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COMPUTING QUATERNIONIC ROOTS BY NEWTON’S METHOD (2006/12/23)

DRAHOSLAVA JANOVSKA* AND GERHARD OPFER'

Abstract. Newton’s method for finding zeros is formally adapted to finding roots of Hamilton’s quaternions. Since a
derivative in the sense of complex analysis does not exist for quaternion valued functions we compare the resulting formulas
with the more classical formulas obtained by using the Jacobian matrix and the Gateaux derivative. The latter case includes
also the so-called damped Newton form. We investigate the convergence behavior and show that under one simple condition
all cases introduced, produce the same iteration sequence and have thus the same convergence behavior, namely that of
locally quadratic convergence. By introducing an analogue of Taylor’s formula for ™, n € Z, we can show the local,
quadratic convergence independently of the general theory. It will also be shown that the application of damping proves to
be very useful. By applying Newton iterations backwards we detect all points for which the iteration (after a finite number
of steps) must terminate. These points form a nice pattern. There are explicit formulas for roots of quaternions and also
numerical examples.

Key words. Roots of quaternions, Newton’s method applied to finding roots of quaternions.

AMS subject classifications. 11R52, 12E15, 30G35, 65D15

1. Introduction. The newer literature on quaternions is in many cases concerned with algebraic
problems. Let us mention in this context the survey paper by [15, ZHANG, 1997]. Here, for the first time
we try to apply an analytic tool, namely Newton’s method, to finding roots of quaternions, numerically.
Let g : R™ — R"™ be a given mapping with continuous partial derivatives. Then, the classical Newton
form for finding solutions of g(z) = 0 is given by

(11) g(iC) + Ql(x)n =0, ZTpew:=a+ ,

where ¢’ stands for the matrix of partial derivatives of g, which is also called Jacobian matriz. The
equation (1.1) has to be regarded as a linear system for n with known x. The further steps consist of
iteratively solving this system with Tyey-

In this paper we want to treat a special problem g(x) = 0 with g : H — H, where H denotes the
(skew) field of quaternions. We use the letter H in honor of William Rowan Hamilton (1805 — 1865), the
inventor of quaternions. In this setting we will try also other forms of derivatives of g than the matrix of
partial derivatives.

For illustration in this introduction, we use the simple equation g(z) := 2? — a with a,x € H. If
we follow the real or complex case for defining derivatives, we have two possibilities because of the non
commutativity of the multiplication in H, namely

g (z) = }llimo{(g(a; +h)—g(x)h™ '} = }llmb((x +h)?2 -2t =x+ }llinb hah™1,
g (z) = }lLirr%){h’l(g(:c +h)—g(x))} = }lLirr%) R (x+h)? —2?) =2+ }lLin%) h~tzh.

If we put y,, := hah~! for any h # 0 then from later considerations we know that |y;,| = |z| and (yn)1 = 1.
Thus, yp fills the surface of a three dimensional ball and there is no unique limit. In other words, the
above requirement for differentiability is too strong. One can even show that only the quaternion valued
functions g(z) := az + b, g(z) := za + b, a,b € H, respectively, are differentiable with respect to the two
given definitions, [13, SUDBERY, 1979, Theorem 1].

In approximation theory and optimization a much weaker form of derivative is employed very suc-
cessfully. It is the one sided directional derivative of g : H — H in direction h or one sided Gateauz®
derivative of g in direction h (for short only Gdteaux derivative) which for x, h € H is defined as follows:

_ 2 _ .2
(1.2) g (z,h) = lim gz + QZ) 9() = lim W =xh + hz.
a>0 a>0
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2 Drahoslava Janovskd & Gerhard Opfer

Let h € R\{0}, then ¢'(x,h) = 2hz and from (1.1) replacing ¢'(z) with ¢’(z,h) we obtain the damped
Newton form

- N S
xnew.—N(x).—ac+2h(x a ;E)

if h > 1. For h = 1 we obtain the common Newton form for square roots.

If we work with partial derivatives, the equation g(z) := 2 — a implies
X1 —x2 —X3 —XT4
/ L T2 T 0 0
(1.3) g'(z) =2 s 0 0
Ty 0 0 T

Matrices of this form are known as arrow matrices. They belong to a class of sparse matrices for which
many interesting quantities can be computed explicitly, [11, REID, 1977], [14, WALTER, LEDERBAUM,
AND SCHIRMER, 1984], and [1, ARBENZ, GOLUB 1992] for eigenvalue computations. The special cases
a,z € R and a,z € C reduce immediately to the common Newton form
1 a
Tnew := N(x) := 2(a:+ x)

The treatment of analytic problems in H goes back to [5, FUETER, 1935]. A more recent overview
including new results is given by [13, SUDBERY, 1979]. However, Gateaux derivatives do not occur in this
article.

We start with some information on explicit formulas for roots of quaternions. Then we adjust
the common Newton formula for the n-th root of a real (positive) or complex number to the case of
quaternions. Because of the non commutativity of the multiplication we obtain two slightly different
formulas. We will see that under a simple condition both formulas produce the same sequence. We see
by examples that in this case the convergence is fast and we also see from various examples that in case
the formulas produce different sequences, the convergence is slow or even not existing. Later we apply
the Gateaux derivative and the Jacobian matrix of the partial derivatives to formula (1.1) and show that
under the same condition the same formulas can be derived which proves that the convergence is locally
quadratic. The Gateaux derivative gives also rise to the damped Newton form which turns out to be very
successful and superior to the ordinary Newton technique.

2. Roots of quaternions. We start by describing a method for finding the solutions of
(2.1) glx):=2"—a=0, acH\R, neN, n>2

explicitly. The solutions of g(z) = 0 will be called roots of a. We need some preparations. If a =
(a1,a2,as,a4) € H we will also use the notation

a=ay+azi+tazj+ask,

where i, j, k stand for the units (0, 1,0,0), (0,0, 1,0),(0,0,0, 1), respectively.

