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ABSTRACT. Given two graphs G and H, we investigate for which functions p =
p(n) the random graph G, , (the binomial random graph on n vertices with edge
probability p) satisfies with probability 1 — o(1) that every red-blue-coloring of its
edges contains a red copy of G or a blue copy of H. We prove a general upper bound
on the threshold for this property under the assumption that the denser of the two
graphs satisfies a certain balancedness condition. Our result partially confirms a
conjecture by the first author and Kreuter, and together with earlier lower bound
results establishes the exact order of magnitude of the threshold for the case in
which G and H are complete graphs of arbitrary size.

In our proof we present an alternative to the so-called deletion method, which was
introduced by Ro6dl and Rucinski in their study of symmetric Ramsey properties of
random graphs (i.e. the case G = H), and has been used in many proofs of similar
results since then.

1. INTRODUCTION

1.1. Ramsey properties of random graphs. Ramsey properties of random graphs were stud-
ied first by Frankl and R&dl [6], and much effort has been devoted to their further investigation
since then. Perhaps most notably, Rodl and Ruciniski [20, 2] established a general threshold
result that we present in the following.

For any two graphs F' and H, let
F— (H)

denote the property that every edge-coloring of F' with k colors contains a monochromatic copy
of H. Throughout, we denote the number of edges and vertices of a graph G by eg and vg
respectively (sometimes also by e(G) and v(G)). We say that a graph is nonempty if it has at
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least one edge. For any graph H we define

=L >3
bH) =01/ i H K, 1)
0 if ey = 0,
and set
mo(H) := max da(J) . (2)

We say that H is 2-balanced if mo(H) = do(H), and strictly 2-balanced if in addition ma(H) >
dy(J) for all proper subgraphs J C H. With the notation above, a slightly simplified version
of the result of Rodl and Rucinski reads as follows. (The lower bound proof given in [20] does
not cover the case where J C H maximizing da(J) is a triangle; however, this case was settled
earlier in [I§].)

Recall that in the binomial random graph G, ;, on n vertices, every edge is present with proba-
bility 0 < p = p(n) < 1 independently of all other edges.

Theorem 1 (R6dl and Rucinski [20, 21]). Let k& > 2 and H be a graph that is not a forest.
Then there exist constants ¢, C' > 0 such that

{0 if p=p(n) < en”t/m0D

n—oo
where mo(H) is defined in and (2).

We will refer to the two statements made by Theorem [I| as the 0- and the 1-statement, re-
spectively, and to the function pg(n) = n~1/™2(H) as the threshold for the Ramsey property
F — (H)g. The 1-statement of Theorem |l| is also true when H is any forest that is not a
matching; for the 0-statement however there are a few well-understood nontrivial exceptions
(see e.g. [11l, Section 8.1]).

A vertex-coloring analogue of Theorem [I| was proved earlier in [18], and generalizations of
Theorem (1| to the (uniform) hypergraph setting were studied in [7, 22 23]. Most work on
the hypergraph setting has focused on the corresponding 1-statements, i.e., on proving upper
bounds on the thresholds of the respective Ramsey properties. This line of work has been settled
quite recently by the results of [7], which imply 1-statements analogous to that of Theorem
for even more general settings. Similar results were reported by Conlon and Gowers [4].

1.2. Asymmetric Ramsey properties. In Theorem [l|the same graph H is forbidden in every
color class. In this paper we are concerned with the natural generalization of this setup where
a different graph is forbidden in each of the k color classes. Within classical Ramsey theory the
study of these so-called asymmetric Ramsey properties led to many interesting questions and
results; see e.g. [3].

For any graphs F, H1,..., Hg, let
F — (Hy,...,Hy)

denote the property that every edge-coloring of F' with k colors contains a monochromatic copy
of H; in color ¢ for some 1 < ¢ < k. The threshold of this asymmetric Ramsey property was
determined for the case in which all the H; are cycles Cy, (here Cy denotes the cycle of length ¢)
by the first author and Kreuter.

Theorem 2 ([14)). Let k > 2 and 3 < {1 < --- < 4y, be integers. Then there exist constants c,
C > 0 such that

lim Pr[G,p— (Cyy,..

n—o0

0 ifp=p(n) < cn t/m2Ce:C)
- Cy)] = 1 ifp=p(n) > Cn~/m2(Cer.Crr)



where
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ma(Cly, Cy ) = =24 (la—2)/(la—1) °

Note that the threshold does not depend on /s, ..., ¢; in order of magnitude.

In the same paper, an explicit threshold function for asymmetric Ramsey properties involving
arbitrary graphs H; is conjectured. The conjecture is stated for the two-color case, and also we
will restrict our attention to this case in the following. We will briefly return to the case with
more colors at the end of this paper.

For any two graphs G and H we let

€H

ifeq, eg >1
do(G, H) = { v — 2+ 1/m(G) " (3)
0 otherwise
(where mo(G) is defined in and (2))), and set
ma(G, H) = I}lg&ﬁ]( da(G, J) . (4)

We say that H is balanced w.r.t. da2(G,-) if mao(G, H) = do(G, H), and strictly balanced w.r.t.
da(G, -) if in addition ma(G, H) > da2(G, J) for all proper subgraphs J C H.

It can be verified that ms(G,G) = ma(G) for any graph G and, more generally, that for any
two graphs G and H with mo(G) < ma(H) we have mo(G) < mao(G, H) < mo(H), with both
inequalities strict if 0 < ma(G) < ma(H). The conjecture in [I4] is as follows.

Conjecture 3 ([14]). Let G and H be graphs that are not forests and satisfy ma(G) < mo(H).
Then there exist constants ¢, C' > 0 such that

{0 i = pln) < enH/ma(G)

lim Pr(Ghy = (G H)] = if p= p(n) > Cn—1/ma(G.H)

n—oo
where ma(G, H) is defined in and ().

The assumption that G and H are not forests was not made in the original formulation of Con-
jecture |3 but without it the 0-statement fails to hold even in the symmetric case, as mentioned
above.

The threshold function stated in Conjecture [3] can be motivated as follows. Let G and H be
graphs with 0 < ma(G) < ma(H), and assume that we are looking for a red-blue-coloring of G, ,,
that contains no red copy of G and no blue copy of H. For simplicity, suppose that ma(G) =
(eq — 1)/(vg —2) and mo(G, H) = eg/(vg — 2+ 1/ma(G)). Note that w.l.o.g. we may assign
color blue to all edges that are not contained in a copy of H — in other words, only the edges of
G p that are contained in copies of H are relevant for the Ramsey property G, , — (G, H). We
shall call these edges H-edges in the following. By standard calculations, for p = en~1/m2(G.H)
the expected number of H-edges in Gy, is of order pea—en/ma(GH) — p2=1/m2(G) “and if these
edges behave like edges of a random graph G,, p« with p* = ¢/ n~1/m2(G) the expected number
of copies of G that are formed by such H-edges and contain a given edge of Gy, is a constant
depending on c. If this constant is close to zero, the copies of G formed by H-edges in Gy,
should be loosely scattered, and we can color one edge blue in each of these copies without
creating blue copies of H in the process. On the other hand, if this constant is large, the copies
of G formed by H-edges of Gy, will highly intersect with each other, and, according to the
conjecture, almost surely there will be no coloring avoiding both a red copy of G and a blue
copy of H.

