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In this paper we introduce an analytical solution (up to the third order) for a multistage bunch
compression and acceleration system without collective effects. The solution for the system with
collective effects is found by an iterative procedure based on this analytical result. The developed
formalism is applied to the FLASH facility at DESY. Analytical estimations of RF tolerances are
given.
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I. INTRODUCTION

Free-electron lasers require an electron beam with high peak current and low transverse
emittance. In order to meet these requirements several bunch compressors are usually planned
in the beam line [1], [2].

The nonlinearities of the radio frequency (RF) fields and of the bunch compressors (BC’s)
can be corrected with a higher harmonic RF system [3]. An analytical solution for
cancellation of RF and BC’s nonlinearities for a one stage bunch compressor system was
presented in [3]. The second order treatment of multistage bunch compressor systems was
done in [4], where the difficulty to extend the third-order analysis to multistage systems was
pointed out as well.

In this paper we present, for the first time, an analytical solution for the nonlinearity
correction up to the third order in a multistage bunch compression and acceleration system
without collective effects for an arbitrary number of stages. A more general solution for a
system with collective effects (space charge forces, wakefields, a coherent synchrotron
radiation (CSR) within the chicane magnets) is found by an iterative tracking procedure based
on this analytical result. We apply the developed formalism to study the two stage bunch
compression scheme at FLASH [1]. The analytical estimations of RF tolerances are given for
two and three stage bunch compression as well.

II. ANALYTICAL SOLUTION OF MULTISTAGE BUNCH COMPRESSION
PROBLEM WITHOUT COLLECTIVE EFFECTS

A. Problem formulation

Let us consider the transformation of the longitudinal phase space distribution in a
multistage bunch compression and accelerating system shown in Fig.1. The system has N
bunch compressors (BC,,...,BC, ) and N accelerating modules (M,,...,M, ). The first

module consists of the fundamental harmonic module M,, and of the higher harmonic

module M, | placed as shown in Fig. 1.
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The longitudinal coordinate after bunch compressor number i is denoted as S;, the energy
coordinate at this position is denoted as &, . The reference particle is always in the origin of
the coordinate system. The initial coordinates are denoted as (S,0) and the reference particle
has the initial energy E;. In the following we neglect an uncorrelated energy spread and
approximate the longitudinal phase space distribution by a third order polynomial
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FIG. 1. The multistage bunch compression system with the high harmonic module at the first stage.

The energy changes in accelerating modules M;, M, can be approximated as
AEIJ(S) :VLl COS(kS + ¢1,1) , AEI (S) :VI COS(kSi_l (S) + ¢i) , | > 1 ,

where ¢, is a phase, V. is the on crest voltage and K is a wave number.

The energy change in the high harmonic module is given by
AE; () =V cos(nks+ ¢ ).

The relative energy deviations in bunch compressors read
(1+8(s)) Eg + AEy (S) + AE 1 (S) |
B/
(1+6,4(5)) Ei + AE; (s) ~
E
The transformation of the longitudinal coordinate in compressor BC, can be approximated by

5

o1(s) =

5.(s) = 1, i=2,.,N.

the expression
5i(8)= Si—l(s)_(r56i§i(s)+t56i§i2(s)+u56i5i3(5)): i=1..,N,

where we have used a simplified notation (54 = Rs(i6), tsei ETS(&,USQ =U gié)“ , see [3]) for

the momentum compaction factors in compressor number i .
In order to simplify the notation in the equations below we introduce a new function
Z.(s) =s/(s) and the inverse bunch compression factors

Z,=5s/(0), Z/=5s/(0), Z'=s"(0).
Let us suggest that we know the desired energies {E’} and the desired compression factors

{2} in all bunch compressors. For the linear compression in the middle of the bunch we

would like to have the first and the second derivatives of the global compression equal to
zero: Z), =0, Z =0. In general case they could take arbitrary values Z and Z°.

In order to find 2N +2 settings of RF parameters V,,, ¢, V., o,, .0},

i=2,3,...,N, of the accelerating modules we have to solve the non-linear system of 2N +2
equations



0,(0)=0, i=1,..,N,
s/(0)=2’, i=1,.,N, (1)
S0 =2, s(0)=2].

In the next section we describe the analytical solution of this system for arbitrary number of

stages N . Then in Section II.C the explicit forms of the solution for two and three stage
bunch compression systems are given.