DEFINITION 2.1. Two quaternions a, b are called equivalent, denoted by a ~ b, if there is h € H\{0}
such that a = h=!bh (or ha = bh). The set of all quaternions equivalent to a is denoted by [a]. Let
a:= (a1, a9, as,a4) € H\R. We call a, := (0, az, as, aq) the vector part of a. By assumption a,, # 0. The
complex number

(2.2) a:=(a1,\/a3+ a3 +a%,0,0) =: a1 + |a,|1i

has the property that it is equivalent to a (cf. (2.3)) and it is the only equivalent complex number with
positive imaginary part. We shall call this number a the complex equivalent of a.
Because of

a=h"tbh = (%)_1b|—2’|

there is no loss of generality if we assume that |h|? = 1. Since a € R commutes with all elements in
H we have [a] = {a}. In other words, for real numbers a the equivalence class [a] consists only of the
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single element a. Let ¢ € C, then ¢ and the complex conjugate ¢ belong to the same class [¢] because of
o= () e

LEMMA 2.2. The above notion of equivalence defines an equivalence relation. And we have a ~ b if
and only if

(2.3) Ra =RNb, |a| = |b].

Proof. Let ha = bh for some h # 0. Then, the general rule |zy| = |z||y| yields |a] = |b]. Let us
put @ = h='bh and apply another general rule ®(zy) = R(yz). Then Ra = R(h~1bh) = R((h~1b)h) =
R(hh~'b) = Rb. It remains to show that (2.3) implies the existence of an h # 0 such that ha = bh.
Let a € R. Then (2.3) implies a = b and hence, h = 1. Otherwise, (2.3) is equivalent to a real, linear,
homogeneous 4 X 4 system. It can be shown, that the rank of the corresponding matrix is two. O

There are situations where there are infinitely many roots.

THEOREM 2.3. Let g be defined as in (2.1) but with real a. If there exists a complex root x of a
which is not real, then there will be infinitely many quaternionic roots of a.

Proof. Let x := 1 + 221 be a root of a with x5 # 0. We have g(x) := 2™ — a = 0. Let h € H\{0}.
We multiply the last equation from the left by A~ and from the right by h and obtain
(2.4) h=tg(z)h = h 'a"h — h™tah = (h"'zh)" —a =0
since real numbers commute with quaternions. Therefore, g(h~'zh) = 0 or, in other words, the whole
equivalence class [z] of x consists of roots. O

COROLLARY 2.4. Let a # 0 be real. Forn > 3 there are always infinitely many roots of a. For n = 2
there are infinitely many roots if a < 0.

The finding of roots of quaternions is based on the following lemma.

LEMMA 2.5. Let a € H\R and let a be the corresponding complex equivalent of a where a = h™'ah
for some h # 0 such that 3@ > 0. Then, x will be a root of a if and only if & :== h~'xh is a root of a.

Proof. (i) Let x be a root of a. By applying (2.4) we obtain #” —a = 0. (ii) Let & be a root of a. Le.
we have £" — @ = 0. Multiplying from the left by h and from the right by h~! gives the desired result. O

This lemma yields the following steps for solving (2.1) for a := (a1, a9, a3, a4) € R.
(i) Compute a := (a1, /a3 + a3 + a2,0,0) = a1 + |a,i € C.
(i) Let #, € C be the roots of @ € C: & = l|a|Y/"exp(i®t2T) k=0,1,...,n—1,
cosa =i, a€ [0, .
(iii) Find h € H such that a := h~tah € C.
(iv) Then, the sought after roots are xj, = hiph™ L.

The equivalence a ~ @, expressed in (iii) may be regarded as a linear mapping

(2.5) Ha=a, where H = <(1) I(:)I) € R4
and H is a (3 x 3) Householder matriz
9 as — |ay|
H=1- TU’UT, vi= as with
vty s
 [az |ay |
H as = 0
a4 0
Now, in (iv) we need the inverse mapping H~! = H, thus, the roots are
%ﬁ? coS oz+3k7r
%gﬁ: ‘G.Q‘ sin a+t+2km
Ay n
(2.6) mpo=H| 7" | = |a|t/™ R I e A
0 ‘ZZ‘ sin oz+gk7r

lay | n
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The right hand side of (2.6) was already given by [10, KUBA, 2004]. However, the above derivation using
Householder transformations is new. It allows a very easy proof of the following lemma.

LEMMA 2.6. Let n > 2 and a € H\R be given and let xy, k = 0,1,2,...,n — 1, be the roots of a
according to (2.6). Then (i) |xi| = |a|/™ for all k = 0,1,2,...,n — 1, and (i) the real (4 x n) matriz

X:=(xg x1 -+ xn_1) of all roots has rank two.

Proof. (i) The matrix H is orthogonal and thus, does not change norms: |zx| = |RIx + SExi| =
|21 | = |a|'/™. (ii) The matrix H is non singular and thus, does not change the dimension of the image
space. [

COROLLARY 2.7. Under the same assumptions as in the previous lemma all roots x, of a are located
on a (two dimensional) circle on the surface of the four dimensional ball with radius |a|'/™.

Let € H be a root of a € H\R and let Z,a be the complex equivalents of z, a, respectively. The
Lemma 2.5 does not state that Z is a root of a. Nevertheless, it is half way true. For any real number y
we define |y| as the largest integer not exceeding y. For a complex number z, the quantity z is defined
as the complex conjugate of z.

LEMMA 2.8. Let a € H\R be given and let xy, be the roots of a in the ordering k =0,1,...,n—1 given
in (2.6). Let a be the complex equivalent of a and Zy, be the complex equivalents of xy, k =0,1,...,n—1.
Then, %y, is a root of a for k=0,1,...,[(n —1)/2| and Ty, is a root of a for the remaining k.

Proof. We only show the essential part: If z is a root of a, then either  or Z is a root of a. Let
a = h~'ah and @ = h~'zh. By applying (2.4) we have (h™ 1xh) —a = 0. Since h~'zh and h~'zh are
both complex, they differ by Lemma 2.2 at most in the sign of the imaginary part and the statement is
proved. O

Let us illustrate this lemma by a little example.