The reader may wonder why a similar reasoning with the roles of G and H reversed is not
equally justified. The reason is that whenever p is larger than n~1/m2(G) by an appropriate
polylogarithmic factor (in particular for p = en~1/m2(GH) o above), with high probability



every edge of G, ,, is contained in a copy of G. (Recall that G is the sparser of the two graphs.)
Thus the notion of ‘G-edges’ is meaningless in our context.

A vertex-coloring analogue of Conjecture [3| was proved by Kreuter [17]. The only significant
progress towards proving Conjecture |3 since its publication in [14] concerns the O-statement,
which was shown to hold for the case in which G and H are complete graphs of arbitrary fixed
sizes in [19].

The approach employed in [I4] for the proof of the 1-statement of Theorem [2|is based on the
sparse version of Szemerédi’s regularity lemma (see [13, [16]). The approach via sparse regularity
can be extended to prove the 1-statement of Conjecture [3|for any two graphs G and H, provided
the so-called KER-Conjecture [I5] holds for G and H is strictly balanced w.r.t. d2(G, -) (see [19];
additionally, Lemma 16 in [I4] needs to be modified slightly to relax the condition on H from
‘2-balanced’ to ‘strictly balanced w.r.t. d2(G,-)’). The KLR-Conjecture has been proven for
cycles of arbitrary size, and for complete graphs on up to five vertices. For references and a
comprehensive overview of the status quo of that conjecture, we refer to the survey article [g].

1.3. Our results. In this paper we prove the 1l-statement of Conjecture [3] under the same
balancedness assumption for H as is needed for the approach via sparse regularity, but without
invoking the KLR-Conjecture for G. We say that a graph is a matching if it has maximum
degree at most 1.

Theorem 4 (Main result). Let G and H be graphs that are not matchings, with H strictly bal-
anced w.r.t. do(G,-). Then there exists a constant C' > 0 such that for p = p(n) > Cn~1/m2(G.H)

we have

nh_{rolo PriG,p, = (G,H)|=1.
Recall that we suppose that ma(G) < mo(H) in Conjecture One can show that the assumption
that H should be strictly balanced w.r.t. d2(G,-) in Theorem [4] implies that ma(G) < mo(H).

Let us give an equivalent formulation of the hypothesis of strict balancedness in Theorem [4] For
every subgraph J of H, let u(.J;n, p) be the expected number of occurences of J in Gy, ,. Then H
is strictly balanced w.r.t. do(G,-) if and only if u(H;n,n /™2 GH)) = o(u(J;n,n=1/m2(GH))Y)
for every proper subgraph J of H (see Remark |12/ and Lemma (z’i) below).

Our proof of Theorem [] does not use sparse regularity at all, and has in fact more in common
with the original proof of the 1-statement for the symmetric case (Theorem|[I]), due to Rdl and
Rucinski, than with the proof of Theorem 2| given in [I4]. We believe that a feature of interest
in our proof is that it introduces a different approach for handling certain technical difficulties
that are dealt with in the R6dl-Rucinski proof via the so called ‘deletion method’ (for details,

see Section )

Together with the lower bound results for complete graphs we already mentioned [19], our result
establishes general threshold functions for the case where G = Ky and H = K, are complete
graphs of fixed sizes £ < r.

Corollary 5. Let 3 < ¢ < r be integers. Then there exist constants ¢, C > 0 such that

{0 if p=p(n) < en~Y/m2KeKr)

fimg PriGop = Ko KDL= 01 i) = pn) > anot/matices),

n—oo

where .
(3)

r—2+2/((+1)

m2(K€7 Kr) =

We can use Theorem [ to infer statements about the existence of locally sparse graphs F' that
enjoy the asymmetric Ramsey property F' — (G, H), similarly to those presented in [21] for
symmetric Ramsey properties. We refrain from a general statement of these results, and only
mention the following corollary, which is an asymmetric variant of Corollary 5 in [21] and can
be deduced analogously.



Corollary 6. For all 3 < £ < r, there exists a constant C' such for m > C’n2_1/m2(K‘f’K”), almost
all graphs F' on n vertices with m edges that contain no copy of K41 satisfy F — (K¢, K;).

We close with a deterministic consequence of Corollary bl A graph F is called Ramsey-critical,
or simply critical, for a pair of graphs (G, H), if F — (G, H) but, for any proper subgraph F” of
F, the relation F — (G, H) fails. The pair (G, H) is called Ramsey-finite if the class C(G, H)
of all graphs that are critical for (G, H) is finite, and Ramsey-infinite otherwise. Note that,
by definition, the Ramsey property F' — (G, H) is equivalent to containing a copy of a graph
from C(G, H).

The following result was originally proved by constructive means by Burr, Erdds, and Lovasz [2].
We obtain an alternative (non-constructive) proof as an immediate consequence of Corollary

Corollary 7. For all 3 < ¢ < r, the pair (Ky, K,) is Ramsey-infinite.

Proof. 1t is well-known (and can be shown similarly to [II, Theorem 3.9]) that for any finite
family F, the property P = P(F) of containing a copy of a graph from F admits a threshold pr =
pr(n) such that, for any constant ¢ > 0, the random graph G,,, with p = cpr satisfies
0 < liminf Pr[G, ) € P] <limsupPr[G,, e P] <1 .
n—o0 n—00

Corollary [5| implies that the property F — (K, K,) does not admit such a function pr = pr(n)
and hence Corollary [7] follows. O

1.4. An alternative to the deletion method. Our proof of Theorem |4 reuses many ideas of
the proof of the 1-statement of Theorem (1] given in [2I]. However, we point out one particular
technical issue that is solved in a quite different way from [2I] in our proof. Namely, at some
point in the proof one needs to control the upper tail of the random variable that counts the
number of copies of some given graph 7" in G, 5.

In typical proofs of similar results (see, e.g., [7, 22 23, 24]), this is taken care of by the so-called
deletion method (see also [12]), i.e., by allowing the deletion of a small fraction of edges to get
the desired exponentially small error probability. This is formalized in the ‘deletion lemma’ [21],
Lemma 4] (see also [I1, Lemma 2.51]).

This deletion lemma is then combined with a ‘robustness lemma’ [2I, Lemma 3] (see also [1T,
Lemma 2.52]), which states that monotone properties (like the Ramsey properties discussed
here) that hold with probability exponentially close to 1 continue to hold with similarly high
probabilities even if an adversary is allowed to delete a small fraction of the edges. This robust-
ness lemma is needed to guarantee that the few edges that were deleted to control the number
of copies of T do not destroy other properties that are important for the proof.

In our proof we use a different and arguably simpler approach to control the number of copies
of T'. Namely, we condition on the number of copies of T" in G, , not being too large, and apply
the Harris inequality [9] (Theorem to show that this only increases the probability that
other relevant properties fail to hold (and, hence, bounding the probability of such bad events
in the conditional space from above gives upper bounds for the probability of those bad events
in the original space). Thus we may work in the conditional space. The fact that the event on
which we condition holds with reasonable probability (constant probability is more than enough
here) implies that the conditional space we are considering behaves essentially like the original
space, except that with probability 1 the number of copies of T is not too large. Thus there is
no need to delete edges in our approach. We believe that many of the earlier proofs in the
field, in particular the proof given in [21] for the symmetric case (Theorem , can be simplified
analogously from the technical point of view.

