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Abstract: We consider a sequence of cycles of exponential single server nodes, where the number of
nodes is fixed and the number of customers grows unboundedly. We prove a central limit theorem for the
cycle times distribution. We investigate the idle time structure of the bottleneck nodes and the joint sojourn
time distribution that a test customer observes at the non-bottleneck nodes during a cycle. Furthermore, we
study the filling behaviour of the bottleneck nodes and show that there is a different asymptotic depending

on having a single bottleneck or having multiple bottlenecks.
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Introduction

The aim of this paper is to analyze the behaviour of cyclic Gordon-Newell networks in equilibrium with
single-server nodes as the number of customers in the system increases to infinity. There are two different
cases to consider:
(i) All nodes have the same service rate. Then the customers are uniformly distributed over the nodes.
(ii) Different service rates exist. Then at least one bottleneck (node with the smallest service rate) exists.
Almost all the customers will be queued up at the bottleneck nodes.
We will focus on the second case where bottlenecks occur. We are particularly interested in the distribution
of a customer’s cycle time for which a central limit theorem will be proved. Furthermore, we are interested
in the differences of the filling behaviour of the nodes, in case of a single bottleneck and in case of multiple
bottlenecks.

It will turn out, that an important aspect of the networks’ behaviour is characterized by the mean idle

time of the bottleneck nodes during the cycle of a test customer, whose cycle time distribution is investigated.

The paper is organized as follows: In Section 1, the model (a closed cyclic queueing network) will be
described and some properties needed in the sequel will be referenced . In Section 2, we compute a test
customer’s cycle time distribution and discuss the intimate connection of this distribution to the mean idle
times of the bottlenecks. This connection originates from the description of the cycle time from the viewpoint
of a node: For population size N the time between N departures from some specified node is the typical
cycle time of the first of the NV departing customers which are observed [Box88].

Starting with the limiting distribution of the cycle time, we will prove a central limit theorem in the

general setting of this paper. This result generalizes the central limit theorem for the cycle time distribution



when the number of nodes is fixed and all service rates are distinct [DMS08|. In Section 3 we analyze
differences in the filling behaviour of the network in case of a single bottleneck and in case of multiple
bottlenecks. We start from the observation that there is a fundamental difference with respect to the mean
idle times between these two cases:

Considering the possible service rate vectors of the cyclic networks as parameter space the observed jump in
the mean idle times constitutes a phase transition, when reaching a certain boundary region of the parameter
space.

Motivated by this, we analyze in detail the speed with which the bottleneck nodes are filled up. It
turns out that there is a fundamental difference in the speed of convergence between the cases of single and
multiple bottlenecks.

In Section 4, we will prove a weak convergence theorem for the joint steady-state queue length distribution

of the non-bottleneck nodes.

1 Model specification and previous results

We consider a closed cyclic queueing network consisting of M nodes Q[1],...,Q[M] and N indistinguishable
circulating customers. Node Q[i], ¢ = 1,..., M, is a single-server with infinite waiting room, which is
organized according to FCFS (First Come, First Served) regime. The dynamic of the system is as follows: If
a customer arrives at node Q[i], ¢ = 1,..., M, and finds an idle service channel, i.e. no other customers are
present at that node, his service begins immediately. Otherwise, he will join the tail of the queue. Service
times requested by the customers at node Q[é] are exp (u;)-distributed. If the service of the customer at node
Q] is finished, he will move instantenously to node Q[i + 1] (with Q[M + 1] := QI[1]). The other customers
waiting in the line (if there are any) move one position forward. All jumps of the customers (in the queue or
to other nodes) happen without any time lag. The service times at node Q[i] form a sequence of iid random
variables which is independent of the service times at other nodes.

Denote by XZ-(M’N) (t) the queue length at node Q[i], i.e. the number of customers present at node Q[i]
(waiting or in service), at time t > 0. We define X M) (¢) := (XfM’N)(t)7 e ,Xj(éw’N) (t)) as the joint queue

(M,N) =

length vector at time ¢t and X (X(M’N) (), t > O) as the joint queue length process. The state space

OfX(M’N) is Z(M,N) = {(’I’Lh...,n]\/[) E]NM | n+...+ny :N}

For more information on Gordon-Newell networks, see [Rob03][Section 4.4.].

Proposition 1.1 The joint queue length process X MN) = (X(M:N)(£) ¢ > 0) described above is a strong

Markov process, which is irreducible and positive recurrent. The limiting and stationary distribution is

M n;
TN () :G(M,N)_ln (;) (1.1)

with n = (ny,...,nyp) € Z(M, N) and normalising constant
M 1 n;
¢,Ny = > ] () . (1.2)
neZ(M,N)i=1 Hi

Assumption. In the following we will assume that the joint queue length process is in equilibrium. We

will therefore omit the time parameter t, i.e., we will write X ™-™) instead of XN (¢).



We want to investigate individual behaviour of customers in the cycle. Therefore in the following we fix
one customer, called TC (the Test Customer). The random time between two entrances of the TC into node
Q1] is called the cycle time. Formally, we get a sequence of cycle times (cg\i,), i € IN}) with cg\i,) being the

i-th passage time through the cycle.

Theorem 1.2 (Limiting distribution of the cycle time and sojourn time vector) The limiting dis-

tribution of the TC’s cycle time is given by its the Laplace-Stieltjes Transform (LST)

M ni+1
w(M,N)(H) _ Z 7r(M,N—l)(n) H (“J) , 6>0, (1.3)

neZ(M,N—1) jo1 KT d

where w(MN=1)(

ni,...,na) (defined by (1.1)) is the steady-state probability that at the arrival instants of
the TC at node Q[1], he observes ny customers before him at node Q[1] and n; customers present at node
Qli], i =2,..., M, without counting himself.

