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COCALIBRATED G,-STRUCTURES ON PRODUCTS OF FOUR- AND
THREE-DIMENSIONAL LIE GROUPS

MARCO FREIBERT

ABSTRACT. Cocalibrated Go-structures are structures naturally induced on hypersurfaces
in Spin(7)-manifolds. Conversely, such structures can be used to construct Spin(7)-manifolds
via the Hitchin flow. In this article, we concentrate as in [§] on left-invariant cocalibrated
Go-structures on Lie groups, but now on those Lie groups G which are a direct product
G = G4 x G3 of a four-dimensional Lie group G4 and a three-dimensional Lie group Gs.
We achieve a full classification of the Lie groups G = G4 x G3 which admit such structures.

1. INTRODUCTION

A Gs-structure on a seven-dimensional manifold M is a three-form ¢ € Q3M which pointwise
looks like a certain standard form. Such a three-form naturally induces a Riemannian metric
and an orientation and so a Hodge star operator %, : A®g* — A®g*. We call ¢ cocalibrated if

dx, = 0.

Interest on cocalibrated real-analytic Go-structures has arised for some years due to the fact
that they are initial values for a time-dependent partial differential equation for three-forms,
introduced by Hitchin [12], whose solution defines a Riemannian metric on a neighboorhood
of M x {0} in M x R with holonomy contained in Spin(7), see [12], [5].

Classification results for manifolds admitting real-analytic cocalibrated Gs-structures have
recently been obtained for certain subclasses. In [I7], the compact homogeneous spaces ad-
mitting homogeneous cocalibrated Go-structures were obtained and in [8] the author identi-
fied the seven-dimensional Lie groups which admit left-invariant cocalibrated Ga-structures
in the class of seven-dimensional Lie groups such that the associated Lie algebra has a
six-dimensional Abelian ideal.

In this paper we look again at left-invariant cocalibrated Gs-structures on Lie groups G,
namely on those G which are a direct product of a three-dimensional Lie group G35 and a
four-dimensional Lie group G4. We classify which of these Lie groups admit left-invariant
cocalibrated Gs-structures.

Identifying as usual left-invariant k-forms on the Lie group with k-forms on the Lie algebra
and introducing a differential on A®g* by this identification, we may speak of cocalibrated
Go-structures on a seven-dimensional Lie algebra and these forms are in one-to-one corre-
spondence to left-invariant cocalibrated Ga-structures on each corresponding Lie group. Our
main result can now be formulated as follows, where we refer the reader for the names of
the appearing Lie algebras to the Tables Il and 2L

Theorem 1.1. Let g = g4 D g3 be a seven-dimensional Lie algebra which is the Lie algebra
direct sum of a four-dimensional Lie algebra g4 and of a three-dimensional Lie algebra gs.
Then g admits a cocalibrated Go-structure if and only if one of the following four conditions

is fulfilled:
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(a) g4 is not unimodular, g3 is unimodular and h'(gy) + h'(u) — h*(gs) + h*(gs3) < 4,
where u is the unimodular kernel of gy4.
(b) g4 is unimodular, g3 is unimodular and at least one of the following conditions is true:
(i) g5 € {s0(3),s50(2,1)}
(i1) g4 = b DR for a three-dimensional unimodular Lie algebra b.
(i) g € {As1 D e(2), Asg De(1,1), Ayg De(1,1)}.
(c) g4 is unimodular, g3 is not unimodular and at least one of the following conditions is
true:
(1) g4 has an Abelian ideal of codimension one, g4 ¢ {R* h3 DR} and g3 = vs B R.
(1) (84, 94] € {h3,50(3),50(2,1)}.
(d) g4 is not unimodular, g3 is not unimodular and at least one of the following conditions
18 true:
(i) The unimodular kernel w of g4 is isomorphic to e(2) ore(1,1).
(ii) g = A;g Dro O R.
(i5i) The unimodular kernel u of g4 is isomorphic to bz, g3 # to @ R and

0¢ {Aig S t37M7A379 D31 )u c [—%,0)7 a € <_1’ _%} }

For the proof of Theorem [LT we use as in [§] the algebraic invariants introduced by Westwick
[19]. In contrast to [§], these algebraic invariants only lead to obstructions. The construction
of cocalibrated Gs-structures relies on the following two properties of Go-structures. Firstly,
from a decomposition g = V4 @ V3 of g into a four-dimensional subspace V; and a three-
dimensional subspace V3 and certain two-forms on V; and V5 one can build the Hodge dual
of a Go-structure. Note that in the concrete applications later these subspaces may not
always coincide with g, and g3. Secondly, we use the openness of the orbit of all Hodge
duals. Therefore, we write down the Hodge dual ¥ € A*g* of a Gy-structure ”well-adapted”
to the structure of the Lie algebra g, add some term ® € A*g* such that ¥ + @ is closed and
rescale ¥ and ® such that the sum stays closed and ® gets small in comparison to ¥. Then
U + & is the Hodge dual of a cocalibrated Go-structure.

The work is organized as follows: Section [2] deals with preliminaries on Go-structures, four-
and three-dimensional Lie algebras and the mentioned algebraic invariants. We begin in
subsection [2.1] by recalling the definition and basic properties of a Gy-structure on a seven-
dimensional real vector space. Moreover, we show that the orbit of all Hodge duals of
such structures is "uniformly” open in a sense made precise in that subsection. In the
following subsection, we expand our definition to Go-structures on manifolds and introduce
cocalibrated Go-structures on Lie algebras. Subsections 2.3l and 2.4] are devoted to recalling
basic facts about three-dimensional and four-dimensional Lie algebras. In subsection we
recall the algebraic invariants for k-vectors introduced partly by Westwick [19] and the values
of these invariants for certain k-forms associated to Ge-structures obtained in [19] and [§].
Moreover, we investigate under which circumstances a subspace of the space of all two-forms
on a four-dimensional vector space consists entirely of non-degenerate two-forms and how
one can build from such two-forms the Hodge dual of a Go-structure on a seven-dimensional
vector space.

In sectionBlwe give the classification. For that purpose we use in subsection [3.1lthe ” uniform”
openness of the orbit of all Hodge duals to show that, under certain assumptions, one may
deform a given Ga-structure on a seven-dimensional manifold in a particular way to obtain
a whole family of cocalibrated Gs-structures on M. We apply this result to our situation,
namely Go-structures on Lie algebras which are direct sums of a four-dimensional and a
three-dimensional Lie algebra, to get existence results for certain classes of such Lie algebras.
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In subsection we use the algebraic invariants to obtain obstructions to the existence of
cocalibrated Go-structures on the Lie algebras in question and exclude such structures for
large classes. In the subsections 3.3 - we apply the results of the subsections B.I] and
to the direct sums g = g4 @ g3 and deal separately with the four cases which naturally
appear by distinguishing whether g, or gz is unimodular or not.

The author thanks the University of Hamburg for financial support and Vicente Cortés for
many helpful discussions.

2. PRELIMINARIES

2.1. Go-structures on vector spaces. We give a short introduction into Ga-structures on
vector spaces. More thorough introductions may be found in [4] and in [g].

Definition 2.1. Let V be a seven-dimensional real vector space. A Gs-structure on V' is a
three-form ¢ € A3V* for which there exists a basis e;, ..., e; of V with

@ = 12T | 4T | BT 4 o135 16 236 245

Thereby, e!,...,e” € V* denotes the dual basis of e;,...,e;. We call the seven-tupel
(€1,...e7) € VT an adapted basis for the Go-structure .

Remark 2.2. All Go-structures lie in one orbit under the natural action of GL(V) on A3V*.
The isotropy group of a Go-structure in GL(V') under this action is isomorphic to Gg, which
is in our context the simply-connected compact real form of the complex simple Lie group
(Gg)c. Since dim(GL(V)) = 49, dim(G3) = 14 and dim(A3V*) = 35, the orbit is open, i.e.
a Go-structure is a stable form [12]. Note that there is another open orbit in A*V* whose
stabilizer is G3, the split real form of (Gz)c with m(G3) = Zy [4].

Since Go C SO(7), a Go-structure induces a Euclidean metric and an orientation on V' as
follows [5]:

Lemma 2.3. Let V' be a seven-dimensional real vector space and ¢ be a Go-structure on V.
Then ¢ induces a unique FEuclidean metric g, and a unique metric volume form vol, on V
such that each adapted basis (ey, ..., e7) for ¢ is an oriented orthonormal basis of V. For all
v,w €V the Buclidean metric g, and the metric volume form wol, are given by the formula

G (v, w)vol, = (Vo) A (wap) A .

Remark 2.4. Go-structures may be understood through the division algebra (O, (-,-)) of the
octonions. Therefore, let 1 € @ be the unit element of O and let Im Q := span(1)* be the
imaginary octonions. Then ¢ € A3Im Q* given by ¢(u,v,w) := (u - v,w) for u,v,w € Im O
is a Gg-structure on the seven-dimensional vector space Im Q. Moreover, ¢ induces in the
sense of Lemma 2.3 exactly the Euclidean metric (-, -) on Im @. For more details and for the
relation of our definition to other definitions in the literature, we refer the reader to [§].

Lemma 23 tells us that a Ga-structure ¢ € A3V induces naturally a Euclidean metric g,
and a volume form vol, on V. Thus we can define a Hodge star operator %, : A*V* — A*V*
by the usual requirement that for a k-form ¢ € A*V* the (n — k)-form *,¢ € A" *V* is the
unique (n — k)-form on V such that for all ¢ € A¥V* the identity

(b A 1/} = gga(*tp‘bv w)VOIga
is true. A short computation shows that the Hodge dual %, of the Go-structure ¢ is given
by

*QOQO — 61234 + 61256 + 63456 _ 62467 + 62357 + 61457 + 61367

is a dual basis of an adapted basis (ey, ..., e7) for ¢.

Y

where e!, ..., e”
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Conversely, a four-form ¥ € A*V* of this kind has stabilizer G, in GL* (V). So if we fix an
orientation on V', it gives rise to a Euclidean metric gy and a Go-structure . In this case,
Gp = Gu, *p0 = V¥, x,¥ = ¢ and the orientation induced by ¢ is the one fixed before [12].
Hence, alternatively, it would also be possible to call such a four-form ¥ together with an
orientation a Gg-structure. Even though this alternative definition is more appropriate in our
case, we follow the convention in the literature and only call the three-form ¢ a Gy-structure.
The set of all Hodge duals %, forms again an open orbit under GL(V') [12]. So for each
Hodge dual x,¢ there exists a small ball of radius e, in (A*V*, g,,) such that each four-form
in this ball is again the Hodge dual of a Go-structure. In fact, the sizes of these balls do
not depend on the Go-structure ¢ and the orbit is in this sense ”uniformly” open. Namely,
for two different Gy-structures o1, o € A3V* on V the automorphism of V' which maps an
adapted basis of ¢; onto an adapted basis of s induces an isometric isomorphism between
(A*V*, g,,) and (A*V*, g,,). Hence, if a ball of radius € with respect to g,, around *,,s
lies in the orbit of all Hodge duals of Go-structures, then also a ball of radius € with respect
to g,, around *,, ¢y lies in the orbit of all Hodge duals of Go-structures. This is the next

Lemma 2.5. There exists a universal constant e > 0 such that if o € A3V* is a Gy-structure
on a seven-dimensional real vector space V and ¥ € A*V* is a four-form on V which fulfills

1% — 5ol < o

for the norm |||, induced by the Euclidean metric g, on V., then ¥ is the Hodge dual of a
Go-structure on V.

For a Gs-structure on a seven-dimensional vector space there are distinguished three- and
four-planes:

Definition 2.6. Let ¢ be a Ga-structure on a seven-dimensional vector space V. An associa-
tive three-plane U is a three-dimensional subspace of V' such that |y = voly, where voly is
the metric volume form on U induced by g, and an appropriate orientation on U. Similarly,
a coassociative four-plane W is a four-dimensional subspace of V' such that *,¢|w = voly for
an appropriate orientation on W. This is equivalent to |y = 0. A coassociative/associative
splitting of V' is a vector space decomposition V = W & U into a coassociative four-plane W
and an associative three-plane U.

Remark 2.7. If V.= W @ U is a coassociative/associative splitting of V', then the splitting
is orthogonal. Moreover there exists an adapted basis ey, ..., e; for ¢ such that eq,..., e4 is
a basis of W and es, ..., e7 is a basis of U and x,p € A*W* @ A2W* A A2U* [13].

2.2. Cocalibrated Gs-structures on manifolds and Lie algebras. A Gy-structure on
a seven-dimensional manifold M is by definition a reduction of the frame bundle GL(M) to
Gy C GL7(R). Since G, is conjugated to the stabilizer of a Go-structure ¢ € A3 (R7)", there
exists a one-to-one correspondence between Go-structures on M and three-forms ¢ € Q3M
such that o, € A3T,M* is a Gg-structure on T,M for all p € M. Therefore, we call in the
following the three-form ¢ € Q*M a G,-structure. One can show that Go-structures exist
exactly when M is orientable and spin [13].