B. Analytical solution of the multistage bunch compression problem
In order to simplify the form of the solution and to generalize it for arbitrary number of

stages we split system (1) in two independent problems.
To simplify the notation let us introduce the new variables

Xl,n + in,n :Vlynel(pl’n N Xl,l + in,l :Vl,leiwl’l N XI + in :Vlew)I . i > 1 .
T T
X= (Ko Xy ) s Y= (YooY, ) .

Then the first problem for 2N +1 variables reads
0.(0,X)=0, i=2,...,N,

s/(0,X,Y,e,)=2°, i=1..N,

2
S;\’](O,XaYaalaaz):Z;\joa ( )
sv(0,X,Y,0) =2},
. 0's, . . . .
where a=(a,a,,a;) , o = F(O) , 1s an unknown vector which describes up to the third
S

order the energy curve immediately after the high harmonic module. If we know the solution
of system (2) then we can formulate the second problem for the RF parameters in module

M;, . The second problem for 4 variables reads

51(0: X1,19Y1,1= Xl,n 9Y1,n) =0,
51'(0’ XY X Yia) =,
" 3)
51 (Oa X],]’Y1,19 X],n9Yl,n) =,
51”’ 0, X, .Y X, .Y =,
The last problem can be written as a linear system
1 0 1 0 (X, E)-E)
0 -k 0 kY| E'a —Edy (0) @
2 2 o " :
k=0 —(k)” 0 || Xin || EPar, —EJS, (0)
3 3 Y "
If the initial values EJ,d, (0), &,"(0), &"(0) and the variables ¢, i=1,2,3, are known
then the solution of Eq. (4) reads
F, + F (kn)? F, + F,(kn)?
= 1 (kn) Yy, =4 > (kn) (5)

kZ(n>-1) k3(n?-1)
- F3+F1k2 Y, - F4+|:2k2
Tk mE-n” " K-



where
F =E-Eg, F =Ela ~E F(O), i=2,3,4.

The main difficulty which remains is to find the solution of non-linear system (2). In order
to write explicitly the last two equations in system (2) we need to find the first three
derivatives of functions S;(S) and 6,(S). In the following we omit argument S. In this

simplified notation the first three derivatives at S=0 read

’ ! ! " " " ! 2
Si =Si_; —T56i0 » S =S 56167 —2ts6i (&) (6)
14 m 4 rcn ’ 3 H
S{'= ${") — I56i0) — 6ts6i 56} —6Use; ()", T1=1...N,
sp=1,5,=0,s;=0,
—KZ;_Y; " EY —k2Z2 X —kZY,
é‘i!: 1 i—1'1i , 5i”: i—1=i-1 i—17M i—1'1i ,
Eio =
m =0 353 2 ’ "
s OB —K°Zi Y —3KTZi, 2, X —KELY
] 0 9°°°9 b
Ei

o=ap, o =a,, o=
Let us describe the solution of system (2) step by step. At the beginning, from the first N
equations, ¢,(0,X) =0, we can easily find the components of vector X:

X, =E’'-E’,,i=2,..,N. (7)
From the next N +1 equations, s/(0,X,Y,,)= Zio, i=1,..,N, we find the components of

vector Y and the energy chirp ¢; = J] before BC, :
Zioy 2

5i’: ) | :15---7N 4 (8)
I56i
- SE), —S5E] i=2,..,N. v
i kZ;_, ’ o

From equation s} (0,X,Y,a,,a,)=2Z; we can find parameter «,. This equation can be
rewritten as a system of linear difference equations (see Egs. (5), (6))
X =X, +ay +b, i=L.,N,
y. =Yy, ,+dx_ +e, i=2,..,N, (10)
X, =0, Xy =Xy,
where
=s/, ¥ = E'Oé}!’s Xr% = Zr,\|09
a = é60' , b =2t (8), i=1.,N,
d, =-kY,, e =—k’Z? X;, i=2,.,N.
It is easy to check that the solution of the problem (10) can be found as

A
a, —g‘o,yl S (11)
N

where X, and X, are solutions of the particular homogeneous and inhomogeneous problems



X =X_ +aY;, X =X_,+ay +b,
Vi = yi 1+d|X| 1° yi y| 1+d|X| 1_{_e i=1,...,N : (12)
X, =0, ¥ =1, %, =0, 9 =0.

The unknowns X, and X, can be found straightforwardly from the recurrence relations (12).

