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Abstract

We construct locally homogeneous 6-dimensional nearly Kéhler
manifolds as quotients of homogeneous nearly Kahler manifolds M by
freely acting finite subgroups of Auto(M). We show that non-trivial
such groups do only exists if M = 5% x §3. In that case we classify all
freely acting subgroups of Autg(M) = SU(2) x SU(2) x SU(2) of the
form A x B, where A c SU(2) x SU(2) and B c SU(2).
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Introduction

Recall that an almost Hermitian manifold (M, g, J) without nontrivial K&ahler
local de Rham factor is called (strict) nearly Kahler if (VxJ)X = 0 for all
X € TM, where V denotes the Levi-Civita connection. It was shown by
Nagy [N] that all complete simply connected nearly Kéhler manifolds are
products of twistor spaces of quaternionic Kahler manifolds of positive scalar
curvature, homogeneous spaces and six-dimensional nearly Kahler manifolds.
According to Butruille [B1l,[B2] there exist only 4 examples of 6-dimensional

homogeneous nearly Kéahler manifolds M = G/K:
1. the sphere S% = G,/SU(3),
2. the complex projective space CP3 = Sp(2)/(U(1) x Sp(1)),
3. the flag manifold F}»(C3) = SU(3)/(U(1) x U(1)),

4. the Lie group S3 x 53 =SU(2)3/A(SU(2)), where A : SU(2) - SU(2)3
is the diagonal embedding.

To our knowledge, these exhaust all examples of 6-dimensional nearly Kahler
manifolds which have occurred in the literature so far. Incidentally, the sec-
ond and third examples are precisely the twistor spaces of the 4-dimensional
quaternionic Kéahler manifolds of positive scalar curvature. Each of these four
homogeneous spaces M = G/K is a 3-symmetric space and G = Autg(M) is
the maximal connected group of automorphisms of the nearly Kahler struc-
ture. The latter statement follows from [GM| Theorem 5.3], which uses [T},
Theorem 3.6].



In this paper we are interested in six-dimensional nearly Kéahler mani-
folds M for which the universal covering M is homogeneous. Such manifolds
will be called locally homogeneous nearly Kahler manifolds in the following.
The classification of these manifolds amounts to the description of the finite
subgroups I' ¢ Aut(M) which act freely on M, for each of the 4 (simply con-
nected) homogeneous nearly Kéahler manifolds M from Butruille’s list. For
simplicity, we will only consider subgroups I' of G = Auto(M). The corre-
sponding locally homogeneous nearly Kahler manifolds M are the quotients
M = M/T' =T\G/K, by the natural left-action of I'c G on M = G/K.

The next proposition shows that it is sufficient to consider the case M =
53 x §3, in which case we will classify certain classes of freely acting groups

of automorphisms in the main part of the paper.

Proposition 0.1. Let M be a homogeneous nearly Kdahler manifold such
that G = Autg(M) admits a nontrivial subgroup acting freely on M. Then
the nearly Kdhler manifold M is isomorphic to S3 x S3.

Proof. Any element v € G is contained in some maximal torus T of G. If
M is not isomorphic to S3 x 53 then the stabilizer K ¢ G of a point 0 € M
is of maximal rank and, hence, contains a maximal torus Ty of G. Since
any two maximal tori are conjugate, there exists an element a € G such that
aTa™' =T,. This implies that p=a~'o e M is a fixed point of v. This shows

that G does not contain any nontrivial subgroup I' acting freely on M. [

From now on we consider the case M = S3 x S3 = G/K, where G =
SU(2) x SU(2) x SU(2) and K = A(SU(2)) ¢ G. Notice that the nearly
Kahler structure on M can be considered as a left-invariant structure on
the Lie group L = SU(2) x SU(2) = M. Let L act by left-translations as a
subgroup of G = Auto(M), where the inclusion is simply (a,b) = (a,b,1).
Since the action of L = SU(2) x SU(2) = SU(2) x SU(2) x {1} ¢ G by left-
translations on M is free, any finite subgroup I' c L gives rise to a locally

homogeneous nearly Kéahler manifold M/T.



Our main results amount to the classification of all finite subgroups of
G = Auty(M) = L x SU(2) acting freely on M that (up to a permutation
of the three factors of G) are of the form A x B, for some finite subgroups
Ac L, BcSU(2). In addition, we classify all finite simple groups I' c G that
act freely on M, see Theorem in Section 2. We refer to Theorem [3.5 in
Section 3 for the description of finite subgroups I'y x I's x I's ¢ G acting freely
on M that are products of groups I'; ¢ SU(2) for i = 1,2, 3, and to Theorems
4.3 (4.4 4.7, 4.8 in Section 4, for the remaining groups. This yields a wealth
of new examples of nearly Kahler manifolds.

Acknowledgements: This work was supported by the Collaborative Re-
search Center SFB 676 “Particles, Strings, and the Early Universe” of the

Deutsche Forschungsgemeinschaft.

1 Goursat’s Theorem

Finite subgroups of the product G x G5 of two abstract groups are described
by Goursat’s theorem, see e.g. [FD]. We give the proof of the theorem as it

is needed in the sequel.

Theorem 1.1 (Goursat’s theorem). Let G1,Go be groups. There is a one-
to-one correspondence between subgroups C' c Gy x Gy and quintuples Q(C') =
{A, Ay, B, By, 0}, where Ag<t Ac Gy, By<d Bc Gy and 0 : Alay —> B[B, is an

1somorphism.

Proof. Let C c G x Gy be a subgroup and denote by 7; : G; x Gy — G},
i = 1,2, the natural projections. Set A = m(C) c G1, B = m(C) c Gy,
Ay = Ker(m|,) and By = Ker(m|,). It is readily seen that Ay and By can
be identified with normal subgroups of A and B respectively. We denote
these subgroups again by A and By. Define a map 0 : A —> B/p, as follows.
For a € A pick any b € B so that (a,b) € C' and set 6(a) := bB;. One can
check that this map is well-defined and factorizes through an isomorphism
0 :Alag —> B/B,. This defines a map C' ~ Q(C).
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Conversely, a quintuple @ = {A, Ay, B, By, 0} as described above defines
a group C = G(Q) c Gy x Gy by setting C = p1(I'(0)), where p: Ax B —
Afao x B[B, is the natural homomorphism and I'(0) c 4/a, x B/B, denotes the
graph of the homomorphism #. Observe that C' c G; x G5 is in fact a fiber
product,

C={(a,b) e Ax B : 0(aAy) = bBy} = {(a,b) € Ax Bla(a) = (b))}, (1.1)

where

0
a:A Afa, B/g, and f:B—— Blp,

are the natural homomorphisms. The maps Q and G are inverse to each
other. O

Proposition 1.2. Two subgroups C,C" c G| x G5 with corresponding quin-
tuples Q(C) = {A, Ay, B, By, 0}, Q(C") = {A",Al,B',B},0'} are conjugate
if and only if there exists (g1,92) € G1 x Gy such that A" = g1Ag;', B’ =
2By, Ay = g1 407", Bl = gaBogy' and the diagram

AlA, -2 B/B,

c(g1) c(92)

A'[Aq o B'[B;

commutes. Where c(g;) denotes conjugation by g; € G;, i =1,2.

Remark. Sometimes we will consider different subgroups C' = G(A, Ay, B, By,
0) c G x G, for fixed A, Ay, B, By. In that case it is convenient to identify
A[Aq and B/Bj with the same abstract group F' and consider 0 : A/Ay —

B/ By as an automorphism of F.



In the remaining parts of this paper, we classify (up to conjugation) finite
subgroups C' c GG acting freely on the nearly Kahler manifold M, which are
either simple or of the form D x E ¢ G, for D c SU(2)? and E c SU(2)

arbitrary. This motivates the following definition.