An associative distribution E is a three-dimensional differentiable distribution which is point-
wise associative. Analogously, a coassociative distribution is defined. Note that if E is an
associative distribution, then E* is a coassociative distribution. Since associative distri-
butions always exist [2], a coassociative/associative splitting of M, i.e. a decomposition
TM = E,® E5 where E, is a coassociative distribution and Ej5 is an associative distribution,
always exists.
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A Go-structure carries in general intrinsic torsion. It is well-known that it is torsion-free
exactly when Hol(M, g) C G, and this is equivalent to dp = 0 = d %, ¢ [7]. In this case ¢
and %, are calibrations on M, see [I1], and the calibrated submanifolds are precisely those
whose tangent spaces are pointwise associative or coassociative, respectively.

We consider a weakened condition in this article, namely cocalibrated Go-structures, i.e. Go-
structures ¢ € Q*M for which d x, ¢ = 0. Then still x, is a calibration on M but ¢ is in
general not.

Moreover, we concentrate on left-invariant Go-structures on Lie groups G. These are in one-
to-one correspondence to Go-structures on the corresponding Lie algebra g. If we use this
identification as usual to define a differential d; on A*g*, we are able to speak of cocalibrated
Go-structures on a Lie algebra.

Convention 2.8. If V. = W @ U is a vector space which is the vector space direct sum of
two vector spaces W and U and 7wy : V. — W is the projection onto W along U, then
iy : A*W* — A*V* is injective. The image of 7}, is A*UY. Thus it is justifiable to identify
in this situation A*U° with A*W*, which we will often do in the following.

Moreover, if g = u@ U is a Lie algebra which is the vector space direct sum of an ideal u in g
and a vector subspace U C g, then the above injection also identifies the cochain complexes
(AU, mpepo © dg|pepo) and (A®u*,dy), where maero @ A®g* — A*UP is the projection onto
AU along u® A A®g*. Note that the former is a cochain subcomplex of (A®g*,d,). Using
this identification, we will often write d,, instead of maeg0 0 dg|peppo. Note that if U is also an
ideal in g and g = u@ U is a Lie algebra direct sum, then myego 0 dg|pepo = dg|pes = dy in
our identification. In this case we will often omit the index and simply write d.

All four-dimensional and all three-dimensional Lie algebras with the exception of the two
simple Lie algebras admit a codimension one unimodular ideal. So it is not surprising that
the following lemma turns out to be useful in our study and we use it often without further
noting:

Lemma 2.9. Let g be an n-dimensional Lie algebra which admits a codimension one uni-
modular ideal w C g. Let e, € g\u and e” € u°, e"(e,) = 1. Then:

(a) de™ = 0 and there exists a linear map f : u* — u* such that dyoo = dya + f(a) A e”
for all o € u*.

(b) dg(w A €e™) = dy(w) AN e™ for allw € A®u*.

(c) dg(A"2u*) C A" 2u* Ae™.

(d) dg(A"2u* Ae™) = {0}. Moreover, dg(A"'u*) = {0} ezactly when g is unimodular.

Proof.  (a) For arbitrary XY € g, the commutator [X,Y] is in u. Hence de"(X,Y) =
—e"([X,Y]) = 0.
It is clear that there are linear maps f : u* — u* and ¢ : u* — Au* such that
dg(a) = g(a) + f(a) Ne™ for all o € u*. For Z, W € u, we have [Z, W] € u and

g(a)(Z, W) = (dga)(zv W) = _a([Za W]) = (dua)(zv W)

by Convention 2.8 This shows ¢g(a) = d,(«) and finishes the proof of part (a).

(b) Part (a) implies, for each k& € {0,...,n — 1}, the existence of a linear map f :
Afu* — ARu* such that dyw = dyw + fr(w) A e" for all w € A*u*. Then (a) implies
dg(w AN e”) =dg(w) Ne™ = dy(w) A e™ as claimed.

(c) We have dyw = dyw + fn_2(w) A e" for all w € A" ?u*. But u is unimodular, which
is equivalent to the fact that all (n — 2)-forms on u are dy-closed. Hence dyw =
Jno2(w) Ae™ € A" 2u* Ae™ as claimed.



6 MARCO FREIBERT

(d) Part (a) and (c) directly imply dy(A"?u* Ae™) = {0}. Since g is unimodular exactly
when all (n — 1)-forms are dg-closed, the first part implies that dy(A"'u*) = {0}

exactly when g is unimodular.
O

2.3. Three-dimensional Lie algebras. The classification of three-dimensional Lie alge-
bras is well-known [3] and given in the appendix in Table [l We highlight some aspects of
the classification which we use later on in this article.

Lemma 2.10. Let g be a three-dimensional unimodular Lie algebra.
(a) There exists a basis eq, ez, e3 of g and 11,7y, T3 € {—%,O, %} such that
de' =T, Z?,k:l €k’ fori=1,2,3.
(b) d(g*) A kerd| . = {0}.
(c) There exists a linear map g : N*g* — kerd| . such that the kernel of the map G :
Ag* — A3g*, G(w) :=w A g(w) is exactly d(g*).
(d) If mr; > 0 for all i,j € {1,2,3}, i.e. g ¢ {e(1,1),s0(2,1)}, then the kernel of the
map F : g* — A3g*, F(v) :=d(v) Av is exactly ker d
Proof. We use the well-known part (a) [3] to show (b)-(d).
(b) Let w =da, a = 25’:1 a;e’ € g* and 3 = 25’:1 bie! € g*. Then

g* -

3
w = Z Tiai€ijk€jk (21)

i?j7k“:1
and so
3 3 3
— E ikl __ § : 123 __ § : 123
w A ﬁ = Tiaibleijkej = Tiaiblqjqule = QTiCLibi (& . (22)
1,5,k,1=1 i,5,k,l=1 =1

Ifdp = Z?,J}k:l Tibieijkejk =0, then 7;0; = 0 for all = 1,2,3 and so w A § = 0. This
shows (b).

(c) Let w € A?g*. Then w = Eij,k:laieijkejk for unique ay,as,a3 € R. Set g(w) =
E?=1,7i=0 a;e'. Then Equation (21]) shows that g(w) € ker d|4+. Moreover,

3 3
ikl 123
wAgw)= E a;a€;pe’" = < g aialejkiejkl> €
0 0

i7j7k7l:177—l: i7j7k7l:177—l:
3 3
123 2 123
= g 2a;,a;0; | e = E aj | e =0
i,l=1,73=0 1=1,7;=0

if and only if 7; = 0 implies a; = 0 for [ = 1,2,3. But Equation (Z1]) shows that this
is equivalent to w € d(g*).

(d) The signs of the non-zero 7; are all the same due to the assertion. Let o = Z?:1 ae’ €
g", aj,as,a3 € R. Then Equation (22) implies that da A @ = 0 if and only if
E?=1 ;a2 = 0 and this is the case if and only if 7;a; = 0 for all i« = 1,2,3. But
Equation (2.1)) states that this is equivalent to « € ker d

g*.

U

The only two non-solvable three-dimensional Lie algebras are the simple ones, namely so(3)
and s0(2,1). If g is solvable and unimodular, then, by elementary Lie theory, there exists
a codimension one ideal, which then has to be unimodular and so Abelian. If g is not
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unimodular, then the unimodular kernel gives a codimension one Abelian ideal. Thus Lemma,
2.9 implies

Lemma 2.11. Let g be a three-dimensional solvable Lie algebra. Then g* admits a vector
space decomposition g* = Wydspan(e®), Ws two-dimensional, and a linear map f : Wo — Wy

such that da = f(a) Ae® for all « € Wy and de® = 0. If tr(f) # 0, ?f(tgg only depends on

the Lie algebra g. Moreover, tr(f) = 0 exactly when g is unimodular.

We recapitulate the definition of a contact form on an odd-dimensional Lie algebra.

Definition 2.12. Let g be a (2m + 1)-dimensional Lie algebra. A contact form on g is a
one-form « € g* such that a A (da)™ # 0. For m = 1, the case we will be mainly interested
in, the condition simply is a A da # 0.

In section B we need a classification of the three-dimensional Lie algebras which do admit a
contact form. This classification is well-known [6] and straightforward to prove:

Lemma 2.13. A three-dimensional Lie algebra does not admit a contact form if and only if
g is solvable and f as in LemmalZ11is a multiple of the identity. So g admits a contact-form

if and only if g ¢ {R?,v3.1}.

2.4. Four-dimensional Lie algebras. A classification of all four-dimensional Lie algebra
has first been achieved by Mubarakzyanov [I4]. We give a complete list in Table 2

In [I] it is proven that each four-dimensional solvable Lie algebra admits a codimension
one unimodular ideal. Since the only simple Lie algebras up to dimension four are so(3)
and s0(2, 1), it is an immediate consequence of Levi’s decomposition theorem that the non-
solvable four-dimensional Lie algebras are exactly so(3) @ R and s0(2,1) & R. This shows
the first part of

Lemma 2.14. Let g be a four-dimensional Lie algebra. Then g admits a codimension one
unimodular ideal u. u is unique if and only if g is not unimodular or dim([g,g]) = 3. In
these cases u is the unimodular kernel or the commutator ideal [g, g] of g, respectively.

Proof. If g is not unimodular, then the unimodular kernel has codimension one and each
unimodular ideal of g is an ideal of the unimodular kernel. Thus a codimension one uni-
modular ideal has to coincide with the unimodular kernel. The commutator ideal [g, g]
is a unimodular ideal and contained in each codimension one ideal. Thus the uniqueness
statement follows if dim([g, g]) = 3.

If g is unimodular and dim([g, g]) < 3, then, by inspecting Table [2] we see that g = h d R
with a three-dimensional unimodular solvable Lie algebra h or g = A4 ;. In the former cases,
the first summand h in h @ R is a unimodular codimension one ideal and the direct sum
of an Abelian codimension one ideal of h and the R summand gives a different unimodular
codimension one ideal. For g = Ay, in the dual basis ey, es, €3, €4 of the basis e, €2, €?, e
of A}, given in Table 2] the subspace span(ey, es, e3) is an Abelian codimension one ideal

whereas span(eq, s, €4) is a codimension one ideal isomorphic to bs. O

We recapitulate the definition of a symplectic two-form on an even-dimensional Lie algebra:

*

Definition 2.15. Let g be a Lie algebra of dimension 2m. A closed two-form w € A?g
is called symplectic if it is non-degenerate, i.e. w™ # 0. For the case we are interested in,
namely m = 2, this simply means w? # 0.

All symplectic four-dimensional Lie algebras have been identified and also all symplectic
two-forms (up to isomorphisms) have been determined by Ovando in [I5]. We give a new
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proof of some part of the results in order to relate the existence of one or more symplectic
two-forms satisfying certain compatibility relations to the dimensions of the cohomology
groups of g and of a codimension one unimodular ideal u.

Lemma 2.16. Let g be a four-dimensional Lie algebra and assume that g admits an Abelian
codimension one ideal u or g is not unimodular and the unimodular kernel u is not isomorphic
to e(1,1). Then g admits a

D :=h*(g) — h'(g) — h'(u) +4
-dimensional subspace of A’g* in which each non-zero element is symplectic.

Remark 2.17. Lemma [2.16] applies to all but five Lie algebras:

e The only non-unimodular four-dimensional Lie algebra with unimodular kernel u
isomorphic to e(1,1) is ty @ to. In the basis given in Table 2 the two-form et + €23 is
symplectic. One can show that the maximal dimension of a subspace V' C A?(ty®ty)*
in which each non-zero element is symplectic is one.

e The unimodular four-dimensional Lie algebras which do not admit a codimension one
Abelian ideal are the two non-solvable ones s0(3) @R and s0(2,1) ® R and two other
Lie algebras, namely A, s and Ay 0. All four do not admit any symplectic two-form.

Proof of Lemma[216. Choose an element e, € g\u and let e € g* be such that e*(e;) = 1,
e* € u’. For the following let f : u* — u* be the linear map such that d,8 = d,8+ f(8) A e*
for all 8 € u*. For the proof we fix a norm |[|-|| on A?g* and choose an isomorphism Ag* = R.
We fix a complement V' of kerdy|, in u*, set Wy := {w+ Ag(w) A e*|w € ker dy|p2,+} for
A # 0, where g : A*u* — kerd,|,~ is the map of Lemma 20 (c), and claim that there is
A # 0 such that U := d4(V') + W) consists, with the exception of the origin, entirely of
symplectic two-forms and that the dimension of U is equal to D = h?(g) — h'(g) — h'(u) +4.
Note that the closedness of all elements in U is clear. We divide the proof into six steps.
Step I: All non-zero elements in dy(V') are symplectic and dg|yv : V' — dg(V') is an isomor-
phism:

If V"= {0}, then there is nothing to show. Otherwise our assumptions imply that g is not
unimodular and so dy(A%u*) # {0}. Let a € V\{0}. By definition of V, dya # 0 and so
Lemma 2101 (d) tells us that A%u* 3 dya A a # 0. Hence dg(dya A o) # 0 and so

dga A dgae = dy(a A dgr) = dg(a A dya + a A fa) Aet) = dg(a A dya) # 0.

