non-canonically) with the action of

Bis(£%L) on the a-fibre a1 (m) = £=xL =~ P for each m € M. "

3 The Lie algebra of the group of bisections

In this section the Lie algebra of the Lie group Bis(G) is computed for a Lie groupoid G = (G =% M).
Throughout this section G denotes a locally convex and locally metrisable Lie groupoid with compact space of
objects M that admits an adapted local addition.

It will turn out that the Lie algebra of the group of bisections is naturally (anti-) isomorphic to the Lie
algebra of sections of the Lie algebroid L(G) associated to G (see Section 1 for the corresponding notions).
Before we compute the bracket, let us identify the tangent space T3 Bis(G).

Remark 3.1. By construction Bis(G) is an open submanifold of T'(M <> G). We first analyse the space
T1C>(M,G). This is by Theorem A.9 isomorphic to the space I'(1*T'G), the isomorphism given by restricting
the vector bundle isomorphism

Barg: TC(M,G) — C(M,TG), [t n(t)] o (m s [t 7 (t, m)])

to T1C*°(M, G). Here we have identified tangent vectors in C°°(M, G) with equivalence classes [n] of smooth
curves 1: |—e,e[ = C°(M, Q) for some & > 0 [Nee06, Definition 1.3.3]. This isomorphism maps T1C (M, G)
onto

{f e C(M,TG) | f(m) € Th,,G for all m € M},

and the latter space is naturally isomorphic to T'(1*T'G). If we restrict in C°°(M,G) to the submanifold
I'(M <= G), then this isomorphism maps T} (T'(M <= G)) onto

{feC>®(M,TG) | f(m) € T G for allm e M},

which in turn is naturally isomorphic to I'(L(G)). In the sequel we will denote by

pg: T Bis(G) = L(Bis(G)) = T(1"T*G) = T'(L(G)). (15)
the resulting isomorphism. [
Following some preparations, we will prove in Theorem 3.4 that the Lie algebra bracket [-,-] on T3 Bis(G)

is, with respect to the isomorphism ¢g, the negative of the bracket of the Lie algebroid associated to G. To
compute the Lie bracket on 7) Bis(G) we adapt an idea of Milnor. In [Mil84, p. 1041] a natural action of
the diffeomorphism group was used to compute the Lie bracket of its Lie algebra. In the present context we
exploit the natural action of the group of bisections via left-translations on the manifold of arrows G from
Remark 1.2 c).
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Proposition 3.2. Let X be an element of T Bis(G) and denote by 0 the zero-section in I'(T'G). Then the
vector fields pg ) (cf. (6) and (15)) and X x 0 are y-related, i.e. the diagram

commutes.

Proof. To simplify computations we identify X with the equivalence class [n] of a smooth curve n: |—¢,e[ —
Bis(G) satisfying n(0) = 1 and 7/(0) = X. From Theorem A.8 d) we infer that n": ]—e,e[ x M — G,
(t,m) — n(t)(m) is smooth. Thus for each ¢ € Bis(G) we obtain the smooth map (py on)”. Evaluating in
(t,x) € |—e,e[ x M we obtain the formula

(py o) (t,2) = (0" (¢, ) x ¥)(z) = m(n"(t, B(¥(2))), (). (17)

Moreover, by definition of right invariant vector fields X”(¢)) = [t + py o 7"\ (t,-)] holds for each 1 € Bis(G).
We use the above facts to compute for (¢, g) € Bis(G) x G

pe(X)0r(,9) = pa(X)m®(B(9)),9) L TRoniuis().09s(X) B (B(9)), 9)))
= TRu(u(8(g)),0) 25 (X) (B (B(9)))) = [t = m(m(n"(t, B(¥(B(9)))), ¥(6(9))): 9)]

D 1t mlpy o (t, 8(9)),9)] = [t = Y(py o1 (t,-), 9)]
= Ty(XP(1),0,) = Ty o (X x 0)(1), ).

Hence (16) commutes and the assertion follows. ]

3.3. Before phrasing the main result of this section we introduce the following notation. If we fix a manifold
M and consider the category LieAlgebroids,, of locally convex Lie algebroids over M, then taking sections
gives rise to a functor

I': LieAlgebroids,, — LieAlgebras.

Likewise, there is the functor
—I': LieAlgebroids,;, — LieAlgebras

which assigns to a Lie algebroid its Lie algebra of sections, but with the negative Lie bracket on it. [

Theorem 3.4. Let M be a compact manifold and G = (G = M) be a locally convex Lie groupoid admitting
an adapted local addition. Then the morphism of topological vector spaces

vg: L(Bis(9)) — T'(L(G))

from (15) is actually an anti-isomorphism of Lie algebras. Moreover, pg constitutes a natural isomorphism
fitting into the diagram
LieGroupoidsy; —=— LieAlgebroids,,
JBis / lr
LieGroups -t LieAlgebras,

of functors.
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Proof. Recall that the bracket on I'(L(G)) is induced from the isomorphism (6) with the right invariant
vector fields on G. In Proposition 3.2 we have seen that for X, Y € T} Bis(G) the right-invariant vector fields

©g(X) and g (V) are y-related to X# x 0 and Y7 x 0, respectively. Hence the Lie bracket [ X? x 0,Y? x 0] =
[X?,Y?] x 0 is y-related to the Lie bracket [(pg (X;, ©g (Y;}, i.e., we have

Toyo ([X7,Y?] x 0) = [pg(X), g (V)] 0 7.

From this we deduce

—pg([X,Y])(x) = —pg([X,Y])(12) = —pg([X, Y])(v(1, 12)) = Ty((=[X, Y]? x 0)(1, 1))

L6 o (X2, Y7 % 0)(1,12)) = [pa (X3, 0o (V51 ((1, 1)) = [ X ), 2o (V(1)

= [pe(X), e (V)] @).

Hence (7) implies that g is an anti-isomorphism.

To check that ¢g is natural, suppose H = (H = M) is another Lie groupoid over M admitting an
adapted local addition and f: G — H is a morphism. Then —T'(L(f)) is the induced map on sections
P(L(G)) — T(L(H)), &€ — Tfo& On the other hand, Bis(f) is the map Bis(G) — Bis(H), o — f oo.
The tangent map of f.: C*°(M,G) — C*(M,H), 0 — foo at 1 is given by Theorem A.9 by

Ti(f.): T(I*TG) —» T(I*TH), & Tfof (18)

with respect to the identifications T1C*(M,G) 2 T'(1*TG) and Th'C>*®(M,H) =2 T'(1*TH). Restricting the
latter isomorphism to vertical sections gives exactly the isomorphism pg and (18) gives the above formula for

—I(L(f))- =

Example 3.5. For the gauge groupoid PLHP = M of the principal H-bundle 7: P — M with locally expo-
nential structure group H we have the natural isomorphisms L(£X2 = M) = TP/H — M from Example

1.8. Thus the extension P P Pyp
Bis <%) < Bis <%)  im(B) (19)

of locally convex Lie groups from (14) gives rise via the latter isomorphism and the isomorphism from (15) to
the extension

I'(M « (T*P)/H) — (M «+ TP/H) — (M «+ TM)

of topological Lie algebras, where TV P := ker(T'7) denotes the vertical subalgebroid of TP/ H. This is of course
the extension of Lie algebras which is naturally associated to the Atiyah sequence TVP/H — TP/H — TM.m

3.6. For the following corollary, recall that a Lie algebroid A is called integrable if there is a Lie groupoid G
such that L(G) is isomorphic (over M) to A. In the same way, a Lie algebra § is called integrable if there is a
Lie group H such that L(H) is isomorphic to b. ]

Corollary 3.7. Suppose M is a compact manifold and A = (A — M,a,[-,-]) is a finite-dimensional Lie
algebroid over M. If A is integrable, then so is its algebra of sections (D'(M + A),[-,-]).

