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Abstract

We prove that the union of two finitary matroids is a matroid, and
in fact finitary. On the other hand we show that the union of a finitary
matroid with an arbitrary matroid need not be a matroid.

We extend the well-known base packing theorem for finite matroids
to co-finitary matroids, implying the tree-packing results in infinite
graphs of Tutte and of Diestel.

1 Introduction

For two finite matroids M; = (F1,Z1) and My = (E2,72), the well-known
matroid union theorem [7,, 8] asserts that the set system

I(Ml \/MQ) = {Il Ul | Lely, I, GIQ}

is the set of independent sets of their union matroid M7 V My, whose bases
are the unions of pairs of bases with least intersection.

In Example we provide two infinite matroids M; and My for which
the set Z(M; V Ms) does not define a matroid. Hence, an analogue of the
finite matroid union theorem does not exist for arbitrary infinite matroids.

One of the matroids involved in Example contains no infinite circuits,
such a matroid is called finitary. Nevertheless, we prove the following.

Theorem 1.1. If My and My are finitary matroids, then My V My is a
matroid, and in fact finitary.

The finite matroid union theorem asserts that the union of two disjoint
bases of a finite matroid M is a base of M vV M. For finitary matroids
the same assertion is false. Indeed, there exists a finitary matroid N with



two disjoint bases whose union is not a base of the matroid N V N, see

An easy consequence of is that the union of finitely many
finitary matroids is a finitary matroid. We show that this is best possible

in the sense that the union of countably many finite matroids need not be

a matroid, see

In [3], we use[Theorem 1.1]to prove that the union of two ‘nearly finitary’
matroids is a ‘nearly finitary’ matroid. This then reduces the ‘gap’ between
and the counterexamples against matroid union.

The main difficulty in proving arises from the need to verify
that Z(M;V Ms) satisfies the axioms (IM) and (I3), stated below. The former

essentially asserts that each independent set is contained in a maximal one.
To verify that this axiom is satisfied we use a topological argument (see
Section that shows that Z(M;V Mb) is a finitary set system, meaning that
an infinite set belongs to the system provided that each of its finite subsets
does. It is then an easy consequence of Zorn’s lemma that all finitary set
systems satisfy (IM).

The axiom (I3) asserts that whenever I is a non-maximal independent set
and I' is base, then there exists an x € I'\ I such that I + x is independent.
We prove the following.

Theorem 1.2. If M and My are matroids, then (M, V Ms) satisfies (13).

The main benefit of Theorem is that it holds for arbitrary ma-
troids (which need not be finitary); this reduces the problem of determining
whether Z(M; V My) defines a matroid to the problem of determining if the
latter satisfies (IM).

To prove Theorem we introduce the concept of exchange chains.
These turn out to have further applications. For instance, in [3] we use
these chains together with our union results to gain progress on the infinite
matroid intersection conjecture, put forth by Nash-Williams [2].

Two well-known applications of the finite matroid union theorem are
that of base covering (see Section @ and base packing of finite matroids.
The former extends to finitary matroids in a straightforward manner by
|Theorem 1.1| (see [Corollary 6.1)). We extend the latter to matroids whose
dual is finitary, these are called co-finitary matroids. As a consequence,
we obtain a single matroidal proof for the two well-known tree packing
theorems in infinite graphs of Diestel [6, Theorem 8.5.7] and of Tutte [J]
(see Section [G)).

More specifically, the finite base packing theorem asserts that a finite
matroid M admits k disjoint bases if and only if kr(X)+|E(M)\X| > kr(M)




for every X C E(M) [8], where r denotes the rank function of M. For
infinite matroids, this rank condition is too crude. We reformulate it using
the notion of relative rank [5] as follows.

Theorem 1.3. A co-finitary matroid M with ground set E admits k disjoint
bases if and only if |Y| > kr(E|E —=Y) for all finite sets Y C E.

does not extend naturally to arbitrary infinite matroids.
Indeed, for every integer k there exists a finitary matroid with no three

disjoint bases yet satisfying |Y| > kr(E|E —Y) for every Y C E [11 [6].

As far as we know, all known proofs in which the finite base packing theo-
rem is derived from the finite matroid union theorem rely on the assumption
that the matroid has finite rank. As this assumption is too restrictive in our
setting, our proof of does not appeal to

This paper is organized as follows. Additional notation and terminology
is set in The examples mentioned above and a few others are

detailed in [Section 3] In[Section 4] we prove Our main result,
is proved in[Section 5 In[Section 6 we prove the Theorems|6.1

and [0} Finally, in we pose some open problems.

