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Taking R = % fm, m, = Yy L as(uz) = 1, by X Yso, and £ = 6, we find

— 2 4 4
T(p>(4 amo) ~ O(ID to 1D )Mx/m?, (2.17)
which is at the lower end of the ball-park estimate (2.3).

The experimental limit of 2 x 10°° years on the proton lifetime actually
refers to decay modes producing a muon!!), In our context, muons could be pro-
duced either by Cabibbo mixing; or by {(any)? - mtn” (any) ¢, 7t > utv;  or by

o u+v. From the ratios of rates in (2.16) we guess that

(any)* > 1 (any) ¥, T
about 3 or 4 of the proton decay modes.may contain a muon. The lifetime (2.17)
is therefore quite relevant to the experimental limit. The factor 2 10%, which
is probably more genmeral than the specific SU(5) model discussed here, suggests
that o may in fact be pushed as low as 10'* GeV without making the proton too
% << 10*"% GeV should probably be excluded. We will

subsequently estimate n, to be 0(2 x 10*%) GeV in the Georgi-Glashow SU(5) model,

unstable, while models with m

which would correspond to a proton lifetime of (10°7 n 10%%) years, out of reach

of presently conceivable experiments.

RENORMALIZATION EFFECTS

Since any grand unified symmetry must be very badly broken, all symmetry pre-
dictions will be modifieds), only becoming exact way above the grand unification
mass scale GUM. The obvious example is the unified coupling constant which sepa-
rates into strong and weak/elect;omagnetic coupling constants which are greatly
different at present energies. The energy dependence of these couplings has been
calculated using the appropriate renormalization group B-functions, of which only
the 0(g%) terms are really signifcant for Q > 10 GeV 3), The appropriate renorma-
lization group equations can be used to calculate the energy dependence of other
quantities at energies below GUM. An example is a fermion mass, whose renorma-
lization is governed by the anomalous dimension of the fermion mass operator.

This was pointed ocut }n Ref. 4, where it was also shown that if mo=m_ at the
grand unification mass scale GUM, as in the SU(5) model with a 5-plets of Higgs
fields to give fermion masses, then restrictions on GUM from other consideratiomns
led to a mass estimate o v (4 to 10) GeV if there were six quark flavours im all.
The first purpose of this section is to extend the renormalization considerations
of Ref. &4 by including the renormalization due to the weak interactions as well

as those due to the strong interactions discussed previously, the effect of finite
mass corrections in the anomalous dimension of the mass operator, and the conse-
quences of extra heavy quark thresholds. The resulting mass renormalization forma-

lism is probably accurate to 0{10}Z. In the second part of this section, we apply
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the previous amalysis to the specific SU(5) model of Georgi and Glashow with a
S-plet of Higgs mesons giving fermion masses. We start with OLS(Q2 = 10 GeV?) de-
termined from charmonium®3) (as = 0.19) or electroproductionlq) (as = 0,32) analyses,
determine the corresponding grand unification mass (1 to 4 x 10!% GeV) and the

z at present energies (= 0.20). We then calculate

at GUM, and

corresponding value of sin BW
the strange and bottom quark masses using the inputs m, = T m =m

defining the quark mass at present energieszz):

mq = Mc{ (szmq> (3.1)

We find from mu = 0.105 GevV, m. = 1.9 GeV that
me =z (0-4  0-5) GeV m, x (50 & 59) Gey (3.2)

if there are six quark flavours, and m 2 6 GeV if there are eight or more flavours.
The results (3.2} may not be specific to the SU(5) model discussed here, but could
apply to any model with a similar grand unification mass scale and the same

starting point of equality between quark and lepton masses.

3.1 Mass renormalization

Suppose that a grand unified theory predicts the mass of a fermion £ at the
grand unification mass scale M: mf(M). The renormalization of this mass at lower
energies will be governed by the anomalous dimension of the fermion mass operator,

which is to second order

(2) (2) Pi0)
¥ a Y + + ¥ (3.3)
m ~ b 5
5 g § s
We have separated me into pieces coming from the low energy SU(3), SU(2), and

U(l) subgroups, but Eq. (3.3) can easily be modified if there are more (or dif-

ferent) sub-unification groups. In the second order approximation Yéé) is22):
(0 = ) me @
Bof@ = F ]G ()] 0.0

where the square bracket is a mass correction factor relevant at momentum scales
- 2 ]
Q close to m;. The values of Y&E) and the Yéf’l) are:

% (2) 1529, guocks @ _ _9
6”‘5 ) :} 3 3;: (eptom Ty = "3
s

‘,} Zz
X(f T 5%"_& (T3~Q)§L (TS‘Q)&Q 3

(3.5

. . . . 2 1
and we have discarded mass correction factors in the anomalous dimensions of Yéf, ).
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In (3.5) C is the constant of proportionalitya) between the weak interaction U{(1l) and

the normalized generator T, of the grand unification group:

Q= K+ CT (3.6)
As an example, in the SU(5) model C? = % and the usual Weinberg—Salamza) asgign-
ments of T3L,R apply so that

1
1

Q LW \ 2
\d'“u,c,e... ) 40“1'% 3 ?Smd,s.(r,-‘- > Zon h

(3.7

{ (|) _ q T
\6 = O 3 \6 N - %’_6-“23‘

eV Yoy €, 1,1,

If we introduce the Callan~-Symanzik 8- functlons to O(g ) in a form 31m11ar to

(3.4) and (3.5), we have?2);

G- 95 {1 - 2 Sf1- 675+ 2t L0,
ﬁ @)= _= {“ 2’[ 0'2‘ m‘) L({+4m)+ (3.8)

l(m

and

{2) > a - .
I S NP Y SR Qe

ltn
the square bracket is again a mass correction factor relevant at finite Qz, and

the dots indicate possible contributions from Higgs bosons, etc, We define E(s)

analogously to the Yé 1 of Eq. (3.4):
. (#
ﬁm = e IS/S (3.10)
'"?/hg‘?’() EXS .

A precise calculation of the mass renormalization cannot be done analytically,
because of the complicated forms of the square-braketted mass correction factors

in (3.4) and (3.8). If these are neglected the SU(5) model has

e ] [TEET o

C;Um

w«ﬂ‘”[ el R R GE

qum

W [W\o\,s,(r,...(hﬂx (n.\[md‘“r M)'S . [%Au,[%%l (3.11b)

R (] [
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L [me A (ﬂ} Y [W‘t",p ,T,--'(Mﬂ

27 (M(o(,_(ﬂ {23 [o(‘(ﬁﬂ (3.11c)
N [‘3‘6'85 Lem E(M “qum

where we have kept separate the SU(3), SU(2), and U(1l) contributions. We will in

fact only be interested here in the ratio of charge -4 quark (d, s, b, ...) to
charge ~1 lepton (e, Yy, T, ...) masses:
"
l,)/\ Md's,b.:‘(f'\\ - L/I/\ d*s’bf"(m) + j—; (/y\ ;E-@)
e e e ' -
me JA‘-’(’_“('A) M{"!“T;_ - (M) \ 3 C'um (3.12)

[FIET (R TRD)
2 e om S-W...;tg, eSS Covreethions
The consequences of (3.12) for the strange and bottom quark masses are shown in

Table 1. In the previous analysis®) only the SU(3) term without mass corrections

EATYED

was taken inte account in calculating the quark to lepton mass ratio. In fact,

for typical parameters of the SU(5) model to be discussed in the next section,
the U(1l) and finite mass correction factors in SU(3) each reduce mq/m2 by 0(10%),
whereas finite mass correction factors in SU(2) and U{1l) are insignificant. We

can think of three more contributioms to (3.12) which might be included.

- Higher order contributions to Yme and B(i) might be important, particularly
O(gg, g3), respectively. We have not calculated Ymg to 0(g"), but have investi-
gated numerically the effect of the gg term in B(a). It only has a 1% effect on
the estimate of the bottom quark mass, but may be significant for the strange
quark mass estimate, depending on the value of the strong interaction coupling
constant at Q% = 10 GeV? which is used.

- Higpgs meson contributions to the S(i) may be unsymmetric, because of the
Higgs' role in breaking the SU(5) symmetry. As discussed in Section 4, the SU(5)
model with a single 5-plet of Higgs mesons giving fermion masses may be expected to
have a light SU(3) singlet and SU(2) doublet (some physical, some eaten by Wt, 2%,
and a "heavy" SU(3) triplet and SU(2) singlet. In this case the b quark mass esti-

mate is v 17 smaller than would be obtained with a symmetric 5-plet of Higgs mesons.

— The continuation from space-like to time-like momenta may be nmon-trivial.

22)

We follow Georgi and Politzer in defining the "physical" quark mass to be

mq (uy) where

/Lto = ZMT (/u.) (3.13)
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which should be threshold for producing naked gq pairs. But the renormalization
group formalism only applies directly to space-like Q®. Moorhouse, Pennington
and Ross (MPR)2")} have pointed out that if (as suggested by the renormalization

group equations)
! - . =
3‘2‘ ({2) <L ba (' 12/{\2) 50‘- Lar%g %m Ct (3.14)

then for ¢° = [qzl e18 one should use

Tl LT )
9 (< « u(\%‘l/n1)+t0f~@) (3.15)

Furthermore, any quantity such as a quark mass which the renormalization group
tells us is v [gz(qz)]ﬁ: § # 0 will also inherit the complex phase in (3.15).