Finally, the last equation, s;(0,X,Y,a)=Z"", allows to find «;. This equation can be

rewritten in a system of linear difference equations like (10) with some of the coefficients
being different:

X _ Slm , y, E-Oé‘im , X([zj = Z[I\go

b, = 6t 58" —6uy, (57) . & =k'Z2Y,-3k*Z2,Z! X, .

Hence, we have found a unique solution of the original problem (1) for any number of
stages N . We will use this analytical solution in section IV to define a bunch compression
working point for the FLASH facility [1].

C. Explicit form of the solution for two and three stage bunch compression systems

In this section we present the above derived analytical solution explicitly for two and three
stage bunch compression schemes as used at DESY.

The Free Electron Laser in Hamburg (FLASH) [1] uses a two stage bunch compression
scheme with a third harmonic module before bunch compressor BC,. In order to find 6 RF

settings ( Xy,Y1 1, X;3,Y13, X5,Y,) we have to define and to solve system (1) for N =2. To
define 6 equations in system (1) we have to fix 12 independent parameters:
Eg ,00,90,0) -initial conditions (as obtained from the gun simulations);

r,f, E, ES - deflecting radii and nominal energies in the bunch compressors;
Z, - compression factor in bunch compressor BC, ;

Z,,25,75 - parameters of the global compression after BC, .

The solution of system (1) for the two stage bunch compression system can be written
explicitly:

r—=0
X, =E) - a“lzl ZlaYz——alEl 925 , 55221 2 , (13)
I561 kZ, 1562

y Z)—X o - "2

az E]() ) y1 2_ : s Xz = X1 - 563 yz _2t562 (52)
X, 2

~ -~ _ _ _ _ r.
¥, =—KZX, kY, %, % = 2tq0f, X =X- ééé V., Vo=1-KVX, X =-=%

y1 R Z; — )?2 5 2 P95
0 ° yl — 5 X2 - Xl -
E X, E,

yz =k Zl3Y2 _3kzzlzllxz —kY ):(1 > Xl = _6u561a1 6t561a &, Z, 6@ — 2t561a12 :
Y,1, X,3,Y,, can be found through relations (5) with n=3.

L1

2§, — 6, (8)) —6tyoisr . o7 =B Yo

The RF parameters X

1L1°

The FEuropean X-ray Free Electron Laser (XFEL) will use a three stage bunch
compression scheme with third harmonic module for the longitudinal phase space
linearization. In  this case we have to define 8 RF  parameters
(X115 Y115 X135 Y135 X2, Y2, X3,Y3). In order to define 8 equations in system (1) we have to fix

15 independent parameters:



EQ,85,84,8, -initial conditions (as obtained from the gun simulations);

r.0.5,E’,EY, EY - deflecting radii and nominal energies in the bunch compressors;
Z,,Z, - compression factors after compressor BC, and after compressor BC, ;
Z5,75,7Z5 - parameters of the global compression after compressor BC,

The solution for this configuration can be written explicitly:

B0 _ 57EY 3
Xy =EV-EQ, v, = 252295 ,63’=ZZ =5 (14)
kZ, I563
y VARS) - A -
az:E_loa ==, % =%~ o 9 =2 (83) 5 3 =9, —K°ZIX, kYK,
3 3

X, =X, — §§y3, Vs =Y, —kY;X,,

r 2 \3 ron
=g :X— E_y —6Uyg, (53) —6t,;050;
3

n EOV +y = = ' S ' ’ " 1\2
53 =213 33 » Y3 =Y, t kBZ;Y3 —3k22222X3 —kY3X2, Zz = Zl - r56252 _2t562 (52) .

Other RF parameters can be found by the same relation as for two bunch compression system
(see Eq. (13)).

D. Analytical estimation of RF tolerances

The final bunch length and the peak current are sensitive to the energy chirp and thus to
the precise values of the RF parameters. Let us calculate a change of the compression due to a
change of the RF parameters.