2 Preliminaries

Throughout, notation and terminology for graphs are that of [6], for ma-
troids that of [7, [5], and for topology that of [4]. M always denotes a
matroid and E(M), Z(M), B(M), and C(M) denote its ground set, inde-
pendent sets, bases, and circuits, respectively. It will be convenient to have
a similar notation for set systems. That is, for a set system Z over some
ground set F/, an element of Z is called independent, a maximal element of
7 is called a base of Z, and a minimal element of P(E) \ Z is called circuit
of 7.

A set system 7 is the set of independent sets of a matroid if it satisfies
the following independence axioms [5].

(I1) 0 e 7.
(I2) [Z] =Z, that is, Z is closed under taking subsets.

(I3) Whenever I,I' € 7 with I’ maximal and I not maximal, there exists
an x € I'\ I such that I +z € .

(IM) Whenever I C X C Fand I € Z, theset {I'€¢Z|I CI'C X} has a
maximal element.



In [5], a matroid is characterised in terms of its circuits. Of this charac-
terisation we shall need the circuit elimination azxiom phrased here for a
matroid M.

(C3) Whenever X C C € C(M) and {C, | z € X} C C(M) satisfies = €
Cy & oz =y forall z,y € X, then for every z € C'\ (UxGX C’w) there
exists a C’ € C(M) such that z € ¢’ C (CUU,ex Cr) \ X.

A circuit of M which contains a given set X C E(M) is called an X -circuit.
The closure (see [7]) of a set X C E(M) is denoted by cl(X).

As mentioned in the Introduction, a set system is finitary if an infinite
set belongs to the system provided each of its finite subsets does. If Z(M) is
finitary, then M is called a finitary matroid; as already mentioned, finitary
matroids have no infinite circuits.

For a connected graph G, a maximal set of edges containing no finite
cycles is called an ordinary spanning tree. These are the bases of the finite
cycle matroid, denoted Mp(G). Next, a maximal set of edges containing no
finite cycles nor any double ray is called an algebraic spanning tree. These
are the bases of the algebraic cycle matroid, denoted M4 (G).

3 Examples

In this section, we demonstrate the significant difference between the union
of finite matroids and that of infinite matroids by providing examples for
the limitations of infinite matroid union.

Example 3.1. We present a finitary infinite matroid M admitting two
disjoint bases whose union is properly contained in the union of some other
two bases; so that in MV M the union of the first pair of bases is not a base.

Consider the infinite one-sided ladder with every edge doubled, say H,
and recall that the bases of Mp(H) are the ordinary spanning trees of H. In
Figure 1 (B, B2) and (B3, B4) are both pairs of disjoint bases of Mp(H).
However, Bs U By properly covers By U By as it additionally contains the
leftmost edge of H.

We remark that a direct sum of infinitely many copies of H gives rise to
an infinite sequence of unions of disjoint bases, each properly containing the

previous one, strengthening that is, the failure of the ‘finite

intuition’ mentioned above.
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Figure 1: The disjoint bases By and By on the left are properly covered by
the bases B3 and B, on the right.

Example 3.2. A union of infinitely many matroids of finite rank need not
be a matroid. For any integer k£ > 1, we have that

M = \/ Ui r is not a matroid.
neN

As usual, Uy r denotes the k-uniform matroid with ground set R. The set
Z(M) violates (IM) for I = () and X = R as the independent sets of M are
exactly the countable subsets of R. Indeed, as a countable union of finite sets
is countable, every independent set is countable. Conversely, an uncountable
subset of R can never be written as a countable union of independent and
thus finite sets.

In this example, we used the fact that (M) is countable and E(M) is un-
countable. For a subtler example, let A = {a;,aq,...} and B = {b1,bs,...}
be disjoint and countable. Set E, := {ai,...,a,} U {b,}. Then M :=
Ven UL,E, is an infinite union of finite matroids and fails to satisfy (IM)
for [ =Aand X = AUB = E(M).

Example 3.3. We construct two matroids M and N whose union is not a
matroid. M is a direct sum of 1-uniform matroids and thus finitary and N
is a direct sum of circuits and thus co-finitary (see [Figure 2.

