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ABSTRACT. Given a finite set of roots of unity, we show that all power sums are non-
negative integers iff the set forms a group under multiplication. The main argument is
purely combinatorial and states that for an arbitrary finite set system the non-negativity
of certain alternating sums is equivalent to the set system being a filter.

As an application we determine all discrete Fourier pairs of {0, 1}-matrices. This technical
result is an essential step in the classification of R-matrices of quantum groups.
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1. INTRODUCTION

In this paper we prove the following main theorem:

Theorem BI). Let U be a non-empty finite set of complex roots of unity and consider
the power sums ay, := deU ¢F. Then all ay, are non-negative integers iff U is actually a
multiplicative group of roots of unity (i.e. all n-th roots of unity for some n).

The proof of the theorem is combinatorial in nature. Especially if the order of all { are
squarefree numbers and hence correspond to subsets of primes, the statement amounts to
the following apparently new combinatorial principle, which is interesting in its own right:

Theorem ([2.1). Let N be finite set, P(N) denote the power set of N and € C P(N). Let
p: P(N) —[0,00] be a measure on P(N). Then the following is equivalent:

(i) ac := (—1)IN ZDeg(—l)wUD'e“(C_D) >0 for allC C N.
(i) E={D C N | D D A} for some A C N. Such a set & is called a filter in N.
1
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The proof of the main theorem proceeds along these lines with p some explicit number
theoretic function. But to include the non-square-free case the set system £ C P(N) is
roughly replaced by the set of orders of ( € U, which is partially ordered via divisibility.
It would be nice to prove the main theorem even more generally for any partially ordered
set. Note that the expressions we calculate remind very strongly on partition functions in
statistical physics.

We briefly discuss the proof strategy: We perform an induction on the greatest common
multiple NV of the orders of the ¢ € U. Given the set of numbers &€ = {N/ord(¢) | ( € U}
we define sets &£, by decreasing the power of a prime p in each number and removing
non-divisible ones (Definition B.7)). In Lemma [B.8 we show that the assumption of a; > 0
for £ implies it also for all £,. In Lemma [3.9] we use the induction hypothesis that all &,
are filters to show that &, is almost a filter. Since an explicit calculation in Lemma 3.6 has
shown that small modifications of a filter usually violate the condition a; > 0 for some k
we see that £ is actually a filter.

As an application we prove the following theorem:

Theorem ([@3). All idempotents /N of the group algebra C|Zy x Zn] with ;; € {0,1},
or equivalently all discrete Fourier pairs €,& of {0, 1}-matrices are either

S = O i) daljt i) (1.1)

N/d

for a unique d | N and 0 <t < d—1 or they are trivial e = £ = 0.

The significance of this technical result is the classification of R-matrices for quantum
groups and hence for constructing certain braided categories. Lusztig’s ansatz for such
R-matrices [Lus93] Sec. 32.1, contains a free parameter Ry € C[A x A] for some abelian
group A and a system of equations on Ry. In the last section of this paper, using the
previous theorem, we will solve a subset of these equations only depending on an abelian

group.

Once these explicit solutions have been obtained, they can be plugged into the remaining
equations which depend heavily on the specific parameters of the quantum group. This is
done in a rather Lie-theoretic case-by-case argument in [LNT4].

Acknowledgements. Partly supported by the DFG Priority Program 1388 “Represen-
tation theory”. We thank Christian Reiher for several helpful comments.

2. A COMBINATORIAL PRINCIPLE

Before we turn to the proof of the main Theorem [3.I] we prove the following combina-
torial principle. It shows that the main Theorem does not depend on specific properties
of prime numbers, but is cominatorial in nature. It also gives the blueprint for the proof
of the main theorem.

Theorem 2.1. Let N be finite set, P(N) denote the power set of N and € C P(N). Let
p: P(N) —[0,00] be a measure on P(N). Then the following is equivalent:

(i) ac := (—1)IN ZDeg(—l)wUD'e“(C_D) >0 for allC C N.
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(ii)) E ={D C N | D D A} for some A C N. Such a set & is called a filter in N (see
e.g. [Boub6| §6).

The remainder of this section is devoted to the proof of this theorem.