So dga is non-degenerate and, in particular, dyo # 0. This proves Step L.

Step II: f(V) is a complement of ker d|y in u* and for all X # 0: dg(V) N Wy = dg(V) N
(ker dg|pzy+ @ ker dy|y= A €*) = {0}

The inequality 0 # dya A dgae = 2dya A f(a) A e* for o € V\{0} implies that f|y is injective
and so dim(V') = dim(f(V)). By Lemma 210 (b), ker dy|y A dy(u*) = {0}. Thus f(V) is a
complement of ker dy|,~ in u*. Let w € dg(V) N (ker dg|p2, @ ker d|y= A €*). Then there are
a € V,w; € kerdg|pz,- and 8 € ker d, |y~ such that

w=dya+ fla)Ne* =w + B A

This implies f(a) = B € kerd,|,~ and so, since f(V) is a complement of kerd,|, in u*,
B = 0. Now f|y is injective and so we must have o = 0, which ultimately implies w = 0.
This finishes the proof of Step II.

Step III: dim(dy(V) & W) = h*(g) — h'(g) — h'(u) + 4:
Note that the dimension of W), is equal to the dimension of ker dy|z2,+ and that the dimension
of ker dy| a2+ is h*(g) + 4 — h'(g). Therefore it suffices to show

ker dg|pzg- = ker dg| a2y @ ker dy|y A et D dy(V)
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to get the statement about the dimension of dg(V') @ Wy. The inclusion "D is clear. For
the other inclusion, let w € ker dg|r2g-. Then there exists w; € A?u* and 8 € u* such that

w=w; + B Aet Since f(V) is a complement of kerd,|, in u*, there exists a € V with
f — f(a) € kerd,|,. Then

w—(B—fla)Ae* —dga =w+BAe* —(B— f(a)) Ae* —dya— f(a) Aet = w) —dya € A%u*

and w — (8 — f(a)) A et — dya is dg-closed. Hence w € ker dy|pzy- @ ker dy|y= A e* @ dg (V).
Step 1V: ker dg|p2y+ N dy(u*) = {0}:

Let w € ker dg|p2y+ N dy(u*). Then w = d,f for some § € u* and dyw = 0. We may assume
that § € V. But then

0= dyw = dg(de — f(B) Ne*) = —du(f(B)) Ne™.

Since f(V') is a complement of ker d,
as claimed.

Step V: Norm estimates:

Note first that the identity

v inu* and f|y is injective we get =0 and so w = 0

(dgar)? = 2dya A f(a) A e

and the fact that f|y and d,|y are injective imply the existence of a constant A > 0 such
that

[(dga)?| = Ala. (2.3)
Note further the sign of (dya)? € Alg* = R for @ # 0 does not depend on a. Namely, let
F:V =R, F(a) := (dya)? For dim(V) > 1 the set V\{0} is connected, while F'(V\{0})
would be disconnected if the sign would depend on « # 0, contradicting the continuity of
F. If dim(V') = 1 then the statement follows from the fact that I is homogeneous of degree

two in a.
Next we consider the space W), for an arbitrary A # 0. Lemma 210l (c) tells us that

W+ Agw)Aet) =2 wAgw)rnet =0

for w € ker dg|p2,+ implies w € d,(u*). But Step IV tells us that then w = 0. Thus there
exists C' > 0, independent of A, such that

(@ +Ag(w) Ae')’| = CIAl[lw]® (2.4)

for all w € ker dy|pz,+. Note that for fixed A # 0, argueing as above, we see that the sign of
(w+ Ag(w) A e?)? € R does not depend on w. But it gets reversed if we reverse the sign of
A. Hence we may assume that it is choosen such that w? - w3 > 0 for all w; € dy(V)\{0},
Wy € W)\\{O}

For all @ € V' and w € ker dg| 2, Lemma (b) tells us that dya A g(w) = 0. Thus

2dga A (w+ Ag(w) Ae?) = 2(dya + fa) Aet) A (w+ Ag(w) Aet) =2f(a) Ae* Aw
and there exists a constant B > 0 such that
2dgor A (w + Ag(w) A eh)] < Blla [|w]| . (2.5)

Step VI: All non-zero elements in dg(V') @ Wy are symplectic for appropriate A # 0:

Let 0 # wyp = w1 +wa € dg(V) & Wy with wy = dgov € dy(V) for some o« € V and
wy = w+ Ag(w) A et € W, for some w € kerdy|pz,-. Then we may assume that both «
and w are not zero by the equations (2.3) and (2Z4). The discriminant of the polynomial
wi = (w1 + Xwy)? = w? +2X w; Awy + X2 w? is given by

(2w Awz)® = 4wi - w3 < B2 laf’ [lw]® — 4AAC|al* |w]* = (B> — 4]A[AC) [la|” lw]*,
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where we used equations (Z3)), (2.4]) and (ZH) and the fact that the sign of w? - w3 may be
assumed to be positive. But for sufficiently large | )|, independent of « and w, this is negative
and the quadratic polynomial in X does not have a real root. In particular X =1 is not a
real root. But this is equivalent to saying that wy = w; + ws is non-degenerate. This finishes
the proof.

O

A four-dimensional Lie algebra g which admits an ideal of codimension one which is isomor-
phic to b3 admits a certain decomposition into subspaces which turns out to be useful for
computations. A proof that such a decomposition exists may be found in [I].

Lemma 2.18. If g is a four-dimensional Lie algebra g which possesses an ideal u isomorphic
to b3, then there exist an element eq € g\u, an element e* € u*, a two-dimensional subspace
Vo C u* with span(el) @® Vo = u*, a linear map F : Vo — V5 and a non-zero two-form
v € N2Vo\{0} such that de' = tr(F)e'* + v, da = F(a) Ae* for all « € Vy and de* = 0. In
this case, tr(F) = 0 if and only if g is unimodular.

2.5. Algebraic invariants. Westwick introduced certain kinds of algebraic invariants to
classifiy the orbits of three-forms on a seven-dimensional real vector space V under GL(V)
[19]. In [8], we already used these invariants to get obstructions to the existence of Go-
structures. For that reason we determined the values of these invariants for the orbit of all
Hodge duals in A*V*. Here we briefly recapitulate the definitions and results and restrict
ourselves, without further notification, to real vector spaces:

Definition 2.19. Let V be an n-dimensional vector space. The Grassman cone G(V)
consists of all decomposable k-forms on V/, i.e. of all those k-forms ¢ € A*V* such that there
are k one-forms aq, ..., with ¥ = ag3 A ... A ay. The length [(¢) of an arbitrary k-form
¢ € AFV* is defined as the minimal number m of decomposable k-forms ¢, ..., ¢,, which is

needed to write ¢ as the sum of ¢1, ..., ¢, i.e. as ¢ = > " ¢;. The rank rk(¢) of ¢ is the

dimension of the subspace
(@] := ﬂ {¢ € A*U|U is a subspace of V*}

or, equivalently, the rank of the linear map T : V — AFV* T(v) = vi¢. [¢] is also
called the support (of ¢). For a vector v ¢ ker T and a subspace W C V such that W @
span(v) @ ker T =V is a direct vector space sum, we set p(v, W) := (vi¢)|w € AF~1W* and
QW) = ¢|lw € A*W*. We introduce two more algebraic invariants by

r(¢) == min {I{(Q)|Q = QW) € A*W*, dim(W) = (tk(¢) — 1), W Nker T = {0} },
m(¢) == min {I(p)|p = p(v,W) € A" 'W* v ¢ ker T, W & span(v) @ ker T =V} .

Remark 2.20. An equivalent description of the numbers r(¢) and m(¢) is obtained as follows:
Let a € [¢], @ # 0 and U be a complement of span(a) in [¢]. Denote by p(a,U) € A*1U
and Q(a, U) € AFU the unique three- and four-form on V' such that

¢=pla,U)Na+Qa,U).
Then
r(¢) = min{l(Q)|Q2 = Q(a, U) € A", a € [¢]\{0}, U @ span(a) = [¢]},
m(¢) = min{l(p)|p = p(a, U) € AU, a € [¢]\{0}, U @ span(a) = [¢]}.

We will mostly work with this description.
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Remark 2.21. e The numbers [(¢),rk(4),r(¢) and m(¢) for a k-form ¢ € A*V* are
invariant under isomorphisms f* : A*V* — A*W* induced by isomorphisms f :
W — V or, more generally, under monomorphisms ¢, : A*V* — A*WW* induced by
monomorphisms ¢g : V* — W*. In particular, these four numbers are invariants of
orbits under the natural action of GL(V) on A*V*. Moreover, if W := V @ span(w),
w # 0 and « € span(w)*, a # 0, then l(a A ¢) = ().

e Let ¢ € A*V* be a k-form and set T : V. — A*1V* T(w) := wi¢ as above. Let
v ¢ ker T and let Wy, W; be two subspaces of V' such that V' = span(v) ® W; @ ker T’
for i = 1,2. Let p(v,W;) := (v2¢)|w, for ¢ = 1,2 and denote by pry, : V' — W, the
projection of V' onto W, along span(v) @ ker T'. Then f : Wy — Wy, f = pryy,|w, is
an isomorphism with f*p(v, Ws) = p(v, W7). In this sense, p(v, W;) essentially only
depends on v and the values of the above introduced algebraic invariants coincide for
p(U, Wl) and p(’U, WQ)

e A two-form w € A?V* has length [ if and only if w' # 0 and w'*! is zero. If the
dimension n of V' is even, i.e. n = 2m, then the non-degenerate two-forms are exactly
those of length m.

e There exists an isomorphism & : A*V* — A" *V* such that I(¢) = I(6(¢)) for all
¢ € AFV* []]. Moreover, if V = V; @ V5 as vector spaces then we may assume that
§ : ARV A ARV — AmmRiys A Am2mR Y where ny = dim(V;), i = 1,2 (e.g. we
may choose an appropriate Hodge star operator).

The following lemma was proven in [§].

Lemma 2.22. Let ¢ be a Gy-structure on a seven-dimensional vector space V. Let v €
VA\{0} and W be a complement of span(v) in V. Then

(a) (tk(xo0), L(xp0), T (x00), m(xp)) = (rk(ip), 1(i0), 7(0), m(0)) = (7,5,3,3).
(b) The three-form p = (vJ x, @)|w € N*W* fulfills

(l"k(p), l(p), T(p), m(p)) = (67 3,2, 2)'
(¢) The four-form Q := x,p|lw € A*W* fulfills
(rk(£2),1(Q),7(22),m(2)) = (6,3,1,2).

Remark 2.23. We like to note that Lemma 2.221 may also be proved more directly. Therefore,
note that by Remark 22T] we may assume that the decomposition g = span(v) @ W is
orthogonal with respect to the induced metric. It is well-known, see e.g. [5], that then
Q(v, W) = sw? for some w € A*W* such that (w, p(v, W)) € A*’W* x A3W* is an SU(3)-
structure on W. [19] gives us now the values of the algebraic invariants for p(v, W) and the
ones for Q(v, W) = sw? are easily computed.

The next technical lemma will be used in some of the proofs of the next section.

Lemma 2.24. Let V be a siz-dimensional vector space.

(a) Let V =V3&Wj3 be a decomposition into two vector spaces of dimension three and let
Q=0+ Qy € AV* with Qy € A2V3 ANW3 and Qy € Vi A N3WE be a four-form
of length three. Then the length of €2y is also three.

(b) Let V=V, @V, be a decomposition into a vector space Vy of dimension four and a
vector space Vy of dimension two. Let p be a three-form of rank sixz with r(p) = 2 such
that p € N2V} AV @ Vi ANV, Then, for any basis a1, s of Vi, the unique two-
forms wy,ws € A2V} such that p — Z?:1 w; A a; € Vi NNV span a two-dimensional
subspace in A*V} in which each non-zero element is of length two.
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Proof. (a) We use a dual isomorphism 0 adapted to the splitting as explained above.
Then 6() € V¥ AW and 6(€22) € A2V5. Since the length of §(2) is three, we have
0% 6(2)2 = (6() + ()2 = 6()3. Thus () and so 2, has length three.
(b) There is § € V,* such that p = w; Ay +wy A ag + B A oy Aag. We have to show that
l(awy + bwy) = 2 for all (a,b) # (0,0). Without loss of generality, we may assume
a # 0 and then even a = 1. If we rewrite p as

p=(we+ BAa) A (ag —bay) + (w1 + bwa) A oy

we see that (w;+bws) Ay € A3(V) @span(ay)) and (we+BAar) € A%(V) @span(ay)).
Thus r(p) = 2 implies I((w1+bwa)Ac) = 2 (consider V* = (V) @span(ay ))Dspan(ag—
bay)) and so [(w;y + bws) = 2.