To simplify the notation we define

X1:E8+XL1+X le_%+Y1,1+3Y1,3a (15)

)

where & =0,E,(0) is an initial energy chirp. Additionally we introduce RF parameter
vectors

v, =(X,Y)T, v = (XL YT, Av, = (AXLAY)T, X, = X +AX,, Y, =Y, +AY,,
where symbol “0 " stays for the RF parameters as obtained in Section II.C from the analytical

solution.
In order to obtain a stable bunch compression and to estimate the acceptable change in the

RF parameters we require that the relative change of compression C, =Z,™' at s=0 is smaller
than ®

C(v)-Ci() )|

Cooh |
Neglecting the second order terms the last inequality can be rewritten in the form

‘Avj -vvjci(vj)‘ <C,(v)o,

.
where term ijCi = (aiji , anci ) means the gradient of the compression in two dimensional
space (X,,Y;). Applying the Cauchy—Bunyakovsky inequality we obtain the admissible

relative change in RF parameters (X,,Y;)



‘AVJ‘ < Zi0®
vz

, Av, = (AX,AY)". (16)

Hence, in order to estimate the RF tolerances we need to estimate the partial derivatives
relative to the RF parameters. Let us denote by a point over the symbol the partial derivative
with respect to a RF parameter. Then the partial derivative of compression Z, after stage i
can be found by relations

Z.i = Zi—l - rseié"i’_ 2t56i5i!5i )

Eigi' = Ei—lé.‘i,—l - kzi—lY.i - kzxizi—lsi—l - kYiZi—l >

Eié.‘i = Ei—lé.‘i—l + Xi - kYiSi—l >

S =5~ rssié'} .

Let us at the beginning to consider the partial derivatives of the compression with respect to
the RF parameters of the first acceleration section M, . The partial derivatives with respect to

RF parameters (X,,Y,) of the compression immediately after compressor BC, are given by
1-2,

t r
0x2Zi=-2245], 0,2, =k, 5= : (17)

r
1 1 561

The partial derivatives of the compression with respect to RF parameters (X,,Y,) immediately

after compressor BC, read

’ ’ ' -7
a><lzz = axlzl - rsezaxlé‘z _2t562528x,52 , 0, = : =, (18)

r562

r , r
B0x 8, =14k, 2L, B0y 8 =kX,Z, 2 —KY,0, 7,
1 1

0yZ,=0,Z,—1,0.6,, E,0,0,=-k-kY,0,Z,.

Finally, the partial derivatives of the compression with respect to RF parameters (X,,Y))

immediately after compressor BC, can be found from relations
’ ' ' Z,~-ZL
a><IZ3 = a><lzz - r5636X153 - 2t563538X|53 , 0y = ——, (19)

r563

r
E36x]53 = Ezax152 - kY38x1 Sy axlsz = _%_ r5628X152 >
1

E,0, 0, = E,0, & —K*X,Z,0, 5, ~kY,d, Z,,

0,2, =0,2,-1,0,0;, E0,6;=E,0,6,—kY,0,Z,.
It follows from Eq. (15) that the partial derivatives with respect to the RF parameters in
modules M, and third harmonic module M, ; are given by relations

Oy, Ly =0y 1, 0y Z;=0,Z;, Oy Z; =0y Z;, 0y £;=30,Z,. (20)
The partial derivatives of the compression with respect to RF parameters (X,,Y,) can be

found as follows

Ox, 2> :_2%5_6252” 0y, 2, = Z1k%’ (1)

2 2

! ! r
Ox,Zy =0y Z, — ;05 0y — 215,005 6y, B0y 6, =1+4KY; é—éz ,

2



E.0,.0 =k*X,Z, Eﬁz KY,04.Z,, 8,2, =0,Z,~1,;0,. 61, E;0, 81 =—KZ, ~KY,d, Z,.
2

The partial derivatives of the compression with respect to RF parameters (X,,Y;) read

L1563 r
052y =278, 0, Z, =2k £ (22)

3 3
In order to estimate the partial derivatives of the compression with respect to the voltages or
the phases we use the relations
0y, Z; =0y Z;cosp; +0, Z;sing;., 0,Z,=V, (-0 Z;sing, +8, Z cosp, ). (23)

Hence, we can write the following estimation of the lengths of the gradient vectors of the
compression immediately after compressor BC,

Vv \/kz G 4 (3 K r +9(—1_Z1 jz (24)
v &1 E, E, 561 K >
\/9k2 5261+4t561(5) NX o +(1_le2
Vi3 E1 E1 561 k >

where we have used relation tg; = —1.5r,;[5]. The lengths of the gradient vectors of the

compression immediately after compressor BC, are given by relations

I...T.
il 5E61é62| o 25)
172

Az:(i+5+kyz} Bz{kxzzl+2tm(E ij& 2t562[E kY]a]
r-562 r-561 r561 r562 k r562 r561 k
561562| [9A2 +BZ