The limiting joint distribution of the TC’s successive sojourn times during a cycle is given by its the
Laplace-Stieltjes Transform (LST)

M
SN o)=Y w”‘“’(nﬂ(,ﬂ”a,) C 020 =1 (1)
J J

neZ(M,N—1) j=1

A proof can be found in [BKK84].

Comment.

(i) Note that the limiting distribution of the TC’s cycle time is a mixture of convolutions of Gamma

distributions:

Lln)= Y aN-Dp) (*j”ilruj’njﬂ). (1.5)

neZ(M,N—1)
We see that for large values of N the limiting distribution is rather complicated. Therefore, asymptotic

expansions would be of value. E.g., we shall prove a central limit theorem for the cycle time.

(ii) Note that the steady state distribution of the joint queue length process (1.1) and the limiting distri-

bution of the cycle time are not influenced by the ordering of the nodes.
Notation. Denote by cy a real valued non-negative random variable with LST given by (1.3), i.e.,

en ~ ),

From now on, when recalling a cycle time, we always refer to a random variable ¢y with LST M),

In any case the number M of nodes is fixed.

Similarly, an M-dimensional vector with non negative real coordinates
($i, 857, S30) ~ ¢ (B, O,

i.e., having distribution with LST ¢®-N)(@,,...,0y;) is considered as the vector of TC’s successive sojourn

times during a cycle under customer stationary conditions.



Definition 1.3 The node Q[i], i = 1,..., M, is said to be a bottleneck node if Q[i] has the slowest service
rate, i.e., p; = min{pg, k=1,..., M}.

Assumption. In order to keep the notation and the computations as simple as possible, we will always
assume that without loss of generality 1 < ... < pps. This assumption is made only to keep the calculations
simple.

Notation. Denote m the number of different service rates, i.e. the number of different values of u; < ... <
war- The distinet service rates will be denoted by 71 < m2 < ... < n, and let vy, 1 <1 < m, be the number
of i € {1,...,M} with u; = . (Note that v; is the number of bottleneck nodes and that py = 7, and

Ky = 77m~)

It was already noticed by Gordon and Newell [GN67] that the bottlenecks have an overwhelming influence
on the asymptotic and steady state behaviour of a closed network, whenever the number of customers is high
compared to the number of nodes. A precise meaning of this statement was proved |[GN67] in case of node

1 being the single bottleneck of the network when M is constant and N — oco. Gordon and Newell proved

Jim P(XMN >p) = 1, VneN, (1.6)
M 1\ /1\™
lim P(XSMNY) =y, XUV =) = H 1—— ) (—) ,¥n;>0,5=2,...,M (1.7)
Jj=2

The usual interpretation of the results obtained by Gordon and Newell [GNG7] is in case of a cyclic network
that with increasing number of customers the bottleneck node approaches asymptotically a Poissonian source
feeding the rest of the network, while all the other nodes eventually form an open ergodic tandem system, the
behaviour of which is well understood: Local geometrical queue length distribution and independence over
the nodes in steady state. It is rather obvious that a similar property should follow for the non-bottleneck
nodes in the one-bottleneck case from (1.3), resp., (1.4), for the sojourn times and partial cycle times and

their asymptotic behaviour, see Theorem 5.1 in [DMSO08].

On the other hand it is a tempting conjecture (but not obvious) that a similar interpretation should be
available for the case of several bottlenecks which are distributed over the cycle and divide the cycle into
bottlenecks and (possibly empty) sequences of non-bottleneck nodes between them. This will be proved

below in Section 4.

If Q[1] is the only bottleneck (p; < po < -+ < ppr) it is not surprising to TC that in case of large
population almost all other customers are waiting before him at Q[1] when his cycle commences. Then in
particular it follows ([Box88]) that

E(en) = Nuy {1+ O([%]N)}, Var(en) = Npp2{1 + O([%]N)} N — oo . (1.8)

From (1.8) obviously in heavy traffic the slowest queue generates the main fraction of the cycle time of TC.
This clearly reflects the bottleneck behaviour with respect to the number of customers. So it is reasonable
to approximate the distribution of the cycle time for large values of N by the sum of N consecutive service
times at the slowest queue. This tempting conjecture is supported by Chow’s observation that in a two-stage
cycle a result parallel to (1.8) holds for the LST of the cycle times as well [Cho80]. This suggests that there

should hold a central limit theorem for the rescaled cycle time, when the number of customers tends to



infinity, while the number of stations remains fixed:
In case of a single bottleneck Q[1], the TC finds almost all other customers waiting before him at the

bottleneck node, which in precise terms is

li
Ngnoo N

As a result, the T'C’s cycle time is mainly the time needed to serve all customers before him at the bottleneck.
These times are i.i.d., with finite mean and variance.

The central limit theorem for the rescaled cycle time was proved by Daduna, Malchin and Szekli
[DMSO08|[Theorem 4.1] for the case of pairwise distinct service rates (u1 < ... < uar), i.e., in case of a
single bottleneck. Furthermore, they proved a convergence property of the joint sojourn times vectors, with
the bottleneck under central limit scaling, the non-bottlenecks without scaling.

On the other hand the wusual interpretation suggests that even the unscaled sojourn times at the non-
bottleneck nodes should converge in some sense to exponential distributions. This will be proved in Theorem
4.1 and supports anew the usual interpretation.

We shall investigate in the following the similar problems without restrictions on the number of bottle-

necks. It turns out, that the proofs are much more involved.

2 Cycle times and idle times of bottlenecks

Our approach resumes the description of cycle times given by Boxma [Box88][p. 19.]