Definition 1.3. A finite subgroup C' ¢ G = SU(2)3 is said to be splittable
whenever C' = Ay x Ay x A3 ¢ G for some non-trivial subgroups A; c SU(2)
for i = 1,2, 3, and semi-splittable if C'= D x E for some non-trivial subgroups
D c SU(2)2, E c SU(2). In addition, a semi-splittable group C' c G is said
to be strict if it is not splittable.

We are excluding the case of trivial factors in the above definition be-
cause the occurrence of a trivial factor implies that C' acts freely on M, as

mentioned in the introduction.

2 Simple groups

The Lemma below will help us to distinguish subgroups of G = SU(2) x
SU(2) x SU(2) that act freely on M = S3 x S3.

Lemma 2.1. A subgroup C c G acts non freely on M if and only if there is

a non-trivial element (ay,as,as) € C, so that
Re(al) = Re(ag) = Re(ag).

Proof. Consider the action of SU(2) = S% c H = R* on itself given by conju-
gation. The orbit of a given unit quaternion 1 # a = Re(a) + Im(a) is then of

the form
{Re(a)} x S*(p) cRxR3*=R* | p=+/1-Re(a)?. (2.1)

Let (a1, as,as3) € C be a non-trivial element fixing a class [(a,b,c)] € M, i.e. so
that (a,b,c) (a1, as,a3)(a,b,c) = (w,w,w) € K. As the real part of a quater-

nion is invariant under conjugation, we have Re(a;) = Re(az) = Re(as) =
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Re(w). Conversely, suppose there is an element (1,1,1) # (a1,a2,a3) € C
with: Re(a;) = Re(az) = Re(as). Then, by relation (ZII) the orbits of

ai,as,as € SU(2) are the same. O

Let us recall now that any finite subgroup of SU(2) is conjugate to one
of the so-called ADE groups, see e.g. Theorem 1.2.4 in [To]. These groups

are described in terms of generators as follows.

Label | Name | Order Generators

A, | 2z, n e

Do | 2Ds, 4n j,e%r
Eg 2T 24 | $(1+i)(1+7),5(1+5)(1+4)
E; 20 48 %(1+¢)(1+j),%(1+z)
Eg 21 120 | 2(1+d)(1+7),3(p+ o7t +7)

Table 1: Finite subgroups of SU(2).

Here n >2 and ¢ = L25 is the golden ratio. An element-wise description
of the ADE groups is provided in Table 2l

Label | Name | Order Elements
2TiT
V. Zn n | {e"n x:O,..j,n—l}
Duya | 2Dg, | 4n [ {e™ t2=0,...2n-1}uj{e™ :2=0,..,2n -1}
Ee | 2T | 24 2D, U { £k
E; 20 48 2T uet 2T
Eg 21 120 2T uqg 2T ug? 2T ug? 2T ug* 2T

Table 2: Element description for ADE groups.

Where ¢ = % (p+o7ti+7j).

Theorem 2.2. The following are, up to conjugation and permutation of the

factors, the only non-trivial simple subgroups C'c G acting freely on M.



(a) Zpx {1} x {1}.
(b) T'(p(r)) x {1}, where p(r) € Aut(z,), see Section[3.2.

(C) C(p,’f’,S) = {(ZL’,()O(’T’)LU,QO(S)I) ‘T € ZP}? where (p(’f’),(p(S) are auto-
morphisms of Z,, and either r # £1 mod p, or s # £1 mod p.

Here p e Z s an arbitrary prime number.

Proof. Let C' c G be a non trivial simple subgroup and j € {1,2,3} be so that
m;(I') # {1}, where 7; denotes the natural projection. Because C' is simple,
the taken projection restricts to an isomorphism (7;)|c : C — m;(C) c G.
However, groups of type DE are non commutative and have non trivial center,
whilst groups of type A are commutative and non simple, unless they are of
prime order. Consequently, C' c G has the isomorphism type of z, for some

fixed prime number p. We distinguish between the following cases

(a) Let m(C) # {1} and mo(C) = m3(C') = {1}. That is, C = Ax {1} x {1}
for some finite subgroup A c SU(2). Because m|¢ an isomorphism, the

group C' c G is conjugate to Z, x {1} x {1}.

(b) Let m(C), m(C) # {1} and m3(C) = {1}. In particular C' = D x
{1} ¢ G for some finite subgroup D c SU(2)2. Denote by Q(D) =
{A, Ay, B, By, 8} the quintuple defining D c SU(2)2, see Theorem [Tl
By construction of Q(D) and the simplicity of C, we see that Ay =
By = {1} and (up to conjugation) A = B = z,, c SU(2), and so, the
isomorphism 6 can be realized as an automorphism of z,. It follows
that C' c G is conjugate to I'(9) x {1}.

(c) Let m;(C) # {1} for j =1,2,3, G; = SU(2)? and G5 = SU(2). The sub-
group C' c G x Gy determines the quintuple Q(C') = {A, Ao, B, By, 0},



where
A={(a,b) €eGy : (a,b,c) e C for some ceSU(2)},
B ={ceGy : (a,b,c) e C for some ce SU(2)},
Ao ={(a,b) € A : (a,b,1) e C},
By={ceB : (1,1,¢) e C},

and 6 : 4/a, - B[B, is an isomorphism. Using the simplicity of C' c G,
we can easily check that A is simple, Ag = {(1,1)} and By = {1}. Just
as in (b), we conclude that (possibly after conjugation) A =T'(¢) c Gy
for some ¢ € Aut(Zz,). The isomorphism # can be thus realized as an
automorphism of Z,, and so, the group C c G is conjugate to a group
of the form {(z,¢(z),¢(x)) :x € Z,}, where ¢, 1) are automorphism of
Zp-
We are now left to decide using Lemma 2.1 which of the groups described
above act freely on M. To this end, observe that the groups z, x {1} x {1}
and T'(p(r)) x {1} act freely on M, so we can suppose C' = C(p,r,s) ¢ G
for integers r,s € 7Z so that r,s + p. Lemma 2.1] tells us that the group
C(p,r,s) c G acts freely on M precisely if the system

(1+£7r)x=0 modp, re=+sr mod p (2.2)

admits just the trivial solution. O

3 Splittable groups

In this section we will classify freely acting splittable subgroups A;x Ay x As c
G = SU(2)3. The correspondence given in Theorem [l together with our
knowledge of ADE groups will be used in order to construct all relevant
subgroups C' c SU(2)2. Thereafter, to verify using Lemma 2.1l when a given
subgroup A; x As x A3 ¢ G acts in the desired fashion amounts to solve
certain kinds of equations on integers, such as in (2.2)), to which we devote

the forthcoming section.



3.1 Integral equations

To begin with, we summarize all real parts of elements in ADE groups.

Label | Name Real parts

A,_1 Zn cos(zWTx) O<zx<n

Dp+2 | 2Da, O,cos(%) O<xz<2n
Eg 2T 0,+1,+1
E7 20 O,il,i%,i%ﬁ,iﬁ
Bg | 21 0,41, +1, 2145

Table 3: Real parts of elements in ADE groups.

We are interested in solving the following type of equations on integers:

Case I ax +by = ¢, for a,b € 2 ~ {0},c € z. This case corresponds to a
linear Diophantine equation which can be completely solved using Bezout’s
lemma, see e.g. Theorems 2.1.1 and 2.1.2 in [AAC].

Theorem 3.1. Let a,be Z ~ {0} and ce z. The equation
ar+by=c (3.1)
is solvable if and only if ged(a,b)|c, in which case its general solution reads

(,’L’,y) = (x07y0) + t(b7 _a) tez. (32)
Here (xg,y0) € 22 is a particular solution of equation (3.1).

Case II cos(%Tx) =b, be {O,:I:l,:l:%,:l:ﬁ :me N}. We determine first
all possible values of m € N so that b = :I:ﬁ can be written as a cosine of
some rational multiple of 27, by making use of the following standard result

in algebraic number theory, see e.g. Section 3 of [J].