)
\/Z k°r. 562+4t5262(52’) - K \/212r5262+9(21_22f’

Vi

Vi3 2

~ —

E2 EZ

If we neglect the non-linear compression terms and use Egs. (7)-(9) then we can write the
simple estimations

k Er, +ErZ 5

Vi 2 E E \/( f Z 2 =l ) + r5612r5622k2 [Ez - E1] Z12 B (26)
k Er, +E,r”Z )

] EE, \/9( £z le -~ ) +r 561 Fs62 ’k? [Ez _E1] le . (27)

Finally, the lengths of the gradient vectors of the compression immediately after
compressor BC; can be written as (we neglect again non-linear compression terms {tséi} )

k k
~———JA?+B?, r——— J9A’+B?, 28
EE,E,ZZ, A I EE,EZ,Z, AT+, @%)

A =1 EEZ,Z, +1,,EEZ, +1,EEZ,

563

B, zk[rﬂ)lx Z, (E loZs + BN Z) )+ 15 X Z, (E i, +E r562)]

2 2
563|z1\/(5+3+kv3j [ 2],
2 E3 r563 I’l562 Zl

Vi3




21,2,.2 ’ ,
‘v Z‘—\/Z k°r. 563+4t563(5) k|563|z 1+9] = 5
Zk)

Without additional calculations it is easy to write the partial derivatives with respect to the
initial parameters: initial energy E; and initial chirp & . From Eq. (15) we obtain

0.7 =—k’18Y]Zi, aEgzi =0y Z;.

Finally, let us consider a question about the best compression scenario from the point of
view of the best possible tolerance in the booster M,,. We consider the two stage bunch

3

compression scheme and use the equation (26) to find the best value of Z, for the fixed value
of Z,. From the condition
0
z
it is easy to find out that the optimal value of the compression in the first bunch compression
reads

Z1 \/ r562E r561E Z (29)
krSélréz(E E )

=0

Vi T2

II1. MULTISTAGE BUNCH COMPRESSION WITH COLLECTIVE EFFECTS
A. Collective effects and tracking codes.

The analytical solution introduced before neglects the collective effects in the main beam
line. In order to take them into account we do tracking simulations taking into account the
collective effects through analytical estimations (space charge forces, wakefields), or through
direct numerical solution with tracking codes.

To take into account coherent synchrotron radiation (CSR) in bunch compressors we use
code CSRtrack [6]. This code tracks particle ensembles through beam lines with arbitrary
geometry. It offers different algorithms for the field calculation: from the fast “projected” 1-D
method [7] to the most rigorous one, the three-dimensional integration over 3D Gaussian sub-
bunch distributions [8].

For high peak currents the compression is affected by wakefields from the vacuum
chamber and by space charge forces. The free space longitudinal space charge impedance and
the corresponding wake function for bunch with Gaussian transverse profile are given by [9]

dZ(w) _. Z {1 ar(()a)}

% ot

, T(0,0) = J.—dt

a)O-J_

dz - 27/2€ 27

dws) . Ze | &9 xS |5( ) e
dz o |Jee] 2 2O F | O

where o, is the transverse RMS size of the beam, 6(S) is the Heaviside step function, Zis

o

the free space impedance, C is the vacuum light velocity.
Let us consider the bunch accelerated from energy y, to the energy y; along distance L .

Then we use an adiabatic approximation which takes into account the slow change of the
RMS size of the bunch during the acceleration:



SdZ (w5, 7) 02, @ 1(0,0(2)?)
Z(w)= j—d 4;ch o dz, (30)
a(2) = ”C“tz()z) o (2)= 5;5?, r@)=p+ 17,

where < ,8> is the averaged optical beta function along distancel, &, is the normalized

transverse emittance.

Along with the above analytical estimations we use an alternative approach based on the
straightforward tracking with code ASTRA [10]. This program tracks particles through user
defined external fields taking into account the space charge field of the particle cloud.

The both codes, CSRtrack and ASTRA, do tracking in free space neglecting the impact of
the vacuum chamber on the self fields. We use coupling impedances (or wake functions) to
take into account interactions of the bunch with the boundary. The waketield code ECHO [11]
was used to estimate the wake functions of different beam line elements.