Question 3.8. The previous result is not a surprise. What is more interesting is the question about the
converse statement: suppose that a finite-dimensional Lie algebroid is not integrable, is then its algebra of
sections also not integrable? [

Remark 3.9. Note that the Lie algebras that arise here as the Lie algebras of Lie groups of bisections carry
more information that just the structure of a Lie algebra. In fact, the geometric structure that they have is
subsumed in the notion of a Lie-Rinehart algebra [Hue90, KSM90]. Thus a way to solve the above question
could be to create a theory of objects that are integrating Lie-Rinehart algebras on an algebraic level (something
that one might call Lie-Rinehart groups). To our best knowledge such a theory does not exist at the moment.m
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4 Regularity properties of the group of bisections

This section contains an investigation of regularity properties for the Lie group of bisections. Throughout this
section G denotes a locally convex and locally metrisable Lie groupoid with compact space of objects M that
admits an adapted local addition. Moreover, we identify throughout this section the Lie algebra L(Bis(G))
with —T'(L(G)) via the isomorphism ¢g from Theorem 3.4.

We will give two completely different proofs of the C*-regularity of Bis(G) in the case of a locally trivial
Lie groupoid and in the case of a Banach-Lie groupoid. While the argument in the locally continuous case is
geometric in nature (and rather elementary), the argument in the case of Banach-Lie groupoids is analytical.

Theorem 4.1. Let G = (G = M) be a Lie groupoid and k € NgU{oo}. Assume that G is a locally trivial Lie
groupoid with locally exponential and C*-reqular vertex group and compact M. Then the Lie group Bis(G) is
CF¥-regular. In particular, the Lie group Bis(G) is regular in the sense of Milnor.

Proof. First note that G is isomorphic over M to the gauge groupoid of a principal K-bundle P — M, where
K is the vertex group of G. So we may assume without loss of generality that G = (£ ;IP = M). We consider

the extension P P PP
Bis (&) — Bis ( :[ ) — im(Sy)

H

of Lie groups from Example 2.16. As explained in Example 2.16 the Lie group Bis (P A = ) is isomorphic to

the gauge group Gau(P). This isomorphism is even an isomorphism of locally metrisable Lie groups since it
maps smooth curves to smooth curves. From [Gl613] it now follows that Bis (%) is CF-regular, as well as
im(83.) (the latter is just an open subgroup of Diff(M)). Since C*-regularity is an extension property [NS12,

Appendix B] it follows that also Bis (P :IP ) is C*-regular, what we were after to show. (]

4.2. Let G be a Lie groupoid. Define the map
£:10,1] x G x C°([0,1], T(L(G)))e.o. = TG, (t,9:m) = TRen"(t,8(9)) = TRy (t)(B(9))-

This map makes sense, since (6) shows for fixed (t,71) € [0,1] x C°([0,1],T(L(G))) that f(t,-,n) is the right-
invariant vector field associated to n(t) and thus takes its values in T*G. We now consider the parameter
dependent initial value problem:

z(to) = go, (to,90) € 0,1] x G
To prove the regularity of Bis(G) we will study the flow of the differential equation. [
Recall the following definition of C™*-mappings from [AS12].

4.3. Let F1, Es and F be locally convex spaces, U and V open subsets of F; and Es, respectively, and
r,s € NoU{oo}. A mapping f: U x V — F is called a C™*-map if for all i, j € Ny such that i <r,j < s, the
iterated directional derivative

d(i’j)f(l‘,y, WyyeooyWiyUlye - ,’Uj) = (D(wi,O) s D(wl,O)D(O,vj) s -D(Oyvl)f)(x, y)
exists for all x € U,y € V,wy,...,w; € Eq1,v1,...,v; € Ey and yields continuous maps
dWDf:U XV x E x E} - F,
('r7ya Wiy, Wiy V1, - avj) = (D('Lui,()) T D(wl,O)D(O,'L}j) T D(O,’Ul)f)(‘r7y)'

One can extend the definition of C™*-maps to mappings on locally convex domains with dense interior (cf.
Definition A.2). In addition, there are chain rules for C"™*-mappings allowing us to naturally extend the notion
of C™*-maps to maps defined on products of locally convex manifolds with values in a locally convex manifold.m

For further results and details on the calculus of C™*-maps we refer to [AS12].
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Proposition 4.4.  a) The map f from 4.2 is of class C%° with respect to the splitting
0,1] % (G x CO([0, 11, '(L(G)))s.0.) and satisfies
f(t,g9,m) € TG for (t,g,m) € [0,1] x G x C°([0, 1], T(L(G)))-
Assume in addition that G is a Banach-manifold. Then the following holds:
b) There is a zero-neighbourhood Q @ T'(L(G)) such that for every (to,go,n) € [0,1] x G x C°([0,1],9)
the initial value problem (20) admits a unique mazimal solution i, g0n: [0,1] = G. Here we defined
)

C°([0,1],9) == {X € C°([0, 1], P(L(G)))| X ([0,1]) € @} € €°([0, 1], T(L(G)))c.o.-
Hence, we obtain the flow of (20) as

FI7:[0,1] x [0,1] x G x C°([0,1],Q) = G, (to,t,90,1) — Ptg.g0.m(1)-

¢) The map Flg = F17(0,): [0,1] x (G x C°([0,1],Q)) = G, (t,g,n) — FI(0,t,9,7) is of class C*>°.
d) Fiz (s,t,n) €[0,1] x [0,1] x C°([0,1], Q) then the map BoFV (s,t,-,n)ol: M — M is a diffeomorphism.

e) Fizne C°([0,1],9), then Hy: [0,1] x M — G, (t,z) — Flg(t, 1.,n) is a CYH*®-mapping which induces a
Ct-map
¢y [0,1] = Bis(G), t — FI (¢, -, ).
We postpone the rather technical proof of Proposition 4.4 to Section 5.

Theorem 4.5. Let G = (G = M) be a Lie groupoid and assume that G is a Banach manifold and that M is
compact. Then the Lie group Bis(G) is C*-reqular for each k € Ng U {oo}. In particular, the Lie group Bis(G)
is regular in the sense of Milnor.

Proof. Let Q @ I'(L(G)) = T1 Bis(G) = L(Bis(G)) be the zero-neighbourhood constructed in Proposition 4.4
b). Combine Proposition 4.4 ¢) and d) with Theorem A.8 d) to obtain a smooth map

evol: C°([0,1],9) — Bis(G), 1~ FIi(1,-,n) 01 =c¢,(1).

We claim that ¢, : [0,1] — Bis(G) is the product integral of n: [0,1] — Q C L(Bis(G)), i.e. it solves the initial
value problem (cf. (1))

V(@) =Tipyw (1) = n(t) (1)

7(0) =1
If this is true, then the proof can be completed as follows: For each n € C°([0,1],9) @ C°([0,1],T(L(G)))
there is a product integral and the evolution evol is smooth. Then Bis(G) is C%-regular by [Dah12, Proposition
1.3.10]. Since CO-regularity implies C*-regularity for all k > 0 the assertion follows.

