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SOME PROPERTIES OF THE THOM SPECTRUM OVER QXCP*

ANDREW BAKER AND BIRGIT RICHTER

ABSTRACT. This note provides a reference for some properties of the Thom spectrum M¢ over
QYCP*. Some of this material is used in recent work of Kitchloo and Morava. We determine
the M¢&-cohomology of CP*° and show that ME&*(CP®°) injects into power series over the
algebra of non-symmetric functions. We show that M¢ gives rise to a commutative formal
group law over the non-commutative ring m.M¢. We also discuss how M¢ and some real and
quaternionic analogues behave with respect to spectra that are related to these Thom spectra
by splittings and by maps.

INTRODUCTION

The map CP*> = BU(1) — BU gives rise to a canonical loop map from QXCP* to BU.
Therefore the associated Thom spectrum has a strictly associative multiplication. But as is
visible from its homology, which is a tensor algebra on the reduced homology of CP*, it is
not even homotopy commutative. This homology ring coincides with the ring of non-symmetric
functions, NSymm. We show that there is a map from the ME&-cohomology of CP* to the
power series over the ring of non-symmetric functions, NSymm. This result is used in [MK] in
an application of M¢ to quasitoric manifolds.

As M maps to MU but as it does not receive a map from MU, it is a priori not clear, that
there is a formal group law associated to M. However, the classical Atiyah-Hirzebruch spectral
sequence calculations carry over to M¢ and this yields a commutative formal group, but the
coefficients M &, are not commutative and they don’t commute with the variables coming from
the choices of complex orientations.

For MU the p-local splitting gives rise to a map of ring spectra BP — MU ,). We show that
despite the fact that M¢,) splits into (suspended) copies of BP, there is no map of ring spectra
BP — M&q,. For the canonical Thom spectrum over QXRP>, M&g, we show that the map
of Es-algebra spectra HFy — MO does not give rise to a ring map HFy — M¢Eg.

For a map of ring spectra MU — E to some commutative S-algebra F one can ask whether
a map of commutative S-algebras S Ap(g) P(X*°~2CP*>) — FE factors over MU. Here, P(—)
denotes the free commutative S-algebra functor. It is easy to see that MU is not equivalent to
SAp(s) P(X°°~2CP>). We show that there are commutative S-algebras for which that is not the
case. In the associative setting, the analoguous universal gadget would be STI, S)A(EOO_Q(CPOO),
where A(—) is the free associative S-algebra functor and I denotes the coproduct in the category
of associative S-algebras. It is obvious that the homology of S ITy(g) A(X®2CP>) is much
bigger than the one of M¢. If we replace the coproduct by the smash product, there is still
a canonical map S Ay(s) A(X®72CP>®) — M¢ due to the coequalizer property of the smash
product. However, this smash product has still homology that is larger than that of M.
Therefore the freeness of 2XCP™ is not reflected on the level of Thom spectra.
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1. THE THOM SPECTRUM OF &

Lewis showed [LMSM| Theorem IX.7.1] that an n-fold loop map to BF gives rise to an E,-
structure on the associated Thom spectrum. Here E,, is the product of the little n-cubes operad
with the linear isometries operad. For a more recent account in the setting of symmetric spectra
see work of Christian Schlichtkrull [Schl.

The map j: QXCP*> — BU is a loop map and so the Thom spectrum M¢ associated to that
map is an Ay, ring spectrum and the natural map ME — MU is one of Ay ring spectra, or
equivalently of S-algebras in the sense of [EKMM]. Since the homology H.(M¢) is isomorphic
as a ring to H,(Q3XCP>), we see that M¢ is not even homotopy commutative. We investigated
some of the properties of M¢ in [BRI.

For any commutative ring R, under the Thom isomorphism H,(QXCP*>; R) = H.(M¢; R),
the generator Z; corresponds to an element z; € Ho;j(ME; R) (we set zgp = 1). Thomifying the
map i: CP® — QX CP>, we obtain a map Mi: MU(1) — $2M¢ and it is easy to see that

1.1. Classifying negatives of bundles. For every based space X, time-reversal of loops is a
loop-map from (QX)°P to QX i.e.,

(.): (QX)P = QX; w— w,

where w(t) = w(1—t). Here (2X)°P is the space of loops on X with the opposite multiplication
of loops.