Theorem 3.2. Let 6 be a rational multiple of 2. If cos(0) € Q, then cos(f) €
{-1,-1,0,%,1}.
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In our situation, it follows that m € {1,2,4}, and so, b € R belongs to
the following list of values: 0,+1, :I:%, :I:%. Table d displays the restrictions
on n € Z in order to get an integral solution z(n) € Z for the equation
cos(2”) =b.

n

b z(n)€Q Restriction on n
-1 L +nk 2ln
—% 34 nk, 2n +nk 8In
-3 | 2+nk, F+nk 3n
0 | 2+nk, 3n+nk 4n
% % +nk %Z +nk 6|n
7 | g +nk, g+nk 8n
1 nk -

Table 4: Conditions on n.

Case IIT cos (%2) = ¢, ce {a+/5b : a,beQ*}. Let ¢ =a+b/b with
a,b € Q* and suppose x(n) € Z solves the equation in consideration. From
this setup, we can easily derive that x(n) € z satisfies the integral equation
cos(26) + Beos(f) = C, for B = —4a and C = 100> -1 -2a?, and where 0 = 272,
The latter equation can be completely solved by means of Theorem 7 in [CJ],

result which is stated in generality sufficient to our needs.

Theorem 3.3 (Conway, Jones). Suppose we have at most two distinct ra-

tional multiples of w lying strictly between 0 and 5 for which some rational

linear combination of their cosines is rational. Then the appropriate linear
1

combination is proportional to either cos(7[s) — cos(?7}s) = 5 or cos(7[3) = 5.

Table [ displays the additional values of ¢ € Q[\/5] we must consider,
together with the restrictions to impose on n € Z in order to find an integral

solution z(n) € z for the equation cos (2”) =c.

n
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c=a+b/5 z(n) €Q Restriction on n
LA+VE) | L +kn, 2 +kn 10n
L-1+V5) | Z+kn, 22 +kn 5|n
L1-VB) | 2 +kn, 2+ kn 10[n
-1(1+V5) | Z2+kn, 2 +kn 5|n

Table 5: Conditions on n.

Remark. In the latter situation cos(f) is an algebraic number of degree 2. It
is in fact a zero of the quadratic polynomial (t—a)?-5b2. The classification of
algebraic numbers of low degree and sufficiently small length, see e.g. Section

5 of [J], provides an alternative argument to build Table

3.2 Automorphisms of quotient groups

The present section comprises descriptions of automorphisms groups of quo-
tients of ADE groups that are relevant in the forthcoming sections. The main
reference is Section 6.2 in [FD]. This material will be however adapted to
our needs.

(1) The group of outer automorphisms of Z, is given by

Out(z,) = {e(r) : ged(r,n) =1},

where ¢(r) denotes the map Z,, 3> x — x" € Z,, in multiplicative notation.
(2) To describe the outer automorphism group of a dihedral group D,

consider the following presentation of Ds,
D2n=<x,y : mzzynz(xy)2=1>:{yp: O<p<n}u{zy?: 0<p<n}.

Observe Dy = 75, so we can assume that n > 1. The case n = 2 is also special
as Dy is isomorphic to the Klein Vierergruppe. The automorphism group
of Dy isomorphic to Sym(3) and acts by permutations of the 3 non trivial

involutions. The outer automorphism group of Dy, for n > 2 is

Out(Day,) = (Tap = (a,0) € 27 x Z,,) 2 77 % Zp,

12



where the action of the affine group 2% x z,, on Dy, is given by

ap+b

Ta,b(yp) = yap ) Ta,b(xyp) =1y

(Here 7,, denotes the additive group and z* the multiplicative group of units
in the ring Z,,.)
(3) Since 2Dg = Z 4, we consider 2Dy, only for n > 1. We have the following

presentation:
2Dy, = (s,t: s?=1"=(st)?)={t": 0<p<2n}u{st? : 0<p<2n}.

In fact, we can take s = je'n and t = e'n when 2D, is realized as a subgroup

of SU(2). The outer automorphism group of 2Ds,, for n > 2 is also an affine

group:
Out(2Day,) = (Tap : (a,b) € 23, X Zay,) 2 23, X Zoy,
where the action on 2D, is given by
Tap(tP) =P | 1,4(st?) = stP*P.

We need to make a distinction for n = 2. Any automorphism of 2D, =
{£1,+i,+j, £k} c SU(2) is obtained via conjugation with an element in 20

modulo Zy = {£1}. The point-wise action of 20/z, on 2Dy is described below.
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| il lk] | Jililk

[i] i | -5 -k [%(1—@] i | -k

(4] =i | |-k [5G+R)] || i | k

[k] ~i | =i | Kk [5G -F)] || =i | k| -
[A(L+i+j+k)] | J | k| i [%(mk)] k| -j| i
[3A-i-j=-k)]| &k | i | ] [A-R)] | =j| @ | k
[3A+i-j=-k)] | -j | k |~ [HE-R)] | =k | -5 | i
3 +i+j=R)]|| k| @ |~ [HG+D] | 7| @ |-k
[3(L=i+j=R)] || =j | k| i [+ k| 5| i
[3A—i=j+k)] | 7 |-k | i [5Q=-D1| k| 5|~
3 —i+i+k)] | =k | =i | J [5A+R)] | | =i | k
[3A+i-g+k)] | & | =i |~ (=] | =i | i |-k
[5(L+4)] i | k|-

Table 6: Action of 20/z, on 2Dy.

(4) The tetrahedral group T is isomorphic to the alternating group Alt(4),
which has automorphism group Sym(4), acting by conjugation on the normal
subgroup Alt(4). This corresponds to the action of the octahedral group
O = Sym(4) on its normal subgroup T, which is induced by the action of 20
on the normal subgroup 2T. In fact, it can be derived from Table [6] that the
image of O = 20/z, in Aut(T) = Aut(2T/z,) is isomorphic to Sym(4).

(5) Every automorphism of O is inner.

(6) The icosahedral group I is isomorphic to Alt(5), which is generated
by s = (12)(34) and ¢ = (135). Observe these generators satisfy s? = 3 =
(st)> = (1). The automorphism group of Alt(5) is Sym(5), whilst the outer
automorphism group is isomorphic to Z,. In terms of permutations, the
latter is generated by conjugation with an odd permutation, say (35). This
sends the generators listed above to (12)(45) and (153) respectively. The

action of this automorphism ¢ on conjugacy classes is described below.
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Representative | Size C(zyzvw) | p(C(xyzvw))
(1) 1 C(1) C(1)
(123) 20 C(123) C(123)
(12345) 12 C(12345) | C(13452)
(13452) 12 C(13452) | C(12345)
(12)(34) 15 C(12)(34) | C(12)(34)
Table 7: Conjugacy classes. Table 8: Action of ¢.

Where C(zyzvw) is the conjugacy class of a permutation (xyzvw) € Alt(5).

(7) The outer automorphism group of 2T c SU(2) is generated by an
involution that exchanges the generators s = (1+4)(1+7),t = 1(1+7)(1+1),
which satisfy the relations s3 = ¢3 = (st)3. This automorphism is given by
conjugation with % €20 c SU(2).

(8) The outer automorphism group of 20 c SU(2) is generated by an
involution ¢ fixing s and sending ¢ to —t, where s = %(1 +i+j+k)and t = e
generate 20.

(9) The outer automorphism group of 21 ¢ SU(2) is generated by an
involution ¢ which fixes s and sends ¢ to M , where s = 2(1+i+j+k)
and t = %1“] generate 21I.