More precisely, the matroids M and N are as follows. Let £ = N x R.
Let M, := Uy (nyxr and set M := @,.cny Mn. Let N, be the matroid on
Nx {r} whose only circuit is N x {r} itself and set N := @, . N;. A base of
M is countable as it consists of one element from each of the sets {n} xR. A
base of N consists of all of E but one element from each of the sets N x {r}
and hence misses uncountably many elements of E.

We claim that Z(M V N) violates (IM) for I = () and X = F, that is,
Z(M Vv N) has no maximal element. For this, it is sufficient to show that a
set J C Eisin Z(M Vv N) if and only if it contains at most countably many
circuits of N; since then, for any J € Z(M V N) and any circuit C' = N x {r}
of N with C ¢ J (such exists) we have JUC € Z(M V N).



Figure 2: M = @, cx M, and N = @, g N, from [Example 3.3| as cycle

matroids and how they relate.

Suppose that J C F contains uncountably many circuits of N. Any Jy €
Z(N) misses an element of each of these uncountably many disjoint circuits
of N, so D :=J\ Jy is uncountable. On the other hand, any independent
set of M is countable and hence cannot contain D. So J ¢ Z(M Vv N).

Suppose that J C E contains countably many circuits of N. Clearly
there is a set Jy € Z(N) containing all of J but one element from each
of these circuits. As we are free to choose which element of each circuit
is missed, we can make them lie in different M,,. In particular, we may
assume that the set Jj; of missed elements is independent in M and thus
J=JyUJy €I(MVN).

Example 3.4. Whereas provides two matroids with uncount-
able ground sets whose union is not a matroid, in this example we construct
two such matroids M and N with countable ground set.

Similarly to the previous example, M is a direct sum of finite 1-uniform
matroids and thus finitary as well as co-finitary and N is a direct sum of
circuits and thus co-finitary (see . Note that although we prove
later on that the union of two finitary matroids is indeed a matroid, this
example shows that the union of two co-finitary matroids is not necessarily
a matroid.

Starting the construction of M and N, let £ = (N x N) U L where
L ={ly,ls,...} is countable and disjoint to N x N. For r € N, let N, be the
matroid on N x {r} whose only circuit is N x {r} itself and let N be the
matroid obtained from €, N, by adding the elements of L as loops. Let
M,, be the l-uniform matroid on ({n} x {1,2,...,n}) U{l,}. We obtain M



Figure 3: M = @, cy M, and N = @,y N, from [Example 3.4| as cycle

matroids and how they relate. The set L in gray.

from @, My by adding the remaining elements of E as loops.

We claim that Z(M Vv N) violates (IM) for I = N x N and X = E. For
this, it is sufficient to show I € Z(M V N) and that aset J with I C JC E
is in Z(M Vv N) if and only if it misses infinitely many elements of L.

To see I € Z(M Vv N), note that the diagonal Jy := {(n,n) | n € N} is
independent in M and meets each circuit N x {r} of N. In particular, Jy :=
(N x N) \ Jys is independent in N and therefore I = Jyy UJy € Z(M V N).

Suppose J € Z(M V N). There are Jy, € Z(M) and Jy € Z(N) such
that J = Jyy U Jy. As Jy misses at least one element from each of the
disjoint circuits of N in I, the set D := I\ Jy is infinite. But I C J and
hence D C Jys. In particular, there is an infinite subset L' C L such that
D + | contains a circuit of M for every [ € L'. This shows that Jy; and L’
are disjoint and thus J and L’ are.

Now suppose that there is a sequence ¢ < 42 < ... such that J is disjoint
from L' = {l;, | r € N}. We show that the superset E\ L' of J is in Z(MVN).
Set D := {(iy,r) | r € N}. Then D meets every circuit N x {r} of N in I,
so Jy := N x N\ D is independent in N. On the other hand, D contains
exactly one element of each M,, withn € L. So Jy := (L\L')UD € Z(M)
and therefore E\ L' = Jyy U Jy € Z(M V N).

4 Exchange chains — (I3) in unions

Throughout this section M; and M, are matroids and we show that Z(M; V
M>) satisfies (I13).



Theorem 1.2 Whenever My and Ms are matroids, then T = Z(M; V Ma)

satisfies the following.

(I3) Whenever I,I' € T with I' mazimal and I not mazimal, there exists
anx € I'\ I such that I +z € T.

For technical reasons, we rather show that the following mixture of (I3)
and (B2) is satisfied.