A straightforward calculation gives the values of the a¢ if £ is a filter. It shows imme-
diately the implication (i) — (iz), but the precise value will also be crucial to the proof of
the converse in what follows:

Lemma 2.2. Let £ be a filter, i.e. £ ={D C N | D D A} for some A C N. Then for
any C' C N we have

N—-A — _
ac = (—1)|N\ Z(—l)\CUD\eﬂ(C*D) = {eﬂ( )HpeNfA (1 te ﬂ(p)) ;, CUA=N

Deé& 0, else
Proof.
aC:(—1)|N\ Z (_1)|CUD|eu(C—D)

ACDCN

:(_1)|N\ Z (_1)|CUAUD’\6;L(6‘7A7D’)
D'CN—-A

— (—1)IN=Al Z (—1)/(C=AUD’| u(C—A=D")

D'CN—-A

This shows that the value of ac for the filter generated by A in N is equal to the value
of ac_ 4 for the filter generated by @ in N — A. Thus is suffices to show the claim for the
filter £ = P(N) generated by A = &:

ac = (—1)IV Z (=1)ICUPln(C=D)
DCN

- (_1)|N\ Z (_1)\C|+\Dz\eu(0)w(D1)
D1CC,DoCN—-C

= (—)WIHClen©) [ 5 pyioal ] [ 3T enlon)

DsCN-—-C DicC

= (-~ O TT a-u ) [T <1 n 6w(p))
peN-C peC

B eH(N) HpeN (1 + e*ﬂ(p)) , C=N

B 0, else

The general formula for arbitrary A follows by again replacing N with N — A and C by
C - A. O

We use this result to show that if £ is a small modification of a filter, the main assumption
ac > 0 for all C' C N usually fails to be true.

Lemma 2.3.

(a) Let £ # P(N) be a filter in [N| > 1, then £ U{D} gives ac < 0 for some C C N.
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(b) Let E=P(N) in |[N| > 1, then £\ {@} gives ac < 0 for some C C N.

Note that on the other hand for |N| =1 and & the only filter € # P(N) we have that both
EUD and P(N) — @ are filters (namely P(N) and &).

Proof. (a) By assumption & is a filter generated by some A # & for |[N| > 1. We wish to
find a negative value of some ac for the set system & := & U {@}: Suppose first that
also A # N and choose some p € N — A, then ay_, = 0 by Lemma [2.2] and thus:

an-—p = (_1)\N| Z (_1)\CUD\eu(CfD)
Degu{a}
=an_p+ (—=1)INHIN=plon(N=p)

— _etN=D)

Suppose now that A = N and choose some ¢ € N, then again by Lemma 22}
aN_—q = (=1)IVI Z (=1)ICUPln(C=D)
Degu{o)}
—an_q+ (—=1)INHIN=dl gn(N=aq)
=1—e'N-9 <
(b) By assumption & = P(N) for |[N| > 1, so £ is the filter generated by A = {@}. Then
again by Lemma ac = 0 for C'# N. Choose any q # p € N, then we calculate
aN—{p,q} for the filter £ := & — {}:
AN—{pq} = (_1)\NI Z (_1)\CUD\BM(C—D)
DeE—{o}
=an_q— (=1)INHIN=Ap.aH (N —{p.a})

We now proceed by introducing the induction step along |N|:

Definition 2.4. Let £ be any set system in N and p € N, then we define a new set system
for N — p by
&={D-plpeD,DeéE}

For C C N — p we denote by a’é the corresponding sum over &, i.e.
ab, = (=1)IN=rl Z (=1)ICWDln(C=D)
De&p
We will in the following only consider &, for all p, such that there exists any D € £ with
p € D, so &, is not empty.
We first wish to prove that our main assumption ac > 0 implies a’é > 01in &:
Lemma 2.5. For any p € N we get for all C € &, (note that p & C):
» eh(p) 1

Yo = 1+eu(p)a0+ 1 4 er

In particular, ac > 0 for all C € € implies af, > 0 for all C' € &,.

(p) “CLp
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Proof. We calculate the right hand side by splitting the sum over all D € £ into two
summands for all p € D resp. p € D and use p € C. The latter set of D then correspond
to D' =D —pin &

et (p)
1+ enlp) ac + 1+ en(p) aC+p
eh(p) 1
= (—1)N——— Z (=1)lCWPlen(C=D) 4 ()Nl Z (—1)lCWpUDI u(CUp)=D)
1+ enp) ot 1+ ex(p) e
eh(p) 1
IN_& _1)ICUD[ (C=D) | (_q\INI__ = _1)ICupuD| u((CUp)—D)
(NS S ()OI ()N S (1)
pgDEE pgDeE
eh(p) 1
= (- )IN\i Z (=1)ICUPleC=D) 4 (_)IN___—___ Z (—1)lCUPler(C=D)
1+ er(p) sl 1+ ex(p) Jopee
et (p) 1
pv_“ _1)lCuD[ i (C=D) \ (NI~ _1)ICUD[+1 u(C—D)+pu(p)
(NS 3 ()OI ()N ST (1)
pgDeE pgDEE
( eu(p( 1 ()) (=1)V] Z (—1)ICUPlgi(C=D)
L+ert®) 1+eﬂp peDeE
( e“(”)() 1 ().emp)) (=D S (= 1)lCuBleue-D)
1+ ep 14 epp
p¢DeE
= (=1) [N Z (— 1)\CUD\eu(C*D) IN Pl Z \CUD’ len(C=D") _ a’é
peDe& D'eg,

O

Thus if all ac > 0 by induction hypothesis all &, are filters. We now conclude the
induction that £ is a filter if all possible reductions &, are filters. As induction step, we
use the following lemma.