The action of the automorphisms ¢ € Out(20) and ¥ € Out(2I) on con-
jugacy classes C(x), for x € 20 or x € 2I respectively, is described in the

following tables.
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Representative | Size | Real parts C(z) | ¢(C(x)) | Re(p(x))
1 1 1 c(1) | ¢ 1
-1 1 -1 C(-1) | C(-1) -1
S 8 % C(s) C(s) %
i 3 L
t2 6 7? C’(t2) C(tz) v
S 8 -5 C(s?) C(s?) 2
t? 8 0 C(t?) | C(t?) 0
ts 6 | % ||| ey | 4
st 12 0 C(st) | C(st) 0
Table 9: Conjugacy classes in 20 . Table 10: Action of .
Representative | Size | Real parts C(z) | ¥(C(x)) | Re(y(x))
1 1 1 C(1) C(1) 1
-1 1 -1 c(-1) | ¢(-1) 1
t 12 1+T“j ety | ) Z‘T“;
2 12 —f C(t?) | C(tY) _1+T\/§
1- +
t3 12 4; C(t3) | C(t) Ky
1+ —
t 12 — Lo C(th) | C(t?) -8
s 20 : C(s) C(s) :
st 20 -1 C(s*) | C(s*) -1
st 30 0 C(st) | C(st) 0
Table 11: Conjugacy classes in 21. Table 12: Action of .

3.3 Freely acting splittable groups

We regard splittable groups A; x Ay x A3 ¢ G with non-trivial factors A; c
SU(2), for i = 1,2,3. The following technical result shall be used in the proof
of Theorem B35l

Lemma 3.4. Let n,m > 2 be integers, k = gcd(m,n) and my = 7,0y =
Then, the solution set of

2 2
COS(ﬂ) = COS(ﬂ) , (2,y) € 22,
m

n

=3
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is given by {(ng +elny, tmy) :q, L€ 7, e =+1}.
Proof. Let (x,y) € Z2 be a solution of either of the following equations
mz =ny mod mn mz = -ny mod mn.

say the first. In particular, there is an integer ¢ € 7, so that myz—nyy = mnqq.

Theorem B.1] tells us that (z,y) € ((ng,0) + Z2(n1,my)). The converse of the
assertion is straightforward. O

Theorem 3.5. Any splittable subgroup acting freely on M, is up to permuta-

tion of the three factors and conjugation in G = SU(2)3, one in the following
list.

Group Conditions

7, % 21 x 21 2,3.5+n
Zn %20 x21
Zn % 20x%x20
Znx 2T %20 2,34+n
Zn % 2T x 21
Zop X 2T x 2T
Zo X 2o X 2 ged(n,m,l) =1

Zop X Zom % 2D ged(n,m,2l) =1
Zp % 2Dy, x 2Dy | ged(n,2m,21) =1
Zip X Zoy, x 2T
Zin X Z % 20 2,3 + ged(n,m)
Zip X 2Dg,, x 2T
Zp % 2Dgy, x20 | 2,3 4 ged(n,2m)
Zp X 2Dsg,, x 21
Do X o % 21 2,3,5 + ged(n,m)

Table 13: Freely acting splittable groups

Proof. Observe first that a freely acting group A; x Ay x A3 ¢ G must have
a cyclic factor Z, of odd order n, simply because otherwise (-1 -1-1) €

Aq x Ay x A3 c G, see Table [3], situation which is not allowed by Lemma 2.1
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A splittable group Z, x As x A3 ¢ G acts freely on M precisely if Re(As) n
Re(A3z) nRe(Z,) = {1}. However, since n is odd, we always have

{-1,0 (li\/_)}nRe(Z)

f24

see Table Ml and Bl Moreover, we see that under the additional divisibility
assumptions, which can be read off from these tables, also the numbers —l
1(-1+/5) are not contained in Re(Z,). This observation gives us ah"eady
all the freely acting splittable groups 7, x Ay x A3 ¢ G with Ay, A3 c SU(2)
of type E satisfying the conditions displayed in Table [13]

As for the cases involving at least one factor Ay or Az c SU(2) of type
AD, we observe that Re(Z,,)nRe(2Da,,) = Re(Zgea(n,2m)), Re(Z2n)nRe(Z,,) =
Re(Z ged(n,m)), which is a consequence of Lemma [3.4l Similar conclusions as
before hold. O

4 Semi-splittable groups

We start the classification of freely acting semi-splittable subgroups C'xD c GG
by considering the classes of such subgroups for which the quintuple Q(C') =
{A, Ay, B, By, 0} defining C' c SU(2)? is so that A, B c SU(2) are non-trivial
ADE groups and one of the following conditions holds.

(a) AO =A, B(] = B.
(b) Ag=Bo={1}.
(¢) Ag# {1} and By = {1}.

Note that condition (a) is equivalent to C' x D c G being splittable. Since
splittable groups acting freely on M = S3 x S3 have already been classified in
the previous sections, we will assume from now on that our group is strictly
semi-splittable. Observe also that under the condition (b), the group C' is
conjugate to the graph I'(¢, A) of some automorphism ¢ of A.
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Definition 4.1. A strictly semi-splittable group is said to be of type I or II
if it satisfies condition (b) or (c) respectively, and of type III otherwise.

4.1 Type I groups

We regard groups I'(p, A) x B ¢ G, where I'(p, A) is the graph of some
automorphism ¢ : A - A of an ADE group A c SU(2) and B c SU(2) is
some non trivial ADE group. The following technical result shall be used

recurrently in the forthcoming sections.

Lemma 4.2. Let n > 2,7 € 2%, and set k = ged(1 +r,n),ny = Z,1r = %

Then, n1Z is the solution set of the equation: x = —rz mod n.

Proof. Let © € Z be a solution of the equation in question. There is in
particular an integer y € 7, so that (1 +7)x +ny = 0. If we consider the
latter as an equation in (x,y) € 22, then (z,y) = t(ny,—ry) for some t € 7,
see Theorem B.Il This shows the claim as any number tn; € Z is a solution

of: x =-rx mod n. O

Theorem 4.3. Let I'(p, A)xB c G be a freely acting type I group which is not
a subgroup of a freely acting splittable group. Then, it is either I'(p,21) x Z,
with 3 + n, or one of the following groups.

I'(7ap,2D9y) x B, n>2, a#+]l mod 2n
ki>1|ke>1| B Conditions
yes yes | Zm | 44 m A ged(ky,m) =ged(ko,m) =1
yes no | Zn, 44 m A ged(ky,m) =1
no yes | 2, 44 m A ged(ke,m) =1
no no Zim 44 m
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L(e(r),2,)x B, r++l modn
ki>1 | ka>1 B Conditions
Zm ged(m, k) = ged(m, ko) =1
yes yes | 2Ds,, | ged(2m, ko) = ged(2m, k1) =1
2T, 20 2.3+ kn, ks
21 2,3,5 4 ki, ko
Zm ged(ky,m) =1
yes no 2Ds,, ged(ky,2m) =1
9T, 20 2.3 4k
o1 2.3,5 4k
Zm ged(kg,m) =1
no yes 2Ds,, ged(ko,2m) =1
9T, 20 2.3+ ky
9 2.3,5 4 ky
no no All -

Table 14: Type I freely acting subgroups.

Where ki = ged(1+7,n), ks = ged(1 —7,n), ki = ged(1 +a,2n) and ky =
ged(1 -a,2n).

Proof. Let Ac SU(2) be an ADE group and define
W(p, A) = {Re(x) : Re(x) = Re(p(2))}

If p e Inn(A), then W(p, A) = Re (A). In consequence, a group I'(p, A)x B c
G with ¢ € Inn(A) that acts freely on M must be a subgroup of a freely
acting splittable group. We consider therefore just outer automorphisms of
A c SU(2). Observe that once we have calculated W(p, A) c R, the precise
conditions to impose on I'(¢, A) x B ¢ G to make it act freely on M are
easily obtained from Tables[3] 4 and [ as in the case of splittable groups. For
this reason, we just calculate W(p, A) for any ADE group A c SU(2) and
e Out(A):

(a) let A c SU(2) be a type E group. Since Out(A) is in this case isomor-

phic to Zs, we must consider a single automorphism of the group A c SU(2).
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Furthermore, as the only non-trivial class in Out(2T) is represented by an
automorphism which can be obtained by conjugation with some element in
SU(2), we are left with A € {20,2I}. In these cases, we read from Tables [0
that

1 1
W((p,20) = W(wa21) = {L_la 57_570} .