1.5. Organization of this paper. We collect a number of definitions and auxiliary statements
in Section [2} and prove Theorem {4]in Section |3} We discuss possible extensions of our results in
Section [



2. PRELIMINARIES

2.1. Basic inequalities. We begin by stating some equalities that follow immediately from the
definitions of mo(G) and mo(G, H), and that will be used throughout this paper. Recall that
we call a graph nonempty if it has at least one edge. The definitions in and imply that
for any nonempty graph G and any subgraph I C G with v; > 2 we have

er 1

(@) =2 (@) (5)

(with equality for I = G if G is 2-balanced). Similarly, the definitions in and imply that
for any two nonempty graphs G and H and any subgraph J C H with vy > 2 we have

vr —

eJ 1
(G ) = 2 (@) (6)

vy —

(with equality for J = H if H is balanced w.r.t. d2(G,-)). Combining the previous two equalities
yields in particular that for any two nonempty graphs G and H we have

(eg — ey @ eg—l

>’Ug—2—m2(G)_0, (7)

UG—2+(eg—1)(UH—2)— m2(G H) >

which will become important later on.

2.2. H-covered copies. The following definitions will be crucial in our inductive scheme.

Definition 8. For graphs H and A, we denote by Er(A) C E(A) the union of the edge sets of
all copies of H in A. We will refer to the edges in Ex(A) as the H-edges of A. Furthermore, we
say that a copy G of a graph G in Ey(A) is H-covered in A if there is a family of eg pairwise
edge-disjoint copies of H in A such that each edge of G is contained in (exactly) one of these
copies.

Note that not every copy of G that is formed by H-edges of A is H-covered in A.

Definition 9. For any two graphs G and H, let F(G, H) denote the family of all graphs obtained
by taking a copy of G and embedding each of its edges into a copy of H such that these eg
copies of H are pairwise edge-disjoint (not nessarily vertex-disjoint).

We denote the graphs in F(G, H) by G¥, and refer to a copy of G in G¥ that can be used to
construct G as described as a central copy of G in G (in general, for a given G € F(G, H)
such a central copy is not uniquely defined). Note that a copy of G in some graph A is H-covered
if and only if it is a central copy in a copy of some graph G € F(G, H) in A.

For any G and H and any graph G ¢ F(G, H), let
LIGTY :=vg +eg - (vg —2) —v(GH) >0 .

Intuitively, this quantity denotes the number of vertices that are ‘lost’ because the copies of H
forming G intersect in more vertices than specified by G. Thus we have

e(GH) =eq- ey ,

8

U(GH) =vg+eq- (vp —2) — L(GH) . (®)
Our induction is on the number of edges of G, and we will mostly need the above definitions
for a certain graph G_ with e(G) — 1 edges to which we apply the induction hypothesis. The
following technical lemma will become important later on.

Lemma 10. Let G be a graph that is not a matching, let H be a nonempty graph, and fix
some subgraph G_ C G with e(G_) = e(G) — 1 and v(G-) = v(G). Furthermore, let a graph
GH ¢ F(G_, H) with central copy G'_ be given, and let g denote a vertex pair that completes



G to a copy of G when inserted as an edge. Then every subgraph J C GY that contains the
two vertices of g satisfies

e(J)

v() = ma(G, H)

>2 - L(GT) .

Proof. Note that it suffices to prove the claim for induced subgraphs J C GH. We consider a
fixed such subgraph J and decompose it as follows. Let E' := E(G".) denote the edge set of
the central copy G'_. For f € E’, let J; denote the intersection of J with the corresponding
copy of H in G (the graph J ¢ may contain isolated vertices). Furthermore, let Iy denote the
intersection of J with G, and set Vp := V (Iy) = V(J)NV(G.), Ey := E(ly) = E(J)NE(G").
Observe that the assumption that J is an induced subgraph of G¥ implies that also Iy is an
induced subgraph of G’_. Furthermore, due to our assumption that J contains the two vertices
of g, also I contains the two vertices of g.

Note that
e()= > e(Jy)
feE' 9)
v(Jf)>2
and

v(J) = v(lo) + Y (v(Jp) = |f NVl) = L(GH)

feE’

v(lp) + Z —fnvl) - L"),

feEE’
v(4)>2

(10)

where the first inequality is due to the fact that the big sum overcounts the actual number of
vertices of J by at most L(G®) (i.e., J C G ‘loses’ at most as many vertices as G because of
vertex-overlapping copies of H).

Combining @ and yields that

o) = o 2o+ 5 (o) -1 nvel - S ) - net)

feE’
v(Jp)>2
@v([)—i— > (2—\fﬂV|—1>—L(GH)
- feE " ma(G) )
v(Jp)>2
e({o) < 1 ) H
=v(lp) — + 2—|fNVy| — —— | = L(GT)
LORE RS 10Vel =y ) - HGH)
FEE\Ey
v(J§)>2
[fNVo|<1

where for the equality we used that the edges f € E' = E(G") with |f N Vy| = 2 are exactly
the edges in Ey = E(Iy) due to the fact that Iy is an induced subgraph of G’_. Using that
ma(G) > 1, we may omit the remaining sum, and observing that adding the edge g to Iy yields
a graph IO+ that is isomorphic to a subgraph of G, we obtain further

e(J) e(Iy) —
g LGt ,

concluding the proof of Lemma O



2.3. The parameters m*(H) and z*(H). In this section we introduce two graph parameters
m*(H) and x*(H) that will play in important role in our proof. The parameter m*(H) is a
convenient quantity to capture the concept of H being ‘its own least frequent subgraph’ that
many authors have used before (see Remark [12| below). The parameter z*(H) is a rescaled
version of m*(H) that is tailored to the specifics of the problem studied in this paper.

Definition 11. For any graph H with vy > 3, let

m*(H) := min ) (11)
JCH: vg —vj
2<vy<vpg
and, if H is nonempty,
*(H
2 (H) = m(H) (12)

eg —m*(H)(vg —2)

Note that for any graph H, the parameter m*(H) is nonnegative, and that m*(H) = 0 if and
only if H has an isolated vertex. It follows from that for any nonempty graph H with vy > 3
the parameter 2*(H) as defined in is well-defined and positive. Note that solving for
m*(H) yields
€H

vg —2+1/z*(H) ’
which connects m*(H) to do(G, H) as defined in (3). More specifically, the point here is that
comparing m*(H) to d2(G, H) can be formulated equivalently as comparing z*(H) to ma(G).

Remark 12. 1t follows from the definition of m*(H) in that
€H

m*(H) =

(13)

ey
vy — Vg — ——
P (E) T me(H)
for all subgraphs J C H with vy > 2. Thus for p < n=/™ (H) we have n¥/pe’ > nVHpeH for
all such J, which means that the expected number of copies of H in G, does not exceed the
expected number of copies of any subgraph J C H with v; > 2 by more than a constant factor.

In some sense, both m*(H) and x*(H) measure ‘how balanced’ H is. Below we will prove some
general results that make this precise. These will in particular imply the following lemma, which
restates the hypothesis of Theorem [4] in two alternative forms that are more convenient for us.

Lemma 13. For any two nonempty graphs G and H with vy > 3, the following statements are
equivalent.