We consider BU with the H-space structure coming from the Whitney sum of vector bundles
and denote this space by BUg. A complex vector bundle of finite rank on a decent space Y is
represented by a map f: Y — BU and the composition

y—Lpur gy,

classifies the negative of that bundle, switching the role of stable normal bundles and stable
tangent bundles for smooth manifolds.
For line bundles g;: Y — CP* — BUg (i = 1,...,n) we obtain a map

9= (gns---,91): Y = Y™ = (CP®)" — (QLCP>)P — BUY

and the composition with loop reversal classifies the negative of the sum g, ®- - -®g; as indicated
in the following diagram.

g

T

Y T Y" —— (QECP®)®P —> BUXP

Lm |

QECP> BU,,

In this way, the splitting of the stable tangent bundle of a toric manifold into a sum of line
bundles can be classified by QXCP>.

2. M&-(CO)HOMOLOGY

We note that the natural map i: CP*® — QXCP* composed with j: QXCP>* — BU
classifies the reduced line bundle n—1 over CP>. The associated map Mi: X°MU (1) — %2M¢
gives a distinguished choice of complex orientation z¢ € ME*(CP™>), since the zero-section
CP> — MU(1) is an equivalence.
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We use the Atiyah-Hirzebruch spectral sequence
(2.1) ES" = H*(CP™; M¢*) = ME*(CP™).

As M¢ is an associative ring spectrum, this spectral sequence is multiplicative and its Eo-page
is Z[[x]] ® M&*. As the spectral sequence collapses, the associated graded is of the same form
and we can deduce the following:

Lemma 2.1. As a left M&* = ME_.-module we have
(2.2) ME(CP>) =) awf: a; € MED.
120
The filtration in the spectral sequence (2.1)) comes from the skeleton filtration of CP> and

corresponds to powers of the augmentation ideal ]\75*(@]300) in M&*(CP*). Of course the
product structure in the ring M&*(CP>°) is more complicated than in the case of MU*(CP*>)
since x¢ is not a central element.

In order to understand a difference of the form uxlg — xlgu with u € M¢&,, and k > 1 we
consider the cofibre sequence

ymCpr-l C ¥mCpPr - st
Both elements ux’g and x’gu restrict to the trivial map on ¥™CP*~!. The orientation T¢ re-
stricted to S? is the 2-fold suspension of the unit of M¢, ¥2i € M¢2(S?). Centrality of the unit

ensures that the diagram

uA(S2i)NF

SIS A (D28)M ME N (S2MEM

™~

twist twist »2ENrE

/

(S2MEYM A Me

(Z2i) e Au

(528)Ak A XS

commutes, so the difference u:vlg — xlgu is trivial. This yields

Lemma 2.2. For every u € M&,, and k > 1, u and xlg commute up to elements of filtration at
least 2k + 2, i.e.,

(2.3) uak — afu € (ME (CP))R+2,

Let E be any associative S-algebra with an orientation class up € E?(CP>). The Atiyah-
Hirzebruch spectral sequence for E*CP identifies E*(CP>) with the left E,-module of power
series in ug as in the case of M¢:

E*(CP®) = {) 6} : 0; € E.}.
120
The orientation class up € E?(CP™) restricts to the double suspension of the unit of E,

Y?ip € E?(CPY). Induction on the skeleta shows that for all n, E,(CP") is free over E* and
we obtain that

E.(CP*®) = E{by,b1,-..}
with ; € E9;(CP*) being dual to u%
Making use of (II]), and passing to E = H AM¢&-cohomology using the map ¢: M — HAME
induced by the unit of H, we see that in (H A M&)*(CP*>),

(2.4) Te = Z zixigl = z2(zpg),

120
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where zy € (H A ME)?(CP*) is the orientation coming from the canonical generator of
H?(CP>). The proof is analogous to that for MU in [Ad]. Note that H A M¢ is an alge-
bra spectrum over the commutative S-algebra H which acts centrally on H A M&. Hence g is
a central element of (H A ME)*(CP*°). This contrasts with the image of x¢ in (H AME)*(CP™)
which does not commute with all elements of (H A M¢).,.

Let NSymm denote the ring of non-symmetric functions. This ring can be identified with
H,(QXCP>). Using this and the above orientation we obtain

Proposition 2.3. There is a monomorphism ©: M&*(CP*°) — NSymm[[zx]].

Proof. The right-hand side is isomorphic to the H A M&-cohomology of CP* and © is the map
©: (M&)*(CP*®) — (H N M&)*(CP) that is induced by ¢: M¢ — H AN ME. As ME is a sum
of suspensions of BP at every prime and as the map is also rationally injective, we obtain the
injectivity of ©. U

Note that for any A € M, we can express x¢A in the form
Z zixig{l)\ = Z zi)\xig{l,
i>0 i>0

but as the coefficients are non-commutative, we cannot pass A to the left-hand side, so care has
to be taken when calculating in NSymm{[z]].