The FLASH facility contains 56 TESLA accelerating cavities. Their wake function is
given by [12]

W(s)=10"6(s)43e " . (31)
The wake function of the harmonic module with 4 cavities reads [13]

. 58305%%)
W(S) = 1020(s)| 3186245 10,9 90838305 )
© ( )( s +195s

where the last term with the Dirac delta function describes the reduction of the pipe radius
from 39 mm to 20 mm at the position of the third harmonic module.

+0.0365(S)J . (32)

B. An iterative tracking procedure with collective effects

The analytical solution for RF parameters given in Section II will not produce the required
compression in reality. The strong self fields can severely deteriorate the properties of the
compressed bunch. In order to take the collective effects into account we have to carry out the
tracking simulations. For the adjustment of the RF parameters we use an iterative procedure,
which starts from the values of the RF parameters obtained through the analytical solution
introduced in Section II.

The problem without self fields can be written in operator form

Ay (x) =1y, (33)
where non-linear operator A (.) is defined in Section II.A and the right-hand side f; and the
unknown vector of the RF parameters x are given by relations

fo :(EIO,Eg,ZIO,Zg,Z Z"O X = (XY, X3, Y135 XZaYz)T~
Section I1.B describes the inversion of this operator for a given vector of the macroparameters
f,. We write the solution of the problem formally in the operator form

xo=A,  (f), (34)

where A, is the inverse operator.
The general problem with self fields included reads
A (x) =1, (35)
where non-linear operator A, () is realized by a tracking procedure (see Section IV) for the
given RF parameters vector x. Let us note that the tracking operator depends on this vector.

10



We would like to use the analytical solution as a “preconditioner” at each iteration. Our
experience shows that such approach results in fast convergence (~ 5 iterations). In order to
derive the iteration scheme let us rewrite Eq. (35) in an equivalent form

x=Ay' (Ag(x)+fy— A (x)).
From the last equation the iterative scheme
-1 —
X =Ag' (Ag(Xp)+ —Ax(Xy1)), N>0, g =Ag (D), (36)
can be suggested. It can be rewritten in a more convenient form, where one iteration includes

the following steps:
f,_; = A, (X,_;) - doing of the numerical tracking,

Af,_; =1, —1,_; - calculation of the residual in the macroscopic parameters,

gn=8n TAf |, X, = Aal (gn ), - doing the analytical correction of the RF parameters.

The iterative scheme is robust and converges fast to the solution. We apply this iterative
algorithm in the next section in order to find the working point for two stage bunch
compressor system in FLASH.

IV.MODELLING OF TWO STAGE BUNCH COMPRESSION IN FLASH FACILITY

The Free-Electron Laser FLASH at DESY is the first user facility for VUV and soft X-ray
laser like radiation using the SASE scheme. Since summer 2005, it provides coherent
femtosecond light pulses to user experiments with impressive brilliance [1, 14]. It includes
two bunch compressors, a C-chicane and an S-chicane. These two chicanes have to compress
the electron bunches to achieve the peak current of 2500 A. After the recent upgrade in 2010
the third harmonic module was installed and the linearized bunch compression is now
possible. In the following we describe a way to define a working point in the current technical
constrains for a special case of bunch with charge of 1 nC. The results from tracking
simulations will be presented as well.

A. Definition of the working point

Before to look for the RF parameters settings we have to define 12 macroparameters (see
Section II.C). These parameters define operator A, and vector f; in Eq. (33), which is an

operator form of system (1).

The initial conditions E(()) ,5(; (O),é(; (0),6(')" (0) are obtained from numerical simulations of
the gun with code ASTRA [3]. The code is used to model the self-consistent beam dynamics
for the bunch with charge of 1 nC. The initial energy from the gun Eg is about 5 MeV. The
current profile and the longitudinal phase space after the RF gun, before the booster M, |, are

shown in Fig.2.
The initial peak current after the gun is about 52 A. Hence, in order to reach the peak
current of 2.5 kA we need the total compression given by

After the recent upgrade the FLASH facility has the following technical constrains on the

achieved voltages:
Vi <150 MV, Viz<26 MV, V, <350 MV.