Proof of the claim: Fix n € CY([0, 1], ) and observe that ¢, : [0,1] — Bis(G) is a C*-curve by Proposition
4.4 e). Furthermore, ¢,(0) = H,(0,-) = F1J(0,-,n)o1 = 1 € Bis(G). Let us now compute the derivative 2yt
for fixed ¢t € [0, 1]. To this end choose a smooth curve k: | — e, e[— Bis(G) (for some £ > 0) with k£(0) =1 and
E'(0) = n(t) € T1 Bis(G). Recall that ®ppq: TC®(M,G) — C°(M,TG),[t — h(t)] — (m — [t = B (t,m)])
is an isomorphism of vector bundles by Theorem A.9. Therefore, we can compute the derivative as follows:

%cn(t) = [s=e(t+9)) = <I>JT417G (m = [s Flg(t + 5,1, 77)])

(20) -
= ‘I)Ml,G (m = TRFl({(tJm,n)nA(ta5(Flg(ta Lin, 77))))
= @3 (M= TRepam o0 (1) 0 (Bo ) (b))
= Dl (m 5o Reggom o K (5,7) 0 o (t,m)] )
= @y (M s = ((pe,) 0 k) (s,m)]) = [s 0 e, vy © k(5)] = Tipe, 1y ([s = k(s)])
= Tipe,nn(t)
As t € [0,1] was arbitrary, ¢, is the product integral for n: [0,1] — L(Bis(G)). n
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5 Proof of Proposition 4.4

In this section we exhibit the technical proof of Proposition 4.4. Let us first recall its content:

5.1. a) The map f from 4.2 is of class C%°° with respect to the splitting [0, 1] x (G x C°([0,1], T(L(G)))c.0.)
and satisfies
ft,g,m) € TgG for (t,g,m) €[0,1] x G x C°([0,1],T(L(G))).
Assume in addition that G is a Banach-manifold. Then the following holds:

b) There is a zero-neighbourhood Q @ I'(L(G)) such that for every (to,g0,1) € [0,1] x G x C9([0,1],£)
the initial value problem (20) admits a unique maximal solution ¢y, g, [0,1] — G. Here we defined
C([0,1],9) == {X € C°([0,1], D(L(G)))| X ([0,1]) € 2} € C*([0, 1]; T(L(G)))c.o
Hence, we obtain the flow of (20) as

FI7: [0,1] x [0,1] x G x C°([0,1],Q) = G, (to,t, 90, 1) — Pto.g0.n(t)-

¢) The map FIf := F17(0,-): [0,1] x (G x C°([0,1],Q)) = G, (t,g,n) — FI7(0,t,g,7m) is of class C1:>.
d) Fix (s,t,m) € [0,1] x [0,1] x C°([0,1],9) then the map SoF1/ (s, t,-,n)o1: M — M is a diffeomorphism.

e) Fix n € C°([0,1],9), then H,: [0,1] x M — G, (t,z) — Flg(t, 1,,n) is a C1*°-mapping which induces a
C'-map
¢n: [0,1] = Bis(G), t — FIf (¢, -,n). .

Proof (of Proposition 4.4). a) To prove that f is a C%>-map, define first an auxiliary map
fO: [07 1] X M x CO([Oa 1]5 F(L(g)))co - Tan (ta €T, 77) = nA(tv'r) = n(t)('r)

We will first prove that fj is of class C%>° with respect to the splitting [0, 1] x (M x C"([0,1],T(L(G)))c.0.)-
To this end consider the evaluation maps evg: CY([0,1],T(L(G)))c.0o. % [0,1] = T(L(G)),evo(n,t) = n(t)
and év: I(L(G)) x M — T°G,ev(X,y) = X(y). Clearly fo(t,z,n) = évo (evo(n,t),g). Since evg is a
C°%map by [AS12, Proposition 3.20], a combination of the chain rules [AS12, Lemma 3.17 and Lemma
3.19] for C™*-mappings shows that fy will be C%°° if év is smooth. To see that év is smooth we compute
in bundle charts. Consider the vector bundle 7, : T“G — G and denote its typical fibre by E, We choose
a local trivialisation r: 7, (U,) — U, x E such that U, N 1(M) # (. By construction 1.4, the vector
bundle L(G) — M is the pullback bundle of TG over the embedding 1. Hence « induces the trivialisation
r: (Lxme) Y171 UR)) = 174U, x E,Y = (I*1a(Y), k(751(Y))) of L(G) — M. Shrinking U, we
may assume that W := 171(U,) is the domain of a manifold chart (¢, W) of M. Recall from [Woc13,
Proposition 7.3 and Lemma 5.5] that the map 6, : [(L(G)) — C*(¢(W),E), X — pryol*ko X o¢p~!
is continuous linear, whence smooth. We obtain a commutative diagram with smooth columns

S twe)

~ 7Ta
ev'F(L(g))XW 1

T(L(G)) x W
(9~,wxw)l
Co(W(W), E) x (W) —P2Y s

where ev: C®(p(W), E) x (W) — E, (A, x) — A(z) is the evaluation map. By [AS12, Proposition 3.20]
(which is applicable by [Wocl3, Lemma 5.3]) the map ev is smooth. Furthermore, the local trivialisation
k was chosen arbitrarily, the map €v is smooth and in conclusion fy is of class C%>.

We claim that the following diagram makes sense and commutes:

[0,1] x G x C°([0, 1], T(L(G)))c.o. e
(ido, 1) X(B7idc)Xidcwo,u,r(ug))))l TT’” (21)

[0,1] x M x C([0, 1], D(L(G)))eo. X G —22% 5 TG 7015 TG
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Assume for a moment that the claim is true and (21) commutes. Then f is a C%*°-map by the chain
rules for C%°° mappings and smooth maps [AS12, Lemma 3.17 and Lemma 3.18]. By construction (see
4.2) the map f factors through the split submanifold T“G, whence assertion a) follows.

Proof of the claim: Fix (¢,g,7) € [0, 1]xGxC°([0,1],T(L(G))). Notice first that the composition makes
sense: By definition we have fo(¢, 8(g),n) = T{((g))G- Hence Ta(fo(t,B(g);m) = 0z = TB(0(g)).
In conclusion fy x 0 factors through T'G 14,13 TG. We are left to prove that (21) commutes. To see
this we will use the explicit formula for the multiplication in the tangent prolongation. However, since

fo takes its image only in tangent spaces over units in G, the formula simplifies (cf. [Mac05, Theorem
1.4.14, eq. (4)]) to

m(fo(t, B(g),1),0(g9)) = T(Ry)(fo(t, 5(9),n) — T(1)Ta(fo(t, B(g),n)) + 0(g)
=T(Ry)(n"(t.8(9))) — T()Te(fo(t, B(g),m))) = f(t,g,m).
=0(1(8(9))

In a) we have seen that f is a mapping of class C%°° such that for all g € G we have f(-, g,-) € T,G. Now
G is a smooth Banach-manifold by assumption and the map f satisfies the assumptions of [AS12, 5.12].
Hence [AS12, 5.12] yields for all choices (to,go,n) € [0,1] x G x C°([0,1],T(L(G))) a unique maximal
solution @iy go.n: Jto,90,n — G of (20) defined on some (relatively) open interval ty € Ji, g,.n C [0, 1]. We
claim that it is possible to construct an zero-neighbourhood Q @ I'(L(G)) such that for all (¢o,g0,7) €
[0,1] x G x C°([0,1],9) the maximal solution ¢, g, is defined on [0,1]. If this is true, then the flow
map F1/ is defined on [0,1] x [0,1] x (G x €°([0, 1], Q)).