The cycle time is defined as the random time between two successive entrances of TC into Q[1]. In the
following, we analyze the cycle time from the viewpoint of a server: We start the observation of the server
Q[1] at a time instant, when TC leaves Q[1]. We denote by i; the random idle time (which may be zero)
until the next customer starts his service at node Q[1]. Afterwards, we denote by 71 the random service time
of the next customer in service. When this customers leaves Q[1], we denote by iy the next idle time (which
may be zero again) of the service channel and so on. By and by, the customers pass Q[1] and we denote the
idle times by ¢; and the service times by 7;, j = 1,..., N. (Idle times are zero if there are customers waiting
in the queue of Q[1].)

After TC leaves Q[1] again, we sum up the service times and the idle times to get the cycle time. Therefore,

the cycle time can be expressed by
cN=1+...+iy+T+...+TN (2.1)

Defining dny := 7 + ... + 7n as the sum of all service times and py := 47 + ... + iy as the cumulative idle
time, we have

N = py +0n (2.2)

where dy is the sum of N iid exp(u;)-distributed service times.

A first simple observation yields a bound for E[py] which is independent on N. We have

M M
(1.5) _ _ _ _
Elen] = Z aMN=1) () Z(nj +1) p; 1< Z pMN=1) ()t Z(nj +1)
nezZ(M,N—1) j=1 = nez(M,N-1) j=1
<py |
=N+M-1
= (N+M-npt D aMN )= (N4 M- 1)t
neZ(M,N—1)



Since E[pn] = Elen] — E[0n] = Elen] — Nuyt, it follows
Elpn] < (M = 1)py (2.3)
Boxma [Box88| observed that (in his setting with exactly one bottleneck) holds
Elpn] — 0, n — 0.

The observation (2.3) is of importance because the cycle time consists of two components: Jy, the sum of
N iid exp(p1)-distributed random service times and the cumulative idle time py, whose expected values
remain bounded, whereares the expected values of §y grow to infinity as N — oo. One would therefore
assume that for large values of IV, the influence of py on the cycle time is not significant compared to the

influence of d. This suggests
CN — E[CN] - (SN - E[éN]

VVar(en) - VVar(én) .
For the right side holds an elementary central limit theorem. The main problem will be to sharpen and to
extend (2.3).

2.1 1Idle times at the bottlenecks

Recall that node Q[1] is always a bottleneck, and that v; > 1 is the number of bottlenecks. For the expected
cumulative idle times at Q[1] during TC’s cycle in steady state regime we have a precise asymptotic. This is

obtained from moment properties of the cycle time, which will be used to prove the central limit theorem.

Theorem 2.1 It holds

lim (Blew] = pr'N) = py (1 = 1), (2.4)
Theorem 2.2 It holds
A}im (Var(en) — pi®N) = pi *(n — 1). (2.5)
An immediate corollary is now
Corollary 2.3 It holds
Jim Elon] = pyt (1 = 1), (2.6)
and
dim_ (Var(px) + Cov(p, b)) = iy *(v1 = 1). (2.7)

While (2.7) does not admit a direct interpretation, (2.6) has a surprising interpretation.

Assume that we have a single bottleneck which is Q[1]. Then
Jim_ Flpx] =0

Assume further, that for nodes Q[2], Q[3],. .., Q[k], with k < M we let converge p; — p11,5 = 2,...,k, then
we have a discontinuity of the asymptotic expected idle times in this limiting procedure. Saying it in the
simplest setting the other way round:

Consider our sequence of networks to be dependent on the parameter vector (p1,. .., ), and assume that

the parameters vary in a way that we start with a single bottleneck @Q[1]. Consider the function which maps



any sequence of networks to the value limy_.o, E[pn]. This function starts at zero and stays there until
at least one other 41 reaches p; = p11. Then the mean value function E[py| immediately jumps to a value
> ufl > 0, a phase transition occurs, when the parameter vector reaches the boundary region defined by
{1 = pot.

We shall discuss this behaviour in more detail in Section 3.

The proofs of Theorem 2.1 and 2.2 need several preparatory steps which will be given now.

The following interchange formula for sums and products is a direct consequence of the most general

form of Harrison’s formula [Har85].

Lemma 2.4

ML) -3 5 o (377 e

=1 acZ(m,v;—1)

Proof.

s G

neZ(M,N) j=1

= Z Z (_1)(ll_yl+1 (1)N+MW (N + al) ﬁ n—au (Vu + Ay — 1) (1 _ 1) —Vu— Ay
n N u=1, uzl h vy — 1 m N

—
~—

=1 acZ(m,v—1)

N+M—v,
> e ()
m

1 aeZ(m,v—1)

I
NER

I
NE

v (1)N+M—w (N + al>nzu#(uu+au)
) m N !

ﬁ , (Vu +ay, — 1) ( 1 )Vu,-Hlu,
nle
et vy — 1 Nu — 1
_ i Z (_l)asz+1 l Novrartd N +aq ﬁ va [ Vu +a, —1 1 Vytay
- 7 N M v, — 1

=1 acZ(m,v—1) u=1, u#l The =1

T
o
o

m
N
3

N

|

W is the generalization of Harrison’s formula, see [Ser99][Proposition 1.32]. Note that in the expression given

there, typos occur, see [Mal08][Equation (1.19)]. O

The following constants will help to keep the computations with sometimes lengthy expressions shorter.