EXAMPLE 2.9. Let n = 2. The two roots of a := (—4,40, 30, —20) are zo := (5, 4,3, —2), ¥1 = —o,
and @ = —4 + 10v/291, o = 5 +v29i, &1 = —5 + v/29i. We have 73 = a and (71)? = a.
If we use numerical methods for finding roots of a € H we will find only one of the quaternionic roots,

say 7. Let @, 7 be the complex equivalents of a,r, respectively. Then, according to Lemma 2.8, 7 or 7 is
a complex root of a. We define

L {F if ¥ = a,
ri=49= .
7 otherwise.
All further roots 7 of a follow the equation
2k
(2.7) Tk—rexp—ﬂ-l k=1,2,....,n—1.
n

It should be observed that the factor exp 25—L’Ti apart from n does not contain any information about the
root 7. In order to find all quaternionic roots we only need to apply (2.6) again. We put 7 := u + vi and

o = %T’T and obtain the other roots by
i U COS 0} — v Sin oy, Sk
Ry V COS O} + usin oy, P2ty
2. =H =H =
(2.8) Tk 0 0 ot |
0 0 paty

where © =: (p1, p2, p3,p4),  |ro| := \/(p2)? + (p3)? + (ps)?, and where

. sign v .
Sk ‘= ucosop —vsinog, tp:= o] (vecosor +usinog), k=1,2,...,n— 1.
Ty

ExXAMPLE 2.10. Let n = 3 and a = (—86, 52, —78,104). Then, r = (1, —2, 3, —4) is one of the quater-
nionic roots and the corresponding complex equivalents ared = —86 + 261/29i, ¥ = 1 + v/29i. We have
F=1-v29, |r,| =29, u=1,0v=—v29,01 = 271/3,02 = 47/3,51 = —0.5(1 + V/87) = —5.1637, 59 =
0.5(v87 —1) = 4.1637, t = —0.5(1 + ¥T) = —0.6608, t> = 0.5(*3T — 1) = —0.3392. Then the two other
quaternionic roots are r1 := (—5.1637,0.6784, —1.0175, 1.3567), ro := (4.1637,1.3216, —1.9825, 2.6433).
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3. Newton iterations for roots of quaternions. Newton iterations for finding the n-th root of
a positive number a is commonly defined by the repeated application of

1 a
3.1 pow 1= N ;:—( —1 )
(3.1) : (@)= ((n = Do+ =2
What happens if a is a quaternion? There are the two following analogues of Newton’s formula (3.1):

(3.2) Tnew = N1(z) := = ((n — D)z +2' "a),

S|

(33) Ynew ‘= NQ(y) = ((TL - l)y + a’ylin) :

S|

Both formulas have to be started with some value xg # 0, yo # 0, respectively. The quantities xg, yo will
be called initial guesses for N1, No, respectively. In the first place we do not know what formula to use.
But there is the following important information.

LEMMA 3.1. Let the initial guess xo € H\{0} be the same for both formulas (3.2), (3.3). (i) The
formulas N1 and N3 generate the same sequences xo,x1,%2 ... if o and @ commute and in this case x;
and @ commute for all j > 0. (ii) Let n=2. Then x; =y; for all j > 0 implies that x; and @ commute
for all j > 0.

Proof. Let Ny produce the sequence xg,x1,x3 ... and Na the sequence xg,y1,ys - -
(i) Assume that z¢ and @ commute. Using formulas (3.2), (3.3) we obtain

(3.4) Tjr1 =y = — (¢ e —ay; 7" + (n = 1(5 - yy))

(35) il = Gy = — (0= (5@ —ay;) +laf*(257" —y;7") -

SI=3|=

We first show the following implication:

(3.6) (a) 2a—ar=0 = (b) z'™Ma—ax' " =0 for any 2 € H\{0}.

For a = 0 this implication is true. Let a # 0. Then (a) implies z¥a = @z* for all £ € N and hence,
ale7F =27%a 1. Sincea ! = Tar? (b) follows. We shall prove by induction that

(3.7) zj—y; =0, z;a—ay; =0forall j>0.

By assumption, (3.7) is valid for j = 0. Assume that it is valid for any positive j. Then by (3.4) and by
(3.6), we have 241 — yj+1 = 0. And (3.5) implies ;1@ — @y;4+1 = 0. Thus, (3.7) is valid for all j € N.
(ii) Let x; = y; for all j > 0. Then, (3.4), (3.5) reduce to

1—n 1-n __
(3.8) z; "a—az; " =0,
_ n—1 —_ _
(3.9) Tj+180 — Aj41 = — (zja —ax;).
For n = 2 equation (3.8) reads z; 'a = axz; ' which implies a~'z; = z;a~". Since a™* = oz it follows

that @x; = «;@ and hence by (3.9), we have azj41 = ;41G. O

It should be noted that part (i) is already mentioned by [12, SMITH, 2003, Theorem 3.1], though in
a matrix setting. In the above lemma it was assumed that x¢ and @ commute. However, it is an easy
exercise to see that this is equivalent to the commutation of z¢ and a. Ounly in our context it was a little
more convenient to assume that xg and @ commute.

Let n € N be arbitrary. Then x; = y; for all j > 0 implies (3.8). However, for n > 3 the implication
(3.6) is not an equivalence. Take n = 3 and x := i, then (b) of (3.6) is valid, but not necessarily (a)
of (3.6).

In the next example we show, that for n > 3 the necessary condition (3.8) for 1 = y; does not imply
T2 = Y2.
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EXAMPLE 3.2. Let n = 3 and 2p = i. Then (3.8) is valid for j = 0 and all a € H and as a consequence
T =9y = %(Zi — a). However, xga — axo # 0 and xs # yo for some a.

In Lemma 3.1 we have shown that the commutation of a and zg implies the commutation of a and
x; for all j > 0. If z;, 7 > 0, are the members of any sequence of approximation for an n-th root of
a € H, then the property that a and z; commute is intrinsic to the problem.

LEMMA 3.3. For a given a € H let x be a solution of g(z) := 2™ —a =0, n € N. Then a and x
commute.

Proof. Multiply g(z) := 2™ — a = 0 from either side by  and subtract the resulting equations. Then
ar = za. O

Lemma 3.1 does not exclude the case that x; = 0 for some j > 0. This means that both sequences
stop at the same stage. However, we will show that this cannot happen if z;_; is already close to or far
away from one of the roots of a. We introduce the residual r; of x; by

R 1)
rii=a Ij.

It is a computable quantity.