(b) Let A = Z,, and ¢(r) be a non-trivial outer automorphism of z,.

Elements in W(¢(r), Z,,) are readily seen to be obtained by solving
x =+rz mod n. (4.1)

Further, we can suppose r # £1 mod n, as otherwise Re(Z,,) = W(p(r),Z,).
If ged(1+7r,n) =1, equation ({I]) admits only the trivial solution and, thus,
any group I'(¢(r),2,) x B c¢ G acts freely on M. Now, suppose that k; =
ged(1+7,n)>1, kg =ged(l-r,n) =1 and write n = kyny, 1+7r =kyry. The
solution set of equation (4.1]) is n12, see Lemma [£.2] and so

W(p(r),Z,) = {COS(Q;T—Z) Dz € Z}.

1

If ki, ks > 1, we find out that

W(Zn,ap(r))z{cos(2gz) D 2€7, i:1,2}.

)

(c) At last, consider A = 2D,,. Since automorphism of 2D, are obtained
by conjugation with an element in 20 c SU(2), we can suppose that n > 2.

Let 7,5 be a non-trivial outer automorphism of 2D,,. Since
inx iTaz . dmz, im(a(z=1)+b+1)
F(Ta,ba2D2n):{(e n,€e n ),(]6” yJ€ n ) : I’EZ}7

an element in W(2Da,,7,5) is either zero or it is obtained by solving the

equation: x = £ax mod 2n. O
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4.2 Type 1I groups

We regard groups C' x D c G so that the quintuple Q(C') = {A, Ag, B, By, 0}
defining C' c SU(2)? is so that By = {1} and A c SU(2) admits a quotient
isomorphic (via ) to some ADE group B c SU(2). As explained in the
remark on page b we shall identify here A/A, with F' = B and consider
6 as an automorphism of F. Tables [[5 and [I6 (which are borrowed from
[ED]) display all non-trivial normal subgroups A, c SU(2) of an ADE group
A c SU(2) and the isomorphism type of the corresponding quotient.

Ay A AlAg A< A | AJA
21 < Zg 2 2Di<l 2T zgo
Zoo <1 2Dy Dy 75420 | O
Zok+1 < 2Doy(or41) | 2Dy 2D2 <20 D
Zok+1 < 2D2(2k+1) 44 2T4<] 20 Zﬁ
2D, <1 2Dy, Zo Zo < 21 12
Z5< 2T T :

Table 15: Subgroups I. Table 16: Subgroups II.

Caveat. It should be stressed here that according to our convention, the group
2Ds,, is defined for n > 1.

Theorem 4.4. Any type Il freely acting group C' x D c G that is not a
subgroup of a freely acting splittable group belongs to the following list

Group Conditions
G(2T,2Dy, 23, {1}, (7)) x 2, 3+n
g(2T,2D4,Zg,{1},(p(7’)) ><2D2[ 3+2[
g(2D4k,2D2k, Za, {1},Id) x D
G(20,2T,7,,{1},1d) x D -
Q(QD%, ng, Zg, {1},Id) x D
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g(Zkl,Zl,Zk,{l},gp(r))xD, Ir + +1 mod lk
ki1>1 1] ky>1 D Conditions
Zm ged(m, k) = ged(m, ko) =1
yes yes | 2Ds,, | ged(2m, ko) = ged(2m, k1) =1
2T, 20 2.3+ kn, ks
o 2.3,5 + ky, ks
Zm ged(ky,m) =1
yes no 2Ds,, ged(ky,2m) =1
9T, 20 2.3+ ky
o1 2.3,5 4k
Zm ged(kg,m) =1
no yes 2Ds,, ged(ko,2m) =1
9T, 20 2.3+ ky
o 2.3,5 4k,
no no All -

G (2Dgy2k41ys Zok+1,2Dar, {1}, ¢4 0 Tp) x D,
a(2k+1) #£1 mod 20(2k + 1), [ > 2
ki>1 | ke>1| D Conditions
yes yes | Zm | ged(ky,m) =ged(ka,m) =1 Ad4m
yes no | Zm ged(ky,m)=1 Ard+m
no yes | Zm ged(ke,m) =1 Ad+m
no no Zom 4+m

Table 17: Type II freely acting subgroups.

Where ki = ged(1+1r, kl), ko = ged(1-1r, k1), ky = ged(1-a(2k+1), 21 (2k+
1)) and ks = ged(1 +a(2k +1),20(2k +1)).

Proof. Let CxD c G be a freely acting type 111 group, Q(C') = {A, Ay, B, {1},6}
be the quintuple defining C' ¢ SU(2)? and define W(C') = {Re(x) : Re(x) =
Re(y) , (z,y) € C}. The following are the group triples (A, Ay, B) that give
rise to a valid choice for Q(C), that is such that the quotient B = A/ Ay is an
ADE group, see Tables I3 and
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B (A>A0)

Z, (Z1, 21)

Zs | (2Dg(2k+1)s Zok+1)

Zs (2T, 2Dy,)

Z9 (2D4x, 2Dgy)

79 (20, 2T)

Zg (2Dak, Z ok )
2D2; | (2Dai(2k+1) Z2ke1)

Table 18: Triples (A, Ag, B).

We calculate W(C') case by case for triples (A, Ag, B) that are part of
Q(C) in order to read off the conditions for W(C') n Re(D) = {1}. For
later use we recall, see equation (L)), that the group C is a fibered product
associated with the maps a: A - B and f=1dg: B - B.

(a) Let (A, Ao, B) = (Z 1,21, Z)) and 0 = o(r) some automorphism of Z.
We have that

C={(wlu:[rylr) = yez},
for some 7 € Z3. Lemma [.2] helps us determining the solution set of
(1+ir)y=0 mod ki,

whenever [r # £1 mod [k. The latter condition can be assumed as otherwise
W(C) = Re(Zy) = Re(zx) and C x D is then a subgroup of a freely acting
splittable group A x B x D. We see that under this condition

W(C)Z{cos(22fr) D TEZ, z':1,2}.

(b) Let (A, Ay, B) = (2D2(2k+1); Zok+1,24). The map a: A - B defining
G(2D2(ak+1y, Zok+1, 24, {1}, (1)) € SU(2)? is given by

iTE

1 if z=e2x1, =0 mod 2,
amr . . ATx
e2 if z=jemw, x=0 mod 2,
arzra(z)=4 , ina
e if z=ex1, x=1 mod 2,
3imr . . amx
e 2 if z=jemw+1, x=1 mod 2.
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It is not difficult to verify that (e%,e”) € C' c SU(2)?, for x odd and any
choice of r € 2}, hence -1 e W(C'). Since C x D acts freely it follows that
-1 ¢ Re(D) and, hence, D = Z,, for n odd. Using W(C') c Re(z4) = {0, 1},
this easily implies that C'x D c GG is a subgroup of a freely acting splittable
group 2Do(op11) XZ4 X Zpy.

(c) Let (A, Ag, B) = (2T,2Dy4, Z3). The map defining G(2T,2Dy, 23, {1},
(1)) € SU(2)? is now given as follows

1 if 2e2D,,
2rir . IR
a:zralz)={ e if ze=kop,,
Amir . %
e s if ze 1“;—”’“ 2D,.

We can check that +3 € W(C) for any choice of 7 € 2. It follows that
W(C) = {1, :I:%} = Re(Z3), and so no new freely acting group is obtained in
this way.