3. A FORMAL GROUP LAW OVER ME,

The two evident line bundles 71,12 over CP*° x CP> can be tensored together to give a line
bundle 71 ® 7o classified by a map p: CP* x CP* — CP* and by naturality we obtain an
element p*ze € MEX(CP>® x CP*). We also have

(3.1) Mg (CP™ x CP™) = {Z aij(xp) (af) cai; € Mg*}
1,720

as a left M&* = ME&_,-module, where xé, x’g’ € ME2(CP> x CP™) are obtained by pulling back
x¢ along the two projections. We have

pwraee = Fg(xé,xg) = ﬂ:é + xg + Z am(azé)i(azg)j,
i,j>1
where a; j € M&(;4j)—2. The notation Fg(xé,xg) is meant to suggest a power series, but care

needs to be taken over the use of such notation. For example, since the tensor product of line
bundles is associative up to isomorphism, the formula

(3.2a) Fe(Fe(at, al),al') = Fe(ap, Fe(al,al"))

holds in ME*(CP> x CP> x CP>), where z,x¢, ¢ denote the pullbacks of z¢ along the
three projections. When considering this formula, we have to bear in mind that the inserted
expressions do not commute with each other or coefficients. We also have the identities

(3.2b) Fe(0,2¢) = we = Fe(0, ),
(3.2¢) Fe(wg, xg) = Fe(ag, f).

Let Z¢ = v*x¢ denotes the pullback of ¢ along the map v: CP* — CP classifying the inverse
n~! = 7 of the canonical line bundle 7. Then TeeM £€2(CP) and there is a unique expansion

i’g = —T¢ + ZCk.%’Ingl
k>1

with ¢ € M&gg. Since n ® 77 is trivial, this gives the identities

Fe(zg, T¢) = 0 = Fe(Zg, x¢)
4



and so

k k
(3.2d) Fg(.%’g, —Z¢ + Z Ck$§+1) =0= Fg(—%‘g + chx§+1,1‘§).
k>1 k>1

To summarize, we obtain the following result.

Proposition 3.1. The identities [B.2)) together show that F¢(xg,x¢) defines a commutative
formal group law over the non-commutative ring ME,.

Remark 3.2. Note however, that most of the classical structure theory for formal group laws
over (graded) commutative rings does not carry over to the general non-commutative setting.
For power series rings over associative rings where the variable commutes with the coefficients
most of the theory works as usual. If the variable commutes with the coefficients up to a con-
trolled deviation, then the ring of skew power series still behave reasonably (see for example [D]),
but our case is more general.

4. THE SPLITTING OF M¢ INTO WEDGES OF SUSPENSIONS OF BP

In [BR] we showed that there is a splitting of M¢ into a wedge of copies of suspensions of
BP locally at each prime p. In the case of MU the inclusion of the bottom summand is given
by a map of ring spectra BP — MU(,). However, for M¢ this is not the case.

Proposition 4.1. For each prime p, there is no map of ring spectra BP — M¢,)

Proof. We give the proof for an odd prime p, the case p = 2 is similar. We set H, = (HF))..
Recall that
H,(BP) =TF,lt1,t2,.. ]

where ¢, € Hopr_o(BP) and the A,-coaction on these generators is given by
" k
W(tn) =Y GO,
k=0

where ¢, € Ag,r_o is the conjugate of the usual Milnor generator &, as in Adams [Ad]. The
right action of the Steenrod algebra satisfies

Plty =1, Plty=—t], PPty =0.

Assume that a map of ring spectra u: BP — Mg, exists. Then Plu,(ty) = us(—1) = —1,
hence w := wu,(t1) # 0. Notice that

Pi(wpﬂ) = —wP, Pf(pr) = —w.

Also, PPu,(tz) = 0. This shows that u.(t2) cannot be equal to a non-zero multiple of w?**,
Therefore it is not contained in the polynomial subalgebra of H.(M¢,)) generated by wPt!
and thus it cannot commute with w. This shows that the image of u, is not a commutative
subalgebra of H.MZ§,) which contradicts the commutativity of H,BP. O

Remark 4.2. Note that Proposition [L.1]implies that there is no map of ring spectra from MU
to M, because if such a map existed, we could precompose it p-locally with the ring map
BP — MU, to get a map of ring spectra BP — M¢,).