Construction of 2: We construct the neighbourhood 2 via a local argument in charts. Let us thus fix
the following symbols for the rest of this proof:

e F'is the Banach-space on which G is modelled,
e F denotes the complemented subspace of F' on which T*G is modelled (cf. 1.3).

Step 1: Reduction to initial values in M. First recall that for t € Jy, 4., the following holds

0 (6
E(pto,goa”}(t) = f(t’ (Pto,go,n(t); 77) = TRtptO,gO,T,(t)n/\ (t’ B((pto,gom(t))) :) ﬁ(tpto,gom(t))' (22)

We conclude that ¢y, ¢, is an integral curve for the time-dependent right-invariant vector field
7 :[0,1] = DP(T°G),t — n(t). Arguing as in [Mac05, p. 132 3.6] we derive the following information

on the integral curves: Recall that n(t) is a-vertical for each ¢t € [0,1]. Thus (22) yields for gy €
G the equation o o ¢y, g,y = @(go). In particular, the integral curve through 14, restricts to a

mapping Jiy 1,0,0,.n — @ (B(90))- Thus ¢: Jig 1,,0,m = Gyt = Rgy © Ptg.14,,,m(t) is defined. A quick

computation shows that ¢(tp) = go and by (22) we derive %c(t) = n(t)(c(t)). This proves that c(t)
is the solution of (20) passing through gy at time 0. We conclude that it suffices to construct a zero-
neighbourhood 2 such that the solutions ¢4, 1, , are defined on [0, 1] for all (z,1) € M x C°([0,1],9).

Step 2: Integral curves on [0,1] for all initial values in a neighbourhood of xy € M. Fix zg € M. We
choose a submersion chart ky,: Uy, — Vz, C F for a whose domain contains 1,,. Then the tangent chart
T'ky, is a submersion chart for T'a, whence it restricts to the bundle 7, : TG — G and yields a bundle

YUysy) = Vi X E defined via T%,, = Tf<5350|vaco ?Uio)' We remark that 7%k,

induces a trivialisation of the pullback bundle L(G) — M. In the followmg we will identify L(G) — M
with the restriction of T*G to 1(M) and the fibres L(G), with 71" G. Under this identification the

pullback trivialisation is just the restriction of Tk, to 7, ' (1(M)).

trivialisation T %k, : 7,
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Note that the map 10 3 fixes units. Hence, by replacing U, with the open set U,, N (108) " (Uy,) 3 1u,
for each g € Uy, the unit 14, is also contained in U,,. Denote the (smooth) inclusion of E into F' by
IE. We define the map

hao: [0,1] % (Viy x C°([0,1], P(L(G)))c0.) = F, (t,2,m) = Ify 0 pry T “kigy 0 f(t, iz (x),m)  (23)

» Vg

which is of class C%* by the chain rules [AS12, Lemma 3.17 and Lemma 3.18 | and part (a). For later
use we record that for all X € n,1(U,,) C TG we have I o proy 0T %k, (X) = pry 0Tk, (X). Note that
since 10 B(U,,) C U,,, we can rewrite h,, (t,y,n) for fixed (¢,y) € [0,1] x V,, as

hzo (ta Y, 77) = Pry OTﬁmo © f(ta [i;(;l (y)a 77) = Pry OTﬁmo © TRK;UI(y) (77/\ (ta 6(5;01 (y))))
—_— —m—
67";1 (UIU )
= pry T gy 0 TR 1,y © Tt o T%ay (0" (1, B3, (1))
= pry 0T kg, © TR,«V;J () ° Ta’i;ol (K’Io(lﬁ(;{;&(y)))v proy T, (1" (¢, ﬂ(“;} )))))-

Hence we obtain for each y € V,, a continuous linear map

logy: B — F,lyy y(w) = pryoTky, o TR, 1, ° Ta’i;:(“mo(1ﬁ(n;[}(y)))vw)'
Set 20 = Kgy(la,). By Lemma 5.2 the assignment I, : Vg — L(E,F),y — ly, 4 is continuous. Hence
we obtain an open zg-neighbourhood W, C V;, such that supy,ew, [llzo,wlloy < Bzo = [[lzo,z llop + 1-
Now f is a submersion, whence an open map. We conclude from 6&;01 (z0) = a0 that o m;ol(Vmo)
is an open neighbourhood of zy. Choose a compact zg-neighbourhood A,, C 5(U,,) and note that
20 € (Bory ) 1 (A3,) @ Va,. Hence there is Ry, > 0 with Bag, (20) € W, N (B o k)" (AS))-

By Lemma 5.3 we can shrink R, and choose a zero-neighbourhood Ny @ I'(L(G)) such that the map hy,
is uniformly Lipschitz continuous in the Banach-space component on [0,1] x C°([0,1], No) % Bag,, (20)-

Fix v € Bg,, (20) and estimate the supremum of the norm of h,, on [0,1] x C°([0,1], No) x Bgr,_ (v).

By choice of v the ball Bg, (v) is contained in Bag, (20) € Wy,. Thus for all y € Br, (v) we have the
upper bound Bg, for |[lz,,y/[,,- We obtain an estimate the supremum of [|hq, (t,y, 1)l over (¢,y,7) €

[0,1] x C°(]0, 1], Ng) x Bg,, (v) as

Sup [|fa (5, Ml p < sup lag yllop [|Pra Ta o 0 (8 Brzy (W) 5
(t,y,m) (t,ym

le% A —1 (24)
< By, S |pro T Ky 0 0" (t, B(Koy W)))]| 5 -
t,y,m

By construction of Bag, (20) we have § o r;!(Bar, (20)) € As, and A,, is a compact subset of
171 (Uy,) € M. Now T%k,, restricts to a trivialisation of the pullback bundle L(G) — M (identified
with a subset of T*G). Recall that A, is a compact set. Hence for each open set O C E by definition of
the compact open topology and Definition A.6 the set | A,,, O] :={f € C°(B(Us,), E) | f(Az,) C O}
is open in C*°(B(Uy,,), E). Let res: T(L(G)) — F(L(g)|ﬁ(UIO)),f — fls(w,,)- Then a combination of
[Wocl3, Lemma 5.5] with Theorem A.7 implies that

o R, o _
Sup. [pr o7y 0 X (1) < } — ((r2 o) o105) (B 0))
T

YyEAL, Bag

D= {X e I'(L(G))

is an open neighbourhood of the zero-section in I'(L(G)).

Define Qg := D N Ny. Clearly Qp G I'(L(G)) is a zero-neighbourhood and C°([0,1],€0) is open in
C°(10,1],T(L(G)))c.o.. From (24) we derive that for all v € Bg, (20) and n € C°([0,1],2,) the estimate:

sup Hhﬂﬂo (t’ Y, 77)||F < RZO (25)
(t,yaﬁ)E[OJ]XBRmO (U)XCU([Ovl]vﬂwo)
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We will now solve the initial value problem (20) for fixed 5 € C°([0,1], 2,) and (to,v) € [0, 1] x B, (20):

{ %C(ﬁ) - hzo (ta C(t), 77)’ (26)

c(to) = v.