(d) Let (A, Ao, B) = (2Dyg, 2Day, 22). We have

O'= {(¢F,1), (e, 1), (¢, 1), (G =F T 1) < yez),
and hence W(C') = {1}. We conclude that any group G(2Dyy, 2Doy, Z2, {1}, 1d)x
D c G acts freely on M.
(e) Let (A, Ao, B) = (20,2T, Z5). In this case,

if ze2T,

cea(z) =y |
GCETRITTV 0 i zeeTol
Because Re(eT 2T) = {O,i%,iﬁi}, we have that W(C') = {1}. Therefore,
every subgroup G(20,2T,24,{1},1d) x D c G acts freely on M.

(f) Let (A,AQ,B) = (2D2k, Z ok, Zg). We have that

1 if z=e*,
a:zea(z)= ina

-1 if z=jew .
From which, we see that

Tix iz

C={(e* ,1),(je* ,-1) : xez},
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and so W(C') = {1}. Any subgroup G(2Day, Z ok, Z2,{1},1d)x D c G will then
act freely on M.

(g) Let (A, Ay, B) = (2Dgy(2k+1)s Zok+1,2Dg;) and I > 2. Since 2Dy is non-
commutative, we must consider also inner automorphisms in the construction
of our group C' c SU(2)?. Denote by ¢y, the conjugation map by an element
g(w) € {emTw,jemTw cw € 2} ¢ 2Dy. The map defining C' c SU(2)? is given by

iTtxa LTTL

Co(w) (€1 if z=elD
a:zZ e OZ(Z) = 9(w) im(a(z=1)+b+1) . . _inw
Cow)(Je 7 ) if oz =jelGED,

where (a,b) € 25, x Zg. In particular, C'c SU(2)? equals

itxa im(a(y—1)+b+1)

LT 400y (7)), (GeTHT g0 (e ™ “T5)) + g e},
An element in W(C) is thus either zero, or it is obtained from a solution of
(1xa(2k+1))x=0 mod 2/(2k +1).

This situation that can be treated analogously as in case (a). At last, let

[ =2 and ¢z be the conjugation map by an element w € 20. We find that
C = {(T, (7)), (jeTH D, ey (je F)) + wyez),

and so, W(C') = Re(Z4). No new freely acting subgroups are thus obtained.
]

4.3 Type 1II groups

We seek now to distinguish freely acting type III groups C'x D c G. To begin
with, we assert that such groups must fulfill rather restrictive conditions a

priori.

Proposition 4.5. Let C x D c G be a type III freely acting group and
C =G(A, Ay, B, By,0) c SU(2)%2. Then (up to interchanging the roles of A
and B)
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(a) D =75, or

(b) (A, Ao, B, By) € {(2Dak+1), Zok+1, 2Dou(aps1ys Zope1): (Zakety, Zoke1, 27T,
2Dy4), (Z (2ks1)t> Z2ks1s Zpts Zp) 5 (Zogars1)s Zow+1, 20,2T), (Zoaket)s Zoks1,
2Dy, 2Ds,), (Zacar+1y, Zok+1, 2Dopi1)s Zops1)s (2Doare1ys Zok+1, 2Do(2pe1),
Zopi1), (2D2(2k+1)7 Zok+1, Zap, Zp) }-

Proof. Let C'x D c G be a type III freely acting subgroup and Q(C) =
{A, Ay, B, By, 0} be the quintuple defining C' ¢ SU(2)? via the homomor-
phisms a and S in equation (II)). If D c SU(2) is a DE group or a cyclic
group of even order, and the groups A, B c SU(2) belong to the following
list: groups of type E, Z,, and 2Ds,,,, where n and m are powers of 2. A short
glance at Tables [3] and reveals that —1 € Agn Byn D. This can not
happen if C'x D c G acts freely on M, as otherwise (-1,-1,-1) e C'x D c G.
By listing the remaining possibilities according to Tables 15, [[6l and Theorem
L1l we encounter the necessity of fulfilling (at least) one of the conditions in

the theorem if the group C' x D acts freely. O

The technical result below will help us distinguishing type III freely acting
groups of the forms stated in Proposition 4.5

Lemma 4.6. Let m,n,p > 2. The equation,

cos(%—z) =c
3n)

has a solution
(a) x€1+32 forc=3, precisely if 6|(n—2) or 6|(n+2).
(b) xel+32 forc=-1%, precisely if 3|(n—1) or 3|(n+1).
(¢c) x€2+32 for c=43, precisely if 6|(n—4) or 6|(n+4).

(d) ©€2+32 for c=—3, precisely if 3|(n-2) or 3|(n+2).
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Theorem 4.7.  For the groups C = G(A, Ay, B, By,0) considered below,
which include the ones in part (b) of Proposition [{.5, we describe in each
case all type III groups C' x D c G that acts freely on M.

(a) Let C = G(Z ki, 2y Zpiy Zp, (1)), then C x D belongs to the following
list.

G(Z1, 2k, Zpl, B, 0(1)) x D
D Conditions
Zn ged(n,ms) =1
2Ds,, ged(2n,ms) =1
9T, 20 2.3 t ms
21 2,3,5 + ms

Where the above conditions are required for both values of

m =m. = ged(p - ekr, kl, Ipk)),

fore==+1, and
ki
* 7 gcd(kl, Ipk)”
(b) Let C = G(Z3pn, 20, 2T,2D4, (1)) and assume that C'x D is not a sub-
group of a splittable freely acting group. Then it is either G(Z3y,, 2,,2T, 2Dy,
©(1)) X Zope1r with n even, subject to the conditions:

3+ (n-1),(n+1),(n+2),(n-2),

or one of the following
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g(Zgn,Zn,QT,2D4,Qp(T)) XD, 2+n
6/(n+2)v 6|(n+4) | 3|(n+1) v 3|(n+2) | D | Conditions

yes yes Zm 3+m
2Dy, 3+m

yes no Zom 64+m
2Dy, 3+m

no yes Zom 34+m
2Dy, 3+m

no no All -

Table 19: Type III freely acting subgroups.

(c) Let C = G(2Doy(ok41Y: Zok+15 2D2i(2pi1)s Zope1, Co(w) © Tap) be such that
C x D is not a subgroup of a freely acting splittable group. Then | > 2 and

C x D = G(2Da(2k+1)> Zoks1: 2D2i(2pr1) Zops1, Tap) X Lo
subject to the conditions
44 m’ A ged(m/,ms)=1.
Here the latter condition is required for both values of
m=m.=ged(2p+1-e(2k+1)a,21(2k +1),2l(2p + 1)(2k + 1)),

fore=<+1, and
20(2k + 1)
7 ged(2(2k + 1), 21(2p+ 1)(2k + 1))
(d) Let C' = G(2Do2k+1), Zoks1: Zaps Zp, (1)) be such that C x D is not a
subgroup of a freely acting splittable group. Then the latter belongs to the

following table.

G(2Do2k+1), Zok+1, Zap, Zp, (1)) x D, p even
D Conditions
Zomy 2Dop, ged(2k+1,p,m) =1
2T, 20 2,3 + ged(2k + 1,p)
21 2,3,5 4 ged(2k + 1, p)
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(e) Let C = G(2Da(ok41)s Zok+1,2Do(2ps1), Zops1, (7). Then C'x D is a
subgroup of a splittable group that acts freely on M.

(f) Let C = G(Zo@k+1), Zak+1,20,2T,1d). Then either 3 + (2k + 1), in
which case any group C' x D acts freely on M, or in case 3|(2k + 1), we have
D € {Z,,2Ds,,} subject to the condition 3 + m.

(g) Let C = G(Zoks1)s Zok+1,2Dap 2Dy, Id). Then C'x D is a subgroup of
a freely acting splittable group.