Definition 2.5 For the general cycle we set

Vy

Ny —m’

() Ky=1g,513 )

u=2

. i 1 Yy ay — 1
(i4) Kyi=1(,52) Y H< > < b1 >

as+...4apy=2u=2 Tw =

(i) Ky = (r1 — 1)K,
(ZU) KQ = (1/1 — 1)(1/1 — 2)K2,
(v) by (an)yen we denote sequences with the property

3
1 . 1 . 1
R+ K —) ).
N1 P NN o DN+ —2) 2+O<<N)>

Note that K7 = K; = 0if v; = 1 and that Ko = Ky = 0if ; < 2. The following fact is a direct consequence
of the definitions.

any:=1—m

Lemma 2.6 Let (an)ycy denote a sequence with

3
1 . 1 . 1
=1-p—-K +7 Ko+ 0| |+
a T ) i T ) S <<N>>
Then
lim N(ay —1) = - K. (2.9)

N —oc0

Proposition 2.7 The norming constant in the general cycle is

G(M,N) (2.10)

-y (—1)umt (1)Nw+al+1 (N+az) _ ﬁ - (uu +ay — 1) ( 1 )”ﬁ%
1=1 a€Z( m N W v, — 1 Ne — M1

m,v;—1)

The norming constants obey the following asymptotic expansion:

GV N) = (,,l)N G (f[ (n”_n)> ax. (211)

where (an)ye 5 a sequence according to (v) in Definition 2.5.

(2.11) tells us that the partition function G(M, N) is dominated by the term

G) (T IGE)
m N 2\ —m)

It turns out that the proof of (2.11) is of a prototype structure for many of our later arguments. We therefore

give the details here.
Proof. (i) Equation (2.10) follows immediately from (2.8).
(ii) We start with the norming constant in the form (2.10) and split the term where [ = 1, i.e., the summand

representing the bottlenecks. As we will show later on, only this summand is persistent and therefore of



importance for computing asymptotic distributions.

= i (—1)a—m+L 1 Mot N 4
o N

m

w 1 N—-vi+ai+1 N+a
b e (1) ")

ﬁ vy [Vu T 0y — 1 1 Y
T vy — 1 N — M
u=1,u#l
a€Z(m,v1—1)

ki v (Vutay —1 1 Vutau
I ni )
u=2 Vu = T —Th

_ i <_1)al—w+1 (1)N_Vl+‘1l+1 (N+a'l)

B m N

ﬁ vy [(Vu+ Gy — 1 1 Vutdu
& vy — 1 N — 1M
=2 a€Z(m,v;—1) u=1,uz#l

N—vi+a1+1 m Vytay
1 N » w—1 1
+ E : (71)0‘1*1’14’1 - ta I | i Vu ta
m N Vy — 1 Nu — M

a€Z(m,v1—1),a1<v1—3

+ > (—1)m—mtt (1)N_V1+’“+1 (N+a1> ﬁ e (vu +ay — 1) < 1 )”um
a€Z(m,v1—1),a1>v1-3 m N v Vy — 1 Ny — M1

u=2

Splitting the last expressions for a; > v — 3,ie. a1 =v1 — 1, a1 =11 — 2 and a1 = v — 3, yields

G(M,N)

m

= Z ( ]-)al*I/H*l ( 1 )NVl+al+1 (N + al) ﬁ Vay (V’u + Ay, — 1) < ]. >Vu+au
m N T Ve — 1 N — 70

=2 acZ(m,v;—1) u=1,u#l

N—-vi+ai1+1 m vy +a
1 e N+aq Vy +ay — 1 1 vt
fooy () ("x") (H al )G )
a€Z(m,v1—1),a1<v1—3 n N u=2 Vu = 1 The = 1
N-2 m U,
1 N+4+uv -3 H » "
m N o \Tu =M
N-1 m 12
1 N —9 1 L\
m N s\ —

N m v
1 N+ —1 H w “
m N oo \ T —

A short comment may be in order here: So far, we only have split the sum. First, we extracted the summand

with [ = 1, then we extracted the summands with a; > ;1 —3. Finally, we wrote down the explicit expressions

N v
o _ _ 1 N+v;—1 m N “
fora; =v1 — 1, a1 = v — 2 and a1 = v; — 3. Now we factor out (—m) ( N ) | |u:2 (nufm) .

Since

N
lim Np(m) —0, peN, 2<1<m,
N —oo m

N+V1—1)ﬁ(nu)vu -
N u=2 T — T

(=1t (1)Nw+al+l (NJ””) . ﬁ e (Vu +a, — 1) ( 1 )”’“*“u
: n N u=1,u#l ’ vy — 1 Nu — M

= O<<i]>>, for all » € IN.

it follows that

()

m
=2

7N




We choose » = 3 and receive O ((%)3) Since

(N;al) 1 3
W:O<<N)>f0ra1<yl—3,
it follows that

oo = () (73 i)

(1/1 — 1)(1/1 — 2)

1/1—1 2
N P S e
[1 MN o — 1T

G (VI GE)
m N s \Tu =M

N+V1—1)(N—|—Z/1—2

1 ., 1 . 1\*
.[1n1N+V1—1K1+n1(N+V1—1)(N+V1—2)K2+O(<N) ﬂ

N m v
1 N+v — 1) ( M ) “
— I | _— ayn.
(m) ( N o \ T — 11 N

>K2+O<<zlv)3>]

The next calculations prepare to obtain asymptotic expansions of the first two cycle time moments.

Proposition 2.8 It holds

(i)
(M,N+1) - 1 1\ Vet
N+1) (g — 1)t
Y+ g S et ()
=1acZ(m,v—1)
N +aq; " v (Vutay, —1 1 Vutdu
-(N) (") Gs)
u=1,usl u um m
(it)
2
1 1 - 1 1 ~ 1
E =n Y (N — - — K 77[( ol (=
[enga] = ( +V1)aN . 1+m NNt =) 2+ ((N))
(iii)
Elensa] = —1(N+u)ifif€ to(E
N+1] =1 1 an  an 1 N
(iv)
2 -2 1 1 - 1 -~ 1
Eleypyl=m (N+V1)(N+V1+1)*N—771 (N +11) NK1+EK2+O N
Proof. (i)
(13) M ) nj+1
WENHD(0)G(M,N) "=’ G(M, N (AMLN) >
O OGOLN " Gor N S e [T (e
neZ(M,N) Jj=1
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(2.12)

(2.13)

(2.14)