The deflecting radii in the bunch compressors have to fulfill the restrictions

11



14<cr03,  s53<2<i68.
m m

In order to correct the nonlinearity induced by the fundamental harmonic module M, , before
compressor BC, we need to use a deceleration in the third harmonic module M. And for
the voltages in module M, the relation V,, =V,,/9 approximately holds [3]. Hence, the

nominal energies in BC, and BC, are fixed with safety margin of 5% as follow

EL = 0.95{E8 +§emaxvm} ~130MeV, EJ =0.95-(E) +emaxV,) ~450 MeV . (38)

I,[kA] E,[MeV]
60 | | | | | 5.15 '
| | | | |
50 - - - - - TN 54
| | | | |
| | | |
40 - -~ e -1\ 508
| | | | |
| | | | |
30r---- Y A R T W 5
| | | | |
20F - - - Rl
| | | | |
| | | |
10F---- e 49[
l | | | | . . . : _
(-)6 -4 -2 0 2 4 6 48?8 4 2 0 2 4 5
S [mm)] S [mm]

FIG 2. The initial particle distribution after the gun. The left plot shows the current profile. The right
plot presents the longitudinal phase space.

Now we are going to choose the deflecting radius r | in compressor BC,. In order to reduce

the space charge forces between the bunch compressors we aim to use only a weak
compression in BC,. Hence the deflecting radius of the first bunch compressor is fixed at the

maximum
r=193m. (39)
This solution has two additional benefits: small CSR fields in compressor BC, itself and a

possibility of a larger energy chirp after it. The last feature reduces the voltage requirement on
RF module M, .

-1
Let us now choose the compression factor C; = (Zlo) in the first bunch compressors. We

would like to take it as small as possible. For the time being we will fix the free parameters of
the global compression at zero: Zéo =0, Zé’o = 0. From the analytical solution of Section II.C we
build the plot shown in Fig. 3. It has three areas. In region I we need a very high voltage for the third
harmonic module: V,; >26 MV. In region Il we need a very high voltage for the second accelerating
module: V, >360 MV. Hence our solution has to belong to region III. It can be seen from Fig. 3

that, due to the restriction on voltage V, 5, the compression in the first BC can not be less than

2. In order to have a reserve in V|5 for adjustment of global compression parameter Zé’o and

for the self-fields effects compensation we choose
C,=2.84. (40)
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Now we are going to choose the deflecting radius I, in S-chicane BC,. At the first step we
will fix temporarily the phase ¢, between the bunch compressors near to the maximum

E)-E;
@, =0.9cos™ | =2—L |~ 22°.
max(V,)

It means that we aim to produce the largest possible chirp with the RF system (Vz,(pz). It

means that for the fixed compression factor C; the energy chirp at entrance of BC, will be as

large as only possible. Such solution uses a larger deflecting radius I, and it results in
weaker CSR fields in the last chicane.

r,[m] 10

FIG 3. Choosing of compression in BC1. The plot shows the level lines for voltages for global

compression terms Zéo =0, Zé’o = 0. The circle presents the working point.

Z,(s)0.1

0.05

FIG 4. The left plot shows impact of global compression term Zé’o on the compression curve along the

bunch. For Zé’o = (0 a very strong compression in the head of the bunch can be seen. The right plot

shows the required voltages in module M, vs. parameter Zé’o .
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Fig. 5. Impact of Zéo parameter on the bunch shape (left plot). Longitudinal phase space after the
second bunch compressor (right plot).

In order to find the deflecting radius r, we have to solve the system
1 1 =

N L Y
1=156161(0) 1=156,6,(0)C,

, kY, E. = 70
5,(0)=———2+—L5(0), C,=—=L,
2 C1 Eg Eg 1 2 220

for (r562,51'(0)). Here term 52 is the compression in compressor BC, alone. The solution of
this system reads

(1+9)-C,"' o (C; = Drsey
0/ —or ] » 1562 =

561 (1+9) +Ey (Ez) 562
Bunch compressor BC, is of S-type and the deflecting radius is given by [5]

Lg
~ =6
sin/—Tsq, /(3Lg +4Lp)

where L; =0.5 is the magnet length and L, =0.5 is the drift length between the magnets.

5(0) =

Y2
— . :g:kF%éZ'
C,((C,-DE!(E3) -9) 2

Equations (37)-(41) give 6 macroparameters from eight required to define system (1). We

need now to choose values of Z3 and Z5°. It follows from the definition of function Z(s)

that in order to have a local maximum of the compression at $ =0 we need Z5 =0, Z5°>0.
Let us first to consider meaning of the parameter Zé’o. The left plot in Fig. 4 compares two
compression curves for different values of this parameter. We see that for Zé’o = ( a very strong

compression in the head of the bunch exists. We can avoid it by choosing Zgo >0.