The difference between (3.14) and (3.15) is unimportant near the grand unification
mass scale M, but potentially significant close to the quark thresholds we are
interested in. For example, if o, ® 0.32 at -q® = 10 GeV? as suggested by leading
order electroproduction analysés, the MPR?") analysis would yield |ots(q2 =

= 10 GeV2)|MPR = (0.27. 1If the MPR correction were substituted into (3.12), it
would reduce the estimate of m by v 4%, It is not clear to us what the correct
procedure for continuing to the threshold region should be, but the MPR analysis

suggests there is a (5 to 10)}% slop in our estimates of m, .

Table 2 summarizes our studies of corrections to the mass ratic renormaliza-—
tion formula (3.12). We would conclude that an estimate of m, should be accurate
to 2(10)%, while an estimate of m is probably less precise [tO(ZS)Z?], princi-

pally because of the higher order and time~like comtinuation uncertainties.

3.2 Renormalization calculations in SU{5)

To estimate these effects we have assumed a range of values for ctS(Q2 = 10 GeV?).
Analyses of the charmonium system using the 3-gluon annihilation model for the
total hadronic decay rate yie1d13) o, = 0.19. If one writes this in a form moti-

vated by the renormalization group:
12T
2 —
oGIE) % g5 (€ 2) (3.16)

it corregponds to AZ = 0.005 GeV?. On the other hand, analyses of electropro—
duction®") suggest a larger value of A%, typically A ~ 0.3 GeV, A? = 0.09 GeV? if
only g® terms in anomalous dimensions and g°® terms in the B function are retained,
as we also do here. We will quote results for these extreme values, and for

A? = 0.03 geVv2.

We determined the grand unification mass scale M [= MX in the SU(5) model]

using a and o as inputs, by allowing Ggs Oy and o, to evolve independently, and
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assuming they are equal at M. This is a slight over-simplification, since there
are in principle finite mass corrections close to the grand unification mass, due
to the X and Y bosons and in principle Higgs bosons, which we have neglected.

As a possible test of this assumption, we have compared the transition of a_ across
a new quark threshold using the complete formula (3.8) with a naive procedure
where o is allowed to evolve with f = £, up Q2 = m;, and then made to evolve with
f=1f,+1 for Q? > m?, keeping the coupling constant continuous at the transition,
which involves changing A at the new quark threshold?®)., The difference between
the approximate and exact values of a; above threshold was ~ 4%Z. While the dis-
crepancy would be bigger for the tramsition to grand unification, we cannct be—
lieve that it would be a very big effect.

2

We calculated sin GW at present energies using the evolution of gg and gf

given by (3.8) and including the effect of a light SU(2) x U(1l) Higgs doublet:

2
N SR A O_ .2 of

Their effects on sin? Bw are actually only (1 to 2)Z. We chose to evaluate

sin? BW at Q* = 10" GeV?, since this is to a good approximation the energy at
which the weak and electromagnetic interactions are unified in the Weinberg-

Satam?3) model.

Finally we calculated m [using m = 1.9 Gev 28) at present energies, and
m =m. atMas with 5-plets of Higgs fields in SU(S)] and m_ [using m.IJ = 0.105 GeV
at present energies, and m = m.u at M] using the definitions (3.13). 1In principle
we could also have calculated my from m, but the definition (3.13) is unusable

for the u and d quarks. Actually, since

My () Me i
2L =~ 3 (3.18)
M (1) M o

in this approach, the d quark mass is probably underestimated, since people

usually prefer v Y%, 27) for m.d/mS at short distances*),

The results are listed in Table 1. We see that the grand unification mass
M 2 x10'% GeV to within a factor of 2 or 3 corresponding to a proton lifetime
0(10*%*!y years, while o 2

v Ys. The value of sin BW is relatively stable at

0.20, which is to be comggfed with the latest CDHS experimental estimate of

0.24 £ 0,02 2%, Experiment has drifted closer to theory since the calculations
of Georgi, Quinn and Weinberga) and CEG*). The estimate of m is quite success~
ful. If the T(9.4 to 10.4) states'®) turn out to be bottomenium, then the esti~
mate of o will have been correct within the expected theoretical error of 10%.

The naked bb threshold is probably at (10.4 to 10.6) GeV, corresponding to

*) Long distance ("constituent") quark masses have additiomal terms generated
dynamically. These are largest for the u and d quarks, non-negligible for s
quarks, and negligible for ¢, b, t, ... quarks. See, for example, Ref. 22.
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o, = (5.2 to 5.3) GeV within the definition (3.13). The sensitivity of the o
estimate to various modifications of our assumptions and approximatioms i1s set out
in Table 2, and some of these effects were discussed in Section 3.1. We note with
regret the insensitivity to the mass m of the sixth quark. We are happy to see
the sensitivity to the inclusion of eight or ten quarks. But even if you were to
believe all this nonsense, then you would perhaps not immediately conclude that

there were only six quarks!