LEMMA 3.4. Let us consider the two values xj_1,xj, j > 1, generated by N1 defined in (8.2) under
the only assumption that x;_1 # 0. Let the residual rj_1 have the property that

(3.10) [ri—1] < la| or |rj—1]| > 2|al.

Then z; # 0 and consequently, x ;41 is well defined.

Proof. 1t is clear from (3.2) that z; := Ni(z;-1) = 0 can happen if and only if (n — 1)z7_; +a =0
or zi_, = ——L-a. Then, in this case rj_; := a — 27| = a+ -7 a = =7 a, which contradicts our

J
assumption. O

Let N7 be given by (3.2). It is easy and also interesting to find all ezceptional points
E,(a):={z: Ni(z) =0,z # 0} U {0}

for which the Newton iteration will terminate. For this purpose we write the Newton iteration backwards,
i. e. we switch z;11,z; and obtain the equation

(3.11) p(xj+1) == (n — Dajy — nx?;llmj +a=0, j=0,1,..., x0=0.

In a first step, starting with g = 0 we obtain n solutions =1 of p(z1) = 0, repeat with all n solutions
1, obtain n? solutions z etc. In this way, we generate eq:=1+n+n?+--- +n? = (n4tt - 1)/(n - 1)
points of E,(a) if we stop after d cycles. Since g = 0 we can apply the techniques from Section 2
reducing equation (3.11) for all j > 0 to an equation with complex coefficients with the consequence
that all solutions are complex as well and F,(a) C C. For n = 2 the set E,(a) is located on a straight
line passing through the origin and having slope a = arctan(Sz1/Rz;) where 21 := (—a)/2. For n > 2
the set E,(a) is rotational invariant under rotations of 27 /n and shows typical self-similarity. The sets
E,(a) and E,(b) differ only by scaling and rotation. Or in other words, the qualitative look of E,, (a) is
independent of a. Since the exceptional points are apart from rotation the same in each of the n sectors
there are (eq — 1)/n = eq_1 = (n — 1)/(n — 1) points in each sector. An example with d = 7 cycles,
n = 6, and a := i is shown in Figure 3.5. It contains 335923 points. We have also included the three
level curves

lo:={2€C:|2" —a|l =cla|} for c=0.9,1,2.
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FIGURE 3.5. Exceptional points F,,(a) for n = 6 and roots of a = i marked ®.
4. Inclusion properties. Newton iterations can be written in the form

n—1 1
4.1 Ni(z) := —zt"a.
(4.1) 1(x) - T+ nx a

Thus, Ni(z) is a convex combination of x and x'~"a. Let a := (a1, a2, a3, a4), b := (b1, b2, b3, bsy) be two
arbitrary quaternions. With the help of the (closed, non empty) intervals

I; := [min(a;, b;), max(a;,b;)], j =1,2,3,4,
we define the segment
[CL, b] = (Il, IQ, Ig, 14)

LEMMA 4.1. Let xg,21,... be the sequence generated by N1 for a given a € H. Then, for all 5 > 0
we have (componentwise)

(4.2) Tjy1 € [xj,m}fna] .
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Proof. Follows immediately from (4.1). O

EXAMPLE 4.2. Use Example 2.10 again: n = 3,a := (—86,52,—78,104) with z¢ := @/8. We
obtain (monotonicity is missing) the following numbers (in Table 4.4) and a graphical representation in
Figure 4.3. We also see that the inclusion is very quickly so precise that the three curves cannot be
distinguished by inspection of the graph.

a=(-86 52 -78 104)

6 T T T T
— Component 1
—— Component 2
— Component 3
4 : —— Component 4 | |
S
I 2 \\ |
™
0 \/ |
N
I
a2F
Il
5
5]
i
c
_6 - —
-8 | | | | | | |
4 4.5 5 55 6 6.5 7 75 8

FI1GURE 4.3. Inclusion property of Newton iterations from step 4 to step 8.

TABLE 4.4. Inclusion property for some selected values x;, x;za

JSa = 1 —2 3 —4

T3 = —2.2416 —1.9163 2.8744 —3.8326
Ty = 0.2017 —1.4054 2.1081 —2.8108
x3_2a = b5.0882 —0.3837 0.5755 —0.7673
Ty = 0.2017 —1.4054 2.1081 —2.8108
Ts5 = 1.7739 —2.2159 3.3238 —4.4318
ry%a = 49184 —3.8368 5.7552 —T7.6737

1-n

As we see from the table the inclusion /a € [xj, T; a] which is valid for real roots is not true in

general.
5. Numerical behavior of Newton iterations. There are three cases:

(i) The iterates converge quickly (quadratically).
(ii) The iterates converge slowly (linearly).
(iii) The iterates do not converge.

Case i.) We choose an arbitrary a and select the initial guess xg so that @ and zy commute
(= N1 = N3). We observe fast (quadratic) convergence. In the Figures 7.1, 7.2, left side, pp. 12-13, we
see 16 examples for n = 3 and for n = 7. In all examples the convergence is eventually quadratic.
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Case ii.) We choose a and zy randomly and independently. Ten examples are exhibited in Figure 5.1
where the horizontal axis represents the number of iterations and where the vertical axis represents the
exponent of the residual with respect to base ten. In all cases the convergence is slow (linear).

2

-4+

-10[- : . 4

-12 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

F1GURE 5.1. Fourth root of quaternion a, a and initial guess ¢ random.

Case iii.) We look at the following special example.

0.031

0.0305 - : . .

0.0295 -

0.029 -

0.0285 -

0.028 -

I I I I I I I I I I
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

0.0275 I I I I I I I I
1

FIGURE 5.2. Fourth root of quaternion a = (0,0, 1,0), with initial guess ¢ = (0,0,0,1).

EXAMPLE 5.3. Let a := (0,0,1,0),h := v/3+2v2,8* := (52— 7)2 a := h3 and n = 4. Then,
(o = 0.9239, § ~ 0.3827)

% S {(avoaﬂa0)7 (—OL,O, _ﬂa 0)7 (—6,0,04,0)7 (67()’ —O(,O)}.

If we start both iterations for this case with zo = (0,0,0,1), we have zpa # Gzo and we obtain
different iterates. And even worse, if we continue the computation (see Figure 5.2), we observe that the
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first and third component of all iterates will remain zero. Thus, convergence is impossible. Observe, that
those elements which commute with a have the form = = (x1,0, x3,0).