(i) H is strictly balanced w.r.t. d2(G,-),
(7’7’) mZ(Gv H) < m*(H):
(iii) m2(G) < z*(H).

Lemma [13] will be proved in Sections and below.

2.3.1. The parameter m*(H) and general density measures. For arbitrary (possibly negative)
values a < 1 and b < 2, we define for any graph H the density measure

eg—a
ifeg>1
dop(H) =S vy —b — = (14)
0 otherwise,

and set
ma,b(H) = I}lgal}} da,b(']) .

As usual we say that H is balanced w.r.t. dgp if me(H) = dop(H), and strictly balanced w.r.t.
dayp if in addition mgp(H) > dg(J) for all proper subgraphs J C H.

The next lemma implies in particular the equivalence of (i) and (ii) in Lemma observing
that, for any fixed nonempty graph G, the parameter do(G, H) defined in is a density measure
as in (with @ =0 and b = 2 — 1/ma(G)).



Lemma 14. Let d,; be a density measure as in (14). A graph H with vy > 3 is balanced
w.r.t. doyp if and only if m*(H) > daqp(H) (or, equivalently, if and only if m*(H) > mg,(H)).
Similarly, a graph H with vy > 3 is strictly balanced w.r.t. dqp if and only if m*(H) > dgp(H)
(or, equivalently, if and only if m*(H) > mg,(H)).

For the proof we use the following elementary observation, which we state separately for further
reference.

Fact 15. Fora,c€e R and b > d > 0, we have

coa ., a-ca

d~ b b—d b
and, similarly,

c a a—c a

A~ T b=d b

Proof of Lemma([14] Observe that H is balanced w.r.t. dq if and only if for all subgraphs J C H

with vy > 2 we have
eJ—a<eH—a

vy—b " vg—b
(note that this condition is always satisfied for graphs J with v; > 2 and e; = 0). By Fact
this is equivalent to the requirement that

eH —ej (eH—a)—(eJ—a) FacteH—a
Vg — VJ (UH—b)—(UJ—b) - UH—b
for all subgraphs J C H with 2 < vy < vy, i.e., to m*(H) > d,,(H).

The statement for ‘strictly balanced’ follows analogously using the second statement of Fact
O

2.3.2. The parameter x*(H) and the asymmetric 2-density. We now use Lemma to derive
the next lemma, which states the equivalence of (i) and (%ii) in Lemma

Lemma 16. Let G be a nonempty graph. A nonempty graph H with vy > 3 is balanced w.r.t.
do(G,-) if and only if me(G) < x*(H). Similarly, a nonempty graph H with vy > 3 is strictly
balanced w.r.t. do(G,-) if and only if ma(G) < z*(H).

Proof. For any x > 0 and any graph H with vy > 2, let

— M fey>1
do(z,H) :={ vu —2+1/x (15)
0 otherwise,

and set
ma(x, H) := maxda(z,J) .
JCH

Note that da(m2(G), H) as defined in (15]) coincides with do(G, H) as defined in (3)), and that,
according to , for any nonempty graph H with vy > 3 we have

m*(H) = da(a”(H), H) (16)
With Lemma [14] we obtain that H is balanced w.r.t. d2(G,-) if and only if

do (e (), 1) @ o (1) "2 (G, H) = do(ma(G), H)

Since the function da(z, H) is monotone increasing in x, this is equivalent to mo(G) < z*(H),
as claimed.

The statement for ‘strictly balanced’ follows analogously using the second statement of Lemma
O
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2.4. Other preliminaries. As already mentioned, we will make crucial use of the Harris in-
equality [9] (which also arises as a special case of the FKG inequality [5] and various other
related inequalities).

Throughout, we will assume that the random graph G, is generated on the vertex set [n| =
{1,...,n}. For the purposes of this paper, a graph property is a family of labelled graphs on the
vertex set [n] (which is not necessarily closed under isomorphism), where n will be clear from
the context. We say that a graph property A is decreasing if for any two graphs G and H on
vertex set [n] the following holds: if G € A and H C G, we also have H € A. Similarly, we
say that a graph property A is increasing if for any two graphs G and H on vertex set [n] the
following holds: if G € A and H O G, we also have H € A. Note that the complement of a
decreasing property is increasing, and vice versa.

Theorem 17 (Harris [9]). For any two decreasing (increasing) graph properties A and B and
anyn € N and 0 <p <1, we have

Pr[Gp, € ANB] > Pr[Gy, € Al Pr[G,,, € B]
or, equivalently if Pr[Gy,, € B] > 0,
PriGnp € A|Gnp € Bl > Pr[Gy, € Al .

Clearly, it follows from Theorem [17|that, for the binomial random graph G, , the probability of
any decreasing (respectively, increasing) event A does not decrease if we condition on another
decreasing (respectively, increasing) event 5.

Janson’s inequality is a very useful tool in probabilistic combinatorics. In many cases, it yields
an exponential bound on lower tails where the second moment method only gives a considerably
weaker bound. Here we formulate a version tailored to random graphs.

Theorem 18 (Janson [10]). Consider a family H = {H; | i € 1} of subgraphs of the complete
graph on the vertex set [n]. For each H; € H, let X; denote the indicator random variable for
the event H; C Gpyp, and, for each ordered pair (H;, H;) € H x H with i # j, write H; ~ H;
if H; and Hj are not edge-disjoint. Let

X = > X,

H;eH
po= EX]= > pth,
H;eH
A = SSOEXX]= Y petHtelt)e(nom)
(Hi Hj)EHXH (Hi H;)EHxH
Hi~Hj Hi~H;

Then for all 0 < 6 <1 we have
52 2

PI“[X < (1 — (5),[1,] < e 2mtad)

Often Janson’s inequality is applied with H being the family of all copies of some given fixed
graph H in the complete graph K. The concept of (g, d)-denseness will allow us to derive very
similar results when applying Janson’s inequality with H being the family of all copies of H in
a graph F' C K,, that is not necessarily complete.

Definition 19. For any ¢ > 0 and 0 < d < 1, a graph F' on vertex set [n] is said to be
(0,d)-dense if for every subset V' C [n] with |V| > on we have

«r )z a(}) |
where F[V] denotes the subgraph induced by F on V.

We will use the following fact (for a proof see e.g. [21]).
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Lemma 20. For all0 < d <1 and ¢ > 1, there exist positive constants o, ng and cy such that
every (o, d)-dense graph on n > ng vertices contains at least con® complete subgraphs K.

2.5. Edge-disjoint copies. The tools and definitions presented in the previous section come
together in the following technical lemma, which states that under the appropriate assumptions,
a random subgraph of a (g, d)-dense graph contains a large family of pairwise edge-disjoint copies
of a given graph H. The key idea of applying Turan’s Theorem to a suitably defined auxiliary
graph is due to Kreuter [I7]. We will use Turdn’s Theorem in the following form (see e.g. [1]
p. 282]).

Theorem 21 (Turan). Let G be a graph. Then G has an independent set of size at least
v(G)?
v(GQ) +2¢(G)
Lemma 22. Let H be a nonempty graph with vy > 3. For any 0 < d < 1, there exist positive
constants o, ny and b such that for n > ng and p < n=Y™"H) the following holds: If F C K,
is a (o,d)-dense graph on n vertices, then, with probability at least 1 — 27" P41 4he graph
F NGy contains a family of at least bn"H p°H pairwise edge-disjoint copies of H.