U

The next lemma provides us with different criterions when a subspace of the two-forms in
four dimensions consists, with the exception of the origin, entirely of two-forms of length
two.

Lemma 2.25. Let V' be a four-dimensional vector space and D € {0, 1,2, 3}.

(a) Let W C A*V* be a D-dimensional subspace such that each non-zero element in W
is of length two. For each subset I C {1,2,3} of cardinality D there exists a basis
el e?, e, et of V* such that for wy == e + e, wy = e!3 — e, wy := e!2 + e the set
{wii € I} is a basis of W.

(b) A subspace W C A2V* consists, with the exception of the origin, entirely of two-forms
of length two if and only if there exists a Fuclidean metric g and an orientation on
V' such that W is a subspace of the space of all self-dual two-forms on V.

(c) A two-dimensional subspace W C A*V* consists, with the exception of the origin,
entirely of two-forms of length two if and only if there exist two two-forms wy, wy, € W
such that 0 # @? and the numbers B € R and C € R defined by 2y A\ &y = Bo? and
ws = C&? fulfill B> —4C < 0.

Proof. (a) is [19]. (b) follows directly from (a) by the observation that if e, es, e3,e4 is an
oriented orthonormal basis of V', then a basis of all self-dual two-forms on V' is given by
wi,ws,ws as in (a). One direction in (c) follows directly from (a) since the two-forms wy, wo,
ws in (a) fulfill w? = wi = w3 # 0 and w; Aw; = 0 for i # j.

For the other direction, let @;, @, € W be such that &% # 0 and such that the numbers
B, C € R, defined by 201 AWy = B&? and @5 = Cw?, fulfill B> —4C < 0. Then, necessarily,
W1, @y are linearly independent. If there was (a,b) # (0,0) such that aw; + b, is of length
less than two, then b # 0 due to @? # 0. But so

2 2
oz(a@1+bw2)2:b2((9) ajf+2%mw2+@§) :b2<<9> +Bg+0) o2

b b b b
implies that the quadratic polynomial X?+BX+C in X has a real root. But the discriminant
of this polynomial is B2 — 4C < 0 and so the roots are not real, a contradiction. U

The final lemma in this subsection tells us how we may build a Gg-structure on a seven-
dimensional vector space using two-forms of length two on a four-dimensional subspace
V, € V. This lemma allows us in some occasions to reduce the construction of a cocalibrated
Go-structure on a Lie algebra to the construction of certain closed two-forms of length two
on a four-dimensional subspace.

Lemma 2.26. Let V =V, & V3 be a vector space decomposition into a four-dimensional
subspace Vy and a three-dimensional subspace Vs. Let vy, v, 15 € N2V be a basis of A*Vy.
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Assume that there is a k € {0,1,2,3} and k linearly independent two-forms wy, ... ,wy €
A2V} such that span(wy, . . ., wy,) consists with the exception of the origin entirely of two-forms
of length two. Then there exist (3 — k) linearly independent two-forms wy 1, .. .,ws € A2V}
such that

3
1
\If::Zwi/\umLiwf

i=1

is the Hodge dual of a Go-structure with coassociative/associative splitting Vy & V.
Proof. By Lemma [2.25] we may assume that w; = Zle a;jwj for i =1,..., k, where
G =M e Dy — el — e Gy = el 4 M,

et e? e’ et is a basis of V and A = (a;;);; € GLi(R). Moreover, we may assume that
wy =wy, de aj=0forj=2,... .k, a1 =1if k> 0. Set w; :=w; fori =k+1,...,3 and

A 0
B = (0 [3k> € GL;(R).

3 3 3
E wi/\l/i: E bija)j/\l/i: E a)j/\l;j
i=1 j=1

i,j=1

Then

with 7; := 25’:1 bijv; € N*Vy. Since B € GL3(R), 1,0, 03 is again a basis of A?Vy.
Therefore, there exists a basis €7, €% €7 of V5 such that 7y = €%, 7 = €57 and 75 = €°°. But
then

U — sz/\yz + W1 sz/\yz + W1 _ QM5T (2357 4 1367 _ (2467 | 1256 | (3456 4 1234

is the Hodge dual of a Gso-structure with adapted basis ey, ..., e;. Moreover, V; @ V3 is a
coassociative/associative splitting of V. U

3. CLASSIFICATION RESULTS

3.1. Existence. In this subsection we state different existence results which will be used in
subsections 3.3-3.6 to prove Theorem [Tl We begin with a general proposition which is true
for any seven-manifold. This proposition is used afterwards to derive different more specific
existence results for left-invariant cocalibrated Gs-structures on Lie groups.

Proposition 3.1. Let M be a seven-dimensional manifold. Assume that there ezists a Go-
structure ¢ on M which admits a coassociative/associative splitting TM = E; @ Es such
that the following is true:

(i) Q1 = (x,0)|p, € T(A*E}) 2 T(A*ES%) C D(AYT*M) is closed.

(i) There exists a bounded four-form ® € T(A*E; ANE3) (i.e. ||®|o, < 00) with d® = dQ,

for the four-form Qg 1= *,0 — Qy € T(A’E; AN A?E}).

Then M admits a cocalibrated Go-structure, e.g. a Go-structures oy € Q3(M) whose Hodge
dual is given by

Uy o= A 4 M, — N0
for X € R with |\| > %. Thereby, €y is the constant in Lemma 2.5.
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Proof. Let p € M. Due to the coassociative/associative splitting, Remark 27 ensures the
existence of an adapted basis ey, ..., er for ¢, such that ey,...,es is a basis of (Ej), and
€s,...,er is a basis of (E3),. Thus, in fact, (Q3), is in A%(Ey)5 A A*(E3); and (Qy), = e
Hence
ox = M), + A2 (),

is, for each A # 0, the Hodge-Dual of a Gg-structure on 7,,M with adapted basis %el, %62,
Tes, 1e4, €5, €5, e7. This implies [|N®,||, = || D[, = ”(I)PHeop for all A # 0, where ||-||, is the
norm on 7, M induced by o,. Thus

10, _ 2o

(), = aally = [|X°®, |, =

AT A
for all || > %. Hence Lemma shows that W, is the Hodge dual of a cocalibrated
Go-structure on M. O
Remark 3.2. e Proposition B.I] can easily be generalized to include other splittings of

the tangent bundle such that the Go-structure has everywhere an adapted basis which
is also adapted to this splitting, even with more summands. However, we only use
the version above in this article.

e The condition on the boundedness of ® is trivially fulfilled if ® is left-invariant or M is
compact. In the left-invariant case, if the initial Go-structure ¢, the splitting F, & F;
and ® are left-invariant, so is the cocalibrated Go-structure we get by Proposition
B.11

e To prove an analog of Proposition B.1] in the left-invariant case for G,- and also for
GJ-structures we do not need at all a metric. We only need that the orbit of all Hodge
duals is open in both cases. For the proof we note that on a seven-dimensional Lie
algebra g the openness of the orbit implies that for any sequence (A,),, 4, € GL(g),
any Hodge dual ¥ € A*g* and any sequence (®,,),, ®, € A*g* with lim ®, = 0 there

n—oo

is N € N such that for all n > N the four-form A (V¥ + ®,,) is again a Hodge dual of
the same type.

Let now ¢ € A%g* be a Go- or Gi-structure and g = F; @ E3 be a splitting into a
four-dimensional subspace E; and a three-dimensional subspace F5 such that ¥ :=
*op = 1+ with ) € AE;, Q€ AQEI/\AQE;, d€); = 0 and such that there exists
¢ € A*F; AE5 with dQy = d®. Define A,, € GL(g) such that it acts by multiplication
with n on E,; and by the identity map on F3 and set ®,, := —% € A3E; A E;. Then
our previous considerations show that

)
U, = Ay (k0 + @) = A, <Ql +Qy — —> =n'Qy +n’Qy — n’®
n

is, for n large enough, a Hodge dual of the same type as W. Moreover, our assump-
tions imply that it is closed and so defines a cocalibrated Go- or Gj-structure on g,
respectively.

Proposition 3.3. Let g = g4®Dgs be a seven-dimensional Lie algebra which is the Lie algebra
direct sum of a four-dimensional Lie algebra g4 and of a three-dimensional Lie algebra gs.

(a) If g3 is unimodular and there exists a D := h*(g3)-dimensional subspace W of A*g;;
such that each non-zero element in W is a symplectic two-form, then g admits a
cocalibrated Go-structure.

(b) If g4 € {As12,v2 B o} and g3 admits a contact-form o, then g admits a cocalibrated
Go-structure.
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(c¢) If g4 is unimodular, admits a codimension one ideal u = b3, g3 is not unimodular and

Proof.

ht(gs) + h'(gs) — h3(gs) > 2, then g admits a cocalibrated Gy-structure.

(a) Choose a basis vy, vy, v3 of A%g} such that vp, = dapyy,...,v3 = das is a
basis of d(g}), api1,...,as € g5. Note that this is possible since the unimodularity
of g3 exactly means that all two-forms on g3 are closed. Furthermore, choose a basis
w1, ...,wp of W. Then Lemma[2.26] implies that there exist two-forms wpy1,...,ws €
A2%g: such that

3
— L,
Y= ;WZ/\VZ+ le
is the Hodge dual of a Ga-structure with coassociative/associative splitting g = g4®gs.
Since d(A%g5) = 0, the identity (320, w; A v;) = d(— Z?:DH dw; A o) is true and
E?: D1 dwi N € A3g; A gi. Hence Proposition B0 implies the result.
Let e!,e? e, ¢! be a basis of g € {A] 15, (to @ 12)*} as in Table[ ie. de' = e + %,
de? = e*t —ee'®, de® = 0 = de*, where e = 1 if gy = Ay1p and e = —1 if gy = vy B 1o.
Set V' := span(e*) @ g5, V5 := span(e!,e?,e®). Then d(A*V}) = {0}. Let a; € g}
be a contact form and set w; := 2e* A a; — day € A?V}'. Then w; is of length two.
Hence, if we set vy := e'?, 1y 1= '3, 13 := €?, Lemma implies the existence of
two-forms wy, ws € AV} such that

3
1
.= w; N\ V; + _w2
is the Hodge dual of a Go-structure with coassociative/associative splitting g = Vy @
V. Decompose w; = e* A a; + 6; with a; € g5, 0, € Azg;j for i = 2,3. Then
d(w; Avy) =d(2e* Aag Ae'? —dag A e?) =0 and so the differential of the four-form
Z?:1 w; A v; is given by

3
d (Z wi A l/i> =0+de® Aay+ e Aag) +d(e Ay + e A bs)
i=1
= d(ee®* A day — e A das)
+ d(€<€24 VAN 92 — 62 AN d92) — 614 AN 93 + 61 AN d93)
=d(e' A p1 — €€’ A py).

with pP1 = —64 A (dOég + 93) + d«93, P2 = —64 VAN (dOéQ + 92) + d92 € A3‘/4* Thus
et A p1 — ee? A py is in V35 A A3V} and Proposition B implies the result.

By Lemma we may decompose g} into span(el) @ Va @ span(e?) for e!, et € g}
and a two-dimensional subspace Vs such that 0 # de! € A?V,, dB = F(B) Ae?* for all
B € Vy, F : Vo — Vy a trace-free linear map, and de* = 0. Moreover, by Lemma 2.11]
we may decompose g5 = Wy @ span(e’) with €’ € g5 and a two-dimensional subspace
W, such that d3 = G(B) Ae for all B € W, G : Wy — Wy a linear map which is not
trace-free, and de” = 0. By rescaling €’ we may assume that tr(G) = 1.

We have ker d|2g; = span(de') @ Va A e* @ ker(F) A e'. Thus the identity

2 —1k(F) + 3 = dim(ker(F)) + 3 = dim(ker d[524:) = h%(g4) +4 — h'(gs)

is true. Moreover, dim(ker G) = h'(gs) — 1 and so the condition in the statement
is equivalent to dim(ker G) > 2 — rk(F'). Hence we may choose a basis ay, as of V5,
elements v; € Vo, 1 <4 < rk(F), and a basis 31, 82 of Wy such that de! = a; Aay, such
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that o = F(v;), 1 <1 <rk(F), is a basis of F'(V3) and such that span(f5;|rk(F)+1 <
J < 2)is a subspace of ker G. Set V;* := span(e!)® Vo @span(e’), V5 := Wy Dspan(e?)
and

vi =P APy, vai=PiAel, vgi= =Py el

wp i=et —det =™ —ay A o, Wy = e"Nag — el A Qaq,

ws =€’ Aag + el A as.