6. Convergence of Newton iterations. According to our previous investigations, the two Newton
iterations defined in (3.2), (3.3) may converge slowly or may not converge in case the initial guess g and
the given a do not commute. Therefore, we assume throughout this section that a and z¢ commute. We
already mentioned that equivalently, o and @ commute. Then, according to Lemma 3.1 the two formulas
produce the same sequence. Therefore, we only use formula (3.2). We want to show that in this case the
convergence is fast. The details will be specified later.

Let g be defined by g(z) := 2™ —a where a,z € H and a # 0. We will compare the iteration generated
by formula (3.2) with the classical Newton iteration which is defined by the linear (4 x 4) system

where ¢’ is the already mentioned (4 x 4) Jacobian matrix whose columns are the partial derivatives of
g with respect to the four components of x = (1,2, 23,24)T. The equation (6.1) is a linear system for
the unknown 7; where z; is known. Here and in the sequel of this section, it is reasonable to assume
that x;,7; have the form of column vectors. An explicit formula for ¢’ for n = 2 was already given in
the Introduction, formula (1.3). For the general case, we will develop a recursive and an explicit formula
for ¢’. Let us denote by ¢g¥) the column vector of the partial derivative of g with respect to the variable
zj, j =1,2,3,4. Then ¢’ = (g1, g?, ¢ ¢¥). We will use the formulas

(6.2) ()0 = (z2)9) = 220 4 2D j=1,2,3,4,

(6.3) (™)) = (22" D) = g(z" D 4 2Wgr=1 5 =1,2,3,4, n>3.

Since x = 21 + @2l + x3j + 22k we have 2V = 1,23 =i 203 = j 24 = k. For n = 2 we have therefore
g (z) = (x + z,2i + iz, xj + jr, vk + kz) = 2E + Ex,
where
E:=(1, i, j, k),

and the multiplications zE, Ex are not matrix multiplications but simply componentwise multiplications
with the (quaternionic) constant x. If E is considered a matrix, then it is the identity matrix. For a
general n > 3 we obtain from (6.3)

J(z) = $((xn71)(1)7 (967171)(2)7 (ﬁnfl)(3)7 (xnfl)(él)) L Ean L

In order for the multiplication with = to be correct, each column (2" 1)), j = 1,2,3,4, has to be
understood as a quaternion.

Let us write instead of ¢’ a little more accurately g/, if the Jacobian matrix is derived from g, (z) :=
2™ — a. Then the formulas (6.2), (6.3) read

(6.4) gh(z) =2E+Ez, g, (z)=2g, ,+Ex""', n>3.

From these formulas it is easy to derive the following explicit formula
(6.5) Gpir(z) =) 2" IEa!, n>0,
j=0

where we also allow ¢} := E. In particular, we have g/, (0) = 0 for n > 2. Since we have already computed
g5 in (1.3) we can compute g4 quite easily by using (6.4):

(6.6) g4(x) = 2gh(x) + Ea? =
3(x? — 2% — 2% — 23) —6x122 —6x13 —62124
6x1x2 33:% — 333% — x§ — xi —2x913 —2T9T4
6x1x3 —2x913 Bx% — x% — 333% — 33421 —2x314

6x1x4 —2xoT4 —2x3T4 3;10% — x% — x% — 3(E421
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This expression is quite complicated. However, we do not need any explicit formula like (6.6) for
numerical purposes, because we can create the needed values by evaluating (6.4), or (6.5) directly.

We shall show below that, roughly, the classical Newton iterates governed by (6.1) are identical with
the iterates produced by (3.2) or (3.3). However, there is a difference in the break down behavior. We
have already seen (proof of Lemma 3.4) that the iteration defined by (3.2) can break down if and only
if N1(z) = 0, which would imply that the Jacobian matrix g/,(x) is the zero matrix. Thus, the classical
Newton iteration will also break down. However, there is the possibility that g/, is not the zero matrix
but nevertheless singular, implying that the classical Newton iteration breaks down, whereas the other
iteration still works. It is best to present an example for this case.

EXAMPLE 6.1. Let n =4, a = 29 = (0,0, 1,0). Then (cf. (6.5))

and the classical Newton iteration cannot be continued. However, z1 := Nj(z¢) = (—1/4,0,3/4,0) and
the following values converge quickly to (—03,0,a,0). Compare to Example 5.3. A remedy would be to
start the classical Newton iteration with x.

The connection between the two iterations (3.2) and (6.1) is established in the following theorem.

THEOREM 6.2. Let g, be defined by gn(x) := 2™ — a for x,a € H, a # 0 and n > 2. Let the initial
guess xg £ 0 commute with @ and let xo be the same for both iterations (3.2), (6.1). Then, both iterations
produce the same sequences, provided the Jacobian matriz g!, is not singular.

Proof. We prove that
1

(6.7) o= (xé_”a - xo)

solves (6.1) for j = 0. This is sufficient because of ©1 = xo + 19 = xo + %(xéfna - ;EO) = %((n — D)z +

x(l)’"a) =: Ni(xo). If we use formula (6.5) we have to show that

n—1
1 o
zy —a+ ﬁ{ E nglijxjo} (x}f”a - xo) =0.
=0

Inside the square brackets are matrices. Vectors are in round or in no parentheses. The former equation
is equivalent to

n—1 n—1
n(rg —a) + {Z nglijxjo} zy "a — [Z nglijxjo} zo = 0.
=0 7=0
Thus, it suffices to show that

n—1 n—1
[ Z nglijxé} xo = nay, [Z nglijxjo} 5 "a = na.
Jj=0 Jj=0

The first equation is a special case of the second equation, put a = x{}. It is therefore sufficient to show
the validity of the second equation. We prove the second equation by induction. We shall use that a and
ro commute with the consequence that a and x§ also commute for all k € Z. See (3.6). For n = 1 the
equation is true. Suppose it is true as it stands. Then

n n—1
n—j Jl,.—n, _ n—j J N =N
[ E zg Eajo} Ty a = [ zy ‘Bz + Exo}xo a
J=0 Jj=0

n—1
= Zo [Z nglijxé} xy "Maxyt + {Ex}}} zy"a = (n+1)a.
Jj=0 —_——

=a

=na

=na
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Thus, we have shown, that ng solves (6.1) for j = 0. This will even be true, if ¢/, is singular. O

By this theorem we have shown, that the iteration defined by (3.2) coincides with the classical Newton
iteration via the Jacobian matrix g’ of the partial derivatives. Therefore, all known features are valid:
The iteration converges locally and quadratically to one of the roots. The iteration generated by (3.2) has
the advantage that, numerically, the case Ni(z) = 0 is practically impossible (cf. Proof of Lemma 3.4)
since this requires, that the components of x are irrational numbers which, however, have in general no
representation in a computer.