Proposition 4.1. The set T =Z(M; V M) satisfies

(13°) For all I,B € T where B is mazimal and all x € I\ B there exists
y € B\ I such that (I +y)—x €.

We remark that unlike in (I3), the set [ in (I3’) may be maximal.
Proof of assuming [Proposition 4.1 Let I € T be non-maximal

and B € 7 be maximal. As [ is non-maximal there is an = € E'\ I such that
I+ x €Z. We may assume x ¢ B or the assertion follows by (12). By (13"),
applied to I + z, B, and x € (I + z) \ B there is y € B\ (I 4+ z) such that
I+yel O

By a representation of a set I € Z(My V Ms), we mean a pair (I, I3)
where Iy € Z(M;) and Iy € Z(My) such that I = I; U I5. At the core of our
proof of [Proposition 4.1} is the following notion of an ‘exchange chain’. For
I € I(Ml), I, € I(Mg), x € Iy U Iy, and an element y € E(Ml) @] E(MQ)
(possibly in I; U I), a tuple Y = (yo,...,yn) with yo = y and y, = z is
called an even (I, Is,y,x)-exchange chain (or even (Iy,I2,y,x)-chain) of
length n if the following terms are satisfied.

(X1) For even i, there exists a {y;, yi+1 }-circuit C; C I} + y; of M.
(X2) For odd i, there exists a {y;, yi+1}-circuit C; C Iy + y; of Ma.

Observe that if n > 1, then (X1) and (X2) imply yo ¢ I1 and that, beginning
with y; € I \ I, the y; alternate between I \ I and I \ I up to y, which
may be in I1 N I as well. By an odd exchange chain (or odd chain) we
mean an even chain with the words ‘even’ and ‘odd’ interchanged in the
definition. Consequently, we say exchange chain (or chain) to refer to either
of these. Furthermore, a subchain of a chain is also a chain; that is, given

an (11, I2, 90, Yn)-chain (yo, ..., yn), the tuple (yi,...,y) is an (11, I2, y1, yr)-
chain for 0 < k£ <[ < n.

Lemma 4.2. If there exists an (11, I2,y, z)-chain, then (I +y)—x € Z(M;V
M) where I := IlUIy. Moreover, if x € I1NIs, then even I+y € T(MV Ms).



In the proof of we use chains to manipulate the sets I; and
I, as depicted in such that they additionally cover yy = y at the
expense of not covering vy, = x anymore (unless x € I; N I3). Although

is changing I; U Iy by only one element, this might require
an exchange chain of arbitrary length, for example in the configuration of

a chain of length four is needed.

I € Z(Mh) I +yo—y1+y2 —y3

Lm 9],
LY

N YD

3/3
Iy € I(M>) L+y—y2+tys—ya
(a) the initial representation (b) the obtained representation

Figure 4: An even exchange chain of length 4.

Proof. By induction on the length of the chain. The statement is trivial for
chains of length 0. Assume n > 1 and that Y = (yo,...,yn) is a shortest
(I1, I, y,x)-chain. Without loss of generality, let Y be an even chain. If
Y’ := (y1,...,yn) is an (odd) (11, I2, y1,z)-chain where I{ := (I1 + yo) — y1,
then ((I{ Ul2) +y1) —x € Z(M; V My) by the induction hypothesis and the
assertion follows, since (I1 U Iy) +y1 = (I1 U L) + yo. If also 2 € Iy N Io,
then either z € I{ NIz or y; = x and hence n = 1. In the former case
I +y e Z(M;V Ms) follows from the induction hypothesis and in the latter
case I +y =11 Uy € Z(M; V Ms) as x € Is.

Since I has not changed, (X2) still holds for Y’, so to verify that Y’ is
an (17, I, y1, z)-chain, it remains to show I] € Z(M;) and to check (X1). To
this end, let C; be a {y;, yi+1}-circuit of M; in I; + y; for all even i. Such
exist by (X1) for Y. Notice that any circuit of M; in I + yp has to contain
yo since Iy € Z(Mj). On the other hand, two distinct circuits in I; 4 yo
would give rise to a circuit contained in I7 by the circuit elimination axiom
applied to these two circuits, eliminating yg. Hence Cp is the unique circuit
of My in I + yo and y1 € Cy ensures I1 = (I1 + yo) — y1 € Z(My).