Since wy, wo, wy span a three-dimensional subspace in A%V} in which each non-zero
element has length two by Lemma 228 and vy, vy, v3 is a basis of A?V;, Lemma 2.20]
implies that

3
1
Y= ;wi/\l/i+§w%
is the Hodge dual of a Go-structure with coassociative/associative splitting Vj @ V5.
Moreover,

d(w1 A 1/1) = d(671 A 61 N 62 — del N 61 A 62)
= —e"ANde' ANBLA By +tr(G)de! ABLA By AeT =0

and so

3 2
d (Zwi/\%) =d <—ZelAai/\6i/\e4>
i=1 i=1
rk(F)
=— Z Fy)Net Net NG(Bi) N e
i=1

rk(F)

=d| =Y A AGB)AE
=1

But — Zi(lF) v Aet ANG(B) A€l is in VA A3V and d(AYV)) = {0}. So again
Proposition [3.1] implies the result.
O

Remark 3.4. The following generalization of Proposition B3| (a) may be proved easily with
the aid of Proposition [3.J] and Lemma (b):

Let M = N x G be a seven-dimensional manifold such that N is a four-dimensional com-
pact Riemannian manifold with trivial bundle of self-dual two-forms and such that G is a
unimodular three-dimensional Lie group. If N admits D := h%(g) (g being the Lie algebra
of G) self-dual, closed two-forms w; € Q?N such that w; A w; = 0 and w? = wjz for i # 7,
then M admits a cocalibrated Go-structure which is invariant under the left-action of G on
M = N x G given by left-translation on the second factor.

D = 0 is allowed in Proposition3.3] (a). Since each non-solvable four-dimensional Lie algebra
g is a Lie algebra direct sum g = hR with h € {s0(3),50(2,1)}, h*(s0(3)) = h*(s0(2,1)) =0
and s0(3),s0(2, 1) are the only three-dimensional non-solvable Lie algebras we get

Corollary 3.5. Let g = g4 ® g3 be a seven-dimensional Lie algebra which is the Lie algebra
direct sum of a four-dimensional Lie algebra g4 and of a three-dimensional Lie algebra gs.
If g is not solvable, then g admits a cocalibrated Go-structure.
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3.2. Obstructions. In this subsection we derive obstructions to the existence of cocali-
brated Go-structures on Lie algebras, which we use in subsections [3.3]- B.6] to prove Theorem
.1 We start with

Proposition 3.6. Let g = g4 @ g3 be a seven-dimensional Lie algebra which is the Lie alge-
bra direct sum of a four-dimensional Lie algebra g4 and of a three-dimensional unimodular
Lie algebra g3. Assume that g admits a cocalibrated Go-structure and g4 admits a unique
unimodular ideal w of codimension one. Then

h'(ga) + ' (u) — P*(ga) + h*(gs) < 4.

Proof. Let ¥ be the Hodge dual of a cocalibrated Go-structure. Fix an element ey € g\u
and let e* € u® be such that e*(eq) = 1. We set

ADPE = Afy* A Ajg?; A Akspan(e4)
and denote by #%9F the projection of § into A%F for all 4, j, k € Ny and all (i + j + k)-forms
9 c Aer]Jrkg*
Generally, by Lemma [2.9] we have
d(AI0) C ATFLIO gy ALIL gy ABIFLO g(ABIL) C ATHLGT g AR+
for all 7, j € Ny and the unimodularity of u and gz imply that for all i € Ny:
d(AZ0) C AZPL@AZTHLO G(A2IL) C AZIFLL G(AD20) C AFLZO@AIRL  G(ABR1) C AL,

We show that there are D := h?(g3) linearly independent closed two-forms wy,...,wp €
A?g; such that span(wy,...,wp) N A1 = {0}. Note that dim(kerd|yi01) = h'(u) since
ker d|p101 = ker dy|y« A e* by Lemma Hence the existence of such wy,...,wp € A%g;
implies

h?(g4) +4 — h'(gs) = dim(ker d|pzg-) > D + h'(u) = h*(g3) + h'(u)

© h'(ga) + h'(w) + h*(gs) — h*(g4) < 4.
We will obtain that the two-forms wy,...,wp € A?g} are certain parts of ¥%20 4 ph21,
Therefore, we decompose as

U=Q+pAe

with Q € A*(u* ® g}), p € A3(u* @ g3).
The first step of the proof is to show that the length of Q%20 is three. For that purpose,
note that the identities

0= (d\I/)3’1’1 4 (d\P)3’2’0 — d(Q?;,l,O)7 0= (d\I’)l’B’l 4 (d\I/)2’3’0 — d(Ql’3’0)

are true. If g4 is not unimodular, then d(A*%?) = A3%! Hence Q30 = 0 in this case. If
dim([g4, g4]) = 3, then d|x1.00 and so d|a130 is injective. Hence 2130 = 0 in this case. Now
we know by Lemma 2.T4] that the uniqueness of the unimodular ideal u implies that g4 is not
unimodular or dim([g4, g4]) = 3. In both cases, Lemma shows that then [(Q*%*%) = 3.
Next we look at the (2,2, 1)-component of d¥. This component is given by

0= (d\I/)2’2’1 — d(Q2’2’0) + d(p2’1’0 A 64) + d(p1’2’0 A €4>
and we obtain
d(Q**0 + p"?0 Aet) € d(Ngy) A APgs 0 APl A d(gh) = d(Ag)) A d(gh).

Let
me s AP A Ngh — (Agi A Agh)/ (Mgl A d(gs)) = Afgi @ H?(gs)
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be the natural projection for £ € N, where the last canonical isomorphism holds since g3 is
unimodular. Then we have m30d = (d ®id) o mo. If we set @ := (2320 + pl20 A e?), then

(d ®id)(®) = m3(d(Q**0 4 20 A et)) = 0,

Thus, if we write

D
(I):ZWZ'®V2‘
i=1

for wi,...,wp € A%g} and some basis vy, ...,vp of H*(g3), then wy,...,wp are all closed.
By choosing a complement V' of d(g}) in A?g}, we may identify v, ..., vp with elements in
V and get

D

2 : 2,0,0
927270 — ,QZ) + wlv k] /\ I/Z

i=1

with ¢ € A2g} A d(g}). Since the length of Q*?Y is three and the length of ¢ is at
most dim(d(g3)), the length of 327 w**® A v; has to be 3 — dim(d(gs)) = D and so
w%’o’o, e ,w%’o’o have to be linearly independent. Thus wy,...wp are linearly independent

and span(wy, . ..,wp) N A% = {0}. This finishes the proof. O

Proposition gives us an obstruction if the three-dimensional part is unimodular, whereas
the next proposition gives us an obstruction if the three-dimensional part is not unimodular.

Proposition 3.7. (a) Let g = g4 g3 be a seven-dimensional Lie algebra which is the Lie
algebra direct sum of a four-dimensional Lie algebra g4 and of a three-dimensional
non-unimodular Lie algebra gs. Assume that g admits a cocalibrated Go-structure
and that g4 admits a codimension one Abelian ideal uz. Then g4 is unimodular and
g3 = U9 &b R.

(b) Let g = g5 Do be a Lie algebra direct sum of a five-dimensional Lie algebra gs which
admits a codimension one Abelian ideal u and of the two-dimensional Lie algebra vs.
If g admits a cocalibrated Go-structure, then gs is unimodular

Proof.  (a) Choose an element e4 € g4\us and an element e; € gs\uy, where uy is a
codimension one Abelian ideal in gz. Let e* € u3° C gj, e*(es) =1 and e” € u,° C g3,
e’(e7) = 1. Let ¥ € A'g* be the Hodge dual of a cocalibrated Gy-structure, set
ABIRL = Aty A Aug A Afspan(e?) A Alspan(e”) and denote by 6%%! for each s :=
(i +j+k+1)-form 6 € A*g* the projection of  onto A#*!,

By Lemma [2.9]
d(Ai,j,k,l) - Ai,j,k+1,l _'_Ai,j,k,lJrl
for all 4,7,k,1 € Ng. By Lemma (c) (consider g* = ((u} & ub) @ span(e?)) &
span(e”)), [(P2200 4 P3L00) > 1 j e P2200 4 §31.00 o£ (). Moreover, the closedness
of ¥ implies

0= (d\I/)Q’Z’O’l _ d(\PQ,Z,O,O)Q,Z,O,l 0= (d\I/)g’l’l’O _ d(\I/3,1,0,0)3,1,1,0
0 = (dW)PL01 — G(g3100)3.10.1
Since gz is not unimodular, d(A*uy) = A3gi and so d(¥**00)2201 = ( implies
U2200 = (. Thus 300 =£ (. If g, was non-unimodular, then d(A%u}) = A'g;
and so d(¥3109)3.1.10 £ 0 a contradiction. Hence g4 is unimodular. Similarly, if d

was injective, then d(¥31.90)310.1 =£ () "4 contradiction. Thus d
SO g3 = ta B R.

us
u; 18 not injective and
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(b) The proof of part (b) is completely analogous to (a). Therefore, let ¥ € Ag* be the
Hodge dual of a cocalibrated Go-structure, let u be the Abelian ideal of dimension
four in gs, e5 € gs\u, €5 € u® C gi with €5(e5) = 1 and €5 €7 a basis of v} such that
deb = e and de” = 0. Set similar to (a)

ABIRE = Niy* A Aspan(e®) A AFspan(e®) A Alspan(e”),

and denote for all s := (i +j +k+1)-forms § € A®g* the projection of # onto A%F! by
0»3kL Then d(AWRl) C ABIRFLEL NBTRIFL a5 in (a). Moreover, U000 4 3100 £
again by Lemma (c), and de® # 0 shows that

0= (d¥)>10! = q(p31.00)3.1.0.1
only if U31L00 = 0. Thus ¥4°00 £ (. But then
0= (d111)4707170 _ d(\If4’0’0’0)

implies that g5 is unimodular since otherwise d(A%u*) would be equal to ASg:.
O

3.3. g4 not unimodular, g3 unimodular. In this subsection we prove Theorem [L.T] (a).
In the following, g = g4 @ g3 always denotes a seven-dimensional Lie algebra which is the
Lie algebra direct sum of a four-dimensional non-unimodular Lie algebra g4 and of a three-
dimensional unimodular Lie algebra gs3. Furthermore, u denotes the unimodular ideal of
g4

Proposition 3.6 shows that if h'(gs) + hl(u) + h?(g3) — h?*(g4) > 4, then g does not admit a
cocalibrated Go-structure, giving us one direction of Theorem [IT] (a).

For the other direction, Lemma and Proposition B3] (a) tell us that if h(gy) + h'(u) +
h*(g3) —h*(g4) < 4 and u # e(1, 1), then g does admit a cocalibrated Gy-structure. By Table
2lor Remark 2.17], the only four-dimensional non-unimodular Lie algebra g4 with unimodular
ideal u=e(1,1) is g4 = ta D te. For g4 = ta D t9, Lemma and Proposition (b) imply
that g4 g3 = to@radgs does admit a cocalibrated Go-structure if gs # R?, i.e. if h?(g3) < 2.
But hl(vy @ ta) + h'(e(1,1)) — h%(v2 & ta) = 2. Hence, also in this case, g4 ¢ g3 admits a
cocalibrated Gg-structure if and only if h'(gy) + h'(u) + h%(g3) — h*(g4) < 4. This proves
Theorem [ (a).

3.4. g4 unimodular, g; unimodular. Here we prove Theorem [[I] (b) and denote by
g = g4 D g3 always a seven-dimensional Lie algebra which is the Lie algebra direct sum
of a four-dimensional unimodular Lie algebra g4 and of a three-dimensional unimodular Lie
algebra gs.

We begin with the case that g4 is indecomposable. If [g4, g4] = R?, then Lemma 216
Proposition B.3 (a) and Proposition tell us that g admits a cocalibrated Gs-structure if
and only if

h'(g1) +3 — h*(ga) + h*(gs) = h'(g4) + R' (R®) — h*(ga) + h*(g3) < 4.

Table B tells us that always h'(gs) — h*(gs) = 1 in the considered cases. Hence g ad-
mits for these cases a cocalibrated Gs-structure exactly when h2(gg) = 0, i.e. when g3 €
{s0(3),50(2,1)}.

Next, we assume that g4 is indecomposable but [g4, g4] # R3. By inspection (see Table ),
g1 € {Ay1, Aug, Asio}-

Let us begin with gy € {A4g, As10}. Then, in both cases, h'(gs) + h'(u) — h*(gs) = 3,
where u is the unique unimodular ideal in g, which is isomorphic to h3. Thus we may
apply Proposition to show that if h?(g3) > 2, then g does not admit a cocalibrated
Go-structure. Conversely, Corollary tells us that if h%(gs) = 0, i.e. g3 is not solvable,
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then g does admit a cocalibrated Go-structure. So we are left with the case that h%(gs) = 1,
ie. g3 €{e(2),e(1,1)}. For g = Ass @ e(1,1), a cocalibrated Go-structure is given in Table
Bl All other cases do not admit a cocalibrated Gs-structure:

Lemma 3.8. Let g € {Ass ® e(2), As10 D e(2), Ag10 D e(1,1)}. Then g does not admit a
cocalibrated Gq-structure.