Note that for p = o(n~Y/™ (H)) we have n#p°# = o(n’p) (recall Remark , so the error
probability in Lemma [22] is not as high as it may look like at first glance.

Proof of Lemma[22] Let
0:=o(vg,d) , no :=ng(vy,d) , co = co(vg,d) <1 (17)

denote the constants obtained by applying Lemma with ¢ := vy and d. We shall prove
Lemma, [22| for ¢ and ng as defined in and

2
0

= T (18)
Let F be a (o, d)-dense graph on n > ng vertices be given, and set
F'N K contains a family of at least bn"H p®H pairwise
A {K < Kn edge-disjoint copies of H (19)

Note that A is increasing. Our goal is to bound Pr[G,, , € - A] from above.

Denote by H the family of all copies of H in F'. By our choice of constants in , the assumption
that F' is (o, d)-dense yields with Lemma that there are at least con complete graphs of
order vy in F'. In particular, we have

|H| > con’™ . (20)

We will apply Janson’s inequality (Theorem to the family H. For any graph K C K,, we
let H(K) C H denote the family of all copies of H in F N K. We obtain for p as defined in

Theorem [I8 that @
(20)
p=E[H(Gnp)l] = H| - p™ = con"pH . (21)

Let S be the family of all pairwise nonisomorphic graphs that are unions of two copies of H
that intersect in at least one edge. For a fixed graph S € S, let J denote the intersection of the
two copies of H. Owing to the assumption that p < n=%/"" (H) we obtain for any nonempty
subgraph J C H that

nUHTvIpeH—es < vy (en—ey)/m” (H) S L, (22)

=
|

which implies that for any S € S we have

122
nvspes — n2’l}H*UJp2€H7€J anpeH ) (23)
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As there are at most n¥S copies of S in F, and since each such copy corresponds to at most
(vs)oy)? < (2uy)?0H < 4% pairs (H;, Hj) € H x H, i # j with H; U H; = S, we obtain for A
as defined in Theorem [I§] that

S O S

SES (Hi,H;)EHXH

H;UH;~5

<4 S e o)
Ses

B

)
S 161}%{ n’UHpeH

Y

where in the last step we bounded |S| by the number of graphs on at most 2vy vertices, which
7 2v
in turn is bounded by S22 92(2) < 2(*F)+1 < 920}

Consider now the property

8::{KgKn

HK)| = 2} - (25)
By Janson’s inequality (Theorem we have

2 1 ) 2
Pr[Grp € ~€] < exp <_8(,LLM—|—A)> < exp <_16 - min {Ha Z})

€D, 1 2
< exp <_16 min {co, 122% }anpeH) (26)
(L8]

< exp(=bn™pt)
where in the second to last step we also used that ¢y < 1 (see (L7)).
For a given graph K C K, consider the auxiliary graph G=0G (K) on the vertex set V(é) =

H(K), in which two vertices are connected by an edge if and only if those two copies of H are
not edge-disjoint.
Note that _

Ele(G(Gnp))) = A/2
for A as in (the factor 1/2 is due to the fact that the sum in is over ordered pairs).
Thus for the property

D= {K C K, |e(G(K)) < A} : (27)
we obtain with Markov’s inequality that
Pr(G,, e D] >1/2 . (28)

By definition of the auxiliary graph G = CNJ(K ), any independent set in G corresponds to a

family HC H(K) of pairwise edge-disjoint copies of H in F'N K. Thus our definitions of D and
& imply with Turdn’s Theorem (Theorem that any graph K € DN & contains a subfamily

HC H(K) of pairwise edge-disjoint copies of H of size at least

| Thgm& > 1 - min {v(é), U(G)Q}

o(G) +2¢(G) ~ 2 2(G)
©3),e9 1 2
> T min {4,u, %} > bn"HptH o (29)
where the last inequality follows analogously to . In other words, we have just shown that
DnE C A

or, equivalently,
-AND C =& . (30)
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Since —.A and D are both decreasing, we obtain with the Harris inequality (Theorem that

Thm. [I7]
Pr[G,p, € -A] < Pr[G,p, € ~A|Gy, € D]

(30)
2Pr[G,p € ~AND] 2 2Pr[G,p € €]

NS INE

2exp(—bnHpH) < ol—bn®HpH ,

as claimed. 0

3. PROOF OF THEOREM [

As already mentioned, our proof of Theorem [4| proceeds by induction on e(G), whereas H
is considered fixed. In order for this induction to work, we will prove the following stronger
statement. Recall that we introduced the set of H-edges Ex(Gpp) and the notion of H-covered
copies in Definition

Lemma 23 (Main lemma). Let H be a nonempty graph with vy > 3. For any nonempty graph
G satisfying ma(G) < x*(H) there exist positive constants a, b, C, and ng such that for n > ng
and

Cn~Ym2(GH) < < p=t/m*(H) (31)

with probability at least 1 — 27" P every red-blue-coloring of En(Gnyp) that does not contain
a blue copy of H contains at least an's (n"H ~2p°H)e¢ many H-covered red copies of G.

Note that, because of , the number of H-covered red copies of G guaranteed by Lemma
is of the same order of magnitude as the expected number of copies of graphs from F(G, H) (as
defined in Definition [9) in Gy, .

Remark 24. For the two-color case studied here, it would be sufficient to prove the statement of
Lemma with an error probability of 2~©(") instead of 2~ #PH) (see below). However,
our arguments yield the latter for free, and this is also what would be needed to extend our
inductive approach to more than two colors.

Lemma [23] implies Theorem [ as follows.

Proof of Theorem [ Owing to Lemma G and H as in Theorem [4 satisfy the hypothesis of
Lemma We will prove Theorem 4] for the constant C' = C(G, H) guaranteed by Lemma

By monotonicity it suffices to prove the theorem for p = p(n) := Cn~1/™2(G:H) = Again due to
Lemma this is smaller than n=1/™"(#) for n large enough, and thus Lemma [23|is applicable
for this p = p(n). Clearly, if the event in Lemma holds then we have in particular that
Gnp — (G, H). Furthermore, due to @ and the assumption that G is not a matching, n"# p®H
is a growing function of n. Hence the probability stated in Lemma [23|is indeed 1 — o(1), and
Theorem [4] is proved. O

3.1. Proof of Lemma It remains to prove Lemma [23] which we will do in the remainder
of this section. Our main proof hinges on two fairly involved statements (Claim [25{and Claim
below), whose proofs are deferred to Section and Section respectively.

As already mentioned, we proceed by induction on e(G). Our induction base is the case where
G is a matching.

Proof of Lemma|23: induction base; G is a matching. W .l.o.g. we may assume that G contains
no isolated vertices, i.e., that vg = 2e¢. Let

0:=0(H,1) , n' :=no(H,1) , b :=0b(H,1) (32)
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denote the constants obtained by applying Lemma22|for H and d := 1. We shall prove Lemma23]
for

a:a«lH%:<l3m>% , (33)

(2eq
b/
b=b(G, H) = , 34
(G M) = GogreaT2) 2eay oy
C=C(G H):=b"ten (35)
no = no(G,H) := (2eq) - n' . (36)
Note that for any n > 1 we have

1 =p2 1/ma(6) @ bCeH o e /m2(G.H) bn"H pH (37)

Fix e pairwise disjoint sets Vi,..., Ve, C [n] of size
n:=|n/eq| 2 n/(2eq) (38)

each, and note that the graphs G,, ,[Vi] induced by G,,, on these sets behave like independent
random graphs G p,, where 7 > n' due to our choice of ng in (36]).