From the argument above, we know that hy,(-,7): [0,1] X Bag, (20) — F satisfies a uniform Lipschitz

condition in the Banach space component (i.e. in Bag, (20)). In addition, (25) shows that for all

n € C°([0,1],9Q4,) we obtain M := SUD (¢ 0)e[0,1]x By (o) |hao (B, 2,0 p < Razy. Observe that RA}’U > 1.

Now a combination of [Ama90, 7.4 Local Existence and Uniqueness Theorem] with [Ama90, Remark 7.10
(a)] shows that the initial value problem (26) admits a unique solution ¢y, : [0,1] = Bg, (v). * Tt is

easy to see that k! o ¢y vy 18 just the integral curve Promzl( whence this curve must exist on [0, 1].

v),m’
Hence for all (to,y,n) € [0,1] X ko (Br,, (20)) x C°([0,1],9y4,) the initial value problem (20) admits a

unique solution ¢y, 4, on [0, 1]. Finally we remark that ., (Br,, (20)) is an open neighbourhood of 1.

Step 3: Define Q. We construct for each € M as in Step 2 an open neighbourhood N, C G of = and
a zero-neighbourhood 2, @ I'(L(G)). By construction the solution ¢, .., of (20) exists on [0, 1] for all
(to,y,n) € [0,1] x M x CY([0,1],9Q,). Since M is compact, there is a finite set x1,...,7, € M,n € N
such that G,y C J;c;c,, Na;- Then Q := (.., s, is an open zero-neighbourhood in I'(L(G))). By
construction for all (to,z,n) € [0,1] x M x C°([0, 1], ) the solution ¢y, 1,., of (20) exists on [0, 1].

Let 7 € NgU{oo}. For nn € C9(]0, 1], Q) we derive from (b) that the integral curves for (20) exist on [0, 1].
From (a) we know that f is of class C%°°. Hence [AS12, Proposition 5.13] implies that for fixed to € [0, 1]
the map F1/ (to,-): [0,1] x (G x C°([0,1], ['(L(G)))c..) — G is a mapping of class C1>. Specialising to
to = 0 we see that Flg is of class C'1*°,

Fix n € C°([0,1],T(L(G))) and s,t € [0,1]. We have to prove that ¥, ; := o Fl/(s,t,-,n) o 1: M — M
is a diffeomorphism. The map ¥ ; is smooth as a composition of smooth mappings. We claim that the
inverse of Wy, is given by W; , := o Flf(t, s,+,m) o 1. To see this recall the following properties of the
flow for to,tl,tQ S [0, 1]

Fl (t1,t0,-,n) o FIf (to, t1,-,n) = FI¥ (tg, ta,-,n) and  FU (tg,to,-,n) = ida() (27)
V(h,g) € G Xq,8G, by (b) and (c) Step 1: R, o Flf(to,tl, h,n) = Flf(to,tl, -, n) o Ry(h) (28)

Furthermore, we observe for g € G that R;' = R,-1. Hence for x € M a combination of (27) and (28)

yields Rgllf(t7s,1m,n)(11) = Flf(sa t, 777) ° Rgllf(t,&hnm) © Flf(ta Sy 77)(11) = Flf(S,t, * n)(lﬁ(Flf(t,s,lx,n)))'
Together with B(R4(h)) = S(h) for all (h,g) € G x4, G, the last observation enables the following

computation:

z=p(s)=BoRny .,y 1a) =BoF (st moRyy, | oF(t s, n)(ls)

= BoFl (s,t,-,n)oloBoFll(t,s,-n)(1l,) =T, 00, (2)
Interchanging the roles of ¥y, and ¥, , we see that indeed \I/;tl =V, and ¥y, is a diffecomorphism.

The map 1: M — G is smooth. Thus the chain rule [AS12, Lemma 3.17] and (c¢) show that
H, = Fl£(~,77) oidjg,;) x1 is a CH*-map. From (22) and step 1 in (a) we infer oo ¢, () = idps. Then a
combination of [G1612, 1.7] and (d) shows that ¢,(t) € Bis(G) and thus ¢, : [0,1] — Bis(G) makes sense.

To see that ¢, is continuous, recall from Definition A.6 that the topology on C*° (M, G) is initial with
respect to the family (7": C®(M,G) — C(T"M, T"G)c.o., f = T" f)nen,- Now Bis(G) is an embedded

4Note that the proof of [Ama90, 7.4] for infinite-dimensional Banach spaces requires a uniform Lipschitz condition on all of
Bag,, (z0) (cf. [Ama90, Remark 7.5 (b)]).
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submanifold whence the topology on Bis(G) is the subspace topology induced by C*°(M,G). Clearly
¢y will be continuous if for all n € Ny the map 1™ o ¢, is continuous. Observe that c,AI = H,, and the
mapping H,: [0,1] x M — G is of class C»*°. For £ € T"M and ¢ € [0, 1] fixed, we obtain the formula
T, (t)(§) = T"H,(t,-)(&) (where we compute the tangent only with respect to the argument in M).
We compute locally to exploit the C**°-property of H,: Choose an open t-neighbourhood Uy @ [0, 1]
with inclusion i;: Uy < [0,1] and charts x of M and A of G such that A o H, o (iy X k) is defined. Then
we see (cf. [Wocl3, Lemma 5.3]) that

T"XNoT"Hy(t,") o T"k = T" (Ao Hy(t,") o k) = T" (Ao Hy(t,) o) x (dT™ (Ao Hy(t,") o k)). (29)

Denote by R* the model space of M and let f: R¥ O U — F be a smooth mapping from an open subset
into a locally convex space. Recall from [Gl602, p. 49] the following variant of the usual differential for
f:Setdf=f,d'f=df and d"f =d(d"'f): U x (RF)?"~1 — F. Note that by [Gl602, Lemma 1.14]
these differentials exist for any C°°-map f. Thus (29) shows that we can recursively split the tangent
into a product of derivatives d" (X o Hy(t,-) o k) composed with projections. Furthermore, the formula in
the proof of [G1602, Lemma 1.14] and the C"*-property of H,, show that d"(\ o H,(t,-) o k2) depends
continuously on ¢. In conclusion, 7" H,,: [0,1] xT"M — T"G, (t,&) — T™H,(t,-)(£) is continuous. The
manifold M is finite dimensional and so is T""M for all n € Ny. In particular, 7" M is locally compact
for n € Ny and we derive from [Eng89, Theorem 3.4.1] that T"c,, = (T'®"H,,)" is continuous.

We will prove now that ¢, is of class C*. It suffices to prove that ¢, is locally of class C*. To do so fix
s € [0,1] and recall some facts from the construction of € in (b). The set Q was constructed with respect
to a finite family N; €@ G, 1 < i < n which satisfies:

(1) 1(M) € Uy<icn Ni

(ii) For each 1 < i < n there is a manifold chart k;: U; — V; C F, such that Flf((), 0,11 x M xC0([0,1],2)
takes its values in U; (cf. (b) Step 2). Moreover, k; is a submersion chart for «, whence
T := Tm|¥a U, TU; — U; x E is a trivialisation of T“G.

Set g := ¢y(s) € Bis(G). Recall from Proposition 2.6 the form of a manifold chart around g of Bis(G):
0g: Oy = ©4(0y) @ I'(g*T*G), where O, := {s € Bis(G) | Vo € M, (s(z),g(x)) € Q} for a a fixed
neighbourhood @ of the diagonal in N x N.