Proof. Let €', e? €3, e* be the basis of g}, g4 € {Asg, As10} as in Table Pl Then there exists

a linear, trace-free, invertible map F : span(e? e3) — span(e?, e®) such that de! = €%,
da = F(a) Aet, det = 0 for all a € span(e? e?). For gy = Ayg we have F(e?) = 62,
F(e*) = —e® whereas for gy = A1 we have F(e?) = e and F(e*) = —e?. In particular,

det(F) =—1if g4 = A478 and det(F) =1if g4 = A4710.

Let €°,€% e’ be a basis of g5, g3 € {e(2),e(1,1)} as in Table[[l Then there exists a linear,
trace-free, invertible map G : span(e®, e%) — span(e®, e®) such that d3 = G(B) Ae”, de” =0
for all 3 € span(e’, €%). In both cases we have G(e°) = €°, whereas G(e%) = €° if g3 = (1, 1)
and G(e®) = —€° if g3 = e(2). In particular, det(G) = —1 if g3 = e(1,1) and det(G) = 1 if
ds = 6(2)

Let us now assume that U € Ag* is a (closed) Hodge dual of a cocalibrated Gy-structure
¢ € A3g*. We decompose ¥ uniquely into

U=pAe'+Q
with p € A3(span(e?, e®, et) @ g3), Q € At(span(e?, e, e*) @ g3). Then
0=d¥V =dpAe' —pAne® +dQ,

dQ € A3span(e?, €3, e, e%) A el (note that de**® = 0) and dp € A*(span(e?, e®, e?) @ g)
imply dp = 0 and pI‘OJSpan(e4s67e567)< ) = 0. Moreover, ker F' = {0} = ker G and dp = 0 imply
prOjASSpan(eQ,eS,e5,e6) (p) = 0.
Thus p = (wi+ae*®)Aet +(w2+b623)/\e7+ﬁ/\e47 for certain wy, ws € span(e?, e*)Aspan(e’, %),
a,b € R and 8 € span(e?, €3, e°,e%). Now Lemma (b) and Lemma (b) tell us that
wi + ae®® and wo + be?® span a two-dimensional subspace in A%span(e?, e?,e’, ) in which
each non-zero element has length two. This is equivalent to the requirement that w; and
wy span such a two-dimensional subspace of A%span(e?, 3, e?, ) and Lemma (c) shows
that this is equivalent to w? # 0 and B* — 4C < 0 for the numbers B,C € R, defined by
2w A wy = Bw?, w2 = Cwi.
Since wy is of length two, by Lemma (a) there exists a basis aj, 0@ of span(eZ, e3) and
as, ay of span(e’, €8) such that w; = a; Aoy + as A as. Since d(w; A et +ws Ae”) =dp =0,
we must have wy = F~'(ay) A Gay) + F~ (az) A G(az). Then C = gez(gg and C' < 0 if
g€ {Ass®e(2), As10®e(1,1)} leading to B> —4C > 0. Thus, for these cases, there cannot
exist a cocalibrated Go-structure.
For the missing case g = Ag19 P 6(2), let wi = c1€%® + c2e?® + c3e® + 43 be a general
two-form in span(e?, e®) A span(e®, e®) of length two, i.e. with cicy — coc3 # 0. Then wy =
—cye® + 36 + e’ — 130, B = 761:ZZ+Z§:;C4 C=
(E+cE+cE+c2)?—4(cieq — cac3)?
(0164 — 0203)2

_ ((c1 — ca)? + (c2 + c3))((er + ca)? + (c2 — c3)?) -0
(0104 - 0203)2 .

=1 and so

B?—4C =

Thus Ay 10 @ e(2) does not admit a cocalibrated Go-structure. O
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For g4 = A4 note that g4 admits a codimension one Abelian ideal and a symplectic two-
form, e.g. w = e!* + €23 in the basis e!, €2, €3, e? given in Table 2l Hence Proposition B.3] (a)
shows that A, @ g3 admits a cocalibrated Go-structure if h%(gs3) < 1, i.e. if g3 & {R?, b3}
For the missing cases we have

Lemma 3.9. Let g = Ayq @ g3 with g3 € {b3,R*}. Then g does not admit a cocalibrated
Go-structure.

Proof. Choose a basis e!, €2, €3, e* €5, €% e” of Ay1Dgo, g2 € {R?, h3} as in Table and Table
1 i.e.

det = e*, de? = €3, de® =0, de* =0, de® = Ae% de® =0, de” = 0,

where A = 1if go = hs and A = 0 if go = R3. Asssume that there exists a cocalibrated

Go-structure and let
ijkl
v = E aijrie”
1<i<j<k<I<T

be its (closed) Hodge dual. Then a short computation shows that ais67 = asser = 1956 =
(1356 = Q1257 = a1357 = 0. If we decompose ¥ uniquely into

UV=0Q+e Av+etAuw,

Q) € A'span(e?, e®, et e® e e"), v € Adspan(e?, e, ed €%, e7), w € A%span(e?, e, e’ eb,e7),

then v is given by
235 236 237 267 367
V= Q1235€"" + Q1236€"" + Q1237€""" + Q1967€" + G1367€

and is of length two by Lemma 222 (b) (consider the decomposition (span(e?, e®, €®, €5, e") @

span(e?)) @ span(e') = g*).
If A=1, also aja35 = 0 and v € A3span(e?, €3, ¢e% 7). Thus I(v) < 1, a contradiction.
If A =0, also aja67 = ay367 = 0 and v € €23 Aspan(e®, b, e”). Thus [(v) < 1, a contradiction.

g

So we are left with the case that g4 is decomposable. Then g, is the Lie algebra direct sum
of a three-dimensional unimodular Lie algebra h and R and g always admits a cocalibrated
Go-structure.

Proposition 3.10. Let g = g4 ® g3 be a Lie algebra direct sum of a four-dimensional
unimodular Lie algebra g4 and of a three-dimensional unimodular Lie algebra gsz. Moreover,
let g4 = H @R be a Lie algebra direct sum of a three-dimensional unimodular Lie algebra b
and R. Then g admits a cocalibrated Gy-structure.

Proof. We may assume that h*(h) > h*(g3). Moreover, we may assume that g, = h ® R
does admit an Abelian ideal u of codimension 1 since otherwise h € {s0(3),s0(2,1)} and
Corollary 3.5 gives us the affirmative answer. By Kiinneth’s formula, h'(h ® R) = h'(h) + 1
and h2(h ® R) = h2(H) + h'(h). Thus
H(h ©R) + () + B2(gs) — B3(b ®R) = h(h) + 1 +3 + K3(gs) — K3(b) — B (h)
= h(gs) = 1°(h) +4 <4,

and Proposition (a) implies the statement. O
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3.5. g4 unimodular, g; not unimodular. In this subsection we prove Theorem [ 1] (¢c).
In the following, g = g4 @ g3 always denotes a seven-dimensional Lie algebra which is the
Lie algebra direct sum of a four-dimensional unimodular Lie algebra g, and of a three-
dimensional non-unimodular Lie algebra gs.

We start with the case that g4 admits a codimension one Abelian ideal. Then Proposition [3.7]
(a) implies that if g3 # to @ R then g does not admit a cocalibrated Ga-structure. So, in this
case, it remains to consider sums of the form g4 @ to @ R. This is done in the next theorem
which tells us more generally when a sum g = b @ v, with a five-dimensonal Lie algebra b
which admits a codimension one Abelian ideal possesses a cocalibrated Gg-structure. For
the proof of this theorem, we need the following

Lemma 3.11. Let g = g5 @ o with a five-dimensional unimodular Lie algebra which admits
a codimension one Abelian ideal a. Choose es € h\a and ¢’ € a® C b*, e’(e5) = 0. Then
g5 admits a cocalibrated Go-structure if and only if there exist two linearly independent two-
forms wy,wy € A%a* such that each non-zero linear combination is of length two and such
that dwy = wy A €°.

Proof. Let €5, e” be a basis of t} such that de® = €57, de” = 0.
Assume first that g admits a cocalibrated Go-structure ¢ € Ag* with (closed) Hodge dual
U ¢ A*g*. Decompose ¥ uniquely into

U=0Q+pAeS
with Q € A%(g: @ span(e”)), p € A3(gt @ span(e”)). Since dQ € AS(gt @ span(e’)) and
d(p A eb) € AY(g: @ span(e”)) A €5, the identities dQ2 = 0 = d(p A €5) are true.
Set A%* := Ala* AAIspan(e®) AA*span(e”). For an s := (i+j+k)-form 6 € A*(gi@®span(e”))
let %% be the projection of # onto A%*. Lemma 2.9 implies d(A%%F) C ALK and d(AWMF) =
0 for all i, k € N,.
The closedness of p A e® implies 0 = d(p A eS) = dpANe® —pAeST and so 0 =dp+pAe.
Then the identities

0= (dp+pAePOl = 300 A e 0= (dp+ pAeT)2t = d(p?O1) + p»1O A €T
are true. Thus p>%% = 0 and d(p**!) = —p?>1% A €. This shows that
p:wl/\e7—w2/\e5+a/\e57
for wy, wy € A2 o € ALPY and that
wa A e = —pP 0 AT =d(p*0N) = d(wy AeT) =dwy Ae” & dwp = wy A’

By Lemma (b) and Lemma 2241 (b), w; and wy span a two-dimensional subspace in
which each non-zero element is of length two.

Conversely, let wi,ws € A%a* be such that dw; = wy A €% and such that w;, wy are linearly
independent and each non-zero linear combination of them is of length two. Set V, := a*,
Vs = span(ed) @ t5, vy := €% € A2Vs, 1 1= €% € A%V3, 13 := 57 € A2V5. Moreover, by
Lemma there exists a two-form ws € A%a* such that

3
1
\I/::Zwi/\l/i+§wf

i=1

is the Hodge dual of a Go-structure. By Lemma 2.9, d(A*a*) = 0 and d(A*a* A e®) = 0 for
all k € Ny. Using these properties of d, a short computation shows that W is closed. O

Lemma B.IT] allows us to prove
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Theorem 3.12. Let g = h Sty be a Lie algebra direct sum of a five-dimensional Lie algebra
b admitting a codimension one Abelian ideal a and of va. Then g admits a cocalibrated Go-
1 1 1 1 1 1

structure if and only if b is unimodular and b ¢ {R° b3 ® R? A5 2" 3 3} where AgZ * 3
is the Lie algebra for which there exists an element es € h\a which acts diagonally on a with

ergenvalues (1, —%, —%, —%)

Proof. By Proposition[37(b), b has to be unimodular if g admits a cocalibrated Go-structure.
So, for the rest we assume that b is unimodular and let e5 € h\a, €’ € a® C b*, °(e5) = 1.
By Lemma 2.9 there exists a linear trace-free map H : a* — a* such that da = H(a) A €,
de® = 0 for all o € a*.

Let €% €7 be a basis of t§ with de® = €%, de” = 0. Then Lemma B.IT] tells us that g
admits a cocalibrated Gg-structure if and only if there are two linearly independent two-
forms wy, ws € A?a* such that dw; = wy A € and such that each non-zero linear combination
is of length two.

We first prove that such a pair of two-forms always exists if there is a vector decomposition
a* = Vo & W into two two-dimensional H-invariant subspaces such that the restrictions of
H to V5, and to W, are both not a multiple of the identity. In this case we may choose, for
all A # 0, a basis e!,e? of V5 and a basis €, e* of W, such that the restrictions of H to V5
and Wy with respect to the corresponding bases are given by

0 _det(fj\vg) q tl"(H|W2) —A
an e ’
A tr(Hlw) w 0

respectively. Set wy := e + ¢®*. Then w; is of length two and dw; =(A(e'® — €*!) + w3) Ae®
with ws := de?® € A%a*. Set wy := A(e!® — €?!) + w3 and observe that dw; = wy A € and

1
w1 Awy = es(wy Adwy) = e5a (d (éwf>) =0

since g5 is unimodular. Furthermore, observe that C(\) defined by
wi = NP L oN (e — M) Aws +wi = C(\)w?,

fulfills C(\) = A? + O()) as A — oco. Thus, for |A| sufficiently large, C'(\) > 0 and Lemma
225 (c) tells us that then wy,wy span a two-dimensional subspace in which each non-zero
element is of length two. So all considered Lie algebras which admit such a splitting do
admit a cocalibrated Gy-structure.

Looking at the possible real Jordan normal forms of F', we therefore may, after rescaling e,
assume for the rest of the proof that there is a basis e', €2, €3, e* of a* such that F acts with
respect to this basis as one of the following matrices:

a 1 b 1 c 1 f
a 1 -1 b c —%

A ) _b ) —c ) _% )
_ _ _ f
3a b c ~1

0O 1 1 0

-1 0 0 1 n

00 0 1 , a, ¢, f, Ae{0,1},beR".