Actually, the estimate of the bottom quark mass is probably mnot very sensi-
tive to the precise details of the SU(5) model. It only requires knowledge of
the evelution of the SU(3), SU(2), and U{l) coupling constants below the grand
unification mass, and not really how they are unified above it. The one sensi-
tivity to the unification scheme lies in the parameter C of Eq. (3.6). This could

be Vn/a - 2 in a more general SU(n) unifying group?®).

However, C only enters in
the U(1l) factor in mb/mT, which is enly a 97 effect amyway, so that the likely
effect on m, would be very small. Any grand unification scheme with a mass scale

0¢10*®) GeV at which mo= and which broke down to SU(3) x [SU(Z)JN X U(1l) at pre-

‘sent energies would have a prediction for m similar to the SU(5) model.

Before leaving this section, we should note one implication of using a group
factor bigger than SU(2) for the weak interactions, such as SU(3) 19) . You will
not be able to bring together the strong and weak interactions unless you also
increase the strong gauge group from SU(3) to a bigger gfoup like SU(4) 2), since
the rate of approach of the couplings is controlled by the difference between the

corresponding g(strong) and E(weak):

1 -

- TS W [ﬁ(w-g“"”‘”m(m/@ (3.19)
Vstang 0 e (W

In order to achieve grand unification before the Planck mass, any such augmenta-

tion of the strong group must take place before Q¢ ~ 10% Gev.. Unfortunately, the

interactions building SU(3) up te SU(4) could have a four—fermi coupling strength

[cf. Eq. (2.8)] as small as G N 10_17fm;. The analogue of the Eqs. (3.11) for

a bigger "strong interaction" group clearly implies a smaller remormalization of

34

mq/ml in such a model, unless the number of flavours is increased correspendingly:

SU(3) » SU(4) requires an increase 0{6) in the number of flavours.

SYMMETRY BREAKING IN SU(5)

It would surprise us if SU(5) in fact describes the real world, but it is
useful to work out the model in order to establish an "existence procf” for
grand unified theories. All these models need a gauge hierarchy in which the

grand unified group is first broken down on a very large mass scale m_, to a product

X
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of strong and weak/electromagnetic groups, and then the weak/electromagnetic group
1s broken down to U(l) on a much smaller mass scale m . Two questions then arise:

can such a hierarchy of symmetry breakdown (m,k >> mw) be achieved at all, and can

X
it be made "natural”? In this section we study these questions in the SU(5)

medel, where the breakdown pattern should be

SIS » SUBRB) % SOE@* VN = SULBE) x VIO G

As discussed by Georgi and Glashow!), the minimal Higgs system which can be copn-
sidered involves an adjoint 24 representation of SU(5) for the superstrong breaking,

and a spinorial 5 representation for the weak breaking.

We conmsider first the superstrong breaking in isolation. Introducing a
matrix notation ¢ = E;:l $*(2®//2) for the adjoint representation, the most gemeral

® potential is

V(i) = 'ET;—(@Z) + %Tr((§)1)+%_\'r(§4)+%-rr(@3) (4.2)

z

but we will impose a discrete symmetry & ++ -& so that ¢ = 0. The potential (4.2)

permits many patterns of symmetry breakdown, but as pointed out by Lizg), if
- #
F>o P R E(r (4.3)

the lowest vacuum is the asymmetric one corresponding to the desired breakdown of

SU(5) = 8U(3) x SU(2) x U(1l), with a Higgs vacuum expectation matrix

I

| (0[ @ [oy; 7 ur O (4.4)

~3u
2
~30
-3
with v determined by
z Boav® 4 F L
}A z Z'Ct\F -+ 2 Y (4.5)

The superheavy X and Y bosons then have masses®®):

2. 2 25 Z Z
- 2} = == J (4.6)
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If we parametrize & - (0|®|0) in the form
t

i
2Me ! :
Hg * ?ig ]:l iix ! }i

$-<oB1>-| Ty Ty e T
- (4.7
DY - L LA )
+ ' - {_H& —3_
'HY p H 5 ﬁoue’

then gx and 5? are massless and eaten by the X and Y bosons, and

}

z 2
“3 %‘I\fz ; m“ = Mi—,* = ]OLFU‘Z : M?;‘ = |5a§-¥?lr\?=2p (4.8)
7 1+]

so that all the physical Higgs bosons have very large masses O(mX Y).
3

Now we add in a 5 of Higgs fields H for which the most general potential is

V(H) = _Z;(H+H) ¥ ‘"},(erﬂi (4.9)

If the component of H which develops a vacuum expectation value lies in the SU(2)

left behind by the superstrong breaking, then we may parametrize H in the form

H

Lol

H= | H,

T (4.10)
(\ro-rf’ Y
% /€
with v, determined by
2
2y < v, (4.11)

The SU(2) symmetry is broken in the desired way by an isodoublet of Higgs fields,

A
2 v
My * ﬁz_‘*

and the W mass is:

(4.12)