In the last section (no. 9) we shall give an independent proof for the local, quadratic convergence of

Newton’s method for finding roots by showing that an analogue of Taylor’s theorem can be applied to
Nl or NQ.

7. The Gateaux derivative and the damped Newton iteration. The Gateaux derivative of
a mapping ¢ : H — H was already defined in (1.2). Let g,(x) := 2™ — a for x,a € H, then

n—1

gr(z,h) = Z "1

Jj=0

For real h this specializes to g/, (z,h) = nha"~! and if we introduce this expression into the classical
Newton form (1.1) (replacing ¢'(z) with g/,(x, h)) we obtain

L . i l-n_
Tnew := N(z) :=x + o (x a a:)

which coincides with N7 defined in (3.2) if A = 1, otherwise it can be regarded as a damped Newton form
with damping factor X\ := 1/h. Damping is normally used in the beginning of the iteration. It enlarges
(sometimes) the basin of attraction. In order to apply damping we write

(7.1) Tnew(A) = N(2,\) == 2 + A% (""" — z)

and carry out the following test

11
9o O] < lg(@)], A= 1,5, 70

The first (largest) A which passes this test will be used to define yew(A) for the next step. This strategy
proved to be very useful in all examples we used.

" 2

10° 10

10° 4 10 | = 4
T

0
10 102 L \ : 4

107 N . N
10+ : \ . 4

10’4 |- N N . |
10° .
10° - .
5

10 —

1070 : : .

12
| 1072 .

1a
10 0 7

I I I 107 I I I I I I I
0 2 4 6 8 10 12 14 1 2 3 4 5 6 7 8 9

FIGURE 7.1. Newton without and with damping, applied to the computation of third roots.
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10 : I I I I I 107 I I I I I

0 10 20 30 40 50 60 0 2 4 6 8 10
FIGURE 7.2. Newton without and with damping, applied to the computation of seventh roots.

As expected, the damping is used only in the beginning of the iteration, with the consequence that
the convergence order is not changed, and, in addition, only few damping steps were applied. We show
the effect in Figures 7.1 and 7.2, where 16 cases are exhibited each for n = 3 and n = 7. The initial data
are identical for the undamped and damped case. In the case of n = 2 the undamped and damped case
look alike.

We also compared the number of calls of N (defined in 7.1) for the damped Newton iteration and for
N; (defined in 3.2) for the undamped Newton iteration. For n = 2 and n = 3 these numbers are similar,
but from n = 5 on there is a clear difference. We made 1000 tests for n = 3,5, and for n =7. Forn =5
the number of calls with damping is about 22% smaller than that without damping. For n = 7 those
figure is 25%.

8. The Schur decomposition of quaternions. We start with a definition.

DEFINITION 8.1. Let aj,a9,as3,a4 be any four real numbers. We form the two complex numbers
« = ay + agi, B := as + a4i and the following two matrices:

al —ag —as —Qay
&1 ac( @B} mofm @ e o
' ' -8 a)’ ' az a4 ar —a2

g4 —as a9 aq
The matrix A will be called complex g-matriz, the matrix B will be called real ¢-matriz.

Both types of matrices are isomorphic to quaternions a := (a1, as,as,as) with respect to matrix
multiplication. We have |a| = ||A|| = ||B|| with the consequence that the conditions of A and B are
equal to one. Further, AA* = |a|>T, BBT = |a|? I. The eigenvalues of A and B are the same, only in B
all eigenvalues appear twice. The two eigenvalues of A are o4 := aj + /a3 + a% + a3 i. They are distinct
ifa ¢ R.

In [2, BJORCK, HAMMARLING, 1983] the authors develop methods to finding the square root of a
matrix. In more recent papers these methods are extended to the computation of n-th roots of matrices,
[12, SmITH, 2003], [6, HIGHAM, 2005], [7, IANNAZZO, 2006]. For finding a root of a matrix C the
authors use the Schur decomposition of C. If C is any complex square matrix, then the (complex) Schur
decomposition which always exists has the form

S =U"CU,

where S is upper triangular, thus, having the eigenvalues of C on its diagonal, and U is unitary (i.e.
U*U =1). If one knows an n-th root Y of S, then C = USU* = UY"U* = (UYU*)"” =: X". Thus,
X is an n-th root of C.

An application to quaternions results in the question: Can A or B have a Schur decomposition,
in terms of g-matrices? If we pose this problem for complex g-matrices we have to ask whether a
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decomposition of the following form is possible:

6 (¢ )= 7)) a0

where «, 3 are arbitrary, given complex numbers and o,u,v are wanted complex numbers such that
|u|? + |v|? = 1. If we rewrite this equation with quaternions, it reads

(8.3) o =Tau, |u|=1,

where u is the quaternion defining the g-matrix U, i. e. u := (R(u), S(u), R(v), S(v)). Since |u|? =

|u|? + |v]? = 1 we have u=! = @. Thus, equation (8.3) defines an equivalence between o and a. Our
former Lemma 2.2 confirms that ¢ and a are indeed equivalent. This may be summarized as follows.

THEOREM 8.2. Let a be a quaternion and o the complex representative of a. Then (8.8) is the Schur
decomposition of a.

Proof. Rewrite (8.3) in form of complex g-matrices. O

In terms of quaternions, the application of the Schur decomposition leads to the explicit determination
of the roots as already described in Section 2.

Because of the isomorphy between complex and real g-matrices, corresponding results for real g-
matrices can be directly copied from the case of complex g-matrices and are deleted here.