Lemma 2.6. Let £ be a set system for N such that all £, are filters generated by sets
A, C N —p. Then either there exists a p € N with p € A, for all p # q or for allp € N
we have A, = @.

In the first case we show that & is the filter generated by p U A, or £ is the set system
consisting of this filter together with D = &. In the second case we show &€ = P(N) or
E=P(N) -

Proof. Assume there exists ¢’ with Ay # @ and let p € Ay, then we claim p € A, for
all ¢ # p. We prove this by contradiction, since if p ¢ A, for some ¢ then we consider
¢ UA, € &, (since &, is a filter) and hence qU ¢’ U A, € £ (by definition of &;). But then
qUA, € & and Ay C qU A, (since £y is a filter). But this contradicts p ¢ A4, which
shows the first part of the Lemma.

We now prove the consequences in the two cases. In the first case we assume it exists
p € Ay for all ¢ # p. Let D D pU A, then D € &, (since E, is a filter) and D € £ (by
definition of &,). Let now conversly by D € £. If p € D then we have D —p € &, (by
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definition of £,) and hence also D D A, (since &, is a filter), implying D D pUA,. If p ¢ D
then either D = @ or some ¢ € D. In the latter case D —q € &;, hence D —q¢ D> A; > p
which is a contradicion. So either D D pU A, or D = & as asserted.

In the second case we assume A, = @ for all p € N, hence any for any set D # & we
may chose some p € D and yield D — p € &, and hence D € &,. Hence any set with the
possible exception of D = @ is in £ as asserted. O

We can now conclude the inductive proof of the implication (i)—(ii) in Theorem 2Tk
For |[N| = 0 the only set system is £ = {@} and is a filter. Let |[N| > 1 and £ such that
all ac > 0, then a’é > 0 for all p € N by Lemma Thus by induction hypothesis all
&, are filters. Then by Lemma [2Z6] we have that either £ is a filter (in which case the
induction step is finished) or some filter £ # P(N) together with & or £ = P(N) — {o}.
By Lemma these two cases can only fulfill ac > 0 for |[N| = 1 where both are filters.
This concludes the proof of Theorem 211

3. A THEOREM ABOUT ROOTS OF UNITY

Theorem 3.1. Let U be a non-empty finite set of complex roots of unity and consider
the power sums ay, := ZceU Ck. Then all ai, are non-negative integers iff U is actually a
multiplicative group of roots of unity (i.e. all n-th roots of unity for some n).

The remainder of this section is devoted to the proof of this theorem.

Since U is finite, we may assume some integer N such that U ¢ Xy = {¢ € C | ¢V =1}.
Let &£y the primitive N-th root of unity exp(27i/N). We start with the observation, that
the set U is a union of Galois orbits of Gal({y) acting on Xy.

In the following, we denote by (a,b) the greatest common divisor of two integers a, b.

Lemma 3.2. Any U as in Theorem[31 is invariant under the Galois group G = Gal({y),
i.e. it is a union of orbits of G acting on . Fach orbit consist of all primitive roots of
unity for some divisor of N and hence ay only depends on (k, N).

Proof. Let p(z) = [[ccp(@ —¢) € Clz], ie. p(¢) = 0 for all ¢ € U. Denote t = [U|

and U = {C1,...,G}. For 0 < k < tlet op(x1,...,2t) = Dicjic cjoctTin * - Tjy
be the elementary symmetric polynomials. Then p(z) = Y5 _o(—=1)Foy_x((h, -, G)2P.
Let sg(z1,...,2¢) = 2221 z¥, then we have in particular, ar = s(C1,...,(). By the
Newton identities, the oj(x1,...,z;) can be expressed as sums of powers of the s, with
rational coefficients, e.g. o9 = %32 — %32. Thus, we have that the coefficients of p(x), the
or(C1, ..., Cx), are sums of integers with rational coefficients, hence p(z) € Q[z]. (In fact,
we have p(z) € Z[x], since the oy((1,...,{;) are algebraic integers in Q, hence in Z.) Thus
we get, that the Galois group G permutes the roots of p(z), i.e. U consists of orbits of
G. O

Definition 3.3. Let N € N. The set D(N) = {d € N | d | N} is the set of all divisors
of N. We call a set £ C D(N) a filter in D(N) if there exist an e | N such that & =
eD(N/e) ={d | N | e|d}. In this case we write £ = (e)n or shortly (e) for the filter in
D(N).
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By Lemmal[32] the set U is of the form U = (o {&4 | (N,i) = d} for a set £ C D(N).
We wish to prove that £ is a filter and hence U is a subgroup. For ¢ | N we have

ae=) =) Y &

CeU de€ (i,N)=d

A straightforward calculation gives the values of the a..

