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Equations (2) - (4) have been incorrectly transformed into dd’u /d.T',
aﬁﬂ;_/dTand 0(6.-1' /AT (case B). Equation {6) should read

Aoy

- a@ 2(37°-3T+2) b 22! _ 3GBT-2)(3-T)
dT T(I-7) I-T /=T
R(8T-37T3%-4)
TZ
AT, - o 2 (8T-3T7°%4)
AT T2
Ao | 1 4o
AT < AT
Case A:
Ao, Oy [z(z,-'r)(sv'z)/ z.+Tam. 3_,_3]
AT 217 fi-T ‘n(T )
Case B:
s = ¢ g (2-2T+T?) [5 VeT-1 - ——'-—]
4T | 7* T(-T

This invalidates Fig. 4 and Equations (8) and (9). Figure 4 is corrected
here. Equations (8) and (9) should read

T=0.8:

vl o+ 060 CstO 4 010 9FO cor 2x (8)

0.14 i
-+
fa.mf S 20 cos X



T = 0.75:

Aol 0. costG 4 014 i Crs 2

0’3f¢ 20 cosX

004’ (9)
It is no longer true that the asymmetry is largest for case B;
In Eq. (11) it should read
Case B:
Xg (4°) -
¢ -5 5 4_&(_2_ [ﬁ+gz+{&1€/)
T o T 3 EJ G"'I

We Tike to thank J. Cleymans, M. Kuroda and D. Schiller for drawing

our attention to this.

Figure Caption

Fig. 4 Corrected partial cross sections.
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Abstract:

The topological features of hadron jets in ete” annihilation may reliably be
calculated in QCD perturbation theory. To second order the final state hadrons
fall into quark-antiquark and quark-antiquark-gluon initiated jets. The latter
induce angular asymmetries which are extensively studied.
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Quantum chromodynamics (QCD) stands a good chance to be the underlying theory
of the strong interactions. Qualitatively, it receives strong support from
recent years' experiments. But this cannot hide the fact that quantitative
evidence is still scarce.

It is impressive how well QCD accounts for the scaling violations seen in deep
inelastic lepton hadron scattering.l) But, as has been pointed out e]sewhere,z)
most of the scaling viclations also allow a conventional explanation in terms
of new thresholds (e.g., charm) opening up in going to higher energiesz) and
certain (dynamical) scale breaking effects showing up in the twist- 6 (and
higher} operators in the operator product expansion.3) This indicates that a
quantitative test of QCD at present energies and for space-like photons is

very much aggravated by nonperturbative binding corrections which can at best

be estimated.

This situation is likely to change for high energy electron-positron annihilation
into hadrons at PETRA and PEP. Firstly, it is conceivable that for a wide range
2 and as 1000 GeV2

of q2 (say for q2 between A 100 GeV ) no new flavour degree

 of freedom will be excited which eliminates this source of ambiguity. Secondly,

there is a wide range of partial cross sections which can be calculated pertur-
batively in QCD and hence do not suffer from intractable details of hadronic

bound states. This makes PETRA and PEP an ideal place to search for unmistakable -
QCD signals.

Sterman and weinbergq) have argued that the absence of mass singularities be
taken as a criterion for the validity of perturbation theory. This criterion is
satisfied if we Timit our consideraticns to final state measurements which do
not entail the properties of specific hadrons. Such quantities are, e.g., the
(various) total cross sections+) and distinctive features of hadronic jets.

In this letter we shall give full account of the topology of hadron jets in
e"e” annihilation in Towest nontrivial order of perturbation theory. In

t1l.e., G O, O and 97 -
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particular, we predict a sizable angular correlation between the plane of
the jets, originating from the hard gluon bremsstrahlung correction, and
the beam axis, being a direct test of QCD.

To order 92/41T, g being the quark-gluon coupling constant, hard gluon

bremsstrahlung (Fig.lb and Ic) gives rise to three jet events while the rest
of the cross section corresponds to two jets. The average transverse momen-
tum of the qqg final state grows like (q2/1n(q2AA?))1/2.
assumed, with reference to the parton model, that the (non-perturbative) quark

While it is usually

and gluon fragmentation into hadron is characterized by a 1imited

<py> o 400 MeVo “this becomes negligible with respect to the
transverse momentum of each jet at high energies so that a distinct signal of
primary qqg production should emerge.