In order to find u, equation (8.3) may be regarded as a linear, homogeneous, real system of four
equations in the four components of u. In a former paper, [8], we have already solved a similar system.
It has the form

0 —ag + |ay| —ag —ay
Du=o0, D:= | o 0 T “

as aq 0 —a — |av|

as —as as + |ay| 0

The matrix has rank two for a € H\R. We find two independent solutions as follows:
uy = (lay| + az, |ay| + az,a3 — as,a3 +as), vz = (a3 — as, a3 + ag, |ay| — az, |ay| — az),

provided ag or a4 is not vanishing. In case a3 = a4 = 0 and as > 0, u; := (1,0,0,0),us := (0,1,0,0) are
independent solutions. In case ag = a4 = 0 and as < 0, u; := (0,0,1,0),uz := (0,0,0,1) are independent
solutions. The general solution of (8.3) and of (8.2) as well is therefore

_oqug + Uy

(84) a1, € R, |041| + |042| > 0.

C|oqug + aguy|’
We could choose oy, as such that one of the four components of u is vanishing, which would simplify the
resulting matrix U slightly. E. g. ay := —a3 — a4, @2 := |a,| + a2 would make the second component of
u vanish and the corresponding complex U would have a real diagonal (provided |ag| + |a4| > 0). But
we would like to point out that the considerations of this section are of theoretical nature and not used
in our numerical computations. The Householder transformation, developed from (2.5) to (2.6) is to our
taste much neater and does not need the explicit knowledge of u.

In view of the isomorphic representations (8.1) of quaternions in matrix forms, it is of course tempting
to use matrix algorithms for treating quaternions. As far as only elementary arithmetic operations are
used, there will be no problem. But there is already a difference in the amount of arithmetic work. To
invert a quaternion, 11 (real) flops are needed. To invert a corresponding complex (2 x 2) matrix requires
300 flops and to invert a real (4 x 4) matrix requires 350 flops (matlab counts). Since in general matrix
operations do not know about the underlying quaternionic structure, problems of ignoring the matrix
structure can be avoided by simply using quaternion arithmetic. This is supported in two papers by
DONGARRA, GABRIEL, KOELLING, WILKINSON, [3], [4]. There is a very simple example, see the present
authors [9, 2003], of computing eigenvalues of a quaternion valued (2 x 2) matrix where an application
of an eigenvalue algorithm to the corresponding complex (4 x 4) matrix gives bad results. The matrix
structure is ignored and the precision is reduced significantly. Another example: If one computes the
matlab Schur decomposition of A, B the resulting unitary matrices U do not belong into the class of
g-matrices.
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9. Taylor for x" in the quaternionic case. The question is whether there are some possibilities to
extend Taylor’s theorem also to quaternionic valued functions, though derivatives in the strong (complex)
sense do not exists. We will only treat the question for simple functions f defined by

flx):=2", mneZ, xeH,
and we will replace derivatives of f by the derivatives we know from the real and complex case, namely
(9.1) f(x):=nz"', f'(z):=nn—-12""2 necZ zcH,
and we will call these functions, f’, f” derivatives. We shall show that a Taylor formula of the form
(9-2) f(@) = (o) + f'(E)(x — o),
is possible which reads in our special case
(9.3) " =zl +ne"(x — 2),

which leads for n # 0 to
n—1 1 n n -1
(9.4) 13 = E(x —zi) (@ —xo) .

That means we can find n — 1 values of £ such that formula (9.2) is valid. However, this is quite
trivial. What we want to know is some information on the location of ¢ in relation to x and zg. If we do
not make special assumptions on x and xy we are not able to make forecasts about £. But if we assume
that z, zg commute then the situation changes. For commuting x, xy we have the formula

n—1

(9.5) &) = (2" —af) (@ — z0)~ Za:J eIl >,

The same formula for negative m reads

—m—1

(9.6) F(&) = (@™ —ap")(x — o)~ Z eIt m < 1.

These formulas are also valid for m = n = 0, but they are trivial in this case. If we go one step further
with Taylor’s formula we obtain

0.7 Fla) = Flao) + o) — w0) + L2 2 )2
If we put f(x) := 2™ then for  we obtain (for n # 0,n — 1 # 0) the formula
(9.8) N = ﬁ ((x" — a0 (x —x0) 2 —naxdHx — xo)_l).

With the help of (9.4), (9.5), and (9.6) we obtain

L) (o — )~ 20) 2 — g™ o — 20
(9.9) z_: ) R

L0 _ (a — apa— 0) 72— ma (o — 20)
(9.10) = mil(—m—j)x_j_lxglﬂfl, m < —1.
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If we express €7~ defined in (9.4) either by (9.5) or by (9.6) and n™~?2 defined in (9.8) either by (9.9) or
by (9.10), then £"~1 "~2 have one common feature. They all represent convex combinations. Therefore,
we have the following inclusion properties:

_ . i i
(9.11) ¢le min  alz(’ max  alzy? n>1
j=01,.,n—1" "0 i=01,m—1" "0 ’ ’
(9.12) = min R T max a7 lag ), m < 1
F=0,1, . —m—1 0 01, Zm-1 0 ’ ’
- . i—1 n—j—1 i—1 n—j—1
(9.13) e min o/ tap T max o/ lapT n>2
j=1,2,...,n—1 0 P i=1,2, -1 0 ’ ’
_ . i i1 i i1
(9.14) nm? e ( min g I gt max g I gt ), m < —1,
§=0,1,...,—m—1 §=0,1,...,—~m—1

where in all cases the minima and maxima have to be applied componentwise. More exactly, one could
also say that these values are all contained in the convex hull of the given points. The situation is
particularly simple in the cases where n is small:

1
£:§(x+$0)7 n=2,

1
£ = g(x2 +axo+23), n=3,

1
€ = (2% + 2w +xxd +23), n=4,

4

€2 = x_lxal, m=—1,

3 _ %(xfzxo_l olap?), m=—2
£t = %(x’g‘xal + x*2xa2 + x71x53), m= -3

n= %(2%—1—3@), n =3,

n? = é(?)xg + 2220 + %), n=4,

n® = 11—0(4338 + 33z + 2x02° + 2%), n =5,
7773 = xileQ, m = —1,
nt= %(x_2x62 + 207 2g?), m= -2,
n° = é($_3$62 + 227225 + 327 ey Y), m=-3.