To see (X1), we show that there is a {y;, yi11 }-circuit C of My in I] +y;
for every even i > 2. Indeed, if C; C I + y;, then set C! := Cj; else, C;



contains an element of I \ I] = {y1}. Furthermore, y;11 € C;\ Cp; otherwise
(Y0, Yit+1, - - - »Yn) is a shorter (I, I, y, x)-chain for, contradicting the choice
of Y. Applying the circuit elimination axiom to Cy and Cj, eliminating y;
and fixing y;41, yields a circuit C; C (Cp U C;) — y1 of M; containing y;1.
Finally, as I{ is independent and C] \ I{ C {y;} it follows that y; € C/. [

Central to our argument in the proof of [Proposition 4.1|is the following
set. For I} € Z(My), Is € Z(M3), and = € I; U I let

A(I1, I, x) := {a | there exists an (I1, I2, a,x)-chain}
Such has the property that

for every y ¢ A, either I} +y € Z(M;) or the unique circuit (1)
Cy of My in I + y is disjoint from A.

To see this, suppose I1 +y ¢ Z(M;p). Then there is a unique circuit Cy of
My in I +y. If C; N A = (), then the assertion holds so we may assume
that Cy N A contains an element, a say. Hence there is an (I3, Iz, a,)-
chain (yo = a,91,---,Yn—1,Yn = ). As a € I; this chain must be odd
or have length 0, that is, a = x. Clearly, (y,a,y1,...,Yn—1,2) iS an even
(I1, I, y, z)-chain, contradicting the assumption that y ¢ A.

Proof of [Proposition 4.1 Let B € Z(M; V Ms) maximal, I € Z(M; V Ms),
and z € I'\ B. Recall that we seek a y € B\ I such that (I +y)—xz € Z(M;V
M>). Let (I1,12) and (Bi, B2) be representations of I and B, respectively.
We may assume [; € B(M;|I) and Iy € B(Mas|I). We may further assume
that for all y € B\ I the sets I1 + y and Iy + y are dependent in M; and
My, respectively, or it holds that I +y € Z(M; V Ma) so that the assertion
follows. Hence, for every y € (BUI)\ I; there is a circuit Cy C I1 +y of M;;
such contains y and is unique since otherwise the circuit elimination axiom
applied to these two circuits eliminating y yields a circuit contained in I, a
contradiction.

If A := A(ly,I2,z) intersects B \ I, then the assertion follows from

Else, AN (B\ I) = 0, in which case we derive a contradiction
to the maximality of B. To this end, set (Figure 5|

By :=(By\ b)) Uiy where b;:=B1NA and #1:=I1NA

Bé = (BQ \ bg) U9 where by :=BsNA and i9:=I1oNA

Since A contains x but is disjoint from B\ I, it holds that (b; Uby) +x C
i1 Uip and thus B + 2z C B] U Bj. It remains to verify the independence of
Bj and B in M; and My, respectively.

10



Figure 5: The independent sets I, at the top, and I, at the bottom, the
bases Bj, on the right, and B, on the left, and their intersection with A.

Without loss of generality it is sufficient to show B} € Z(M;). For the
remainder of the proof ‘independent’ and ‘circuit’ refer to the matroid Mj.
Suppose for a contradiction that the set Bj is dependent, that is, it contains
a circuit C. Since i; and By \ by are independent, neither of these contain C.
Hence there is a € CNip C A. But C'\ I; € B; \ A and therefore no C,
with y € C'\ I; contains a by . Thus, applying the circuit elimination
axiom on C' eliminating all y € C'\ I via Cy fixing a, yields a circuit in Iy,
a contradiction. O

‘We conclude this section with a few remarks.

1. The maximality of B was only used to avoid the outcome B + = €
Z(M1V Mys). So the proof actually shows a slightly stronger statement.

Corollary 4.3. For all I,J € Z(MyV M) and x € I\ J, if J+z ¢
I(M; V My), then there exists y € J \ I such that (I +y) —x €
I(Ml vV Mg)

2. For any maximal representation (I1, I2) of I there is y € B\ such that
exchanging finitely many elements of I; and I» gives a representation
of (I +y)— .

3. To define the set A([, I, x), we consider chains whose last element
is fixed. Alternatively, one may consider chains whose first element is
fixed. More precisely, for I} € Z(My), Io € Z(Ms), and y ¢ I U Iy let

Z (I, I,y) := {z | there exists an (I1, I2,y, z)-chain}

11



Then a similar argument as in the proof of [Proposition 4.1} applied to
Z(Iy,1Is,y) instead of A(Iy,I2,y), yields the following.