The mystery why m << m, now becomes the mystery why v, << v, or why v << 2,

X
The H, H, and Z Higgs fields are massless, H, and 7 being eaten by the W and Z

bosons. The p field is a physical Higgs boson with

z z z
M(’ = AU = » (4.13)
2
The construction of the Higgs system is by no means complete because only one
combination of the massless Higgs fields EY and H can be eaten to give the Y bo-

sons masses. The other combination would remain massless, which would be
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phenomenologically unacceptable because it would form light bound states with
quarks, which would have strong interactions —— it would be natural to call them
quiggs particles. However, there is no reason to exclude cross—coupling of the
¢ and H fields from the Higgs potential, and indeed such terms are generated by
renormalization. The most general (&, H) coupling terms respecting the discrete

VI, W) = <MTE) ~ g HEH

and we should look for an extremum of the combined potential (4.2}, (4.9), and
(4.14) which removes the embarrassing massless Higgs without destroying the de-
sirable features of (4.2) and (4.9). When ¢ and H are coupled, {0|®|0) may also
break SU(2), and we should look for solutions with

(a

NDE . (__-e_;_%), | (4.4")

~3 L€
2+E W

There will be an extremum of the combined potential which connects up with the
previous partial solutions in the limit as &, 8 > 0. For sufficiently small o
and B this will still be the absolute minimum, and hence that chosen in the "real
world". For this extremum € should —+ 0 as a, B+ 0. The solution with these
properties in fact hés
c - 3 B ()((EL)*)
T

20 buv* (4.15)

so that the SU(2) breaking by the & Higgs fields is much less than that due to

the H fields, in accord with the experimental preference for I = %, SU(2) Higgs

21,31)

dominance In the combined petential the comditions (4.5) and (4.11) get

replaced by

z 2 _3 Z
p'?'t. %a,\r + % IJL;' + °(U‘o * 3p 'sulo (4.5")
. - 2 o
Vl = ?_‘_‘{_‘o +~ Sy «+ -% FU’1 - SQFU' (4.11%)
P

The first of the conditioms is just a minor modification of (4.5), whereas (4.117)
looks rather "umnatural" in that it requires a very strong cancellation between

% be kept very small. Thus

different a priori large terms O(v®) in order that v
the mystery why m, << m, persists, and is not resolved by the coupling of ¢ and
H. On the other hand, from a strictly logical point of view, the situatiom is no

worse either -- you always need just one mass parameter to be much less than
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another. We should note in passing that mX mY’ .’ and mH+ are only altered

by O(VZ) in the combined Higgs system, while one comblnatlon of p, H and H, keeps
a mass 0(vy) and the others keep masses O(v). The combination of EY and H which
is massless and eaten by the Y boson is

U - \EU-"H + O(E;? (4.16)

~ Sy ~ u®

whereas the orthogonal combination
2z

v U,
us . U o« \Yé‘.\ro H, + O(T;iz) (4.17)
is physical, with a mass
2 g, 2z . 2
m = - S PV + O(Uo) (4.18)

Uy

The H, boson therefore has a mass comparable with s though the condition that
the extremum studied here is in fact the absolute minimum presumably requires that
f is in some sense "small" compared with a, b, A, but not necessarily much smaller.
In principle, baryon number violatiom could be mediated by H; exchange, but this
seems likely to be much smaller than that mediated by X or Y exchange. We see

from (4.17) that H; is mainly H, which has fermion couplings

Sli{? - O(S %) (4.19)

w
like the familiar SU(2) Higgs. We therefore expect that

+ 4
r("ﬁg (4 amy) .0 qu,v "L O __i_vig. (4.20)
q *
‘——(\P? (.**"‘”":3) Mll3 mw P M\Cz

which is plausibly much less than 1. We therefore conclude that the combined
potential (4.2), (4.9), and (4.14) seems to have all the desired properties, at

the continued price of the one "unmatural" condition (4.117).

As was mentioned above, renormalization effects will couple the & and H sys-
tems even if they are independent in the tree approximation to the potential?l),
Following Coleman and Weinberng), the first order radiative corrections to the

Higgs potential arising from vector boson loops, are

V (.@ H) -ﬂ"» lr[m ("L m/M )} (4.21)
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where.ﬂb;b is the Higgs contributiom to the vector boson mass® matrix:
: -t
) P a AL
YW - 3 \-tTA )0 @]& 2 WH{N Ny
= & (4.22)
aly qum 4

In Appendix B we display the expression for V'(®, H) obtained by expanding the

fields around the ”zeroth”

order vacuum, Eq. (4.4). This is sufficient for extrac-
ting the linear and quadratic terms in the Higgs fields, and is valid if the true
vacuum indeed satisfies €, vy/v << 1. As an exercise to show that a solution with
the desired properties can exist, we assume simplified forms for the zeroth order
potential so that we can easily check a posteriori that neglect of the Higgs loop
contributions is justified. These correspond to B = b = 0 and either o = 0 or

o = a = )/4. Then the extremum conditions are

T st'l i} \b M?. _ _l_g] U~: - WO

which determines v as a function of the parameters of the potential, and

7 ’Z . 3 2
{5 n _ji U Z Hum w + ()('\fs Lin U;/Lﬁ?