Consider the Ch*-mapping ¢ := H,: [0,1] x M — G. Then (gopry,c)): [0,1] x M — G x G is
continuous with {s} x M C (g o pry,c)~ (V) @ [0,1] x M. Hence there is a relatively open interval
s € Js C [0,1] such that ¢,(J5) € O,. We will prove that ¢4 0 ¢, Js — T'(¢*T*G) is C1. Note first
that ¢, (t) maps 17'(N;) @ M into the chart domain U; for all ¢ € J,. In particular, for z € 171(A}) the
compact set ¢ (Js x {z}) x {g(2)} is contained in V N (U; x Us). We apply Wallace Theorem [Eng89,
3.2.10] to obtain open neighbourhoods U. s, Vo @ G with ¢ (Js x{z})x{g(2)} C U. «xV. @ VN(U; xU;).
The set (c)))~*(U.,s) is an open neighbourhood of J, x {z} € [0,1] x 171(N;). Apply Wallace Theorem
again to find an open z-neighbourhood W, @ 171(A}) such that g(W,) C V, and J, x W, C (cﬁ)‘l(ULs).
By (i) the open sets (171(MN;))1<i<n cover M. Thus we repeat the construction of W, for all z € M.
By compactness of M, there are finitely many z;,1 < j < m such that M = U1<j<m W.,. For each
1 < j < m we choose k;; such that ¢, (Js x W) x g(W.,) C U, s x V.; CU;; x Uy;. Note that by (ii)
the trivialisations 7%k, of T*G induce an atlas of trivialisations for the bundle g*T*G. From [Wocl3,
Proposition 7.3] we recall that the topology of I'(¢*T*G) is initial with respect to

O:T'(¢"T*G) — H C*(W,,,E),0 +— pryoT %k, o 0'|sz

1<j<n

and that ® is a linear topological embedding with closed image. Thus ¢, o ¢,|;, will be of class C! if
and only if for each 1 < j < m the map pj o ® o pgocyly : J, = C°(W,,, E) is C'. Here p; is the
projection onto the j-th component of the product. The manifold W,, @ M is finite dimensional and
Js @ [0,1] is a locally convex subset with dense interior of R. We can thus apply the exponential law
for C1>°-maps [AS12, Theorem 4.6 (d)]: The map ¢, o ¢,|;, will be of class C* if and only if for each
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1 < j < m the map (pr; o® o, o0cyls,)": Js x W, — E is of class Ch>°. Let mo: TG — G be the
bundle projection and denote by X the local addition on G adapted to «. Using the description of the
chart ¢, we compute an explicit formula for (pr; o® o g o ¢yls,)":

(prjo® o @g 0 cyls,)" (t,2) = (pry Ty, © (10, X) " 0 (g, ¢9]1.))" (¢, @)
= (pra T, © (Ta, 2) 7" 0 (g, (1)) (7)) (30)
= pry Tk, o (Ta, E)*l o(go Pryy, c7A7|JSXij )(t, x)

Here Pryy, Jsx W, — W, is the canonical (smooth) projection. By construction of the open sets W,
the smooth mapping pry T%k; 0 (ma, X) "' o (idy._ , g) is defined on the product U., s x W,. Furthermore
c7A7|JSszj = Hn|JS><sz holds and thus C,,/;|JS><sz is of class C1*°. We have CQ(JS x W) € U, s.
Computing in local charts, the chain rule [AS12, Lemma 3.19] together with (30) implies that

(prjo® o @, 7.)" is a mapping of class C1>°. We conclude that c¢,|;,: Js — Bis(G) is of class C*,
whence the assertion follows. [

Lemma 5.2. In the situation of Proposition 4.4 b) denote by F the model space of G and by E the typical
fibre of T*G. Let k: U — V C F be a submersion chart for o such that for all g € U we have 1g,) € U.
Furthermore, we denote by T™k the trivialisation of the bundle TG obtained by restriction of Tk to T“G.
Then the map

I:V = L(E,F),y—1, withly(w)=pryoTko TR, -1, 0T (k(15(5-1(4))),w)
is continuous with respect to the operator-norm topology on L (E, F).

Proof. Before we tackle the continuity, we begin with some preliminaries: For each y € V, the element
(18(s(y)): £~ *(y)) is contained in the domain G x4 G of the groupoid multiplication m. Define the map
u:V = G xXap G,v = (Ige-1(0)), 67 1)), As G X453 G is a split submanifold of G x G (modelled on
a complemented subspace H of F' x F), the map w is smooth as a mapping into the submanifold. Note
that for all g € U the unit 14, is contained in U, whence u(V) C (U x U) N (G x4, G). It suffices to
check continuity of [ locally. To this end fix v € V. Let 7: U, — V. C F x F be a submanifold chart for
G Xqop G around u(v), i.e. 7(Ur N (G X3 G)) = V- N H and u(v) € U;. Shrinking U, we can assume that
m(U; N (G Xqa,3 G)) C U holds. We obtain an open v-neighbourhood W, := v~ (U;) C V C F such that
u(Wy) CUN((U xU) x (G xq,8G)). Now back to I: As explained in Proposition 4.4 a), we can rewrite the
formula for [ for all y € W, as follows

I(y) = pryoTk o Tm(Tk ™ (k(1p(n-1(y)),w), 0(k ™~ (1))
=pryoTko Tm(T ' x T ((k K(1g(e-1(y)))s @) (¥, 0))) (31)

)(("ﬁ(lﬂ(fifl(y)))’ w)(ya 0)))

The above formula shows that the map [ splits into several components. We exploit this splitting to prove
continuity of I|y,. First consider pry oT(komo7 Yy ny). The mapping komor |y qg: Vo NH — V is well-
defined and smooth. We see that pry oT'(komor v, am) = d(komor v, nu): (V;NH)x H — F. Since H
and F are Banach spaces, [Mil82, Lemma 2.10] implies that p: V,NH — L (H, F),y > d(komot |y nm)(y,")
is continuous.

Now we deal with T'7 o (T“s~! x Tk ~1): Recall that k: U — V C F is a chart for G and for the bundle
trivialisation we have T%k = Tk V,XIIEJU Hence T'r o (T%k~! x T*k~1) is the restriction of T(7o (k=1 x k71))
to the subset ((k x k((U x U)NU;)) x E x E). Again from [Mil82, Lemma 2.10] it follows that

=pryol(komor |y, am)(TTo (T " ><TO‘

¢ kX K(UxU)NUy) = L(F x F,Fx F),z—=d(tor™" X 67 cxnuxonv)) (@, )

is a continuous map. Let I% be the canonical (smooth) inclusion of E into F. Then for all z in the domain of
q we derive
q(z) o (I x Ig)(-) =pryT7o (TR~ x Tk 1)(a, ). (32)
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We define the canonical inclusion 15 *¥: E — Ex {0} C Ex F and note that (I5 x I5)oIE*F € L (E,F x F).
The Banach space H is a split subspace of ' x F. Hence the projection mpy: F' X ' — H is continuous.
The composition of continuous linear maps between Banach spaces is jointly continuous. Thus we obtain a
continuous map

2:kx k(U xU)NU,) = L(E,H),x+ mgoq(x)o(Ih x IE) o IE*E

Now for z € (U x U)NU; NG Xqap G we set (z1,22) := k X k(x) and let Y € E. Then the identity (32)
together with 7 being a submanifold chart for G x,,g G shows

q(z) o (I x If) o I B (Y) = pry Tur( T2k~ 1Y) x 0 yEH

w1 (z2)

GTGXTQVTBTG(i)T(GXang)

In particular, 2(z)(Y) = q(z) o (I5 x IE)(Y,0). With the help of (32) insert the mappings p and z into (31)
to derive for y € W, the identity

l(y) = p(r o uly)) o 2((k x &) o uly)) € L(E, F).
We conclude that |y, is continuous and the assertion of the Lemma follows. u

Lemma 5.3. Let hy,: [0,1] x Vi, x C°([0,1],['(L(G))) — F be the map defined in (23). Then there is an
open zero-neighbourhood Ny @ I'(L(G)) and & > 0 such that ha,|[0,1]xc0([0,1],No)x B. (o) 18 uniformly Lipschitz
continuous with respect to the Banach space component.