Corollary 4.4. For all I,J € Z(MyV My) andy € J\I, if [+y ¢
I(M; V My), then there exists x € I\ J such that (I +y) —x €
I(Ml V MQ).

4. Even arbitrary unions of matroids satisfy (I3) (however, they may still

violate (IM) as in[Example 3.2)). To see this, either adjust the proof of

[Proposition 4.1} in particular the notion of an exchange chain, to this
more general setting, or reduce the general case to |Proposition 4.1

5 Finitary matroids

In this section, we prove our main result which reads as follows.

[Theorem 1.1} If My and My are finitary matroids, then My V My is a
matroid; and in fact finitary.

For countable matroids, can be proved by means of Konig’s
infinity lemma. Here, to capture matroids on any infinite ground set, we
resort to using a topological approach. See [4] for the required topological
background needed here.

We recall the definition of the product topology on P(E). The usual base
is formed by the system of all sets

C(A,B)={XCE|ACX,BNnX =10}

where A, B C E are finite and disjoint. Note that these sets are closed as
well. Throughout this section, P(FE) is endowed with the product topology
and closed is used in the topological sense only.

We will show that can easily be deduced from
and presented next.

Theorem 5.1. Suppose T = [Z] C P(E). Then the following are equivalent
[21.1. 7 is finitary;

[21.2. T is compact, in the subspace topology of P(E).

12



Note that as P(F) is a compact Hausdorff space, is equivalent to
the assumption that Z is closed in P(E), which we use quite often in the
following proofs.

Proof. For the forward direction, we show that Z is closed. Let X ¢ Z.
Since Z is finitary, X has a finite subset Y ¢ 7 and no superset of Y is in Z
as Z = [Z]. Therefore, C(Y, () is an open set containing X and avoiding Z
and hence 7 is closed.

For the converse direction, assume that Z is compact and let X be a set
such that all finite subsets of X are in Z. We show X € 7 using the finite
intersection property{!|of P(E). Consider the family K of pairs (A, B) where
A C X and B C E\ X are both finite. The set C'(A, B) NZ is closed for
every (A,B) € K, as C(A, B) and Z are closed. If £ is a finite subfamily of
IC, then

U 4 ) ©@ABNnI).

(A,B)eL (A,B)eL

As P(FE) is compact, the finite intersection property yields

(1 CAB)|nI= (] (CAB)NI)#

(A,B)eK (A,B)eK
But (V4 p)ex C(A, B) = {X}, and hence X € 7, as desired. O
Lemma 5.2. IfZ and J are closed in P(E), then so isZV J.

Proof. Equipping P(F)xP(FE) with the product topology, yields that Carte-
sian products of closed sets in P(FE) are closed in P(E)xP(E). In particular,
T x J is closed in P(E) x P(E). In order to prove that ZV J is closed, we
note that Z vV J is exactly the image of 7 x J under the union map

f:P(E) x P(E) — P(E), f(A,B)=AUB.

It remains to check that f maps closed sets to closed sets; which is equivalent
to showing that f maps compact sets to compact sets as P(E) is a compact
Hausdorff space. As continuous images of compact spaces are compact, it
suffices to prove that f is continuous, that is, to check that the pre-images
of subbase sets C'({a},0) and C(0, {b}) are open:

F7H(C{a},0)) = (C({a},0) x P(E)) U (P(E) x C({a},0))

L The finite intersection property ensures that an intersection over a family C of closed
sets is non-empty if every intersection of finitely many members of C is.

13



FHC.{b})) = C (0. {b}) x C(0, {b})
O

Proof of[Theorem 1.1. By [Theorem 1.2 it remains to show that Z(M;) V
Z(Ms;) satisfies (IM). As all finitary set systems satisfy (IM), by Zorn’s
lemma, we show that Z(M; V Ma) is finitary. By Z(M;) and
Z(My) are both compact and thus closed in P(E), yielding, by
that Z(M1)VZI(My) is closed P(E), and thus compact. As Z(M;)VZI(Msa) =

[Z(My) V Z(M3)], [Theorem 5.1| yields that Z(M;) vV Z(Ms) is finitary, as
desired. ]

6 Base packing and covering

We begin by proving base packing for co-finitary matroids.