5. THE REAL AND THE QUATERNIONIC CASES

Analogous to the complex case, the map RP>® = BO(1) — BO gives rise to a loop map
Er: QXRP* — BO, and hence there is an associated map of associative S-algebras M &g — MO
on the level of Thom spectra. There is a splitting of MO into copies of suspensions of HF5. In
fact a stronger result holds.

Proposition 5.1. There is a map of FEs-spectra HFy — MO.
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Proof. The map o: S' — BO that detects the generator of the fundamental group of BO gives
rise to a double-loop map
Q*22s! = 0°s* — BO.
As the Thom spectrum associated to Q283 is an Fy-model of HF5 by [Mah], the claim follows.
O

Generalizing an argument by Hu-Kriz-May [HKM], Gilmour |G] showed that there is no map
of commutative S-algebras HFy — MO.
The Es-structure on the map from Proposition £ cannot be extended to &g. On the space
level,
H*(QERPOOaF2) = TFQ (FI*(RPOOaF2)),

where H,(RP>;Fy) is generated by an element x,.
Proposition 5.2. There is no map of ring spectra HFy — M¢Eg.

Proof. Assume 7: HFy — MEr were a map of ring spectra. We consider ~v,: (HF3),HFy —
(HF9), Még. Note that (HF2).MEg is the free associative Fo-algebra generated by z1, 29, . ..
with z; in degree i being the image of z; under the Thom-isomorphism.

Under the action of the Steenrod-algebra on HFo-homology Sql(z1) = 1 and hence S¢l(z}) =
22 by the derivation property of Sql.

In the dual Steenrod algebra we have Sql(£1) =1 and Sq¢2(&) = & and Sql(&) = 0.

Combining these facts we obtain

(5.1) 5 (7(€1)) = 4(Sq:é1) = 7(1) = 1,
in particular v,(&1) # 0 and thus v,.(£1) = 21.
Similarly,

Sq27:(&2) = 1 (Sq3&) = b1 = 21 # 0.

The image of 7, generates a commutative sub-Fo-algebra of (HF2),ME&g. The only elements
in (HF3),M&r that commute with z; are polynomials in z;. Assume that v,.&y = zi)’. Then

0 = %8q1& = Squ(2}) = 2 #0,
which is impossible. Therefore, v,£2 does not commute with 21, so we get a contradiction. [

Note that Proposition implies that there is no loop map Q2S® — QXRP>, since such a
map would induce a map of associative S-algebras HFy — M¢&g.

A quaternionic model of quasisymmetric functions is given by H*(QXHP*>°). Here, the
algebraic generators are concentrated in degrees that are divisible by 4. The canonical map
HP> = BSp(1) — BSp induces a loop-map & : QXHP>* — BSp and thus gives rise to a map
of associative S-algebras on the level of Thom spectra M&y — M Sp.

Of course, the spectrum M Sp is not as well understood as MO and MU. There is a com-
mutative S-algebra structure on MSp [May], pp. 22, 76], but for instance the homotopy groups
of M Sp are not known in an explicit form.

6. ASSOCIATIVE VERSUS COMMUTATIVE ORIENTATIONS

We work with the second desuspension of the suspension spectrum of CP°. Such spectra
are inclusion prespectra [EKMM, X.4.1] and thus a map of S-modules from § = X*SY to
NX2CP>® 1= N2N>®CP™ is given by a map from the zeroth space of the sphere spectrum to
the zeroth space of £°°72CP> which in turn is a colimit, namely colimpa QW sW-R*C poo,
Asamap p: S — L®°72CP> we take the one that is induced by the inclusion S? = CP! ¢ CP.
The fold map

fiAS)~\/S—>S
120

is a map of S-algebras.



The commutative S-algebra S A (Np); = S[Np| has a canonical map S[Ng|] — S which is given
by the fold map. We can model this via the map of monoids that sends the additive monoid
(N, 0, +) to the monoid (0,0, +); thus S[Ng] — S is a map of commutative S-algebras.

We get a map S[Ng] — A(X®72CP>) by taking the following map on the nth copy of S in
S[Np]. We can view S as S A {x}; where {*} is a one-point space. The n-fold space diagonal
gives a map

S S =SA{x e = SA{(*,..., %)} =~ 8™
——

which fixes an equivalence of S with S\. We compose this map with the n-fold smash product
of the map o: S — £°72CP>. The maps

0N 08, S — (ZXTECP™)N 5 A(X®T2CP™)
together give a map of S-algebras
7: S[No] = A(X®72CP™).
Note, however, that S[Np] is not central in A(X°°~2CP>). Thus the coequalizer
S Agg A(E®T2CP™)
does not possess any obvious S-algebra structure. Furthermore, there is a natural map
S Ao A(E®TCP™) — M,

but this is not a weak equivalence since the HZ-homology of the left-hand side is bigger than
HZ,.ME.