Here we define C°([0,1], No) = {n € C°([0,1], T(L(9))) | n([0,1]) € No} € C°([0,1], T(L(F)))c.o.-

Proof. Reordering the product on which h,, is defined, we identify h,, with a C%*°-mapping with respect to
the decomposition ([0,1] x C°([0,1],T(L(G)))c.0.) X Vi,- By [Ama90, Proposition 6.3] the map h,, is locally
Lipschitz continuous with respect to the Banach space component. Consider the constant map 0: [0,1] —
I'(L(G)) whose image is the zero section in T'(L(G)). Since [0,1] x {0} x {zo} is compact, there are finitely
many indices 1 <4 <n,n € N such that [0,1] = J,.,-,, Ji for J; @ [0,1] and the following holds:

For each 1 <4 < n there is U; @ C°([0,1],T(L(G))) and &; > 0 such that on J; x U; X B, (20) the mapping
hg, is Lipschitz continuous with respect to z € Bx, (2¢).

We let \; be the minimal Lipschitz constant for h,, on J; xU; x B, (29). Let P be a subbasis for the topology
of T(L(G)). Since [0,1] is compact, the sets C°([0,1], W) := {f € C°([0,1], T(L(G)))| ([0, 1]) € W} with W €
P form a subbasis of the compact-open topology on C°([0, 1], '(L(G))). Hence there are Wy,...W,, € P,m € N
such that C([0, ,Micjem Wi) = Micjcm CO([0,1], W) € Ny<s<n Ui is a O-neighbourhood. Define Ny :=
MNi<j<n Wj. Since 0 € C9(]0,1], Ny) and thus 0(1) = 0 € Ny holds, Ny @ T'(L(G)) is a zero-neighbourhood.

Now define L := maxj<i<p{\;} and e = mm%w We consider (t,n,z)(t,n,y) € [0,1]xC°([0, 1], No) x B<(20)
such that t € J;. From ||z —y|l; < e < § we derive ||y — 20l < ly —2lg + |2 — 20l < &. Thus
A (1, %) = hao (6,0,9) | < Aillz —yllp < Lz —yllp and L is a Lipschitz constant for h;, on [0,1] x

C°([0,1], No) x B:(0). In conclusion, h,, is uniformly Lipschitz continuous with respect to the Banach space
component. |

A Locally convex manifolds and spaces of smooth maps

In this appendix we collect the necessary background on the theory of manifolds that are modelled on locally
convex spaces and how spaces of smooth maps can be equipped with such a structure. Let us first recall some
basic facts concerning differential calculus in locally convex spaces. We follow [Gl602, BGNO04].

Definition A.1. Let E,F be locally convex spaces, U C FE be an open subset, f: U — F a map and
r € Ng U {oo}. If it exists, we define for (z,h) € U x E the directional derivative

df (x,h) := Dpf () := lim t =} (f(2 + th) — f(z)).
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We say that f is C" if the iterated directional derivatives
d(k)f(xayla s ayk) = (DykDyk—l U Dy1f)($)

exist for all k € Ng such that k < r, z € U and y1, ..., yr € F and define continuous maps d®) f: U x E¥ — F.
If fis C it is also called smooth. We abbreviate df := d) f.

From this definition of smooth map there is an associated concept of locally convex manifold, i.e., a
Hausdorff space that is locally homeomorphic to open subsets of locally convex spaces with smooth chart
changes. See [Wocl3, Nee06, G1602] for more details. ]

Definition A.2 (Differentials on non-open sets). a) A subset U of a locally convex space E is called
locally convez if every x € U has a convex neighbourhood V in U.

b) Let U C FE be a locally convex subset with dense interior and F' a locally convex space. A continuous
mapping f: U — F is called C" if f|yo: U° — F is C" and each of the maps d®)(f|yo): U° x E¥ — F
admits a continuous extension d®) f: U x EF — F (which is then necessarily unique). Analogously,
we say that a continuous map g: U — M to a smooth manifold M is of class C" if the tangent maps
T*(f|ye): U° x E2"=1 — T*M exist and admit a continuous extension T#f: U x E2"~1 — T*M. Note
that we defined C*-mappings on locally convex sets with dense interior in two ways for topological vector
spaces (when viewed as manifolds). However, by [Gl602, Lemma 1.14] both conditions yield the same
class of mappings. If U C R and g is C', we obtain a continuous map ¢’': U — TM, ¢'(z) := T,g(1). We
shall write 2 g(z) := ¢/(x). L]

Definition A.3. Let M be a smooth manifold. Then M is called Banach (or Fréchet) manifold if all its
modelling spaces are Banach (or Fréchet) spaces. The manifold M is called locally metrisable if the underlying
topological space is locally metrisable (equivalently if all modelling spaces of M are metrizable). It is called
metrizable if it is metrisable as a topological space (equivalently locally metrisable and paracompact). [

Definition A.4. Suppose M is a smooth manifold. Then a local addition on M is a smooth map ¥: U @
TM — M, defined on an open neighbourhood U of the submanifold M C T'M such that

a) mxXX: U — M x M, v (w(v),X(v)) is a diffeomorphism onto an open neighbourhood of the diagonal
AM C M x M and

b) ¥(0,,) = m for all m € M.
We say that M admits a local addition if there exist a local addition on M. [

Lemma A.5. (¢f. [Mic80, 10.11]) Suppose that ¥: U @ TM — M is a local addition on M and that
7: T(TM) — T(TM) is the canonical flip on T(TM). Then TXor: 7(TU) @ T(TM) — TM s a local
addition on T M. In particular, TM admits a local addition if M does so.

Proof. Let 0p;: M — T M denote the zero section of wpr: TM — M.
The diffeomorphism 7: T(TM) — T(TM) is locally given by (m,z,y,z) — (m,y,z,z) and makes the
diagrams

T(TM) —Z— T(TM) T(TM) —Z— T(TM)
Terl lﬂ'T]M and TOMT TOT]M

commute [Mic80, 1.19]. Then X o0y = idy implies that T'Y is defined on the open neighbourhood TU
of TON(TM) in T(TM) and satisfies T X 0T0p; = idpas. This implies that 7Y o7 is defined on the open
neighbourhood 7(TU) of Orp (T M). Tt satisfies T ot o Opp; = idpp and thus A.4 b) by construction.
Moreover, if mp; x ¥ is a diffeomorphism from U onto V'@ M x M, then T(mp x X) = (Trpy x TY) is a
diffeomorphism from TU onto TV @ T(M x M) = TM x TM. Thus (mpy x T X o7) is a diffeomorphism
from 7(TU) onto TV. This establishes A.4 a). ]
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Definition A.6. Let M, N be smooth manifolds. Then we endow the smooth maps C°°(M, N) with the
initial topology with respect to

C=(M,N) < [ COT* M, T*N) o, f 5 (T frens,
k€N

where CO(T*M, T*¥N)..,. denotes the space of continuous functions endowed with the compact-open topology.m

From [Wocl3, Proposition 7.3 and Theorem 5.14] we recall the following result.