(2.15)



v M N—vi4a;+1
m LZ Z (_1)al_yl+1 L 1+ar+ N +a
+0 m+0 N

m vy+a
v v, +au_1 1 u u

W0y (7 )( )

y ) ( vy —1 Nu — M

= i > (1)‘”’4+lnw< 1 )N“l“ <N+az>
P\m+o N

I=1 acZ(m,n—1)

ﬁ nyu (Vu + ay — 1) ( 1 )Vu+au
“ vy — 1 N — M

u=1,u#l
(i) Since Eley 1] = —Z N+ (0)[g—o, we first calculate ypMN+1)(g):
a (MN+1) (2'12) —1 - aj—vi+1, v
D yanxing D _GarnTY Y (C)m N fat ])

=1 acZ(m,v;—1)

( 1 >N+az+2 (N+al) ﬁ b (Vu +ay, — 1) ( 1 >vu,+au
o N T]u vy — 1 Ny — M

u=1,u7#l
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=1 a€Z(m,v—1)

ﬁ ,r]Vu (Vu +a, — 1) ( 1 >Vu+au
“ vy — 1 T — M

u=1,u#l
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Applying equation (2.11) leads to the result that the first two sums are of order O ((%)2) therefore

T — T

s one (3) (05 ([ () )
oo (2 (705 ([ (25 )

+O<(;V)2>
41 1 (N4wv—1)(r —1)

N - K
( +l/1)771 an an N+ —1 !

2

(2.11)

(N+V1—1)(N—|—Z/1—2)

(iii) This is an immediate corollary of (2.13).

(iv) Since E[ck 4] = aa—;w(M’N“)(G)\g:o, we first have to calculate aa—;z/)(M’N“)(G):

82

2.16 — - a;—v v
e EARI() VN S () (N 4 a4+ (N a0+ 2)

=1 acZ(m,v—1)

o™ ) () ()™
77l+9 N u:lu;ﬁlu Vu_l Nu — M

Applying this result yields

2 _ iQ (M,N+1)
E[CN+1] = 0)]o=o0

= GWMN)TY Y ()TNt + 1)(N +a +2)
=1 a€Z(m,v—1)

P\ NTmtats a i v (Vu+ @y —1 1 Vutdu
- E N H M v, — 1 Mu — M
u=1,u#l

1 1 1 ~
= (N N Dny?— — (N —1)(N K
(N +v1)(N + 1+ 1)y an (N + v = (N +v1)m ay N+uv; —1

1 1 ~
+(N+V1_2)(N+1/1_1)ajv(N+V1_1)(N+V1_2)K2+O<N)

1 1~ 1 - 1
= (N+y1)(N+y1+1)171_2(N+y1)n1_1K1+K2+O(>.
an an an N

After all these preparations, we are now in a position to prove our Theorems 2.1 and 2.2.

12



Proof of Theorem 2.1. Note that p; = n;. It follows

(2.14)

N—o00 anN an

N—o0

. - ‘ . _ 1 1 -
lim (Elent] —n "(N +w1)) = J\}Ego (771 “'N+uvy)— - —K, +0

N(1- S (2.
= 771_1 lim <( aN)) — K (29) 0.

an
The theorem follows.
Proof of Theorem 2.2. Since p1 = 7, it is sufficient to show that

lim (Var(ens1) —ny 2(N +11)) =0.

N—o0

2 2
(2.13) _ 1 1 > 1
Blena] = (7711<N+”1)M_K1 nlcUV(N+V1—1)K2+O<<N
2
= TMN +v)— - —K +m— ! K) +o(+
n ! an ! 1G,N (N+1/1—1) 2 N
2
3 1 1 - _ 1 1
_ (nll(N+V1)_K1> +2(1711(N+V1)—K1
an an an an
1 1 -\ 1
- - K O —=
+<maN(N+V1—1) 2) - (N>
1 1 -\ 1 N+4wn - 1
1
- Ntw)—-—F ) +25-— "1 K =
<771( JrVl)aN an 1> * a% N+uv—1 2+O<N>
) 1 } 1. 1 -2 1 N+nu
2 2 1
_ N — oy YN SR+ K 42
(N 4 a% o —H/l)a?\, 1+a?\, vt ak N+ —1

lim (Var(en1) =" (N +n)) = lim (Eleky 1] = E¥lena] —m (N + )

N—o0

(2.15)
= .

1

a%
1 ~2 1 N+ 11

Ko _fTn
a% ! a% N+uv—1

1 -
K,

=0 2(N +11)? +2771_1(N+V1)a7
N

Ko —ni?(N + m]

1 1
— li —2 N 2 - =2 N 2 -
N [771 (N +v1) an m (N +wv1) a?v

_ 1 - _ 1 -
-y 1(N—|—I/1)7K1 —|—2771 1(N—|— 1/1)2K1:|
an ay
. 9 1 9 -2 -
+ lim (9" (N4+uv)——n"(N+1) | - K1 — Ks
N —o0 an
Note that

. _ 1 _ _o ..
&%(”12”*”%‘”12““”1)):"121&5%0( n

13

N(l —(ZN)

1 1 - 1 -~
lim [7712(N+V1)(N+V1+1)—7711(N+V1)K1+K2
N—o00 an

an

25.1) _1 .=
) (25. )7]11K1-

() -or@+m)

(2.16)

(2.17)



Also note that with using Lemma 2.6 at w

_ 1 _ 1 5 1
n 2 (N + 1) — — 0 2(N + Vl)QT =M ZT(N‘F n)?(an — 1)
an as; as

3
o o1 2 2 1 > 2 1 > 1
= —(N* +2N - —K Ko+0O| | =
m a?v( + V1+V1)< U 1+771(N+V1—1)(N—|—I/1—2) 2 + N
1 N2 - 1 N2 -
-1
= -0 ————Ki+ K
' ak N+ —1 1+a?V<N+V1—1)(N+l/1—2) 2
N ~ 1
ot ——— K+ 0 < . 2.18
D T (N) (2.18)
Inserting (2.17) and (2.18) into (2.16) leads to
Jim (Var(ens) - 2 (N + 1))
1 N2 ~ 1 - 1 -~
= lim |l K YN 4 )— Ky + 207 (N + 1) - K
Noe | TTh ai N+uv,—1 " o +V1)aN L2 +V1)a?\, !
1 o
4 'Ky -2t Ky — Ky + Ky — Ky
1 . 1 (N+V1)(N+V1—1)—N2 1 1> _ > 5 2
1 1 1
= KlngIloo % Nt —1 +E(N+V1)(17GN) + M K172T]1 K, — K,
—>2V1—1 _)7]1}61
= 0.