Due to our choice of constants in and observing that the complete graph K5 is (o, 1)-dense,
we obtain with Lemma 22| and the union bound that for n > ng, with probability at least

1— eq - 21VAPHPH > | _ glogy egH1=(V/(2e) " H)n"H pH

=

37)
i 1 — 9log: eg+1—(logy eg+2)bn"H p°H 1

_ 2—bn“HpeH
9

each of the graphs Gy, ,[V;] contains a family of at least b'n"# p°# pairwise edge-disjoint copies of
H. To avoid creating a blue copy of H, one edge from each of these copies needs to be colored
red. Thus in every red-blue-coloring of Ex(Gpp) there is either a blue copy of H or we can
obtain at least

o ©, 0

(b,ﬁUHpeH) anQeG (an—QpeH )eG — anV¢ (an—QpeH )eG
many red matchings by picking exactly one H-covered red edge from each of the graphs G,, ,[Vi],
1 < ¢ < eq. By definition, these red matchings are H-covered red copies of G. O

Before giving the proof of the induction step, let us give an informal outline of the key proof
ideas. As already mentioned, our approach can be seen as a refinement of the proof for the
symmetric case given by Rodl and Ruciniski in [2I]. We will generate Gy, , in two rounds, i.e., as
the union of two independent binomial random graphs G, ,, and Gy, p, on the same vertex set.
Let G_ denote a fixed subgraph of G with e(G) — 1 edges and v(G) vertices. By the induction
hypothesis, with high probability every coloring of the H-edges of the first round that does not
contain a blue copy of H contains ‘many’ H-covered red copies of G_. Each of those induces a
vertex pair that will complete a red copy of G if it is sampled as an edge of the second round and
is colored red. In our argument we will consider vertex pairs that complete not only one, but
‘many’ red copies of G_ to copies of G. We will call the graph spanned by these edges the base
graph T'(h) of a given coloring h of Ex(Gypyp,), the H-edges of the first round. Our main goal
when analyzing the first round is to show that, with suitably high probability, the base graph
I'(h) is (o, d)-dense for every coloring h of Ex (G p,) (for appropriately chosen parameters o and
d). Once this is shown, we may apply Lemma [22|to find ‘many’ pairwise edge-disjoint copies of
H in T'(h) N Gy p,, the random subgraph of I'(h) spanned by the edges of the second round. In
order to avoid creating a blue copy of H, one edge from each such copy needs to be colored red,
which by definition of the base graph I'(h) creates ‘many’ H-covered red copies of G.

For this approach to work, the arguments of the second round need to work for all possible
colorings of the H-edges of the first round simultaneously. In order to infer this with the
union bound, we need that for a fized coloring h of the first round, the second round fails with
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probability exponentially small in the number of H-edges. Here it is crucial that we only consider
colorings of the H-edges of the first round, as the error probability for the second round is not
small enough to beat the number of colorings of all edges of the first round!

Proof of Lemma23]: induction step; G is not a matching. Throughout, we denote by G_ an ar-
bitrary fixed subgraph of G with e(G) — 1 edges and v(G) vertices. Note that we imposed no
balancedness restricion on G, and hence both G and G_ may be disconnected and even contain
isolated vertices.

We start by fixing all constants needed in the proof. Throughout the following, by a(G_, H)
etc we denote the constants guaranteed inductively by Lemma

Let
l .= 2(1}(; + (e¢ — 1)(vyg — 2)) ) (39)
and set ( 2
a(G_,H
T 1)
Let
0:=o(H,d) , n' :=mno(H,d) , v = b(H,d) (41)
denote the constants obtained by applying Lemma [22| for H and d. Set
cp = et ea= D =2) L (G _ H) (42)
and .
3\ caGce—D
C) = max {C(G_, o), <C> GG } | "
r
Fix a > 0 small enough such that
/
at < 6en and (1 — )% >1/2 | (44)
and set
1
by = 3 b(G_,H)p" ot | (45)
by :=0'/4 . (46)
We shall prove Lemma 23] for
a=a(G,H):=¥/2) cr- alec—en , (47)
1
b=0(G,H) := 3 min{by, ba/2} , (48)
_ - G —1/e
C—C(G,H) = maX{OW7b H , (49)
L H
no =no(G, H) == max{no(Gg’),n’} . (50)
Let n > ng and p as in be given, and set
pP—nNn
= = . 51
b1 :=ap, b2 1—p (51)
Note that
(I-a)p<p2<p. (52)
Throughout the proof we will identify G, , with the union of two independent random graphs
Gnp, and Gy, p, on the same vertex set [n] = {1,...,n}. Note that indeed each edge of K, is

included in G, ,, UGy, p, with probability

L= (1—p)(1—ps) @ p
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independently.
As G is not a matching, we have mo(G) > 1, and consequently for any n > 1 that
(@ 31
n < n271/m2(G) @ bCeanerH/mg(G,H) " banpeH ) (53)

Next we define a number of graph properties to formalize the ideas outlined above. Throughout,
A, B,C etc. denote ‘good’ properties, i.e., properties that are desirable in our proofs.

Let
Every red-blue-coloring of FEy(K) that does not
A:={¢{ KCK,|contain a blue copy of H contains at leastp |, (54)
an®¢ (n"#~2peH )¢ many H-covered red copies of G

and note that A is an increasing graph property. Our goal is to bound Pr[G,, € —.A] from
above.

For any graph K C K, (representing a fixed outcome of Gy, p,) and any red-blue coloring h of
En(K), set

Every extension of h to Ey(K U K’') that does
Agp = K "C K, |not contain a blue copy of H contains at least . (55)
an®¢ (n"#—2peH)¢G many H-covered red copies of G
Note that Ag j, is increasing for any fixed K and h.
Let
z:=cp-n¥G 2 (n”H*QpiH)EG_l . (56)
where cr is defined in . For any graph K C K, (again representing a fixed outcome of Gy, p, )
and any red-blue-coloring h of Fg(K), set

T(K,h) = {e e (i)

We will refer to the graph ([n],I'(K,h)) C K, as the base graph determined by the coloring h.
Further, let

(57)

e completes at least z many H-covered copies of G_
in Ey(K) that are colored red in h to copies of G

For every red-blue-coloring h of Fg(K) that does not
B:={ K C K, | contain a blue copy of H, the base graph I'(K,h) is p , (58)
(0, d)-dense

where d and p are defined in and . Note that B is an increasing graph property. Finally,
let

C::{KgKn

B (K)| < 2o - n"p } (59)
and note that C is a decreasing graph property.
We will prove the following two claims.

Claim 25. We have
Pr[Gpp, € ~B] < 27bm i

Claim 26. For every K € B and every red-blue-coloring h of Ey(K), we have

PI‘[Gme S _‘-AK,h] < g b2 n"HPHH

Claim [25| and Claim [26|imply Lemma [23| as follows. Recall that our goal is to bound Pr[G,, , €
—-A] from above, and that we generate G, , as the union of two independent random graphs
Gnp, and Gy, p,.