We summarize our results so far.

THEOREM 9.1. (Taylor form 1) Let f : H — H be defined by f(x) := x™,n € Z, and define f', f"
according to (9.1). Assume that x,zo € H commute. Then there is an element & € H and an element
n € H such that

f(@) = f(zo) + f'(E)(x — x0),

() = fao) + ') —a0) + L3 (0 — g

where for £, m we have the inclusions given in (9.11) to (9.14).

We are mainly interested in the case where
Tr—x9=:¢
is small. The commutation of x, xy implies that also € commutes with x and with zy because

cx = (x — wo)r = 2% — 2o = 2% — TIH = T,

exo = (x — xo)x0 = TTO — x% = zox — gcg = xgeE.
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Since the commutation of z, x also implies the commutation of 7, zf for arbitrary j, k € Z, this applies
also for the two commuting pairs ¢, x; €, x9. Thus, the binomial formula for 27 = (2o +¢)? is valid in the
ordinary sense.

THEOREM 9.2. (Taylor form 2) Let f : H — H be defined by f(z) := z",n € Z, and define f', f”
according to (9.1). Assume that x,zo € H commute. Then with € :== x — xo we have

(9.15) f(@) = fxo) + f'(x0)(x — m0) + O(e?),
(9.16) F(&) = Flao) + Fao)(e — 20) + L0 )2 4 O(),

where O(h) is an abbreviation for an expression with the property

lim O(h)h™! = const.

n—1
f@) = flwo) + > (w0 +e)ag 7 e
/=0
i i .
= f(wo) + Z (Z <2> x{fksk) 87]715
=0 k=0
n—1 7 .
— fen) + X3 (1)
oo \F
n—1
= f(wo) + (m{}*ls + jag2e? + )
7=0
n—1
= f(xo) + f'(zo)(x — 20) + (yx3*2a2 + )
j=1

= f(@o) + f'(wo)(x — z0) + O(?).
[b] From (9.7) and (9.9) by letting = x¢ + € we obtain

n—1
f(@) = f(x0) + f'(wo)(w — x0) + D _(n— 5)(wo + ) hag T 'e?
j=1
= f(xo) + f'(w0)(z — o) + z_:(n _ j)(z <j ; 1>m6_1_k6k)$g_j_152
Jj=1 k=0
= f(zo) + f'(xo)(x — z0) + i(n -9 Z <j ; 1) an-2k ghe2
j=1 k=0
= f(x0) + f'(z0)(x — x0) + Z(n —j)(x{}‘Qg? + (G —1Dap 28 4 - )
_ o @), o R e
= fla) + £/ (wo) (@ — w0) + 2 — o) + Y (n— ) (G~ Vg 4+
fl/(xo)

= f(wo) + f'(z0)(x — o) + (z —20)” + O(e”).

2

(ii) Now, let m < —1 and define e by @ = xo + exg. Then, € := x — xy = exy. Assume that e, e are small.
[a] We use (9.2) and (9.6) and obtain

—m—1

(@)= f(xo) = Y (w0 +ewo) ™ ap Mexo

=0
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—m—1

= flzo) — Y ag? H(L+e) Il e
j=0

—m—1 —m—1
= flwo) = > (L+e) 7 le=flz)—af' Y (1—ete?—e®)tle
=0 =0
—m—1 )
= flao) — g Ha —x0) D (L—ete? =)/t
§=0
= f(z0) — 2§ (x —xo)(—m— cre + coe? — 0363-'-)
= f(z0) + [/ (o) (2 — o) + crag'e? + - = f(xo) + f'(wo)(z — m0) + O(e?),
where c1, ¢z, c3, . .. are positive constants (e.g. ¢; = w)

[b] We use (9.7) and (9.10) and obtain

—m—1

f(@) = f(xo) + f'(z0)(x — w0) + D (=m = j)(wo + ewo) I~ ag M ae?

7=0
—m—1
= f(wo) + f'(wo) (& — wo) + a7 (=m—j)(1+e)7 e’
3=0
—m—1 )
= f(wo) + f'(wo) (& — wo) + a7 (-m—j)1—e+e’ =)/ e
3=0
—m—1 ) )
= Jwo) + ' (wo)(w = wo) 4§’ - (=m—j)(1 = e+ et — - )e?
j=0
/ " (o) 2 3
= J{zo 0)(T — To — o 5
= flzo) + f'(zo)(z — z0) + === (2 — 20)" + O(e”)
where the constants cgj ), cgj ), ... could be computed by a recursion formula. O

Some generalizations are possible. If we multiply the formulas given in Theorem 9.1, and Theorem 9.2
from the left by any constant a € H and take into account the fact that aO(h) = O(h) then we see that
we can apply these theorems also to f(z) := ax™, n € Z, where the derivatives of f are defined as usual.
If f, g are two functions for which the two theorems are valid, then these theorems are also valid for the
sum f + g because of O(h) + O(h) = O(h). Since Newton’s formula for computing the root is a sum of
this type we have the following result.

COROLLARY 9.3. Let a,x € H and let r be one of the possible solutions of r™ = a for n > 2 and
assume that r is commuting with x. Define

(9.17) N(z)=r+ 17'_1(33—7")24—0((33—7")3).

2

1 —1..n

Proof. Since r and x commute we have zr = rz implying » = 2~ 1rz and ™ = (z71rz)" = 27 1r"a.
Since " = a the elements a and x commute. Formula (9.17) is the second Taylor formula of Theorem 9.2.
d

This corollary proves the local, quadratic convergence of Newton’s method for computing quaternionic
roots without relying on any global theory.
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COROLLARY 9.4. Let m <0 < n and let 11,, 5, be the set of all polynomials of the form

n

p(z) == Z a;jz?, a; € H.

j=m

Define the first derivative p' and the second derivative p” of p as in the complex case. Let x,zoy € H be
commuting elements. Then for p € Il,, ,, we have

p(z) = p(zo) + p'(z0)(z — z0) + O((x — 20)?);

p(e) = plao) + 9/ (2@ — 20) + 0D (@~ 2)? + Oz~ 20)?).
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