2.2 Central limit theorem for cycle times

The following theorem removes the requirement of distinct service rates at all nodes in Theorem 4.1 of
[DMS08|. Our preparatory derivations revealed that the methods needed for the proof are completely
different.

Theorem 2.9 (Central limit theorem for the cycle time) Let p; <... < pp. Then

CN — E[CN]

L2, X ~N(0,1) as N — . (2.19)
Var(en)

Proof. We shall utilize from Slutsky’s theorem [BD77|[p. 461] the following facts: Let X, X,,, Y,,, n > 1,

be real-valued random variables so that X, 2, X and Y, P, ¢ for some ¢ € R. Then it holds
X, +Y, 2 X+ (2.20)

X,Y, 2 Xec (2.21)

Recall now from (2.2) that ¢y can be expressed as ¢y = dn + pn, with oy being the sum of N iid exp(p1)-
distributed service times and py being the cumulative idle time. Therefore the normalized cycle time can

be written as

cy — Elen]  on — E[dn] +pn — Elpn]  6n — E[on] \/Var(én) | pn — Elpn]

Var(en) Var(en) B VVar(dy) \/Var(en)  /Var(en)

14



First, note that because of the central limit theorem for iid random variables

on — E[dn]

L2, X ~N(0,1) as N — oo. (2.22)
Var(dn)
Since Var(dn) = puy >N — 00 as N — oo and limy .o |Var(cy) — Var(dx)| = const. (see (2.5)), it holds

. Var(dn)
lim Y—==
N—oo /Var(cn)

=1

and therefore

Jim L1as N - . (2.23)

Combining (2.22) and (2.23) and applying (2.21), we get

5N*E[5N]\/W&X~N01 as N — oo 2.24
VVar(0n) /Var(cen) . ' .

. pN—Elpn]
Finally, let us analyze the last term SV’ It holds

on — E[pn] _ Ellpy — Elpn]l] 2B (pn] —0as N — 2.25
Var(cen) VVar(en) = VVar(ew) 2

since Var(cy) — oo as N — oo and

: o _ s -~ -1y (2.4)
A}gnooE[pN]—A;gnoo(E[cN] E[(SN])_ngnoo (Elen] = Npi') "= const.

Applying the Markov inequality

— E Var(c
P MZ€ SﬂHOaSNHOOVS>O,
Var(en) €
it follows that E
pn —Elpn] P oo o (2.26)
Var(en)

Combining (2.24) and (2.26) and applying (2.20) yields

CN — E[CN]

2, X ~N(0,1) as N — 0.
Var(cen)

3 Single bottleneck case versus multi bottleneck case

In this section, we analyze differences in the filling behaviour of the network in case of a single bottleneck and
in case of multiple bottlenecks: How does the dynamic of the networks depend on the number of bottleneck
nodes. Recall that we already noticed in Corollary 2.1 a surprising discontinuity of the asymptotic idle time

behaviour when varying the service rates.

(vy — 1)/1{1 >0 for vy >1

N—oo 0 forvy =1

lim Elpy] = {

15



In case of pairwise distinct service rates (u1 < ... < ppr), it even holds (cf. [Box88§|)

Elpn] = Npi 'O <(Z;>N> :

For the cumulative idle time py, it makes a major difference whether the network has a single bottleneck
node or multiple bottleneck nodes: In case of a single bottleneck, the cumulative idle time of a bottleneck
node during a customer’s cycle does not only converge stochastically to zero as the number of customers
in the network goes to infinity, but the rate of convergence is very high. Thus, for large values of N, the
bottleneck node will almost never be empty. Also, since ¢y = oy + pny and py is converging stochastically
to zero, for large values of N the cycle time ¢y can be approximated by dy, i.e. by the sum of N iid
exp(p1)-distributed random variables. In contrast, in case of multiple bottleneck nodes, the expected values
of the cumulative idle times converges towards a positive constant, i.e. during one cycle, the bottleneck
node Q1] will on average be empty for a positive time period. By symmetry this also holds for the other
bottleneck nodes.

We now consider the filling behaviour of bottleneck nodes and observe a similar dichotomy.

Theorem 3.1 Let Q[i] be a bottleneck node. Then it holds
1—0(%) forvy >1
p (Xi(M,N) > T) _ . N (3.1)
1—- N¥2— O (%) fO’f' 141 =1
and the equation is sharp with respect to speed of convergence.

Proof. Without loss of generality, we assume that Q[i] = Q[1].