(4.15")
3
qum v

which shows that the desired form of SU(2) breaking persists "naturally", as well

as the "unnatural" condition

= * 2
AN P S 3[_& - li_q].;, O(%hw"/{p) (4.11")

2t 73 Tol v

for the gauge hierarchy m, >> m Equation (4.11') involves a complicated inter-

i
play between the parameters appearing in the zero— and one-loop potentials (which
must be readjusted for each order of perturbation theory!). The condition for a
minimum is

I$ - 3 xZ N -3
0 < ol ’%_1 < EN Yeom X 5XID (4.23)

and the SU(3) triplet of physical Higgs bosoms will be sufficiently massive for
proton stability if

T
-3
T R o

The constraint (4.24) ensures that Eq. (4.11') can only be achieved by a strong
cancellation. However, our limited investigation does not rule out the possi—
bility that a less contrived looking solution might emerge from a more clever

choice of potential,
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We therefore comclude this section with the belief that an SU(5) Higgs sys-
tem can be set up which has the desired phenomenological properties, and that
these are not destroyed by first order radiative corrections. The "observed"
pattern of SU(5) and SU(2} symmetry breaking is in many respects "natural”, but
the hierarchy m, >> m,, while possible, is unexplained and rather "unnatural"?!),
For convenience, the spectrum of physical bosons is listed in Table 3, together
with some of their characteristics. The list is long, but shorter than in any

other grand unified model known to us.

CONCLUSIONS

In this paper we have mainly studied three aspects of grand unified theories

of the strong, weak, and electromagnetic interactions.

-~ The proton lifetime, which seems to be 0(10° to 10*) times longer than the
O(m%/m;) expected from simple dimensional arguments. Higgs boson exchanges

do not seem to dominate protom decay.

= Mass renormalization effects, which in a class of models including SU(5) give
realistic estimates (1.2) for the strange and bottom quark masses. On the

other hand, sin? Sw‘ﬂ 0.20 in the SU(5) model, which is somewhat!®) 1low.

- The Higgs structure of SU(5), which is able to accommodate the symme fry-
breaking pattern SU(5) - SU(3) x SU(2) x U(1) » SU(3) x U(1) quite naturally,
but does not naturallyzo) give the large ratio observed between the two mass

scales of spontaneous symmetry breaking.

We hope that the considerations under the first two of these headings have
more general validity than in just the Georgi-Glashowl) SU(5) model., This model
has the experimental problems of the SU(2)L % U(1) Weinberg-Salam?®?) model, such
as the absence of parity violation in atomic physics®?) and the presence of exotic

trimuon eventsaa)

2

in neutrino scatterimg, as well as a possible problem with the

value of sin *6), It is also theoretically unattractive because it affords

eW
no understanding of different mass scales and mixing angles, and gives no under-
standing of the number of fundamental fermion fields, which can just be added se-
quentially in the model. On the other hand, the SU(5) model cannot yet be rigo-
rously excluded as a logical possibility, and may serve as a useful existence

proof and prototype for grand unified models, just as the Weinberg-Salam model??)
has been a useful starting point for gauge theories of the weak and electromagnetic
interactions. Also, we should remember that the SU(5) model is much less com—
plicated than other grand unified models on the market. TFor example, the E,

model®"*) apparently®®) requires {at the least) 912, 133, and 1463 Higgs repre—

sentations to get an appropriate pattern of symmetry breaking, and the appropriate

renormalization of the strong relative to the weak coupling constant seems difficult
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to realize, for the reasons discussed at the end of Section 3. Also, the E,

model in the form proposed is apparently ruled out by recent neutrino scattering
experimentsas). Another group proposed is SO(10) 12), which needs (at the least)
10, 16, 120, and 126 Higgs representations to get the appropriate pattern of

symmetry breaking. However, it has") no problem with the renormalization of the
strong relative to the weak coupling constant. The bleak comments of this para-
graph may betoken the bankruptcy of the simple-minded simple group philogoPhys).

But even the wrong amswer to the right question may be instructive,
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A% is defined by aS(Qz) =

Table 1
2 2 . 2
as(Q = 10) A m o my %M sin SW
0.32 0.09 5.9 0.50 3.7 x 10!% 0.022 0.20
0.26 0.03 5.5 0.45 2.1 x 10'® 0.022 0.20
0.19 0.005 5.0 0.38 0.9 x 10'¢ 0.022 0.20
12w .

, all masses are in GeV.

25 1n (Q2/A%)

Results are calculated with my = 8 GeV and neglecting Higgs contri-

butions to the Callan-Symanzik R-functions.