Proof. 1t suffices to figure out sufficient elements in
W(C) ={Re(z) : Re(z)=Re(y),(z,y) eC}cR

so we can read from them the precise conditions to impose on C' x D to act
freely on M.
(a) The maps defining C' = G(Zy, Zk, Zpi, Zp, (1)) € SU(2)? are given by

a2 [Tl [re)iezy, B Zp 3 [Ylp = [yl € 2y

2miz  2mi(ra+yl)

In particular, C'= {(e"® ,e- » ) : yeZ}. To determine W(C') we must

solve the congruence system
px =ck(rz +yl) mod Ipk

separately for € € {—1,+1}. This leads to the following diophantine equation
in three variables
—(p—sk‘r)aj_ g—kly+ lp—kz =0,
m m m
where m = ged(p - ekr, kl,Ipk). Dividing this equation by % and setting

x = gx' for 2’ € Z, where g = gcd(%l, %), we obtain the equation

(p- ekr)g

5 ' —ey+pz=0,

which can be easily solved by considering it as an inhomogeneous equation
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in the variables y and z. The general solution is given by

x =g,

p—ckr
y=¢ 7l gx’ + Ap,

Z =€,

where the parameters 2’ and A are integers. Therefore

kl

W(c):Re(st)a S:m‘

(b) The maps defining the group C' = G(Z3,, Z,,2T,2Dy, p(r)) c SU(2)?

are given below.

1 if 2 €2D,
2mix 2mirx 27 . —1+i+7+k
a:iesn e s Bz P(z)=1 e if z e —=5L=2D,
ari ) itk
e’s if z e =52 2D,.

Thus, for r =1 we get

iz 2mi(1+3y) 2mi(2+32) “1+2+7+k
C:{(€2n ,Zo),(eTy,Zl),(eT,Zg) : Z()€2D4, 21€—2 J 2D4,
l+i+75+k
22672‘7 2Dy, x,y,zez},
whereas for r = 2,
2miz 2mi(1+3y) 2mi(2+32) 1+i+5+ k
C = (6 n ,Zo), (6 3n ,Zl), (6 3n ,ZQ) L2 € 2]:)47 z1 € 5 2D4,
-l+i+j+k
226—2‘7 2Dy, x,y,zez},

For any value of r € {1,2}, 0 or -1 is an element in W(C') precisely if 4|n
or 2|n respectively. Moreover, to verify if either 3 € W(C) or -3 € W(C)

amounts to solve each of the following equations,

COS(QW(l +3x)) _ il | COS(27T(2+3y)) _ il'
3n an 2
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Our analysis must distinguish according to the parity of n. For n even, the
element —1 lies in W(C') for r = 1,2, which implies D = Zy,,; in order to have
a group acting freely. In such case § ¢ W(C) nRe(D), see Table . Observe
also that if —% e W(C') and the group C x D acts freely on M, then similarly
34 (2p+1), and so the former group will be a subgroup of the freely acting
splittable group A x B x D. In the opposite case, i.e. =3 ¢ W(C), we get a
new freely acting semi-splittable group, see Lemma

Now, in case n is odd, then W(C) c {1,+3}. The precise elements in
W(C) can be read off from Lemma and a case by case analysis leads to
Table

(c) Consider the group C' = G(2Dgy(2x+1)» Z2k+1 2Dai(2p+1)s Z2p+15 Cg(w) © Ta,h)
for [ > 2, and its defining maps

¢ et if z= el(gcr—fl)
Oé(z) = g(w)( . @ ' . o
Cg(w)(je l ) if z= JeTek+T)

imy . _imy
1 if z = ef@p+D)

imy iny )
]

lf 2z = jel(2p+1)

B(2) { ‘

Je

ITW ITW

l’jel

zero is an element in W(C') for any g(w) € 2Dy, and so we see the necessity

where (a,b) € 23, x Zy and g(w) € {e : w ez}, It is easy to see that
of having D = 7, for an integer m’ € Z non-divisible by four. Furthermore,
since ¢y, sends the element e”T" either to itself or its inverse, the rest of
the elements in W(C') different from zero are determined similarly as in (a).

In fact, we have to solve
Pr=e(Rx+ Ly)(2k+1) mod LP(2k +1),

where P=2p+1, L =2l, R=¢'a and &’ = /(g(w) is as follows

AT

1 if g(w)=e7
-1 if g(w)=jeT

(o) - |
Summarizing, we obtain
W(C) ={0} URe(Zns),
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where

m=ged(2p+1-e'(2k +1)a,20(2k +1),21(2p + 1)(2k + 1)),

and

¢’ into e.

20(2k +1)

ee{-1,1},

T eed(20(2k + 1), 21(2p + 1) (2k + 1))
This leads to the conditions stated in the theorem after absorbing the sign

Now, let [ = 2 and recall that any automorphism of 2D, is obtained by

conjugation ¢,, with an element w € 20. The maps defining C' are:

2mix 2miy
1 if z = e@D 1 if z =eC@D
. . 3 2mix 2miy
©uw(d) if 2z = je®D j if 2= je@D
. . im(1l+4x) im(1+4y)
Ouw (1) if z = e2C@rD) i if 2 = 2@+
) in(1+4) ) in(1+4y)
—ou (k) if 2z = je2CD -k if 2= je2@)
Oé(Z) = im(1+22) ﬁ(Z) = im(1+2y)
-1 if z2=¢ @D -1 if 2 = e @D
. . . i (1+2x) im(1+2y)
—pu(j)  if z=je CFD —j  if z=je @D
. X im(3+4x) i (3+4y)
—pw(1) if 2z = 20D —i if 2z = e2@)
) - im(3+4) im(3+4y)
0w (k) if 2z = je2CD k if z = je2er)

Observe that for any choice of w we have that a(e’™) = 5(e™) = -1, and so
D =17,, with 2 + m. Moreover, since
a(e(ggﬁ)) = ﬁ(e(ggﬁ)) = 1’
we have Zop1 X Zop € C. It follows that Re(Zgeq(or+1,2p+1)) € W(C'), and
hence the necessity to have
1=ged(2k+1,2p+1,m) =ged(4(2k +1),4(2p+ 1), m).

(d) Now, consider C' = G(2Do(ak+1), Z2k+1, Zap, Zp, ©(r)). The group C' is
equal to one of the following groups:

o2miz 27y . 2mix mi(1+4y) ita im(1+2y) . inz im(3+4y)
(€2k+1,€ P ),(j62k+1,6 2p ),(62k+1,6 P ),(j62k+1,€ 2p

) x,yez},

im(1+2y) omiz i (3+4y)

)’(62k+1’e p )’(je%u’e 2p

2miy it mi(1+4y) i

{(eggﬁ’e p )’(j62k+1’e 2p

) - a:,yez}.
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Let us distinguish according to the parity of p. If p is odd, then for any
choice of p(r) we get =1 ¢ W(C') and also

Re(zgcd(%ﬂ,p)) c W(C)

In order for C'x D to act freely on M, it is necessary to have D = z,, with
2 +m and
1=ged(2k +1,p,m) = ged(2(2k + 1),4p,m).

This shows that C' x D is a subgroup of a freely acting splittable group. Let
now p be even. In this case 0 ¢ W(C') and

W(C) o) Re(Zng(ng,p)).

The rest of the elements in W(C') are obtained by solving the following
equations
pr=e(2k+1)(1+2y) mod 2p(2k + 1),

for any ¢ € {1,-1}. Because p is even, these equations have no solution. In
other words, W(C') = Re(Z ged(2k+1,p)) -

(e) The group C = G(2Do2k+1), Zok+1, 2Do2ps1y, Zops1, (1)) is either one
of the following groups

2miz  2miY ., 2miz  2miy ir(1+42z)  im(1+2y) L im(1+2z)  im(1+2y)
(62k+1’62p+1)’](62k+1’62p+1)’(e 2k+1 € 2p+1 )’] € 261 € 2p+1 ): x’yez ,

2mix 2miy ., im(1+2x) 27iy im(1+2z) im(1+2y) . iz im(1+2y)
(62k+17e2p+1 )’j(e 2k+1 ’e2p+1 )’ (e 2k+1 € 2p+1 ),j(€2k+1,6 2p+1 ) LT,y €7 r.