Theorem A.7. Let E — M be a vector bundle over the compact manifold M such that the fibres are locally
convex spaces. Then the space of sections T'(M <+ E) is a closed subspace of C°(M, E) and a locally convex

space with respect to point-wise addition and scalar multiplication. If the fibres of E — M are metrisable, then
s0 is T'(M «+ E) and if the fibres are Fréchet spaces, then so is T(M + E).

Our main tool will be the following excerpt from [Woc13, Theorem 7.6].

Theorem A.8. Let M be a compact manifold and N be a locally convex and locally metrisable manifold that
admits a local addition ¥: U @ TN — N. Set V := (w x X)(U), which is an open neighbourhood of the
diagonal AN in N x N. For each f € C>°(M,N) we set

Of :={g € C*(M,N) | (f(x),9(x)) € V}.

Then the following assertions hold.

a) The set Oy contains f, is open in C°(M,N) and the formula (f(x),g(z)) = (f(x), Z(¢s(g)(m))) deter-
mines a homeomorphism

pr: O = {h € CF(M,TN) | w(h(z)) = f(z)} = T(f*(TN))
from Oy onto the open subset {h € C°(M,TN) | n(h(z)) = f(z)} NC>®(M,U) of T(f*(T'N)).

b) The family (¢5: O — ¢5(Oy)) rec=(m,n) is an atlas, turning C>(M, N) into a smooth locally convex
and locally metrisable manifold.

¢) The manifold structure on C*°(M, N) from b) is independent of the choice of the local addition X.

d) If L is another locally convex and locally metrisable manifold, then a map f: L x M — N is smooth if
and only if f: L — C°°(M,N) is smooth. In other words,

C®(L x M,N) — C>(L,C>*(M,N)), f+sf

is a bijection (which is even natural).

e) Let M’ be compact and N’ be locally metrisable such that N' admits a local addition. If p: M' — M,
v: N — N’ are smooth, then

vip*: C°(M,N) — C>*(M',N"), v+ vovyou
is smooth.

f) If M’ is another compact manifold, then the composition map
0: C®(M',N)x C®*(M,M") — C*(M,N), (y,n)—~~yon

is smooth.
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Theorem A.9. Let M be a compact manifold and N be a locally convex and locally metrisable manifold that
admits a local addition. There is an isomorphism of vector bundles

PN

TC>®(M,N) C>°(M,TN)
T oo (a1 N (rrn)s
(M, N)

given by
Oprn: TC®(M,N) — C®(M,TN), [trsn(t)]— (m—[t—n"(t,m)]).

Here we have identified tangent vectors in C°° (M, N) with equivalence classes [n] of smooth curves
n: ]—e, el = C°(M,N) for some ¢ > 0. The isomorphism @ N is natural with respect to the morphisms
from e), i.e., the diagrams
TC> (M, N) —2 . 0o (M, TN) TC (M, N) —2 . 0o (M, TN)
T(n")] . iz T(v.)] . Law.
TC®(M',N) —2 ¢>(M’, TN)  and  TC(M,N') — C>(M,TN')
T(v.)] o Law. T(u")] o iz
TC=(M',N") =5 ¢~ (M’',TN") TC>(M',N') =255 ¢ (M', TN')

commute. In particular, TyC> (M, N) is naturally isomorphic (as a topological vector space) to T'(f*T'N) and
with respect to this isomorphism we have

Ty(p*): T(f*TN) - T((fou)*I'N), oc—ocopu

Tr(vy): T(f*TN) - T((vo f)*TN'), o~ Tvoo.
Proof. First note that TN is also locally convex and locally metrisable and from Lemma A.5 we infer that
it also admits a local addition. Let ¥: TN D Q — N be the local addition on N and 7: T2N — T?N be
the canonical flip (cf. Lemma A.5). Then T'X o7 is a local addition on T'N. Furthermore, M is compact and
thus Theorem A.8 implies that C°(M,N), TC*°(M,N) and C*°(M,TN) are locally convex manifolds. We
can now argue as in [Mic80, 10.12] to see that the charts (@oof)fece(a,n) cover C°(M,TN). In fact, the
charts (poof) feceo(am,ny are bundle trivialisations for (7rn).: C*°(M,TN) — C>(M,N) (see [Mic80, 10.12
2. Claim]). The map @7, x will be an isomorphism of vector bundles if we can show that it coincides fibre-wise
with the isomorphism of vector bundles constructed in the proof of [Mic80, Theorem 10.13]. Note that the
proof of [Mic80, Theorem 10.13] deals only with the case of a finite-dimensional target N. However, the local
addition constructed in Lemma A.5 allows us to copy the proof of [Mic80, Theorem 10.13] almost verbatim?.
To prove that @,y is indeed of the claimed form, fix f € C°(M,N). We will evaluate ¢gor © @, N on the
equivalence class [t — ¢(t)] of a smooth curve c: | —e,e[— C°(M, N) with ¢(0) = f:

005 © Larn ([t = c(B)]) = Poog(m = [t = " (t,m)])
= (m > (7p2n, T So7) (00 f(m), [t — " (t,m)]))
By construction we obtain an element in I'((0o f)*T?N) = T'((0 o f)*T?N|N) where T?N|N is the restriction
of the bundle T2N to the zero-section of TN. Consider the vertical lift Vyy: TN & TN — V(TN) given

locally by V((z,a), (z,b)) := (x,a,0,b). Recall that 7 and Vpy are vector bundle isomorphisms. Now we
argue as in [Mic80, 10.12] to obtain a canonical isomorphism

If = (f*(Ven) "t o f*1)u: T((00 f)*T?N|N) = T(f*TN) @ T(f*TN).

(Notice that there is some abuse in notation for f*7, explained in detail in [Mic80, 10.12]). We will now prove
that I¢ is the inverse of @gor 0 ®as N © T(p}l. A computation in canonical coordinates for 72N yields

Tos(t = c))] = (m = [t = (r7n, 2) 7 (f(m), " (t,m))]))
= (m = Von o T(mrn, B) 100 f, [t = \(t,)]) € D(f*TN) S T(f*TN).

(33)

(34)

5The changes needed are restrictions of some mappings to open subsets since contrary to [Mic80, Theorem 10.13] our local
additions are not defined on the whole tangent bundle.
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Here we have used the identifications C (M, TN @ TN) =2 I(f*(TN © TN)) 2 (f*T'N) @ I'(f*T'N). Since
7 is an involution on T2N we can compute as follows

I5 0 p00s 0 @ n(ft = c(®)]) E (mis Vid o 70 (mpen, TS 07) "1 (0 0 f(m), [t — ¢ (t,m)])
= (m= Vimo(mpyor, TEoror) (00 f(m), [t = " (t,m)]))  (3D)
= (mm— Vf]\l, oT(mrn,E) (00 f,[t = (¢, ).

Hence the right hand side of (35) coincides with the right hand side of (34). Summing up the map Iy is the

C& (M, TN
inverse of ®ar n| ¢ (M), We conclude that @Xj ~ 1s the isomorphism of vector bundles described in [Mic80,

sC>=(M,N)
Theorem 10.13]. The statements concerning the tangent maps of the smooth maps discussed in Theorem A.8
e) then follow from [Mic80, Corollary 10.14]. m
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