Finite mass corrections

in the SU(3) renormalization (3.12) have been evaluated numerically.

Table 2

MPR time-like
correction

Higegs included

in B~functions L s 100 Gev

EEE
m

+10%

+307

g -47 -37

Results are calculated with A2 = §.03.
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Table 3

Physical boson content of the SU(5) model

Particle | Charge | Spin Mass Remarks
Y, G 0 1 0 The usual photon and gluons
gV,
Wt 1 1 } T2
~ 84 GeV Usual vector bosons of Weinberg—Salam
| " _| | model, with mass relations essentially
v as given by I = Y Higgs doublet and
N &Yy sin® Oy = 0.20, because €& = 0(v§/v2).
7 0 1 } 2 cos GW
x 94 GeV
X e 1 _ Sgv Violate baryon and lepton number con-
~ servation. Mass degeneracy broken in
272 0(gv3/v)
Y £ 1 % 2 x 10'° Gev of T A
1
H 0 0 o &vn) Lightest state resembles the Higgs boson
- of the usual Weinberg-Salam model with
0’ 0 0 an I = ', Higgs multiplet. The others
O(bhav) presumably have masses close to those
_ of the X and Y vector bosons.
u" 0 0
Hq 0 0 y Colour octet with masses close to Ty Ty
0(b v} -
Ht £1 0 Uncoloured and heavy charged Higgs par-
. ticles
. Colour triplet with mass perhaps some-—
! B\ o what less than m_, m,. Violates baryon
Hy th 0 0(b ) and lepton numbe¥ c?%servation, but at a
low level,

"Close in mass" probably means within a factor of 10. Note that the only low-
mass [$ 0(100) GeV] bosons are those in the usual Weinberg-Salam®®) model.

T R I TR P TR T TR E TR T YL BT A P O PR RSP PR S
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Figure captions

Fig. 1 : Baryon and lepton number violating exchanges in the SU(5) model due

to (a) vector gauge bosons, and (b) Higgs bosons.

Fig. 2 : Lowest order gluonic corrections to the qqq vertex which determine
the anomalous dimension relevant to the short distance enhancement

factor.

4

Fig. 3 Model for proton decay in which two quarks annihilate freely into a

lepton and an antiquark.
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APPENDIX A

THE ANOMALOUS DIMENSION OF THE TRI-QUARK OPERATOR

There are three independent operators appearing in the effective Lagrangian
(2.7):

O (6\0\1 ‘kx;v AD(EZ.RK}.ALL,R)
Ov z (QC'kaiL(rde()—;;;\CSPO(LL)

Since we want only the leading contributions which are mass independent, helicity

(A.1)

is a good quantum number. Then it is easy to convince oneself that the operators
(A.1) are multiplicatively renormalized in leading order since they are uniquely
characterized by the helicity [qg = C(qR)] and/or flavour of the extermal quarks,
and there is only one colour singlet combination of dimension six. Furthermore,
they are renormalized identically because gluonm exchange is helicity and flavour

independent.

We must evaluate, for example, the contributions of the diagrams of Fig. 2

to the matrix element

o> = <T(OD, [ LEE), )>
2 2 (A.2)
Ege (8, 0, [1+ L (B + 04 )]

where 11? is the remormalization point and p? < 0 is the value of the external

momenta with some suitable convention for fixing the ratios s/p?, t/p%. The

constant d, related to the anomalous dimension of the operator by

¥ - <o">]k ot %l | -

o

can be extracted from the coefficient of the logarithmically divergent term in

the Feynman integrals of Fig. 2. Setting the external momemnta to zero, and using

the quark gluon coupling
_ &< P\):l a
‘[?"M Tg’ 77¥" 298, (A.4)
the integrals take the form:

(1 o ar% ds A 2 .
Z é&\*‘( )Upﬁ R @ﬁ) “\;E? T ar T Sk @» @") | L e



where A is the ultraviolet cut-off.

Using the relation

a :{1 )
Eotp N _%) = "%Gijh

2, 2
2.y W

(A.6)

(A.7)

from contraction of colour SU(3) indices. Working in the t'Hooft-Feynman gauge,

we find for Fig. 2a the Dirac algebra factor
&“"7 + -2 05 U) b’”_ UV‘
Cl1> (@;)ﬁﬁ,(?S ) o kf’ ph)(' v ( (;*{) T)
giving
(22
L2 - e
and in a similar way
oy G
OLD - Ab * \
Putting together the results of (A.7) and (A.8):
R
é = 2olcclb - 4

The renormalization of the effective coupling comstant is given by

a4 d- 34,

tong, o owe (21T
v v (W5))
where b and d are related to the usual Y and B functions by

ﬁ-_ ’—3—3— [;- : (r: n-'%s-

lew®
- Xs : .
T = 41 dy O‘W 3

{A.8a)

(A, 8b)

(A.9)