Table I. The RF parameters in the working point

V1,1 > 28 V1,3 ) ZED) V,, 0,
MV degree @ MV  degree MV degree

Withoutself 11649 1052 2102 18077 345 21.95
fields
Withsell 14407 466 2258 14470 35032 2338
fields
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Fig. 6. The RF tolerances in accelerating module M, vs. global compression parameter Zé’o.

Table II. RF tolerances in the working point.
M, M, M,
|Ago| 0.00111 0.0022  0.0026
|AV | /V 0.00096  0.0075 0.0042
|A\7| / ‘AVO‘ 0.00072  0.0021  0.0022

In order to fix the positive value of the parameter Zé’o we consider the right plot shown in

Fig. 4. It presents the required voltages in module M, vs. parameter Zé’o. In order to

minimize the requirement on the voltage in this module we choose
259 =2000m™. (42)
Finally, we would like to fix the last parameter Zéo. With the help of this parameter we can
shift the maximum of the compression to the right or to the left as shown in Fig. 5. We use
Zy¥ =1m’! (43)
to symmetrize the current.
Equations (37)-(43) completely define system (1) and from the analytical solution of

Section I1.C we can find the RF parameters given in Table I (the first row).
Let us estimate tolerances for relative change of compression ® = |AC2|/ C,=0.1. We use

the analytical estimations of Section II.D. The left plot in Fig. 6 presents the estimation of the
relative voltage and phase deviations admissible in module M,

av| 2z °

Z
0, Ag, | s —2~0.
Vi V00,2, o

These tolerances are obtained from equations (17)-(23). By the solid line we show the
strongest tolerance in two dimensional space (XU,YU). It is given through the gradient as
follows (see Eq.(16))

av.|__ ze

0 p—
‘Vl,l‘ V1,1 Vvl,1 Zz

o2
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The same tolerances are shown for the third harmonic module at the right plot in Fig. 6. Table
II presents all RF tolerances for the working point defined in this section.

Fig. 7. The RF tolerance in accelerating module M vs. compression in the first BC.

Finally, we show in Fig. 7 the dependence of the strongest tolerance in the booster M, on
the choice of the compression factor C, for the fixed factor C, =48, and other parameters

chosen as described above. It is easy to see that the chosen value C, =2.84 (see Eq.(40)) is

near to the optimum. Let us note that the approximate solution given by Eq.(29) results in the
value C, =2.67.

B. Tracking simulations with collective effects.

In this section we present results for simulations with all collective effects included. We
have implemented two different tracking procedures. The first procedure uses the analytical
model of accelerating modules and tracks the transverse phase space by linear optics
transform matrices. The longitudinal space charge forces are taken into account analytically as
described in section III.A, Eq. (30). The second procedure uses code ASTRA to track the
particles through the accelerating sections of the beam line. The bunch compressors in both
procedures are tracked with the help of code CSRtrack. The first procedure is fast. It takes
only about 10-20 minutes on one processor. The second procedure is very time consuming
and takes hours of heavy parallelized calculations. We use the first model to implement the
iterative procedure described in section II1.B, Eq. (36). It takes about 5-10 iterations to solve
the problem. After it we check the results with the full three dimensional calculations
implemented in the second procedure.

Fig. 8 presents the properties of the bunch after the second bunch compressor as obtained
with full 3D modeling. The left plot shows current profile I(S), horizontal slice emittance

&,(8), vertical slice emittance ¢ (s), and RMS slice energy spread o (s) . The right plot

presents the longitudinal phase space. It can be seen that the iterative procedure described in
section II1.B, Eq. (36), indeed has found the solution for the RF parameters which produces
the desired longitudinal bunch compression. The found RF parameters are listed in the second
row of Table .

We have checked with the tracking that the tolerances are left approximately the same as
described in Table II for the situation without self fields.
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Fig. 8. The properties of the bunch after the second bunch compressor as obtained by 3D self
consistent simulations.

V. SUMMARY

In this paper we have derived an analytical solution for multistage bunch compressor
system with high harmonic module at the first stage. On the basis of this analytical solution
we have proposed an iterative procedure to find the working point from tracking simulations
with collective effects included. The introduced formalism was applied to study the bunch
compression in FLASH facility. The derivation of the analytical solution is quite general and
can be generalized to more complicated configurations.
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