As the expected number of copies of H in Gy p, is bounded by n"#p{”, Markov’s inequality
yields for C defined in that

Pr[Gpp, €C] > 1/2 . (60)
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For any graph K’ C K,, (representing a fixed outcome of Gy, p,) we set

AK/ = {K Q Kn

KuK’eA} :

where A is defined in . As A is increasing, also the property Ag is increasing for any K’ C
K,,. Thus its complement is decreasing, and we obtain with the Harris inequality (Theorem
that for any K’ C K,, we have

Thm. 17
PrGrp, € ~Ar] E PGy € ~Axt |Gy €C) 2 2PH[Grpy € —Ari (€] . (61)

Using the independence of G, ;, and G, ,, and the law of total probability, we can infer that

Pr[G,, € ~A] = Z Pr[G,p, € ~Ag] - Pr[Ghp, = K']
K'CKn

(62)

INE]

2 > Pr[Gnyp, € ~Ag NC)-Pr[Gryp, = K')
K'CKy

— 2 Pr[(Grp € ~A) A (Gupy €C)] -
Thus it suffices to bound the last probability. Again by the law of total probability, we have

Pr[(Gnp € =A) A (Grp, €C)]
= Pr[(Gnp € “A) A (Gpp, € "BNC)]

+ Y Pr[Gnp € ~A|Gnp, = K|Pr[Gpy, = K| (63)
KeBnC
< Pr[Gpyp, € -B] + nax Pr(G,p, € “A|Gpp = K] .

Observe that if G, ,, = K we have Gy, € A if and only if G, p, € |, —Akn, where the
union is over all 2/E#(F)l yed-blue colorings h of Ey(K). Together with the independence of
Gnp, and G, it follows that for any K C K,, we have

Pr[Gmp e -A ‘ Gn,p1 = K] = Pr[Gn,pz S Uh _‘AK,h] .
If in addition K is in C as defined in , we obtain with
(T3
T (W8

|Eg(K)| < 2em -n"Hp] YnUH pH (by/2)n"H pH

and the union bound that

Pr[Gn,p € ~A| Gpp = K] < 202/200Hp%H - max Pr(Gn p, € “Ar ] (64)

where the maximum is over all red-blue colorings h of Ey(K).

Combining , , and , we obtain that

PriGup € Al 2 (PG € B4 20/ s PGy € <A

CL Cl.
BEom (27 o)
< 4.9 min{by,b2/2}n"H p¢H 2272bn”Hp5H < 27bn”HpeH

Y

where in the last step we used that 2 < bn"#p°H due to (53). O

It remains to prove Claim 25| and Claim
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3.2. Proof of Claim We start with the proof of Claim [25] which concerns the ‘probability
of failure’ of the first round G, , .

Proof of Claim 25 In order to verify that a graph F' C K, is (o, d)-dense, an averaging argument
shows that it suffices to check that every set V' C [n] of size

n = [on] (65)
contains at least d (Z) edges of F' (see [21]).

For any graph K C K, (representing a fixed outcome of Gy, ), any red-blue-coloring h of
Ey(K), and any set V C [n], |[V| = n, set

T(K,h,V) = {e e (Y)

e completes at least z many H-covered copies of G_ (66)
in Ef(K[V]) that are colored red in h to copies of G|

where z is defined in , and define

For every red-blue-coloring h of E(K) that does not}

= C n
By {K S Knl Contain a blue copy of H, we have (K, h, V)| > di”

(67)

Note that By is increasing.

For a fixed set V' C [n], |V| = n, and for any red-blue coloring h of Ex(K), let kg (K, h,V)
denote the total number of H-covered red copies of G_ in Ex(K[V]), and set

For every red-blue-coloring h of Fg(K) that does not con-
Ay = { K C K, | tain a blue copy of H, we have ] (68)
kG* (Ka ha V) > G(G_, H) -nve (ﬁvH*QpiH)erl

Note that Ay is increasing.

Recall that H-covered copies of G_ are copies of G_ that are a central copy in a copy of a graph
GH ¢ F(G_, H) as defined in Definition @ Let T be the family of all pairwise nonisomorphic
graphs T which are unions of two graphs from F(G_, H), say G and G4 | such that some
vertex pair g € (V(QT)) completes both a central copy in G{{ and a central copy in Gé{ to a copy
of G. For any graph K C K,, and any set V' C [n], |V| =n, let k7 (K, V) denote the number of

copies of graphs from 7 in K[V], and set

DV — {K C Kn kT(K, V) < 2f2ﬁ2vc—2(ﬁ’uH—2p§H)2(6G_1)} . (69)

Note that Dy is decreasing.

We will show the following three statements.

Fact 27. For every fived set V C [n], |V| =0, we have Pr[G,,p, € ~Ay] < 27 21n™p
Fact 28. For every fized set V C [n], |V| =n, we have Pr[Gy,,, € Dy| > 1/2.

Fact 29. For every fixed set V C [n], |V| =n, we have Ay N Dy C By.

With these statements in hand, Claim [25| can be deduced as follows.
Note that Fact [29is equivalent to
=By NDy C -Ay .
Since By and Dy are both decreasing, we obtain with the Harris inequality (Theorem that

Thm.
Pr(Gnp € “By] < Pr[Gnp € "By |Gy € Dy

Fact Y
<=2 Pr[G,, € ~By N Dy]

Fact 29
< 2Pr[Gpp, € ~Ay]

Fact 27]
acg- 21—2b1 nHp®H )
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By definition of B and By (see (58) and (67)), we have

-8B ¢ |J -Bv. (71)

VClnl:
|V|=n

Taking the union bound over all sets V' C [n] with |[V| =7 we obtain
(71) 9

Pr[Grp, € “B] < Y Pr[Gpy, € 2By] < 2nHI2hint It < gmbint iyt (79)
VCln]:
|V]=n
where in the last step we used that n + 1 < byn"#p°H due to and . 0

It remains to prove Facts and For all these proofs, note that Gy, p, [V'| behaves exactly
like a binomial random graph G7% ,,, and that

(31), (1) (49), (65)
) ED.ED . —vmac.iry OE Oy 7= 1/ma(GiH)

p (73)

Proof of Fact[27. By monotonicity of the 2-density and by the assumption on G in Lemma
we have mo(G_) < mo(G) < 2*(H). Moreover, by our choice of constants, we have

® @

n > ong > no(G_,H)

and

C(G_,H)ﬁ_l/mQ(G_7H) é P ’S an_l/m*(H) S ﬁ—l/m*(H) .