(A.10)

in the 't Hooft-Feynman gauge. Putting these numbers together we obtain the re-

sult of Eq. (2.10). (We have also checked our result in the Landau gauge where

the wave function renormalization ¥ vanishes.)
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APPENDIX B

ONE-LOOF CORRECTIONS TO THE HIGGS POTENTIAL

We shall expand the Coleman~Weinberg potential

V‘(@,H) z \/(Mﬂ (B.1)

defined in Eqs. (4.21) and (4.22) around the point

\!l (io ) 0) : V (m:) | (B.2)

A A IR AT RN A o

and $, is the matrix defined in Eq. (4.4). The expansion is done by noting that

where

the matrix (B.3) is a projection operator onto the X, Y subspace of the vector

boson mass matrix
1 2 2 - z >
mo'aﬁ%s—vp =-51MP ; P=P (B.4)
Defining the matrices

A M-, , - (98D

(B.3)

we obtain the expression

V@ - T o)
+ (W + (M TP8) + Te (8))- (WMA- D T{(Pa) ) o)
+ 0S4 W (Cem)) }

Expressed in terms of the Higgs fields:

pRY|
ﬁ ”ﬂ*\ﬁ: Hyx .Y o
—----_-_—l-u-f*""r""
- . - - 1- Q +
H*(ﬂ)@ ol g W

e — t—

the potential (B.6) takes the form:
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V(% W) = };zum{lzm%«mjm N
+(2 b e +D[:zm"'j§ Uys AT +3) 4, )5 mm"(ui H)- MR UM,

._{zﬁ )HK

. w%(et..%wﬂ[su ‘ s(H; » 2w« 2 el T

(W‘/w’)[%u* - oY M(”*’r LM ®-10)

+MEH, (zlﬁl’@lgzl EOEER

+ 2 (4« Blbipe) WL - Bzuk+/ml N b Ay

PO ¢ 4 ALl A }

TN

W e P T B B T] N S W < 31T
Assuming a symmetry breaking of the form (4.10) and (4.4'), i.e. setting

}i: o, He= He Hz - (@;\‘__u;—p)eﬁ/(r)

H Hﬂ:- E—U‘"

z $z

it is straightforward to extract the linear and quadratic terms in (B.11l). How-

(B.11)

ever, since we are seeking a solution with mﬁ >> m% 7 it is not a priori obvious
H
that terms arising from the Higgs boson loops are negligible. To avoid this pro-

lem, we consider two prototype models with

ﬁ: - =0 (B.12)

and
«) X=0 ‘ (B.13a)
1) o= a = A/fq. (B.13b)

Case (a) corresponds to a potential which is SU(24) ® SU(10) symmetric and case
{(b) to SU(34). For an SU(N) symmetric coupling

L
2\_ o : S = 2¢L (B.14)
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the one-loop contribution to the potential takes the form:
N S
7
_}3._5-1[(“-*‘37 b Sy « O (("" N) ] (8.15;
64Tl

Then (B.15) is a small correction to (B.l4) as long as

__7_‘,1 (N+g) b S/M;' <q (8.16
feht

Taking the potential as defined by (B.10), (B.12}, and (B.13), we obtain the con-

straints of Egqs. (4.15'), (4.5"), and (4.117).

As long as the quantity in Eq. (4.23) is >> v%/vz, the SU(3) triplet which

does not get eaten is approximately the five-plet one, as in the zero-loop case,

with mass
S = 3 7
mz = v [ ‘-5} - r’z] + O( Vo (MU—D) (B.17)
Hy oL 2 v .
The masses of the physical 24~plet Higgs are approximately:
T z 3 T A
) vl 1Sqa- A
MHS ~ zi YomV - 3 [3’“ vt
3 T o AvE1S. _ p°
S L S AL o

T 1 3 XF e
W\Ho o, Z)u. + ‘Z“Gumv

Pogitivity of the masses gives the constraint (4.23). The absence of a lower

bound for the masses of Hy, HY, H, reflects the fact that in our simple model

Z
they become massless goldstone bosons in the tree approximation. From (4.5") and

(4.23) we find that the condition (B.16) is satisfied if a << m%/4.

We cannot show for a given choice of parameters that in the presence of
radiative corrections to the Higgs potential the solution which we assume corres—
ponds to the lowest vacuum. Imposing (4.11"), while at the same time keeping
{B.17) of order v® means that if with the same set of parameters we looked for a
solution, e.g. (H) = 0, (H) # 0, we would find (i) = 0(v?) and our perturbation

expansion of V' would not be valid.

Finally, it is conceivable, although it appears unlikely, that a potential
with say U = a = 0 could account more "naturally” for v5/v? ~ 107 and not de-
stroy proton stability if the H, ﬁY mass matrix (which in this case has elements
of a priori equal magnitude) chose a physical Higgs which is mostly Hy. We cannot

answer this question without going to higher order terms in the expansion (B.6).
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