Following Sterman and Neinberg,4) various authorsS)G) have proposed variables
for measuring the jet topology which are infrared insensitive and, hence,

can be reliably caiculated in QCD perturbation theory. Amcng those are thrust
T , spherocity S and acoplanarity A.

For algebraic convenience we shall put the quark mass equal to zero+). For
unpolarized electrons and positrons the functional form of the basic partial
cross section for e > XV*-—%> q(pl)ﬁ(pz)g(p3) is given byS)

ita
T
dcos & A X dx, dAX,

——
w——

g

. o ¥a 3
+;41,.4"9 £ 4+ 3 plocmzia Ao
dx’ 4()(4 4 [txl[ dxz,
2
C 3 i 20cea 2T (1)
27 Ax, dx,

+)Our results for massive quarks will be published e1sewhere.7)

P e
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where =2 P /Vr-§1 (xq + Xo + Xq = 2). @ s the angle between the
incoming e]ectron beam and the thrust axis while X 1is the azimuthal
angle between the qqg -production plane and the beam axis (Fig.2). The
thrust axis coincides with the direction of the maximum momentum which can
be carried by either quark, antiquark or gluon.

The cross sections G"U, G’L,U‘T and CT'I have the following interpretation.
CFUGSL) is the cross section for unpolarized transverse (longitudinally
polarized) photons with helicity axis 0z , i.e., the thrust axis (Fig.2}.

A 031) corresponds to the interference of helicity + 1 and -1 amplitudes
(the real part of helicity + 1 and O interference).

In calculating the various partial cross sections we have to distinguish
between three kinematical regions (Fig.3):

I: X > X9, X3
I1: Xo S X1> Xq
I11: X3 PRSTIRS
In region I{II) the thrust axiscoincides with the direction of the outgoing
quark (antiquark) while in region III the thrust axis corresponds to the

gluon momentum.

In the various. regions we find

I: z
0( <71L ) [_
= ¢ — x+><(1,_4a~.9)]
(i=x,)(1- X3 ) 2
d(x‘c(JqL <
f(ztﬁ. - (ys(l) / é-)<:'4;ﬁ¢‘L€bz'
Ax, dx, (1-,)(1-%, )
(2}
A L A,
Ax, Ax, Ax, ax,
2
A w ! L xD siaz6

Y



IT:

III:

2
U o oo [X X (1-fandg,,)]

le, ax, (/‘xt)("*z)
/{aﬁ' / 4
L = G(') L XL/J"IM 9,2' (3)
Ax, X, (=%,)(1-x,) ¢ '
¥4

it

A°G

I 6\0) / / z .

—I = —— L x"muz0
Ax, Ax, U-x)(1-x) 40 '
oA °G"

U ) / 2z .2
— = X (i- %" 0,,)
Ax, Ax, (1=, ) (1-%,) L - 3

2 _.L - 2 l
+ X (-7 9,_3)]
ALy / , :
= e o gW@ [X’ZMZQ"_‘ + X:Mzgzs ]
Ax, Ax, (I=x,)(1-x,)
2 2
A6 _ , A0

Ax, ox, ¥ Ax, Ax, (4)

Z
A7y s ! ¥
Ax, dx, (1-X)(1-%.) 412

[xf‘m&a@u + X:MCQ‘!.‘]
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where G'(l) =% T%?* 0"'0 R 0"0 being the cross secticn for efe > qq

in Born approximation, and

(I—'Xl-xz, )
b A

CA?-SQ ==]+_z_'.
(5)

\ra x, X
2
x X

PR}

i
—
e

60'-3 O,s (I-x,'_’\’\])

s B2y =1 4 “'2,"}3 (1= X2=-x3)

X

Along with the definition cf angles (Fig.2) 6912, 5913 and 692? will range
between O @12<T1' . 0 913{17 and g S.3< A

[t is easy to see that G..L’ T and Q_I are infrared finite

(sinz@ij A'(l—xl)(l-xz)). The infrared divergence inherent in G_U cancels
with the infrared singularity arising from the interference between diagram
la and the Born term.

We are now ready to give the results for the differential cross sections in,
e.g., thrust and spherocity.ﬂ Here we shall mainly be interested in the
thrust distribution which means to integrate (2), (3) and {(4) over their
appropriate regicns keeping X1 X and Xq = Z - Xy = Xg s respectively, fixed.
Since one measures hadrons and not quarks and gluons we also need to specify
the azimuthal angle X (Fig.2) in terms of chservable quantities. Note that
it 1s the term proportional to cos?, in the angular distribution (1) which,
being asymmetric in X —» X + T (i.e., X —> - 6:(}),

makes a prdper definition of X necessary.