As in the first part of (d), we see that -1 € W(C') and W(C) 2 Zged(2k+1,2p+1) -
Therefore, we must have D = 7, with m odd and
1=ged(2k+1,2p+1,m) =ged(2(2k +1),2(2p+ 1), m).

Again this shows that C'x D is a subgroup of a freely acting splittable group.
(f) The group C' = G(Za(2k+1), Zok+1,20,2T,1d) is given by

2miz mi(1+22) im
{(e2k+1721)) , (e 2%+1 722) 1 z1€2T,29€e4 QT}_
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From this, one can verify that W(C) c {1,-1}. This shows the claim.
(g) Let C' = G(Za(2k+1, Zok+1,2Dap 2Dy, Id). It is readily seen that -1 €
W(C') and that the latter set contains Re(Zgcd(2(26+1),2p))- We conclude the

necessity to impose the conditions: D = Z,, with m odd and
1=ged(2(2k +1),2p,m) = ged(2(2k + 1),4p,m).
No new freely acting group is obtained in this way. O

The following theorem ends up our classification of freely acting finite
subgroups C' x D c SU(2)3.

Theorem 4.8. Let C'x D be a type I11 freely acting group different from any
group occurring in Theorem[4.7. Then, either C'x D is a subgroup of a freely

acting splittable group, or it is one of the following groups.

g(A,A(],B,B(],G)XZm, 2+m
A Ag B By Conditions
21 Zo 21 Z9 3 + m
2Dgr | Zok 20 2D, 3|k’
2Ds; | Zog 2D2pl Ziop gcd(ﬁzs,m) =1

Where the above conditions for the group G(2Dogi, Z ok, 2Dopi, Zop, € ©

Tap) X Zm, are required for both values of
m =m. = ged(p - eka, kL, Ipk)),

fore==+1, and
kl

* 7 gcd(kl, Ipk)”

Proof. We are left with the case D = Z,, for m € Z odd, see Proposition
It suffices again to find suitable elements in W(C'). Since we have
numerous choices for C' = G(A, Ay, B, By, ), let us proceed by considering all

35



possible candidates for F' = B/, according to Tables [I5] and [I6, which were
not considered in Theorem [£.7]

(a) Let F' e {T,0,1}. In those cases A = B € {2T,20,21} and Ay = By =
Zo. Let «: A~ F and 8 : B » F be the maps defining C'. Since the
automorphisms 6 of Bfz,, for B = 2T, 20, is induced by conjugation with a
class [w] € 20/z, , we have a(x) = S(c,(x)) for any element z € B. It follows
that W(C') = Re(B). This shows that C'x D is a subgroup of a freely acting
splittable group.

We treat now the case B = 2I. Because of the argument above, it suffices
to consider the (only) non-trivial outer automorphism of F' in the construc-
tion of C. Since two elements [z], [w] in 2!/z, are conjugate (precisely) when
Re(z) = +Re(w), see Table [II], the group 2!/z, has five conjugacy classes
C([yi]), i = 1,...,5, with representatives y; € 2I having (up to sign) every
possible real part of an element in 2I. On the other hand, if ¢ : 2/z, —» 21/z, is
the representative of the generator of Out(2/z,) described in item (6) Section
3.2, then it fixes all conjugacy classes except of the two conjugacy classes of
order 12, which are exchanged. It follows that W(C) = {0,+1,+5}. This
leads to the additional condition 3 4+ m.

(b) Groups G(A, Ay, B, By,0) c SU(2)? giving rise to F' = 2Dy, were ana-
lyzed in Theorem .71

(c) Let F' = Dy, for some integer [ > 2. Let C = G(20,2D4,20,2Dy, ¢, ©
Tap), Where (a,b) € 2% x Zg and w € 20. We easily check that

(—%(1+i+j+k:),cw(—%(1+z’+j+k)))eC’,

whence a =1 mod 6. As for if a =5 mod 6, then
1 o 1 o
(—5(1+Z+j+k),0w(§(—1+l+j+]€)))EC.

This implies that —% e W(C') for any homomorphism ¢, o 7,5. This shows

that C'x D is a subgroup of a freely acting splittable group.
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Now, consider C' = G(2Dgp, Z9p, 20,2Dy, Cg(w) © Tap), Where (a,b) € 25 x Zg
and g(w) € 2Dg), = {e%

3:,3'6% cwez}. Fora=1 mod 6, we have

AW

. . 2p
() QD =
(z(L+i+j+k)) 2Dy g(w)=je>

whereas for ¢ =5 mod 6

iTw

o) - (%(1+§+j+k));‘zzD4 gw) =5
(A(1+i+j+k))" 2Dy  g(w)=je™ ,

where [ :20 ~ 20/2p, is in both cases the natural map. Using the fact that

the order of the element
1
5(1 +i+j+k)2Dy € 20/ap,

is 3, it follows that —3 € W(C') precisely if 3 + p. In that case C'x D is a
subgroup of a freely acting splittable group. Otherwise W(C)nRe(D) = {1},

and so the group
G(2Dgp, Z9p, 20, 2Dy, cy(w) © Tap) X D

acts freely on M.

Lastly, consider the case in which C' = G(2Dag;, Zok, 2Dapr, Zop, Cu © Tap)-
To determine the elements of W(C') different from zero, it suffices to consider
the subset of C'c SU(2)? given by

[(£F, ™5 ayez),
and so solve the equation

px = ke(ax +ly) mod 2kpl.
In fact, because m is odd, and hence

ged(2kl, 2pl,m) = ged(kl, pl, m),
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we can consider

px = ke(ax +ly) mod kpl

instead. This situation was encountered in part (a) of Theorem [T, which
applied to this situation shows the claim.

(d) Let F' = 75. For the group C = G(20,2T,20,2T,1d), we have W(C') =
Re(20), and so no new freely acting group will be obtained.

Consider the group C = G(20,2T, Z o, 2y, 1d) and let

1 if 2€2T ine 1 ifx=0 mod 2

O"ZHO‘(Z)‘{ O iteecror 0 AleT )‘{ -1 ifz=1 mod2
be the maps defining it. We check that -1 lies in W(C) precisely if 3[k.
It follows the necessity to impose on C' x D the condition 3 + ged(k,m),
which implies that 3 4+ ged(2k, m), and so no new freely acting group will be
obtained in this fashion.

The group C' = G(2D 4, 2Dgg, 20,2T,1d) is given by

{(e”Tm,z), (jeiﬂTx,z), (eiﬂ(zziﬂ) ,e%z), (je”(ifcﬂ) ,e%z) : z€2T,x € Z}.
A necessary condition to impose on C' x D to act freely on M reads 3 +
ged(k,m) = ged(4k,m). Therefore, no new freely acting subgroup will be
found in this way.

The group C' = G(Zax, Zk, 2Dy, 2D2y, 1d) is given as follows

im(2y+1) i (2z+1) im(2y+1)
2

{(e%;m,emTy)’(€2igm’j6%)a(€”r(2++l)ae—p)v(eTajeT) : x,yEZ}.

In consequence, W(C') = Re(Zged(k,2p))- Therefore the necessity to impose
1= ged(k, 2p,m) = ged(2k, 4p, m),

and so there is no new freely acting subgroup.
Analogously, for any group C' = G(2Dyy, 2Day, 2Dy,, 2D9,, Id), we have to
have
1 =ged(4k,4p,m),
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and so no new freely acting subgroup is obtained in this fashion.

(e) Let F'= z3. The analysis for G(Z3y, 2, 2T, 2Dy, ¢(r)) was performed
in part (b) of Theorem L7 whereas for C' = G(2T,2Dy, 2T, 2Dy, ¢(r)), it is
not difficult to see that W(C') = Re(2T), and so no new freely acting groups

are obtained in this case.
(f) The groups C c SU(2)? leading to F' = Z; for I ¢ {2,3} were analyzed
in Theorem .7

O
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