Thus we may apply the induction hypothesis to Gy, ,, [V] to infer

Pr{Gop € ~Ay] < 2 G- O CED oy nyen

recalling the definition of Ay in . O
Proof of Fact[2§. Consider a fixed graph T' € T as defined before , and let J := G NnGH_

denote the intersection of the two graphs from F(G_, H) forming T'. We obtain with Lemma
that

ﬁv(J)pi(J) " ﬁv(J)—e(J)/mg(G,H) L,ZIO ﬁQ—L(G{{) ’ (74)

where in the first step we also used that C; > 1. Thus the expected number of copies of T in
Gn.p, [V] is bounded by

ﬁv(T)pi’(T) " =o(GIL)+o(GE ) —2+L(GIL) pi(GﬁHe(G%{)

ﬁ?(vc+(ec—l)(UH—2)) —2—L(G§£)p%(eg—1)eH

< ﬁ2vc—2 (ﬁvH—thiH)Q(eG—l) ,

where in the last step we used that L(GJ ) is nonnegative. Thus in total the expected number
of graphs from 7 in Gy, p, [V] is at most

282—1 . ﬁQUC_z(ﬁUH_2p(iH)2(eG_1)
where we bounded | 7| by the number of graphs on at most ¢ vertices (recall (39))), which in turn
is bounded by ¢2(:) < 2°-1,
Fact |28 now follows with Markov’s inequality, recalling the definition of Dy in . ]

Proof of Fact[29] Consider a fixed set V' C [n], |V| = 7, and an arbitrary graph K C K,,. For
any red-blue-coloring h of Ef(K) and for every edge e € (‘2/), let

G_ is an H-covered copy of G_ in Ey(K|[V]) that is}‘

e =2(K,h,V):=|{G_ . _
Te = Tl ) ‘{ colored red in h, and e completes G_ to a copy of G
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Note that, by our definition of I'( K, h, V') in ), for all e € I'(K, h, V') we have

56), (73 ,[@3
Te 2 2 Z cr CfH(EG_l) n’l}g*Q(an72ﬁ76H/mz(G,H))ecfl @ 3 , <75)
where in the second inequality we also used that n < n.
We will show that if K is in Ay, we have
G_,H) _,. .
Z . > a( 27 ) . nvc(anfQPiH)egfl (76)

ecl(K,h,V)
for every coloring h of Fy(K) that contains no blue copy of H, and that if K is in Dy, we have
Z (372@> < 2£2£2UG . ﬁ2vG72(ﬁvH72p§H)2(erl) (77)
e€l'(K,h,v)
for every coloring h of Ep(K).
As by Jensen’s inequality we have

Z (’Ze> > ‘F(K7 h, V)’ <‘F(K, h; V) ‘12Z€€F(K,h,{/) iL'e> 1} (ZSEF(KJL’V) xe)g | (78)
ecl'(K,h,V) 3|F(K7 h’ V)‘

(where in the second inequality we used that (5) > 2?/3 for z > 3), and will imply
that for any K € Ay N Dy we have
@ 3. ze)? (7). L H)?
0, v)| D (Zeervenn ) EUD oG 0P G @ g
3D eer(Knv) () 1225 . {20

for every coloring h of Ef(K) that does not contain a blue copy of H, i.e., that K satisfies By
as defined in (67).

It remains to show and . To verify , recall that kg_ (K, h,V) denotes the total
number of H-covered red copies of G_ in Ey(K[V]). Since every such copy contributes to at
least one of the x., we have

Z Te 2> kGf (Ka h,V) . (79)
e€(y)
Note that
(142)), (65)
z cr - nVG T2 (nvH 2ptH el .S. a(G_, H)-n'c~2(pou—2p{m)ec—1 (80)

Since by definition of T'(K, h, V) we have z. < z for all e € (‘2/) \T(K,h, V) (recall (66)), it
follows that

SNoowe S ke (K0 V) - Y
eel(K,h,V) e (g)\F(K,h,V)
> ko (K.hV) - (Z) .Z
T
> kg_ (K, h, V) — M . nvG(an_2p§H)eG_1 .

2
It follows from the definition of Ay in that indeed holds for every coloring h of Ey(K)
that contains no blue copy of H if K is in Ay .

To verify , recall that every H-covered copy of G_ is contained in a copy of a graph G ¢
F(G_, H) (see Definition [§] and Definition [9)). It follows with the definition of k7 (K, V) (see the

paragraph before ) that

. (Z) < 26 kr(K,V) (81)
ee()
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where / is as defined in . Here the constant £2°¢ follows from the fact that a given copy of
some T € T contributes at most ((v7)y,)? < (vr)?'é < €29 to the sum.

Consequently, if K € Dy, the definition of Dy in implies that
Te Le €. €D 02 2 ~20G—2(~vg—2, en\2(eg—1)
> <2> <> (2) < 20 mmeTR (R e
e€l(K,h,v) ee(‘;)

for every coloring h of Ey(K), as claimed in (77). O
3.3. Proof of Claim It now remains to prove Claim
Proof of Claim[26]. Consider a fixed graph K € B and a fixed red-blue-coloring h of Ey(K). By
definition of the event B (recall ), the graph I'(K, h) is (o, d)-dense.
Note that due to and we have

bt pytt > (b /2)ntHpt (82)

Thus Lemmayields with and our choice of constants in and that with probability
at least

1

(where in the last step we used that 1 < bPHp®H < byn"Hp°H due to and ), the graph
I'(K,h) N Gy yp, contains a family of at least b'n"# ps* pairwise edge-disjoint copies of H.

82)), (46
. 21_blanp;H Z 1

_ 21—2b2n“HpeH Z 1 _ 2—b2nUHpEH

To avoid creating a blue copy of H, one edge from each of these copies needs to be colored red,
and by the definition of T'(K, h) (see (57])), each such edge that is colored red creates at least z
many H-covered red copies of G. Thus any extension of h to a coloring of Ex(K)UEy (G, p,) C
En(K UG),,) creates a blue copy of H or at least

@6
z > U/

b,n@Hng . 2. er - anpeH 'nvG_Q(an_2piH)eG_1
7: an?¢ (an—QpeH)eG
many H-covered red copies of G. Thus G, is indeed in Ak as defined in (55)) with the
claimed probability. Il

4. CONCLUDING REMARKS

We believe that the proof for the two-color case given here can be extended to the setting
with more than two colors along the lines of [21I]. Namely, for given graphs Hi,..., Hy with
ma(Hy) < --- < mg(H2) < ma(H;) and H; strictly balanced w.r.t. da(Haz, -), one should be able
to prove that Pr[G,, — (Hi,...,Hy)] = 1 —o(1) if p > Cn~Y/m2(H2.H1) a5 follows: Clearly,
in order to prove Gy, — (Hi,...,Hy) it suffices to prove Gy, — (G,...,G, H), where G
denotes the disjoint union of Hs, ..., Hy, and H := H;. Furthermore, it is not hard to see that
ma(G) = ma(Hz), and consequently also ma(G, H) = ma(H2, Hy). Thus it suffices to show that
Pr(Gpp — (G,...,G, H)] =1—o0(1) if p > Cn~/m2(GH) We believe that this can be done by
combining the approach via double induction (on e(G) and the number of colors k) used in [21]
with the ideas presented in this paper. Note that this implies using Lemma 1 of [2I], which
relies on the regularity lemma for dense graphs.

We do not pursue this further here. In our view, a more interesting next step would be to extend
the approach taken in [7] to the asymmetric scenario, with the goal of deriving 1-statements for
more general settings, in particular for the hypergraph setting. This might also help in getting
rid of the balancedness assumption on H in the existing proofs.

An altogether different open question is the proof of the 0-statement in Conjecture With
some extra work the approach in [I9] can be pushed through to prove the O-statement for
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certain graphs G and H that are not complete, but a general proof does not seem to be within
reach of the known methods.
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