Two choices come to our mind:

A. We distinguish gluon jets from quark and antiquark Jjets, the latter not

+7Note that A = 0 for e'e = cqg . Spherocity will not be a useful quantity
for analyzing three-jet events as we shall see later on.
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being differentiated.+) This should be feasible since we expect the
g1egp jet to have, e.g., a much higher mu]tip]icity.++) We then choggf
- 0x to point into the direction of the gluon jet. In other words, Ox
defines the hemisphere in which to find the quark {region I) and antiquark
jet (region II), respectively. In this case (T} does not receive any
contribution from region III, i.e., where the gluon is most energetic.

_ 2 . . . .
B. MWe choose Ox to point into the hemispherein which to find the second
most energetic jet originating either from a quark, antiquark or gluon.

Clearly, A and B will only affect(TI . For the various partial cross sections
we find

ATy _ [ LT E3TE2) 6:127' __4&1

AT T(1-T) -T 201
= 3(37T-3):-T) (3'7'-{)
T * J

A9, ) (37-2)%

— b - -

aTr o [.QL {;w‘4C7#T) | 7f§ .]

4% _ L 2SS

AT L oaT
Case A

LA - o0 L [{(Z-‘?‘)(&T-é)/z'r-z .w:mC (37—_4)]

- $in

Case B:

lq—z =" 7 [ #(I-‘T)?'/zT-l _ 7= ]
oqAT T* ‘Fﬁ'

+)Topo1ogica11y, quark and antiquark jets look the same.

++)Fo]10w1ngsimp1y from the fact that the gluon fragmentation function has a
stronger threshold factor than the quark fragmentation function. See also
Ref.9.
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Again, the infrared singularity (T=»1) of D'U cancels against the infrared
singularity in efe’ = gq to order gz. In comparing {6} with results
stated elsewhere it should be noted that T~ (e'e” —» aqq ) ::<Th AR

For the qqg final state T varies between %gg T £1. The cross section
for e'e —»aq , on the other hand, is d9/dTa~ & (1 - t) so that for
smaller T the three-jet configuration should stick out. For finite energies
the T distribution will, however, be smeared out by the guark and gluon
fragmentation which takes place at non-zero, though Timited p; .

We identify g2/4Tr with the renormalization group running coupling constant.

For five guark flavours this yields

¢ 2 l.64
? D(S(a,) =z —— (7
4 €n (4°/A°)

—

{1}

where A is determined to be *) A N 700 MeV. In Fig.d4 we have plotted the
various partial cross sections {6) divided by the total cross section (to order
O(s }. Also shown is the cross section dtr(e+e_~§ aq )/dT folded with the
experimental quark fragmentation functionG) for 10 and 20 GeV.

If QCD is the correct underlying theory, we predict that all events with not too
large T (e.g., T 0.85 for 20 GeV} will be oblate and vary in shape between

a pan with the panhandle being the thrust axis and a three-tcothed star with
less distinct thrust axis. The thrust axis and the production plane with
either of the two definitions, A and B, of 53 (Fig.2) will be distributed
according to (1) with dZO'A /dx1 dx2 (A=U, L, T, I) replaced by++) dc.l/dT’

+)E.g., Ref.10. This value agrees with the most recent analysis of the CERN

12)

) . 11 .
neutrino cross section. ) Moorehouse et al. obtain a somewhat smaller

value.

++)The coefficients of the various angular parts can be directly read off from

Fig.4 multiplying dG[/dT (dG;/dT) by 2(2 RY



Explicitly;we find for moderate T

T=0.8:
AW 1+ 0.38 Cos® + 0.16 2alo coe 2%
+ "'”}Mzemm
0.37
T =0.75:

A |+ 0.28 crute 4+ 0.18 Aina’e com 2%

+f0'/3 f M 26 Cor X
0.4&

where the upper (lower) value corresponds to the definition A (B).