In the commutative context the pushout of commutative S-algebras is given by the smash
product and hence there is a natural map of commutative S-algebras

P(S°72CP>) = § Ap(g) P(E°72CP™) — MU,
where the pushout is defined by the following diagram of commutative S-algebras
P(S) —— P(X®°2CP>)
]
S ——— P(X°2CP>)

using the identity map on S to induce the left hand vertical map of commutative S-algebras
and the inclusion of the bottom cell of Y.°72C P> to induce the top map which is a cofibration
and therefore P(X°~2CP™>) is cofibrant. However, this map is not a weak equivalence.

Lemma 6.1. The canonical map of commutative S-algebras
P(2®°72CP>®) — MU
is an equivalence rationally, but not globally. Furthermore, there is a morphism of ring spectra
MU — P(2%°72CP>)
which turns MU into a retract of P(X°"2CP>).
Proof. Let k be a field. The Kiinneth spectral sequence for the homotopy groups of
Hk A (P(E°72CP®)) ~ Hk Np,, (11k) Pk (S 72Hk A CP)

has E?-term
E2, = Torl2Fme 0 (g (B (52 Hk A CP™))).

When k = Q, m.(Pug(HQ)) is a polynomial algebra on a zero-dimensional class zp and
(6.1) T«(Pro(X2HQ A CP™)) = Q[xo, 71, - - ],
where |x;] = 2i. Thus

T (HQ A (P(Z°72CP®)) = Qlzy, 22, ...] = HQ,(MU).
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However, when k = F,, for a prime p, the freeness of the commutative S-algebras P(S) and
P(X°°~2CP>)) implies that (HIF‘I,)*(]P’(EOO*Q(CPOO)) is a free (HF,).(IP(S))-module and thus
the E2-term reduces to the tensor product in homological degree zero. Note that this tensor
product contains elements of odd degree, but (HF)).(MU) doesn’t.

Using the orientation for line bundles given by the canonical inclusion

RXT2CP® - P(E°72CP™),
we have a map of ring spectra
@: MU — P(S®°72CP™).

The inclusion map CP> = BU(1) — BU gives rise to the canonical map o: X 2CP> —

MU and with this orientation we get a morphism of commutative S-algebras
0: P(S®2CP>®) — MU,
such that the composite 6 o p o ¢ agrees with o, hence 6 o ¢ is homotopic to the identity on

MU. U

Using topological André-Quillen homology, TAQ,(—), we can show that the map of ring
spectra ¢ cannot be rigidified to a map ¢ of commutative S-algebras in such a way that the
composite 0 o ¢ is homotopic to the identity. By Basterra-Mandell [BM],

TAQ,(MU|S; HF,) = (HF,). (X ku),
while [BGRIl proposition 1.6] together with subsequent work of the first named author (in
preparation) gives
TAQ,(P(Z*°CP>)|S; HF,) = (HF,).(Z* *CP5®),
where CP5° is the cofiber of the inclusion of the bottom cell.
Proposition 6.2. For a prime p, there can be no morphism of commutative S, -algebras
0: MU — (PE®2CP™),

for which o o 0 is homotopic to the identity. Hence there can be no morphism of commutative
S-algebras

0: MU — PE®"2CP>
for which o o 0 is homotopic to the identity.

Proof. 1t suffices to prove the result for a prime p, and we will assume all spectra are localised
at p. Assume such a morphism 6 existed. Then by naturality of Qg, there are (derived)
morphisms of MU-modules and a commutative diagram
id
/\
Qs(MU) —— Q5(PL*2CP>®) —— Q5(MU)

which induces a commutative diagram in TAQ,(—; HF))

id
/\
Ho(52h; Fy) ——= H.(S%2CP5%; Fy) ——= H.(S%hu; Fy)
where CP5° = CP> /CP!.
It is standard that
Hn(Eoo*Q(CPfo;Fp) _ F, ifn> 2 and is even,
0 otherwise.
On the other hand, when p = 2,

H.(ku;Fo) = Fo[¢}, (3, G50 Cas - -] € A2)s
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with |(s| = 2° — 1, while when p is odd
Shugy ~ \/  E¥L,
1<r<p—1
where ¢ is the Adams summand with
H.(t;Fy) =Fp[¢1,62,C3, ... ] @ ATy 1 17 > 2),
for |(s] = 2p® — 2 and |T5| = 2p® — 1. Clearly this means that no such € can exist. O

Proposition 6.3. There are commutative S-algebras E which possess a map of commutative
S-algebras

P(Z®2CP®) - E
that cannot be extended to a map of commutative S-algebras MU — E.