Lemma 3.4. For N € N and ¢ € D(N), we have

_ p(N/d) N
0= P(N/(N, de))” ((N7d0)> '

de&

Here, p: N — N is the Fuler p-function, given by @(Hle p;) = Hle(l)i - 1)]9?_1 for
mutually different prime numbers p;, and p: N — {=1,0,1} is the Moebius function,
defined by p(n) = 1 if n is square-free and has an even number of prime factors, u(n) = —1
if n is square-free and has an odd number of prime factors and pu(n) = 0 if n has a squared
prime factor.

Proof. Tt is an elementary number theoretical fact, that for an primitive N-th root of unity
¢ we have

N .
> & =p(N)
(i1

with the Moebius function p. For d | N we have

N N/d
Y= D &hja=nN/d)
(i N =d (N Td)=1

with primitive (N/d)-th root of unity /4. For ¢ | N we get

N/d N/d

ic ic ; ©(N/d) ( N )

§= EN/g = 13 o = ,
; Z; Ny Z; N/(N.de) = (N/(N, de)) '\ (IV, de)
(i,N)=d (i,N/d)=1 (i,N/d)=1

since the last sum has ¢(N/d) summands which contain ¢(N/(N,dc))-times all primitive
N/(N,dc)-th roots of unity and their sum gives u(N/(N,dc)). O

Next, we calculate the a. explicitly in the case € is a filter in D(N).

Lemma 3.5. Let ¢ | N and € = (e) be a filter for some e | N. Then

0 — {N/e, c€ (N/e)e = (N/e)D(e),

0, else.

Especially, for a € being a filter, we have a. > 0 for all ¢ € D(N).
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Proof. We calculate a. for all ¢ € D(N):

ae = p(IN/d) N

’ 2%; P(N/(N, do)) " <(JV,dc)>
= p(N'e/d'e) N'e "= Nle, d =dJe
_d/ED;V/e) @(Nle/(N’e,d’ec))M((N/e’d/ec)> (N"=NJe, d =dJe)
- (N'/d) N’
- d’e’DZ(N/e) PN/ (N, de)) <(N',d’c)>

Thus, we can assume & = D(N) and omit the superscript /. Since ¢ and p are multiplica-
tive functions, we may assume N = pVr, N, > 0, for a prime p and d = p¥, ¢ = p% for
d,c| N and 0 <dp, ¢, < Np. Then

) dE”DZ(N) @(N/(N, dC))M ((N, dc))

Np—d
_ Z NSD(p :d p) 3 m (pr—min{dp—i-cp,Np})
—min +cp,
dED(N) o(phr p+cp,Np )

Np—z‘)

_ Np—min{i—i-cp,Np})
Z; (P Np mm{z—i—cp,Np})M <p
i

Since the p-term equals 0 if ¢ + ¢, < N, — 1, is equal to =1 if i + ¢, = N, — 1 and +1
otherwise, we get

Np—1
ac=y (p—1pM "t +1
=0
Y |
(p—1)p P

=p =14+ 1=p" =N,

for ¢, = N, and

Np—1 Np—i
— Sp(p " ) Np—min{i+cp,Np}
e = ] NZ ) SD(Z)prmin{zﬁrcp,Np})'u <p ! P > +1
1=Np—cp—
Np—1
__ o uph e v S o g
(p — 1)pNo~(Npmep=Thep) 1 T o
cp—1
= =7+ (p— "Ml Y T pT 1
=0

:—pcp—(l—pcp)+120,

for 0 < ¢, < Np. Thus, in the general case & = (e), we have a. = N’ = N/e for ¢ = N/e
and all multiples, hence the lemma is proven. O
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We use this result to show that if £ is a small modification of a filter, the main assumption
a. > 0 for all ¢ € D(N) usually fails to be true.

Lemma 3.6.

(a) Let £ = (e) # D(N) be a filter, but not (p) for N = p™ a prime power. Then £ U {1}
gives a. < 0 for some c. If N = p™ for some prime number p, n € N, and € = (p) a
filter, then E U {1} is a filter as well.

(b) Let E = (1) =D(N) and N be not a prime power. Then £\ {1} gives a. < 0 for some
c. In the case N = p", the set £\ {1} is a also a filter, namely (p).