Equations (8) and (9) indicate a substantial deviation from the 1 + cos’®
distribution of the thrust axis as predicted by the parton model. The
term proportional to cos 2% , describing the azimuthal correlation of
the jet plane with respect to the beam axis, predicts the jet plane to

preferentially form a small angle with the beam axis, i.e., T e X < —E

or %W(’X(é‘fa’ . As can be deduced from Fig. 4, this effe‘gt is
most prominant for T near its lower boundary *) where do/dT and
d6,/dT become close . The best choice for the polar angle @ is
9= -E where f-or moderate T we expect a 30 % signal. The Tast term in
the angular distribution formula (a cos®) provides the most distinctive
test of QCD. Measuring this term reguires to locate the gluon jet (A)

or the jet of second maximal directed momentum (B) within the jet plane.
The effect is largest for case B. This suggests to analyze the data in
terms of thrust and a suitably defined quantity which determines the

axis of the second most energetic jet. We propose to use )

+ » £l
)For the azimuthal correlation cos 2Xit does not matter if, experimentally,
the thrust axis can be uniquely determined.

++)
For a more sophisticated discussion see Ref. 13.



Z 7i7, OCF, %) 606G, [%,-(Hn) 7 ])

T, () = 2 Max i
n, Z 17!

where ?ﬁqz are unit vectors with ﬁz along the thrust axis. The sum-
mation is over the intersection of the hemisphere opposite to the thrust
axis (-31.?1 < C ) and the hemisphere p1.x> G, i.e., ovei; those particles
which originate in the second most energetic jet (axis nz). Evidently,
spherocity is not a useful quantity for testing QCD.

Finally we shall be interested in the averaged cross section (over T)

2T dzcr/dcosed'x. . This has the form (1} with coefficients
Gy > T » T and T . To order X g we find
' :
Xc (%) _ 32 3
X¢(4) /az 3
OHL = G-o \_?h_.?- (3—' eﬂ.z‘ 4 )

Case A:
2y _ 3% __/!7;')
3 3R 9

Case B:

2
) 27 .
G = O e /r$€ 28 -

4 o T 3 LT rd

+ - 4 -
where UIJ now also includes the Born term (of e e —> £ —> qq)
and the second order diagram interfering with the Born term. For /q2 =
20 GeV this gives

3 7 /"+l

(11)-
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A

XL —m = 041G I+ 0.%92 cox®
AcesB oA ¢ [ “o” O
£ 0.02 dnlo crs2X + [g‘a’f}}%ze@:x]

where the upper (lower) number corresponds to A (B). The term proportional
to cos 2% will be hard to recognize in the total data samp]e +) while the
last term {a cos®¥) and the deviation from the 1 + cos e distribution of
the thrust axis should be measurable.

For transversely polarized electrons and positrons the angular distribution
is of the form {e.g., Fig. &)

o AT

Acos dx (1+ o0 + Tini6 cos 28 ) oy

S 2 TA

-.L
Ll
T r\

Zcosa¢ ) 2nle 7,

(#71.°6 + 7 *cos 2@ (14 cos0) Jeas X
2701l P e © A 2 A [ O,

~ = L(-72cs24) cos o cony
+ PPaiae 20 M A ] 2O T

where P is the transverse pclarization of each beam. The same formula
holds for the partial cross sections. Eventually this will allow to
measure CYU ,tS'L , crw. and G"I more accurately given the Timited
acceptance of the detectors.

In our view ete™ annihilation into hadrons offers a decisive test of
the underlying theory of hadronic physics. Experimentalists should,
however, be aware that weak decays of charmed and bottom quarks give
rise to a similar asymmetry which is not to be confused.

+ 0
)After having finished our calculations we became aware of a preprint

by Pi, Jaffe and Low 14) who have also given this number.
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Figure Captions

Fig. 1

~ Fig. 2

Second order QCD diagrams for etels f*—b hadrons:
(a) diagram interfering with the Born graph, (b) and
(¢) diagrams for gluon production.

Definition of angles @ , X and ¢ The thrust axis

is along 07 while the q. q and g momenta 1ie in the
plane (x, z). The { y, z) plane divides the final
state into two hemispheres. Ox defines the hemisphere
in which to find the antiquark {(quark) in case of the
thrust axis being given by the quark (antiquark)
momentum. I7 the gluon is most energetic 5?'defines
the hemisphere in which to find the quark. The angles

&, X and 4’ vary bétween O£ OET, O X€LX and
0 @$<2T. When talking about the thrust distribution
> .

Ox will be defined according to A and B.

Fig. 3 Regions of integration. For their proper definition see

R S

Fig. 4

text.

Partial cross sections. U: dCTU/dT » L: d(TL/dT
and I: -d/dT 3 do3/dT = 1/2 49 /dT . The
dashed curve shows dS (e"e =qq)/dT smeared out by the

guark fragmentation functions. This is taken from Ref. 6.
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