[Theorem 1.3\ A co-finitary matroid M = (E,T) has k disjoint bases if
and only if |Y| > k-r(E|E =Y) for all finite sets Y C E.

Proof. As the ‘only if’ direction is trivial, it remains to show the ‘if’” direc-
tion. For a matroid N and natural numbers k, ¢ put

I[N, k,c := {X C E(N) | 30,..., I, € T(N) with g.(I1, ..., Iz) = X},

where g.(I1,....,Ix) :={e: |{j : e € I;}| > c¢}. As M has k disjoint spanning
sets if and only if M* has k independent sets such that every element of F
is in at least k — 1 of those independent sets. Put another way, M has k
disjoint bases if and only if

I[M* k,k— 1] = P(E) (2)

As M* is finitary, Z[M*, k,k — 1] is finitary by an argument similar to
that in the proof of here one may define

f:PEF = PE); f(AL, ..., Ap) = gu1(A1, ..., Ap)

and repeat the above argument.

Thus, it suffices to show that every finite set Y is in Z[M*, k, k — 1]. To
this end, it is sufficient to find k£ independent sets of M* such that every
element of Y is in at least k — 1 of those; complements of which are M-
spanning sets St, ..., S such that these are disjoint if restricted to Y. To
this end, we show that there are disjoint spanning sets 57, ..., .S}, of M.Y" and
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set S;:=S/U(E—-Y). Since is true for finite matroids [7], the
sets S1,...,.5), exist if and only if |Z| > k-ryy(Y|Y —Z) forall Z C Y. As
|Z| > k-r(E|E—Z), by assumption, and as r(E|E—Z) = ryry (Y|Y —2) [5h
Lemma 3.13], the assertion follows. O

Diestel [0, Theorem 8.5.7] established that a graph admits k disjoint
topological spanning trees if and only if every partition of its vertex set into
r classes has at least k(r — 1) edges between the classes. A similar result to
that of Diestel was established by Tutte [9] who proved a packing theorem
for the algebraic spanning trees of a locally finite graph.

The topological spanning trees of a graph form the set of bases of a co-
finitary matroid called the topological cycle matroid [5], and recall that the
algebraic spanning trees of a locally finite graph form the set of bases the
so called algebraic cycle matroid which is co-finitary. As mentioned in the
Introduction, provides then a short alternative matroidal proof
of both results of Diestel and Tutte.

Finally, we use to derive a base covering result for finitary
matroids. The finite base covering theorem asserts that a finite matroid
M can be covered by k bases if and only if r(X) > |X|/k for every X C

Corollary 6.1. A finitary matroid M can be covered by k independent sets
if and only if rpr(X) > | X|/k for every finite X C E(M).

This claim is false if M is, say, an infinite circuit, implying that this
result is best possible in the sense that M being finitary is necessary.

Proof. The ‘only if’ implication is trivial. Suppose then that each finite
set X C FE(M) satisfies ryf(X) > |X|/k and put N = \/f:1 M; such is
a finitary matroid by If N is the free matroid, the assertion
holds trivially. Suppose then that N is not the free matroid and consequently
contains a circuit C'; such is finite as N is finitary. Hence, M|C' cannot be
covered by k independent sets of M |C so that by the finite matroid covering
theorem [7, Theorem 12.3.12] there exists a finite set X C C such that
raujc(X) < |X|/k which clearly implies 7y/(X) < |X[/k; a contradiction.

O

7 Union of a matroid with itself

In this paper and the second paper of this series, we solve the question of
whether the union of two infinite matroids is a matroid almost completely.
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However, we were not able to find a matroid whose union with itself is not a
matroid. Specializing this question, we ask whether the union of a matroid
having only infinite circuits with itself is the free matroid. In other words,
we ask the following.

Question 7.1. Suppose that each circuit of M is infinite. Is it true that the
ground set of M can be covered with two bases of M ¢

By [Proposition 4.1} verifying that Z(M Vv M) satisfies (IM) is sufficient in
order to show that MV M is a matroid. One approach to determine whether
Z(MV M) satisfies (IM) is to dualize (IM) and to resolve the resulting version
in the duals. Such an approach brings forth the need to determine whether
for a matroid M there exist two spanning sets with minimal intersection.
For graphic matroids this reads as follows.

Question 7.2. Is it true that every locally finite graph has two ordinary
spanning trees whose intersection is minimal?
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