P (XiM’N) < r) = GZ(ZM N)W(n)p (XI(M’N) <r ‘ X (M.N) _ n)
1y A Moo\
(L1) Z Z G(M,N)fll_[ ()
n1=0 [no+..4ny=N—-n; j=1 N
o \M1 G(M,N) :

Let us first consider the case of multiple bottlenecks, i.e. 1 > 1. Note that
> ()
na+...4+npy=N—n; j=2 Hi

is the normalizing constant of a network with the same service rates, but with one bottleneck node and n;

customers less. We therefore define for j =1,...,m

B v1—1 forj=1
vV, =
! vj for j #1

It follows

M 1 n; (2_8) m o1 1 N—n1—v;+a;+1 N — ny -+ a
R (07 R O M e O N

na+...+ny=N-—ny j=2 =1 a€Z(m,r;—1)
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From (2.11) we know that

o= () (VR (G2 )

u

with ay =14+ O (%) Since
N
lim NP (m) —0, peN, 2<1<m,
N—oo m

it follows that

corv s I(4)
na+...4+npy=N—n; j=2
1 )N—nl—ﬁl-‘rm-‘rl

= corn S e

a€Z(m,v1—1) n
N—ni+a\ (15 v (Vutau—1 1\t 1)’
e e () G=) ) el
N —ny o v, — 1 Nu — M N

Only the term with a; = v; — 1 = 11 — 2 needs to be considered, the rest is of order O ((%)2) Therefore

G(M,N)™* > H ( )

ne+...+ny=N-—-ny j=2
N—ny m Uy
(L) (eI () Lo (( 1 >2>
N Uy AT
() %) (I (725) ) (e 0 ()
()" (e :
m N—ny 1
+0 — 3.3
Ferarom o ((3)) Y
_ oK) 1)) _ (L
- oo (%) )=o(5) (3.9
Substituting (3.4) into (3.2) leads to the first part of (3.1). From (3.3), we see that

>0 for ny < N
lim [ N-G(M,N)™ _ .
o (veonnt s ()] -{ 2 N

na+...4ny=N—-ni j=2 for ny =

This shows that for 11 > 1 it holds P( Z(M ) > ) =1-0 (%) and P (Xi(M’N) > r) #1-o0 (%)
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For the case of a single bottleneck, i.e. v, = 1, we have

> 1)

no+...+ny=N-n; j=2

N—nqi—v;+a;+1
S e (1) (Vo
N—n1

=2 acZ(m,v—1) 77[

)

I nyu(vwau—l)( 1 )*
u=1,u#l l/u_l The = 10
m N —n1—vi+a;+1
S Y (E) R e (L) (e
=\ N —m

a€Z(m,v;—1) n

ks v (Vutay —1 1 vutau
I =, —
u=1,u#l u T m

It follows with G(M, N) = (%)N (Hm ( LB )"")aN (ct. (2.11)):

G(M,N)™? > H ( )

na+...4npy=N—nj j=2

—ni1—vi+a;+1
_ i i (771) Z (_1)al—ul+1 (1) ni—vi+a (N —n1+ Cll) ﬁ
an = \ m N—m :

a€Z(m,v;—1)

ki v (Vutay —1 1 Vutu
| —
u=1,u#l u Uin m

-1

)
2 nu - nl

N m N —ni—v;+a;+1 m Uy -1
SAGEE) s e )TN (G
an \n2/ (= \m UL N —m oo \Mu =

a€Z(m,v;—1)

e () )
et “ vy —1 Tu — M

N
Since limpy_.o N? ("—2> =0,3 <l <m, for all p € IN, only the sum for [ = 2 is

m
the summand with as = v — 1 needs to be considered. This leads to

a
na+...4np=N—ny j=2 N 72

(3.5)

of importance and only

o £ G - S0 )G bl

N
— NV2—10 <<n1) ) #2;"72 NVQ_
2

o(()) o

Substituting (3.6) into (3.2) leads to the second part of (3.1).We can show that (3.5) implies

() a2 G))-{

no+...+ny=N-n; j=2

This shows that the second equation of (3.1) is sharp according to the speed.
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Comment.

(i) From (3.1), we see that imy_,oc P (X{M’N) > 7") =1 for every r € IN. This means that the bottlenecks
are filled up asymptotically. But the way they get filled up is essentially different: In case of a
single bottleneck, we have a very high rate of convergence, in case of multiple bottlenecks, the rate of
convergence is quite low ( O (%)) The fact that in case of multiple bottlenecks, the bottleneck nodes
are filled up slower, is comprehensible since the customers will spread over the bottleneck nodes. But

the size of the difference as described by (3.1) is surprising.

(ii) Let us consider the filling behaviour in case of a single bottleneck. We see that the rate of convergence

is mainly determined by the quotient of the slowest service rate and the second slowest service rate
((%)N) This is well known [Box88] and not surprising. But, the speed of convergence is also
influenced by the number of second slowest servers (N*271), i.e. the more second slowest servers there
are in the network, the more customers will be present at non-bottleneck nodes. This is an interesting
result, an interpretation of which can be given as follows: The second slowest servers resist more against
fast passing by customers than all other non-bottleneck nodes. Calling these nodes “semi-bottlenecks
” would make this phenomenon intuitive: The semi-bottlenecks are the most important hills which
customers have to climb up on their way to the single bottleneck. The more hills, the longer the time

to reach the bottleneck for almost all customers.

(iii) Since the bottlenecks are filled up asymptotically, one might assume that the bottleneck nodes approach
asymptotically Poissonian sources as the number of customers in the network increases to infinity and
that the rest of the network forms an open ergodic tandem system. To be more precise: One might
assume that the sections between two bottleneck nodes form an open ergodic tandem system. This is

the topic of the following section.

4 Weak convergence of sojourn times at non-bottleneck nodes

In case of a single bottleneck the joint distribution of the queue lengths at the non-bottleneck nodes converges
for N — oo to the joint distribution of the queue lengths in an open tandem of nodes Q[2], Q[3],. .., Q[J] fed
by a Poisson-p; stream. This suggests that the joint sojourn time distribution at the non-bottleneck nodes
for TC during his cycle converges for N — oo to the joint distribution of the sojourn times of a customer
passing this tandem. For the case of distinct service rates this follows from Theorem 5.1 in [DMS08].