Proof. (a) Assume at first, that N = Hp|NpNP, N, > 1 for all p, is not a prime power. If
p1 e for a prime divisor p | N, we have N/e { N/p, and therefore ay/, = 0 by Lemma
We calculate the value ay, for €U {1}:

— p(N/d)
anyp = dEgZU{I} STV d Ty PV (L d(N )

p(N) p(N)
—ansy+ 2 ) =0 + 21y <.
Let e = ][,y p® with primes p. If e, > 1 for all p we have N/e < N/([],yp) =

Hp|NpNP_1. We calculate ay, for some prime divisor ¢ and & U {1}:

&N/q = an/q + %M(Q)

-1 Np—1
< Hpr—1 _ HP|N(p )p

-1
p|N 7
:Hpr_l 1—H(p—1) < 0.
p|N P#q

Assume now, N = p" and e = p* for 1 < k < n, thus a. = p"~* for all ¢ = pn—*+
for 0 <1 < k. We calculate a,n-1 for £ U {1}:

Qpyn—1 = Ayn—1 + wip)=p" " —=p" " <0.
! ! o(p)

If N =p" and £ = (p), we have E U {1} = D(N), hence it is a filter.
(b) If £ =D(N), it is a. = N for ¢ = N and 0 otherwise by Lemma B3l Since N is not a
prime power, there exist distinct primes p,q | N. We calculate a. for ¢ = N/(pq) and

E\{1}:

. — P(IV)
_ p(N) ___ ¢N)
B so(pQ)M(pq) P-Dg-1 !
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The main part of the proof of Theorem Bl is the following claim, which we show by
induction: Let N € N, D(N) the set of all divisors of N and & C D(N). If

ac=3" %M(M(m, N)) >0 (3.1)
dec€ ’

for all ¢ € D(N), then £ is a filter in D(V) as is Definition

Definition 3.7. Let N € N and £ C D(N). For a prime factor p | N we define a new set
of divisors of N/p, namely

E&={d/p|de€&, p|d} CD(N/p).
For ¢ € D(N/p) we denote by af the corresponding sum over &, i.e.
N/p
e (i)
@= 3

N/
(d/p)ep P < (N/pvclt)i/p)

. ( N/p )
) (N/p,cd/p)
We will in the following only consider &, for all p, such that there exists any d € £ with

pld, so &, is not empty.

We use this as induction step N/p — N. We first wish to prove that a. > 0 for £ implies
ak >0 for &, and all ¢ € D(N/p).

Lemma 3.8. For any p|N with &, we get for all ¢ € D(N/p):

al = es if pc | N/p,
“7 A - Dac+ape) i pet N/p.

In particular, a. > 0 for all c € D(N) implies at > 0 for all c € D(N/p).

Proof. For £ and p € D(N) such that p divides at least one d € &£, the set &, is non-empty.
We calculate the value of a? for all ¢ € D(N/p):

e (37)

- N/p
A (@/peg, © <(N/sz/c’2/p)) g ((N/Pa Cd/P)>
o () N
—dEZgw( fé ) (( 7cd)>

pld

= e~ g0(%))”<<J\7],Vcd)>'

For n € N and prime number p let v,(n) > 0 the maximal p-part of n, i.e. pr™ | n
and p»MF1 tn. Let k = v,(N). If yy(c) < k — 2, i.e. in particular it is k > 2, then
vp(N/(cd,N)) > 2 for d € £, ptd. Thus, we have u(N/(cd,N)) = 0 and af = a. in the
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case pc | (N/p). For vp(c) = k — 1 we have

oo 2@ N
‘ ﬁzdg¢(w%)”<<N,cd>>

o(pF)e <%”k>

®) ( N/p*
1(p)p
7 N/p¥, de/p*!
Cﬁdg )y <(N/pk,dc/pk—1)) =1 7 / )

N/pk
ey o) ()
- N/pk N k,d k—1 :
= o (i) e

/

=:X(c)

Assume now v,(c) = v,(N) = k. We write N’ = N/p* and ¢ = ¢/p¥, then we get

oy

N'p"
N/pk Inmk Ak
deg ¥ < (N’pk,lc)’pkd)) (N p=,cp d)

5 ap(pk)apNng') } <(N{Y;’d)> Lyt (zﬂ )M ((Nf’V;/dQ

dee ¥ () deg ¥ (wem

-~
p

=a
(e'pk—1)

o k—1 P
- (p 1)p X(C) + a(c/pk—l)-

We combine the two expressions for a., ¢ = ¢/p*. Then, ¢/p = p*~' | N/p and
X(dpF1 = X(¢'p¥) = X(c). Since Ta(ph—1) + Ya(epry > 0 for z,y > 0 we get from

LA(crph—1) + YQerpky = X <a1()c/pk—1) - pkilX(C)) +y ((p - 1)pk71X(c) + al()c/pk—l))
- pazé)c/pk—ly (.%' =p— 17 Yy = 1)

and this proves the lemma. O

We now conclude by induction that & is a filter if all possible reductions &, p | N, are
filters. Under this assumption, it follows that no &, is empty: Let p | N such that p | d
for some d € &£, then &, is not empty, hence equals (e,) for some e,. Since &, is a filter,
we have N/p € &, and hence N =p- N/p € £. As induction step, we use the following
lemma.