0O 0 -1 0

In the first case, wy := e'? 4 €3 — 5e? and wy := —e* + 2a(—e'? + €31) + 10ae? + He'3 fulfill
all desired conditions.
In the second case, w; := e!? — €24 and wy 1= e'* + € fulfill all desired conditions.
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In the third case, we start with ¢ = 1. Then w; := '3 —¢*! —% (e!? —e3), wy :=el2 et +elt
fulfill all desired conditions. If ¢ = 0, then b = b3 & R? and we already know by Proposition
that g = v, @ R%2 @ b3 does not admit a cocalibrated Go-structure. However, this also
follows easily from the fact that in this case d(A%a*) = span(e!3?, e14).

In the fourth case, let w; € A%a* be of length two. Then there exist a € span(e?, €3, e*) and
w € A?span(e?, €3, e*) such that w; = w+ a Ae’. But then dw; = 2f (w—aAe') Ae®, ie.

Wy = % (w—aAel) and so %fwl + wy = %fw is of length one. Thus g does not admit a
S11 1

cocalibrated Go-structure in this case, i.e. if b € {R5, sp 00

In the last case, wy := e'? — e3* and wy := e'* — €23 fulfill all desired conditions.

0

Remark 3.13. We like to note an interesting consequence of Theorem concerning the
connection to half-flat SU(3)-structures on six-dimensional Lie algebras b. It is well-known,
see e.g. [18], that if there exists a half-flat SU(3)-structure on b, then one can define naturally
a cocalibrated Gy-structure on the seven-dimensional Lie algebra g = b®R such that b and R
are orthogonal to each other. Conversely, a cocalibrated Ga-structure on a seven-dimensional
Lie algebra g = b @ R for which b and R are orthogonal defines a half-flat SU(3)-structure
on b. So far there seems to be no example known in the literature for a seven-dimensional
Lie algebra g = b @& R which admits a cocalibrated Ga-structure such that b does not admit
a half-flat SU(3)-structure. But now Theorem provides us with an example. Namely
1 1
g=A,2" > ®ry ®R admits a cocalibrated Gy-structure due to Theorem but in [9] it is

1 1

shown that b = A, 2" 2 @, does not admit a half-flat SU(3)-structure. Note that this shows

1 1 1 1

that g = A, 2" > © vy ® R cannot admit a cocalibrated Go-structure such that 4,2 > @ty
and R are orthogonal.

The only unimodular four-dimensional Lie algebras which do not admit an Abelian ideal are
the two non-solvable ones s0(3) ® R, s0(2,1) & R and the two whose commutator ideal u
is isomorphic to b3, namely Ayg, Ay 9. Direct sums with the non-solvable four-dimensional
Lie algebras admit cocalibrated Go-structures by Corollary Direct sums with Ay g, A4 10
admit cocalibrated Go-structures by Proposition (c) if h'(g3) > 1 and by Corollary
if hl(gs) =0, i.e. g3 € {s0(3),50(2,1)}. This finishes the proof of Theorem [I.1] (c).

3.6. g4 not unimodular, g3 not unimodular. In this subsection we prove Theorem [L.1]
(d). In the following, g = g4 @ g3 always denotes a seven-dimensional Lie algebra which is
the Lie algebra direct sum of a four-dimensional non-unimodular Lie algebra g, and of a
three-dimensional non-unimodular Lie algebra g;. Furthermore, u should always denote the
unimodular kernel of gy

By Proposition B.7 (a), g does not admit a cocalibrated Go-structure if u is Abelian. If
u € {e(2),e(l,1)}, then g4 € {A41,t2 @ o} and Proposition (b) and Lemma imply
that g admits a cocalibrated Go-structure unless g3 = v3;. But for g = Ay 12 @ v3; and
g =t B vy @ t3; cocalibrated Go-structures can be found in Table (3l

Therefore, it remains to consider the case when the unimodular ideal u is isomorphic to
hs. Then Lemma tells us that we may decompose g; = span(e!) @ V, @ span(e?) with
e, et # 0 and dim(V5) = 2 such that de! = tr(F)e!* + v for 0 # v € A%V, da = F(a) A et
for a linear map F : V5 — V5 with trace and all o € V, and de* = 0. Moreover, by Lemma
217, we may decompose g5 = W, @ span(e’) with 0 # €’ and W, two-dimensional such that
df = G(B) A e for a linear map G : Wy — W, with trace and all 3 € W, and de” = 0.
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Proposition 3.14. Let g, g4, g3, u, e*, et € gi\{0}, " € gi\{0}, Vo C g;, W> C g5 and
v € AV, as above. Then g admits a cocalibrated Go-structure if and only if there are two
linearly independent two-forms wy,ws € Va A Wa, a non-zero two-form v € A*°Wy and some
A € R such that the following conditions are fulfilled:

(i) d(wy A e™ +wy Aetl) =0.

(ii) The two-forms @y 1= U +wq, Oy 1= gggu—l— AV 4wy are linearly independent and each
non-zero linear combination is of length two.
Proof. ="
We set

ABIRE = ATV A AWy A AFspan(e?) A Alspan(e”)
and denote, for an s := (i+j+k-+1)-form ® € A*(Vo®span(et)dgs), by ®49*! the projection
of ® into A% ! Then we have
d(Ai,j,O,O) C Ai,j,l,O + Ai,j,O,l’ d(Ai,j,l,O) C Ai,j,l,l’ d(Ai,j,O,l) C Ai,j,l,l’ d(Ai,j,l,l) — {O}
for all 4, j € Ny. Moreover, d(ji) = —tr(F)i A et for all i € A29%0 and d(ji) = —tr(G)a A €’
for all i € A%200.
Let U € A*(gy @ g3)* be the Hodge dual of a cocalibrated Go-structure. Decompose ¥ into
UT=0Q+e' Ap
with Q € A*(V, @ span(e?) @ g3), p € A3(Va @ span(e?) @ g3). Then
0=d¥ =dQ+ (tr(F)e* +v)Ap—e' Adp=e' A (tr(F)e* Ap—dp) +dQ+vAp (3.1)
implies ® := tr(F)e* A p —dp = 0. We look at different components of ®. We have the
identities
0= @XLLO = tr(F)et A p2100 _ (p2LO0)2LL0 — g (F)ed A p2L00 1 () p2100 A ot
= 2tr(F)e* A p100
0= PL20L = _(pb200)L201 — _41()pLl200 A T
0= $2OLL = tr(F)et A p2001 _ q(p2001) = 2tr(F)et A p2001,

2,1,0,0 1,2,00 _ ,2,00,1

which imply p = pot = p=P%t = (. Moreover,

0= (I)O,2,1,1 — tr(F)e A p0,2,0 1 d(p0,2,1,0) _ tr(F)e A p0,2,0 1 + tr(G)e A p0,2,1,0

02,0, _ tr(G) e

(e N p%210 Thus p decomposes as

tr(G
p=e Aw +7)+e*A (w2+%ﬁ+)\y) +et" ANa
with wy, wy € AVLOO 5 e AO200 N e R o € ALOOO gy A010.0,
By Lemma 2.22] (b) and Lemma 2.24] (b), & := w; + ¥ and @y := wy + gg%ﬁ + Av span a
two-dimensional subspace in which each non-zero element is of length two.
The (1,1, 1, 1)-component of ® is given by

0= pLLLl — tr(F)e4 A p1,1,0,1 . d(pl’l’l’o) . d(pl’l’o’l)

ie. et Ap

which shows that

d(el A <p1,1,1,0 +p1,1,0,1>> — (V+tr(F)el4) A <p1,1,1,0 +p1,1,0,1) o e1 A d<p1,1,1,0 +p1,1,0,1)
:tr(F)eM /\pl,l,o,l o 61 A d(pl’l’l’o) o 61 A d(pl’l’o’l) — e1 A (I)l,l,l,l
=0.

Since pbh10 = et Awy and pth0t = e Awy, we get d(w; A e +wy Aett) = 0.
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What is left to show is that & # 0. Therefore, let Q be the projection of ¥ onto the subspace
A(span(e') @ Vo & Wy) (along Z?:1 Ai(span(e') ® Vo @ Wo) A A>ispan(e?, €7)). By Lemma
2.22] (c), © # 0. We may write € in terms of the components of p and 2 as
0 = el A pPIO0 4 ol p pl200 4 2200 _ 2200,

This means that Q%209 £ (. Equation (B.0]) gives us

0= (dQ + v A p)220L = (dO2200)220L 4 A 0200 — _4r(@)Q2200 A ¢ 4y A p0201
and so e A = p»20L £ ie. D #0.
7 ¢77:
Assume that there exist two-forms wy, wy € Vo AWy, 0 # 0 € A2W, and A € R fulfilling all
the conditions. Then w; = P+w; fulfills 0 # 0 € A2VoAA?W,. Hence there exists 0 # A € R
such that %d}f = — L U AD. Set now 4, := ™, 0, = %641, 03 := ™ € A2%span(e!, et eT).

tr(G) B
By assumption, @, Ws span a two-dimensional space in which each non-zero element has

length two. Thus we may apply Lemma 226 to V, := Vo @ Wa, Vi := span(e!, e?, ") and
get the existence of a two-form w3 € A2V} such that

3
1
V= § @iA9i+§@f
=1

is the Hodge dual of a Go-structure. Using dv = —tr(F)v A e, do = —tr(G)D A €7, we
compute

1 1
AV = —d( ANe™ + O Ae*) +d(@s Ae™) — ———d(v A D
<d(@ N6 (B A ™) = 5l )
1 1 1 tr(F)
= —dlwi Ae™t +wy Aet) + =d(oNe™ +rd< 19/\641+)\1//\e41)
F 1
+MV/\I)/\64+TV/\I?/\67
A tr(G) A
F 1 F F
:O—tr<~ )I)/\6714—719/\67/\I/—M19/\6741—Mi)/\ell/\l/
A A A A-tr(G)
F 1
+MV/\I)/\64+TV/\I?/\67
A-tr(G A
=0.

g

Remark 3.15. The two-form w; € Vo A W5 in Proposition [3.14] has to be of length two since
w1 = wy + v is of length two. By Lemma (a) there exists a basis €%, € of V5 and a basis
e®, e® of W, such that w; = €% + €. In the case det(G) # 0 the condition d(w; A e™ + wy A
e'l) = 0 implies that wy = (F + tr(F)id)(e*) A G71(e8) + (F + tr(F)id)(e3) A G7L(eP).

Let us, nevertheless, start with det(G) = 0.

Lemma 3.16. Let g, g4, g3, €', e* € g, e € g5, Vo, F : Vo — Vo, Wy and G : Wy — W,
as in Proposition[3.14. Assume further that det(G) =0, i.e. g3 =1to @ R. Then g admits a
cocalibrated Gy-structure if and only if det(F 4 tr(F)id) = 0, i.e. g4 = A,3.

Proof. 7="
If g admits a cocalibrated Gg-structure, then, by Proposition 3.14] and Remark B.15] there
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exists a basis €2, e® of V5 and a basis €°,e% of W, such that, in particular, w; := €20 4 €3
fulfills d(wy Ae™) € d(Va AWy Aet) = Vo AG(Ws) Ae™!. Each element in Vo A G(Wy) Ae™
is of length at most one due to det(G) = 0. But

d(wy A e™) = ((F + tr(F)id)(e?) A e® 4+ (F 4 tr(F)id)(e*) A €®) A e™

is of length less than two if and only if det(F + tr(F)id) = 0. Thus det(F + tr(F)id) = 0.
77¢:77

det(F + tr(F)id) = 0 = det(G) and tr(F + tr(F)id) = 3tr(F) # 0,tr(G) # 0 show that
F +tr(F)id and G are diagonalizable with one zero eigenvalue and one non-zero eigenvalue
from which we may assume, after rescaling e* and e’, that it is equal one in both cases.
Since d(e' A a) = —e' A (F + tr(F)id)(a) A et for all a € Vs, there exists a basis €2, e® of

Vs, such that de'? = 0 and de'® = —e!34. Moreover, we may choose a basis €%, e® of W, with
de® = 0 and deb = €57,
Set
~ . 1
w1 1= e — 30 626, Wy 1= e — 30 — 2635, wi = et + wi, Wo = 5656 + Wo.

Then @y, @, fulfill all the conditions in Proposition B.I4 since tr(F) = § and tr(G) = 1 by
our choice. Note that the fact that @;, &y span a two-dimensional subspace of A?(V, & WWs)
in which each non-zero element is of length two directly follows from @w} = @3 # 0 and

wy; A\ wy = 0. O

Next we consider the case when det(G) # 0 but F' and G are both not multiples of the
identity:

Lemma 3.17. Let g, g4, 93, el et € g}, e € g5, Vo, F: Vo — Vo, Wy and G = Wy — W,
as in Proposition[3.14] Assume further that F' and G are both not multiples of the identity,
i.e. gy # A}Lg and g3 # v31. Then g admits a cocalibrated Go-structure.