Proof. Matthew Ando [An] constructed complex orientations for the Lubin-Tate spectra E,,
which are Ho-maps MU — E,,. However, in [JN|, Niles Johnson and Justin Noél showed that
none of these are p-typical for all primes up to at least 13 (and subsequently verified for primes
up to 61). For any p-typical orientation there is a map of ring spectra MU — E,,, but this map

cannot be an H,-map and therefore is not a map of commutative S-algebras. U
REFERENCES
[Ad] J. Frank Adams, Stable homotopy and generalised homology, Chicago Lectures in Mathematics, Uni-
versity of Chicago Press (1974).
[An] Matthew Ando, Isogenies of formal group laws and power operations in the cohomology theories E,,

Duke Math. J. 79 no. 2, (1995), 423-485.

[BGR]  Andrew Baker, Helen Gilmour & Philipp Reinhard, Topological André-Quillen homology for cellular
commutative S-algebras, Abh. Math. Semin. Univ. Hambg. 78 no. 1, (2008), 27-50.

[BR] Andrew Baker & Birgit Richter, Quasisymmetric functions from a topological point of view, Math.
Scand. 103 issue 2 (2008), 208-242.

[BM] Maria Basterra & Michael Mandell, Homology and cohomology of Eo Ting spectra, Math. Z. 249 no. 4
(2005), 903-944.

D] Francois Dumas, Skew power series rings with general commutation formula, Second Workshop on
Algebraic and Computer-theoretic Aspects of Formal Power Series (Paris, 1990), Theoret. Comput.
Sci. 98 no 1, (1992), 99-114.

[EKMM] Anthony D. Elmendorf, Igor Kriz, Michael A. Mandell & J. Peter May, Rings, modules, and algebras in
stable homotopy theory, Mathematical Surveys and Monographs, 47, American Mathematical Society,
Providence, (1997).

[G] Helen Gilmour, Nuclear and Minimal Atomic S-algebras, PhD Thesis, University of Glasgow (2006).

[HKM] Po Hu, Igor Kriz & J. Peter May, Cores of spaces, spectra, and Eoo ring spectra, Homology Homotopy
Appl. 3 no. 2, (2001), 341-354.

[JN] Niles Johnson & Justin Noél, For complex orientations preserving power operations, p-typicality is
atypical, Topology Appl. 157 no. 14 (2010), 2271-2288.

[LMSM] L. Gaunce Lewis Jr, J. Peter May, Mark Steinberger & James E. McClure, Equivariant stable homotopy
theory, Lect. Notes in Math. 1213 (1986).

[Mah] Mark Mahowald, Ring spectra which are Thom complezes, Duke Math. J. 46 no. 3 (1979), 549-559.

[May] J. Peter May, Ew ring spaces and E« ring spectra, with contributions by F. Quinn, N. Ray & J. Torne-
have. Lect. Notes in Math. 577, (1977).

[MK] Jack Morava & Nitu Kitchloo, The Baker-Richter spectrum as cobordism of quasitoric manifolds,
arxiv:1201.3127.

[Sch] Christian Schlichtkrull, Thom spectra that are symmetric spectra, Doc. Math. 14 (2009), 699-748.

SCHOOL OF MATHEMATICS & STATISTICS, UNIVERSITY OF GLASGOW, GLASGOW G12 8QW, SCOTLAND.
E-mail address: a.baker@maths.gla.ac.uk
URL: http://www.maths.gla.ac.uk/~ajb

FACHBEREICH MATHEMATIK DER UNIVERSITAT HAMBURG, 20146 HAMBURG, GERMANY.
E-mail address: richter@math.uni-hamburg.de
URL: http://wuw.math.uni-hamburg.de/home/richter/



	Introduction
	1. The Thom spectrum of 
	1.1. Classifying negatives of bundles

	2. M-(co)homology
	3. A formal group law over M*
	4. The splitting of M into wedges of suspensions of BP
	5. The real and the quaternionic cases
	6. Associative versus commutative orientations
	References