Consequently, in case of multiple bottlenecks the conjecture is:
Consider two subsequent bottlenecks with some non-bottleneck nodes between them. Then the joint sojourn
time distribution for TC at these non-bottleneck nodes converges weakly to the joint sojourn time distribution
of a customer in an open ergodic tandem system with exactly these nodes, fed by a Poisson-j; stream.

We can show more:
The limiting vectors of the joint sojourn time distribution for TC at the successive sequences of neighboured
bottleneck nodes are independent.

So the limiting picture is:
The joint sojourn time distribution for TC at the non-bottleneck nodes during his cycle converges for N — oo
to the joint distribution of the sojourn times of a customer passing a sequence of independent tandems, where

each of these tandem networks consists of a sequence of non-bottleneck nodes (which have in the original
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cycle at both sides of their boundary a bottleneck node).
Note: For fixing this interpretation of the following result the position of the nodes in the cycle matters

and we incorporate this into the statement of our theorem.

Theorem 4.1 Let (SgN), SéN), cee SJ(V][V)) denote a vector distributed according to ¢PMN)(0y, ..., 0,r) from
(14). Let A:={le{l,...,M}: i # p1} be the set of indices of the non-bottleneck nodes.

Then the sequence (S;N)7j € A) converges for N — oo to a vector with distribution

) exp(p; — ). (4.1)

jeA
Proof. The proof is a direct consequence of the formula (1.4), the fact that the mapping from N4 to R

nj+1
, 1
7€ A)—
(nj:3€4) H(Mj+9j>

JjEA

is continuous for any fixed (6;,j € A), and the result of the following Theorem 4.2.

Theorem 4.2 The joint steady-state queue length distribution of the non-bottleneck nodes converges weakly
to an independent product of geometrical distributions, which can be represented as the respective steady-state

queue length distribution of an open ergodic tandem system with a Poisson-py arrival stream, i.e., it holds

P(XéM.,N)7seA) i} ®G60(1 — &) as N — 0. (42)

s€A Fs

Proof. To keep notation in the proof concise, we assume (without loss of generality) p1 < po < ... < ups.
(Removing this assumption makes the notation more involved but the same arguments apply.)

Then A = {v1 + 1,11 +2,...,M}. We have to show that for all ny € N, v; +1 < s < M, with ng :=
Np41+ ...+ ny < N:

M ns
lim P(XﬁMJV) = nyn,. ., XN :nM) - (1“1) (’”) .
N—o00 1+l M s:lu_l[—i-l Hs s

Let therefore ng € N, v1 +1 < s < M, with ng :=n,,+1 + ... + na < N be arbitrary, but fixed.

P (Xﬁjvif” = i1, ., XN - nM)

R EOR N ORI

n1+‘..+n,,1 =N-—-ng j=1 'ul j=v1+1 /”LJ

_ 3 <M11)Nnyl+lmw ﬁ <1>n G(M,N)™!

ni+...+ny,; =N—ng Jj=r1i+1 i

S )y

ni+...4+n,, =N-—n K1 j=vi+1 Hi
(N—7Lg+l/1—1) 1 NH]\/I m nj
N-—ng M1 j=vi+1 \ p;
N .
ZN (N—k0+u1—1) 1 Z HM 1 m;
ko=0 N—kq m My +1+..tmau=ko Llj=vi+1 \ p;
(anoJer*l) HM K1 "
N—ng j=vi+1 \

N N—ko+vi—1 M mj
Zk():O ( N(LI:O1 ) an,,1+1+...+mM:k0 Hj:u1+1 (%)
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In the following, we will assume that 11 > 2. For vy, = 1, (the setting of [GN67]) the proposition follows

immediately from the above equation. For v > 2, it follows

P (Xl(,ﬁ’f’) = i1, XN nM)
v1—1 factors
H;'Liylﬂ (Zf) ’ (N=nog+11 —1)(N—ng+v1—2)-...- (N —no+1)
N M m;
2 k=0 2oy g1+ tmar=ho LLj=u1 41 (5—) (N—ko+v1 —1)(N —ko+v1 —2) ...« (N — ko + 1)

v1—1 factors
n;
L, o (=)
J=v1+1 \ p;

ZN D HM N (N—kotvi—1)(N—kotv1—2)-....(N—ko+1)
ko=0 my1+1+...+mM:k’o j=r1+1 g (N7n0+l/171)(N7’n,0+l/172)'...-(N7n0+1)

-1
The proposition will be proven if we can show that the denominator converges to (Hﬁul 41 ( — %)) .

Setting

)= Y 1 (“l)mj |

My +1+...+my=ko j=r1+1 M
(N—k0+V1—1)(N—]€0+V1—2)-...~(N—k50+1)
(N—nO+V1—1)(N—n0+1/1—2)~...-(N—n0—|—1)’

bN(k‘o) =

the denominator can be written as

N
> a(ko)by (ko).
ko=0

Note that by (ko) > 1 for kg < ng and is decreasing towards 1 for N — oo and that by (ko) < 1 for kg > ng

and is increasing towards 1 for N — oo. With

a(ko)b]\](ko) for ko < N
0 for kg > N

)

In(ko) := {

the denominator is

oo no oo
Z fn(ko) = Z In(ko) + Z In (ko).
ko=0 ko=0 ko=no+1
Clearly, imy oo Y pe_q fn (ko) = Don°_, a(ko) because every fn (ko) converges to a(ko).
Let us now consider the second sum Y 7°_ ., fn (ko). Because fy(-) converges point wise to a(-), it follows

by monotone convergence that

Jim 37 fn(ko)= Do lim fy(ko) = D a(ko).
ko=no+1 ko=no+1 ko=no+1

Summarizing, we have shown

S-8OS (8) (I ()

ko=0my, 41+...+mar=ko j=r1+1 H
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