Lemma 3.9. Let £ C D(N) and for all p | N the set &,, defined as in Definition [377, a
filter, namely (ey) = (ep)nyp for some e, | N/p. Then either there exist a prime p | N
with p | eq for all p # q or it is e, = 1 for all p.

In the first case we have €& = (pe,) or € = (pep) U {1}. In the second case we have
E=(1)=D(N) or&=(1)\{1}.

Proof. Assume, there exist ¢’ with e, # 1 and p | e,. Then p | e, for all ¢ # p. We prove
this by contradiction, then if p t e, for some ¢, then ¢'e, € &, (since &, is a filter) and
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hence qq'eq € € (by definition of &;). Then ge, € £, and ey | geq, hence a contradiction
to p 1 eq. This proves the first part of the lemma.

We now prove the consequences in the two cases. Firstly, we assume it exist p with
p | eq for all ¢ # p. Let = € (pey), then e, | x/p, and since &, is a filter, x/p € £,. Thus
we have x =p-z/p € &£, ie. (pey) C E. Let now z € €. If p | z we have z/p € &,, hence
ep | «/p and therefore pe, | z. If p{ z, then 2 =1 or it exists ¢ with ¢ | . In this case
is x/q € & and e, | x/q, which is a contradiction to p { . This proves (pe,) = € \ {1}
(which may be equal to &).
In the case e, =1 for all p, we have (p) C € for all p. Since it is U,epn)(p) = D(V)\ {1},
this proves the assertion. 0

We can now conclude the proof of the claim of ([BI]). Let £ such that

0= 3 e R Ve, ) 0
deg ’

for all ¢ € D(N), then a? > 0 for all £, and ¢ € D(N/p) by Lemma By induction,
all &, are filters, namely (e,) for some e, | N/p. Then, by Lemma B9 we have that & is
a filter (e) for some e | N or (e) U {1} for some e # 1 or (1) \ {1}. By Lemma [36] the
last cases are only possible for N = p™ and e = p. In this cases £ is a filter as well. This
proves the claim (BI]) and hence concludes the proof of Theorem Bl

4. FOURIER PAIRS OF {0, 1}-MATRICES

In the following, we consider idempotents /N of the group algebra C[Zy x Zy], i.e.
e/N-e/N =¢/N. (4.1)

If we introduce a basis {g'®g¢’ | 0 < i,j < N}, with (g) = Zy, and write ¢ = Y £ijg'®g7,
equation (4J]) translates to
1 -/ v -1/ .17 1 . .
N2 SN evpeiningh @ g )" ©g") = N D oeig ©g,
i/,i// j/7j// /[/7]

and by comparing coefficients, we get
1 1
N? Y. D ey = N (4.2)
Z‘/Jr/[://:/[:j/Jrj//:j

Let £ = &y be a primitive N-th root of unity and {ey = 1/N Zivzo gm0 <k < N} be
the set of primitive idempotents of the group algebra C[Zy]. Then {e; ® ¢;} is the set of
primitive idempotents of C[Zx x Zy| and we can express €¢/N as sum of these primitive
idempotents: ¢/N = Zk,l Erier @ e with &g € {0,1} for all 0 < k,1 < N. This leads to

1 -
€ij = > et (4.3)
o

which means, that the matrix ¢ = (g;);; is the discrete Fourier transformation of the
{0, 1}-matrix &. This considerations lead to the following problem.

Problem 4.1. We wish to determine all idempotents ¢/N of C[Zy x Zy]|, such that
€ = (ei5)ij is {0, 1}-matrix, or equivalent, all Fourier pairs of {0, 1}-matrices € and &.
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Example 4.2. We consider some examples of Fourier transformed matrices, where ¢ is
not necessarily a {0, 1}-matrix.

(i) Let € the matrix with 9o = 1 and &y = 0 otherwise. Then ;; = 1/N for all j, j.
(ii) Let € the matrix with &y = 1 for all [ and & = 0 otherwise. Then ¢;0 = 1 for all ¢
and g;; = 0 otherwise.
(ili) Let € the matrix with &, = 1 for all £ and &; = 0 otherwise. Then €;; = 1 for all
i,j withi+j =0 mod N and g;; = 0 otherwise. We give the matrices explicitly for
N =4:

m)

Il
oSO O
OO = O
O = O O
_ o O O
OO O =
—_ o O O
O = OO
o O = O

The following theorem completely solves this problem, relying heavily on our main

Theorem [3.k

Theorem 4.3. All idempotents €/N of the group algebra C[Zn x Zn| with ;5 € {0,1},
or equivalently all discrete Fourier pairs €,& of {0, 1}-matrices are either

€ij = O 1) 0(dlj—t i) (4.4)

N/d

for a unique d | N and 0 <t < d—1 or they are trivial e = £ = 0.