Proof. Set H := —(F + tr(F)id). Then also H : V5 — V5 is not a multiple of the identity,
not trace-free and d(e! A o) = e A H(a) A e for all a € V. By rescaling e* appropriately,
we may assume that tr(H) = —3, i.e. tr(F) = 1. Hence we may choose a basis €%, e of Vj
such that the transformation matrix of H with respect to this basis is given by

0 det(H)
det(G) | .
—det(G) -3
Moreover, by rescaling ¢’ appropriately, we may assume that tr(G) = 1. Hence, for all

a € R\{0}, we may choose a basis €, €% of W, such that the transformation matrix of G
with respect to this basis is given by
0 _det(G)
L)

det(H) .5 3+a g 36
_det(G)ae T e

A short computation shows d(w; A e™ + wy A et!) = 0. Set

Set

wy =eP 4+ ¥ wy =

&y = e 4+ w1, Wy = e — ae? + ws.
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Then & = 26 # 0 and 2iy A @y = Ba}, @3 = C@f with B = —5l and C' =
det(H)+a det(G)
T(G)' Thus

det(H)*>  det(H)
a? det(G)? det(G)
for a > 0 large enough. Thus g admits a cocalibrated Go-structure. O

B? —4C = —4a <0

Therefore it remains to consider the cases when at least one of the maps F' and G is (a
multiple of) the identity:

Lemma 3.18. Let g, g4, 93, ¢', et € g5, " € g5, Vo, F: Vo — Vo, Wy and G : Wy — W5 as
in Proposition [3.1]
(a) If F is a multiple of the identity, i.e. g4 = A}Lg, then g admits a cocalibrated Go-
structure if and only if —3tr(G)? > det(G) or det(G) > 0.
(b) If G is a multiple of the identity, i.e. g3 = vy, then g admits a cocalibrated Go-
structure if and only if det(F) > —3tr(F)2.

Proof.  (a) By rescaling e we may assume that tr(F) = 2, i.e. F' = id. Hence Proposition
[3.14l and Remark tell us that g admits a cocalibrated Gs-structure if and only if
there exists a basis €2, e of Vs, a basis e, e® of W, A\,a € R, a # 0 such that each
non-zero linear combination of

~ 56 26 35 ~
Wia ' =ae + e + €77, Wyg) =

tr(G)a€56 +Ae® +3e* AGTHel) + 3> AGTH(eP)

is of length two. A short computation shows

» ~ ~ 6tr(G
wia,)\ = 2623567 2w17a,)\ A wza,)\ — <2a)\ + ( )> 62356’

det(G)
~2 a\ 1 2356
“ran = (%«(G) * 18det(G)) ‘

since for an invertible two-by-two matrix tr (G=!) = (;;((GG)) Set X := a\. Then

Lemma 227 (c) tells us that each non-zero linear combination of @; 4\ and @ 4 ) is
of length two if and only if the quadratic polynomial

3tr(G) \ X 1
<X N det(G)) - (Qtr(G) - 9det(G))
2 tr(G) 1 tr(G)? 1
=X (6det(G) - Str(G)) X9 a@r ~ e

in X with leading positive coefficient is negative for some X € R. Note that this ex-
pression does not depend on the basis we have chosen. Hence g admits a cocalibrated
Go-structure if and only if this quadratic polynomial is negative for some X € R and
this is true if and only if its discriminant is positive. The discriminant is given by

tr(G) 1\’ tr(G)> 1 16(3tr(G)? + 4 det(G))
<6det(G) B 8tr(G)) - <9det(G)2 B 36det(G)) T det(G)0(G)?

and it is positive if and only if

—Ztr(G)2 >det(G) or det(G) > 0.
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(b) By rescaling €’ we may assume tr(G) = 2, i.e. G = id. Then we see similarly as in
the proof of part (a) that g admits a cocalibrated Go-structure if and only if there
exists a basis €2, €3 of V5, a basis €7, e of W, X\, € R, a # 0 such that each non-zero
linear combination of

~ 56 26 35
Wian =ae™ e +e™,

tr(F
Woan 1= %ae% + Xe® + (F + tr(F)id)(eQ) el + (F + tr(F)id)(e3) A e’

is of length two. If we set X := a\ as before, we can argue as in part (a) that the
existence of a cocalibrated Gs-structure on g is equivalent to the existence of X € R
such that X2 + 4tr(F)X + tr(F)? — 4det(F) is negative. Note therefore that for a
two-by-two matrix A € R**? we generally have det(A + tr(A)l;) = det(A) + 2tr(A)>.
Now X? +4tr(F)X + tr(F)? — 4 det(F) is negative for some X € R exactly when the
discriminant of this quadratic polynomial in X, which is given by 12tr(F)?+16 det(F),
is positive. And this is the case if and only if

det(F) > —Ztr(F)Q.
U

Note that a real two-by-two matrix with negative determinant is always diagonalizable in the
reals. The determinant of G is negative if the condition in Lemma B.I8 (a) is not fulfilled
and the determinant of F is negative if the condition in Lemma [B.I8 (b) is not fulfilled.
Hence it is easily checked that the condition on g3 in Lemma B.I8 (a) is not fulfilled exactly
when g3 € {t3, |1 € [~3,0) } and that the condition on g4 in Lemma B.I8 (b) is not fulfilled

exactly when g4 € {Aig ’a € (-1, —%} }. This finishes the proof of Theorem [l

4. APPENDIX

Table [1 contains all three-dimensional Lie algebras. The list is further subdivided into the
unimodular and the non-unimodular three-dimensional Lie algebras. The names for the
non-unimodular Lie algebras in the first column have been adopted from [I0]. In the second
column the Lie bracket is encoded dually. Thereby, €°, €%, €7 is a basis of g* and we write
down the vector (de’, de® de”) and use the abbreviation ¢ := ¢! A /. Note that, instead
of the more natural denotation of the basis of g* by e!, €2, €®, we denote it by e?, €%, e’
since these one-forms are always the last three basis elements in the dual basis of the seven-
dimensional Lie algebras we consider. In the last column the vector (h'(g),h*(g),h3(g)) of
the dimensions of the corresponding Lie algebra cohomology groups is given. We omitted
h%(g) since it is always equal one.

Table 2] contains all four-dimensional Lie algebras and it is, as before, further subdived
into the unimodular and the non-unimodular ones. The names for the Lie algebras in
the first column have been adopted from [16]. In the second column the Lie bracket is
encoded dually for a basis e!, €2, €3, e* of g* as in Table [l The next column contains
the vector (h'(g),h?(g),h*(g),h*(g)) of the dimensions of the corresponding Lie algebra
cohomology groups, where we again omit h°(g) = 1. The column labelled "u” contains
all isomorphism classes of unimodular codimension one ideals in g. If there are different
isomorphic codimension one unimodular ideals we remark it in a footnote. The next column,
labelled [g, g] contains the commutator ideal of g. Finally, in the last column the number
h'(g)+h'(u)—h?(g) is computed. If there is more than one isomorphism class of codimension
one unimodular ideals u, then the different numbers are written next to each other, ordered

99 477

according to the order in the column "u”.
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Table [3] contains (the dual bases of) adapted bases for cocalibrated Gy-structures on three
different seven-dimensional Lie algebras g which are Lie algebra direct sums of a four and
a three-dimensional Lie algebra. These three cases are exceptional in the sense that they
do not fulfill any of the different conditions we obtained in this article which ensure the

MARCO FREIBERT

existence of a cocalibrated Gy-structure.

Table 1: Three-dimensional Lie algebras

g Lie bracket h*(g)
unimodular

s50(3) (e, =, e) (0,0,1)

50(2,1) (eﬁ ,e%0) (0,0,1)

e(2) (%, —€,0) (1,1,1)

e(1,1)  (e%,e,0) (1,1,1)

b3 (€57,0,0) (2,2,1)

R3 (0,0,0) (3,3,1)

non-unimodular

o ®R (%7,0,0) (2,1,0)

t3 (€57 + €57, €57 0) (1,0,0)

tsy (€97, ue%7,0), =1 <p <1, u#0 (1,0,0)

= (pe®™ + €57, 1ueb” — €57,0), u >0 (1,0,0)

Table 2: Four-dimensional Lie algebras
g Lie bracket h*(g) lo,0]  h'(g) +h'(w) -
unimodular
s0(3) @R (23, —e'3,e!2,0) (1,0,1,1) 50(3) 1
0N (g2 13 12, ) (1,0,1,1) 50(2,1) 1
2)aR (e*,—€'%,0,0) (2,2,2,1) R? 3,1

IE(U)@ (€23, 13,0, 0) (2,2,2,1) R3, e R? 3,1
hs@R  (€23,0,0,0) (3,4,3,1 R 2,1
R4 (0,0,0,0) (4,6,4,1 {0} 1
Ayl (e24,¢%4,0,0) (2,2,2,1 R? 3,2
AZ,% ( 9eld 24 + 634’ 634,0) (1’ 0,1,1 R3 4

"There are several Abelian codimension one ideals, namely for all (a,b) # 0, span(ey, aes + bes, e4) is one.
iAlthough all codimension one unimodular ideals are isomorphic, there are of course different ones.

Namely, all three-dimensional subspaces.
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Table 2: Four-dimensional Lie algebras
g Lie bracket h*(g) u lo,0] KM (g) + Al (w) — 1*(g)
14 .24 34
a,—(a+1) (6 , e a_(a+ 1)6 ,0), 1.0.1.1 R3 R3 4
A4, —1<Oé<—l (777)
14 24 34
afa  (ae!t, —gae™ +e 1,0,1,1) R® R 4
A4,6 —%04634 24,0), o >0 ( s Uy by )
A4,8 (6235624,_63450) (1’0?15 1) h3 []3 3
A4,10 (6235634,_62450) (1’0?15 1) h3 []3 3
non-unimodular
t®R?2  (e'40,0,0) (3,3,1,0) R3 R 3
3R (el e e?)0,0) (2,1,0,0) R3 R? 4
(614,M624,0,0), —1<p<l, 2.1.0.0 R3 R2 4
t37M@R M#O (777)
14 24 14 24
/ (:U‘e +e”, —e —|—M6 50’0), 3 2
t3”u@R 0> 0 (2,1,0,0) R R 4
A?f,Q (a614, 24 + 634, 634, 0)
a#0,-1,— (1,0,0,0) R3 R3 4
a=-—1 (1,1,1,0) R3 R3 3
Ay (e'*,e*,0 0) (2,2,1,0) R3 R? 3
Agy (eM 4 e, e + &34, e34)0) (1,0,0,0)  R3 R3 4
AZ’EJB (e, o 24,ﬂe34 0)
—l<a<p<l,af#0 3 3
’ ’ 1,0,0,0 R R 4
B#—a—a-1 (1,0,0,0)
a=-1,8>0B+#1 (1,1,1,0) R3 R3 3
a=-1,8=1 (1,2,2,0) R3 R3 2
Az,éi (ael4,ﬂ624 4+ &34 Bedt — o2 0)
a>0,8#0,-%a (1,0,0,0) R3 R3 4
B=0,a>0 (1,1,1,0) R’ R? 3
Az (2e! 4- 23, 2 4 34 34 0) (1,0,0,0) b3 b3 3
Af‘l‘,g ((+ 1)et 4 €23 e, ae?)0)
—1<Oé§1,0[§é— (150’050) h3 h3 3
o = —% (1717170) h3 63 2
a=10 (2717070) h3 Rz 3
20el4 23 24 34
AZ[ll ( G - te ’ (150’050) h3 h3 3

)

ae’t — 624,0), a>0
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Table 2: Four-dimensional Lie algebras

g Lie bracket h*(g) u lo,0] KM (g) + Al (w) — 1*(g)
A4,12 (614 + 6235 624 - 6135 0) 0) (2’ 17 Oa 0) 6(2) RQ 2
Ty Dty (el 4 €23, €21 + €13, 0, O)E (2,1,0,0) e(1,1) R? 2

Table 3: Dual adapted bases for cocalibrated Ga-structures
for some exceptional cases

Lie algebra dual adapted basis 2
Asg ®e(l,1) (e5,e6,e7,e4,ez,e3,e1)
Ag12 D31 (—%\/gel, VEet e? — % 5e°,e3 + %\/566,65,66,e7)

2 13,5 .5 .3 6 6 1 7 1 4 9 .1
B ra b3 (e + 5e’,ee +3e,e,2me,3me,me)

LA relation of the standard basis f*, f2, f3, f* of v @t with (df*, df?,df?,df*) = (f2,0, f34,0) to our
basis €', €%, €3, et is given by e! = f1 4 f3, 2 = fl— 3 3 =1 (f2— 1), et =3 (f2+ f4).
2In each case, (el,...,e") denotes a basis such that e!,... e? satisfy the Lie algebra structure given in

Table@ and €, ..., e" satisfy the Lie algebra structure given in Table [II
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