Before we proceed to the proof of the theorem, we give another Example.

Example 4.4. Let N =12, d = 3 and ¢ = 2, then ¢ as in ([£4)) is given by

0 t d
0 10001 00O0T1U0TU0TUO0
0
0 )
N/d|O 01 000 10O0O0T10
0
0 .
d 10001 00WO0T1UO0GO0T0
0
0 .
001 00UO0T1O0O0O0T1FO0
0
0

Proof. By the Fourier transformation ([@3), we have gg9 = + >, ;€. Since ¢ and & are
{0, 1}-matrices, this gives either &; = 0 for all k,[ or ZkJ €, = N. In the first case we
have e = 0 as well. Applying the same argument to the dual Fourier transformation,

Er=1/NY ey hHD, (4.5)
ij
we get >, ;€ = N in the second case.

Assume in the following € # 0. We now calculate the row-, resp. column-sums of the
matrices ¢ and . Let aj, the k-th row sum of € and a; the [-th column-sum for ¢, and ay,
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a; the according sums of &. Then

ak = Z ki = % Z gyt = % ng Z €ij Zgﬂ - Z & (4.6)
j i J l i

1,i,j

——

=Nd(j—0)
Since the row sum ay, is a non-negative integer, we get by Theorem BJ] that {i | &9 = 1} is
a subgroup of Zy, thus it exist d | N with & = d(4). Analogously, we get by calculating
the column sum a; that d' | N exist, such that &y; = d(a|j)- As a consequence, we get
ap = N/d for k being an N/d-multiple and a; = N/d’ for | being an N/d'-multiple, and
the other row, resp. column sums being 0. We now calculate the row and column sums
of € using the dual transformation (L5]). This gives, again by application of Theorem [B.1],
that there exist d,d’ | N such that ;) = dgs) and €oj = 0(gz);), and ax = N/d for k being
N/d-multiple and @ = N/d for | being N/d-multiple. Since N/d = ag = > €05 = N/d,
we get d = d’. Analogously, we get d = d’. Since only the N/d-th rows have entries 1 and
€i0 = O(g);)» We get N/d | d=d', hence N | dd'.

The case N = dd/, i.e. d' = N/d corresponds to the non-shifted solution of (.2, since
in this case there maximal N/d - N/d' = N entries 1.

We consider now a solution with N < dd’ and show, that a suitably shifted version of
this is also a solution of ([2]) with smaller dd’. The claim then follows by induction over

dd'. For a solution ¢ of ([£2]) the shifted matrix, defined by

1 ._ {az‘,thi/dv N/d |1,

ij " .
;,j =0,  otherwise.
2

for some 0 <t < d —1, is also a solution of ([Z). This follows easily by inserting 52[3] in
([£2), since the shift gives only a new ordering of the summands. Let now ¢ be a solution
with dd’ > N. We now want to shift this € in a way, that no 1 entries in the first column
are moved, i.e. the d’-th rows are shifted by multiple of d, and some of the other rows are

shifted, such that e[ has at least one 1-entry more in the first column, than e:

Consider the N/d-row. By hypothesis, N/d < d', hence eyn/q0 = 0, but ey/q4 = 1 for
some t, since the row sum ay/q = N/d > 0. Since the column sum a; # 0, we have N/d' | t,

hence d | t - dd'/N. Thus the shifted solution 6£;t] has in the 0-column still €, = 1 for

d' | i and it has now additionally & ~n/d,0 = 1. The expression dd' for [l has to be strictly
smaller than dd’ for e, this reduces the claim by induction to the unshifted case dd’ = N,
which has been solved above. 0

5. A SYSTEM OF EQUATIONS AND R-MATRICES OF QUANTUM GROUPS

The following system of equations for an abelian group G arises as a necessary condition
on the the element Ry € C[A x A] in Lusztig’s ansatz for R-matrices for a quantum group
U,(g) with coradical C[A]. In this application, the abelian group G will be the fundamental
group of g, and hence cyclic except for g = Ds,. We will not discuss this matter further,
but refer the reader to our respective paper [LN14]. Note Remark 541
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Definition 5.1. For an abelian group G we define a set of 2|G|? + 2 quadratic equations
in |G|? formal complex variables g(z,y) indexed by z,y € G:

g(:v,y) = Z g(x’yl)g(x’y2)a (51)

y1+y2=y

gz y) = D glz1,y)g(ws,y), (5.2)

r1+xo=x

1= 4(0,). (5:3)

yeG

1= Z g(z,0). (5.4)

zeG

As a side remark, note that these equations are a subset of the equations for a Hopf
pairing g : C¢ ® CY — C, but it allows for significantly more solutions containing 0’s, as
the next theorem shows. The result of this article is in some sense, that g is still a pairing
on a pair of subgroups.

Theorem 5.2. Let G be an abelian group and Hi, Hy subgroups with equal cardinality
|H1| = |H2| = d (not necessarily isomorphic!). Let w: H; x Hy — C* be a pairing of
groups. Here, the group G is written additively and C* multiplicatively, thus we have
w(z,y)? =1 for all x € Hy,y € Hy. Then the assignment

1
g:GxG—=C, (z,y) p w(@, Y)d(wem)O(yem.) (5.5)
is a solution of the equations (B.I))-(E4) for G.

Proof. The claim follows by straightforward calculations:

1 2
> g(w,yl)g(w,yz)=<3> D W@ y)w(@,y2)we )y e ) O(yac )

Y1+y2=y y1+y2—y

(CE, Y1+ y2)5(x€H1)5(y1€H2)5(y2€H2)
y1+y2 Y

1
E) ‘Hz‘w Zz y)é(erﬂ(s(yEHQ) - g(ﬂc,y)

(i)
(
>_9(0.y) = éz (0,9)0em) = Z 1=1.

yeG yEHo

Question 5.3. Are these all solutions of the equations (5.1])-(5.4])?

As an application of the theorems proved in this paper we will below positively answer
this question for a cyclic group G. We would actually hope to completely resolve the
question with the combinatorial results of this article.

Remark 5.4. For the application in quantum groups, the only non-cyclic case of interest
is Zy X Zy (the fundamental group of the Lie algebra g = Ds,), which can be checked
explicitly to hold as well. Most other Lie algebras have G = Z,Zqo, 73,74
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It is quite remarkable that the only highly nontrivial case solved with this articles result
is hence the Lie algebra A,, with G = Z, 11, which depends highly on the prime divisors
of n+ 1. This is due to the unusually large center Z, ; of the algebraic group SL, 1,
which makes it notoriously hard to deal with (e.g. in Deligne-Lusztig theory). We hope
that the technical tools developed in this article might be useful in addressing such issues.

Example 5.5. Let G = Zy and consider for any divisor d|N the unique subgroup H =
%ZN > Z4 of G of order d. By Theorem we have for any pairing w: H x H — C* the
function g as in (B3] as a solution of the equations (B.1])-([E.4]).

We give the solution explicitly: For H = (h), h € %7, we define a pairing w: H x H — C*
by w(h,h) = & with £ a d-th root of unity, not necessarily primitive.

Thus the general solution ansatz in Lemma translates for cyclic groups G to

1 o
9: Gx G, (z,y) — ng/d)? 5(%|$)5(%|y). (5.6)

Theorem 5.6. For G = Zy the solutions given in Lemma [5.2 (and worked out in this
case in example [50), are in fact all solutions to the system of equations (5.1I)-(5.4).

Proof. (a) The proof is an application of Theorem 3], which follows from the main The-
orem Bl Let g: Zy x Zy — C be a solution of the equations (GI)-(E4]). We write
shortly g;; for g(i,j), 0 <i,j < N —1. Let Zy = (g), then

Z (gl]’x gl]"x] Z gz]

J"3"

for all ¢ by (5.1), hence Zj gi;x" is an idempotent in C[Zy]. Let £ = £y be a primitive
N th root of unity, then primitive idempotents of C[Zy] are all of the form e, =
v LS V- Fekrar. Thus, we have > 9i58" = Y pcikex for g € {0,1} for all 4, and
therefore

1 N—-1
_ jk
9 = > et
k=1
for {0, 1}-matrix e = (g4). By inserting this in &.2), >, v_; girj9ij = gij, We get
1 / k// k
T3 e LT e
7/ +Z//72 k;/ k//
By comparing the coefficients on both sides we get
6l/k’62”k” = 1 6’ik‘7 (57)
£ N
i =i k' +k" =k

which is equation (£2). Thus, ¢/N is an idempotent in C[Zy X Zy] and ¢ is {0,1}-
matrix and we can apply Theorem We have

o [Pdas gy N/
: 0, otherwise,



17

for some d | N and 0 <t < d — 1. We insert in (@):

1 N—-1

jk

9 = 5 22 0100kt €
k=0

1 N/d—1
Sy Z ¢t k) (k= txbg +dk, K =0,....d~1)
; ; N/d—1
1 <£N/d)tN7dﬁ /Z ()i
d o0 N/d
=0y

Thus, g is the solution given already in Example (5], which was the explicitly worked
out case of Lemma for G cyclic.

O
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