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BRAUER GROUPS FOR COMMUTATIVE S-ALGEBRAS

ANDREW BAKER AND BIRGIT RICHTER

ABSTRACT. We investigate a notion of Azumaya algebras in the context of structured ring
spectra and give a definition of Brauer groups. We investigate their Galois theoretic properties
and discuss examples of Azumaya algebras arising from Galois descent. We construct examples
that are related to topological Hochschild cohomology of group ring spectra and we present a

K (n)-local variant of the notion of Brauer groups.

INTRODUCTION

The investigation of Brauer groups of commutative S-algebras is one aspect of the attempt
to understand arithmetic properties of structured ring spectra.

In classical algebraic settings, Brauer groups are defined in terms of Azumaya algebras over
fields or more generally over commutative rings [3, 2| B2] and are closely involved in Galois
theoretic considerations. In this paper we discuss some ideas on Brauer groups for commutative
S-algebras and in Section [B] we investigate their behaviour with respect to Galois extensions
of commutative S-algebras in the sense of John Rognes [30]. In earlier work, the first named
author and Andrey Lazarev discussed notions of Azumaya algebras, but these appear to be
technically problematic; see [4], especially sections 2 and 4. Niles Johnson [19] discusses Azu-
maya objects in the general context of closed autonomous symmetric monoidal bicategories,
and his characterization of Azumaya objects in the case of ring spectra resembles ours (see [19]
52)).

We present our definition of topological Azumaya algebras in Section [l and show that such
algebras are always homotopically central (in the sense of Definition [[L2]) and separable, and
also that the Azumaya property is preserved under base change.

Section Bl we define Brauer groups of commutative S-algebras and in Section [B] we prove
a version of Galois descent for topological Azumaya algebras. We use this to construct an
example of an Azumaya algebra over real topological K-theory, KO, which can be thought of
as a K O-version of the quaternions.

In the case of Eilenberg-Mac Lane spectra we show in Section [ that an extension HR — HA
is topologically Azumaya if and only if the extension of commutative rings R — A is an
algebraic Azumaya extension. Furthermore, using recent work of Bertrand Toén [35], we can

deduce that the Brauer group Br(Hk) is trivial if k is an algebraically closed field.
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Classically, the center of an associative algebra A over a commutative ring R can be described
as endomorphisms of A in the category of modules over the enveloping algebra A = A ®p A°.
For structured ring spectra, the direct analogue of this definition does not yield a homotopy
invariant notion. Instead one has to replace A by a cofibrant object in the category of module
spectra over the enveloping algebra spectrum, so the center of an associative R-algebra spectrum
A is given by the topological Hochschild cohomology spectrum THHR (A, A). But this spectrum
is not strictly commutative in general, but due to the affirmatively solved Deligne conjecture [27]
it is an Fs-spectrum. There are however exceptions and in Section [6] we discuss some examples
arising from group ring spectra and their homotopy fixed point spectra.

As usual, when generalizing arguments from ordinary algebra to brave new algebra, technical
difficulties are encountered. In the context of Brauer groups one such problem is that we do
not know any general argument why an Azumaya algebra spectrum that is trivial with respect
to the Brauer relation is itself weakly equivalent to an endomorphism object. In Section [ we
offer a variant of the construction of Brauer groups in the K (n)-local context where it appears
that the technical difficulties are minimized and we discuss some examples related to EOs in
Section [8

1. AZUMAYA ALGEBRAS OVER COMMUTATIVE S-ALGEBRAS

Throughout, let R be a commutative S-algebra. We work in the categories of R-modules,
MR, and associative R-algebras, o/r. Following [5, [30], we will say that an R-module W is
faithful if for an R-module X, W Ar X ~ * implies that X ~ x.

We recall some ideas from [4]. If A is an R-algebra, we have the topological Hochschild

cohomology spectrum
THHR(A) = THHR(A, A) = Fap,a0(A, A),

where A is a cofibrant replacement for A in the category of left A Ar A°-modules A, a0. We
write n: R — THHR(A) for the canonical map into the R-algebra THHR(A); we also write
w: AN A° — Fr(A, A) for the R-algebra map induced by the left and right actions of A and
A° on A.

Definition 1.1. Let A be an R-algebra. Then A is a weak (topological) Azumaya algebra over
R if and only if the first two of following conditions hold, while A is a (topological) Azumaya
algebra over R if and only if all three of them hold.

(1) Ais a dualizable R-module.
(2) pu: AAR A° — Fr(A, A) is a weak equivalence.
(3) A is faithful as an R-module.

Note that this definition of Azumaya algebras over R differs from that in [4] since we demand
faithfulness of A over R and not just A-locality of R as an R-module.

If T is an ordinary commutative ring with unit and if B is an associative T-algebra, then the
center of B can be identified with the endomorphisms of B as an B ®p B°-module. Therefore

THHR(A) can be viewed as a homotopy invariant version of the center of A.

Definition 1.2. An R-algebra A is said to be homotopically central if the canonical map
n: R — THHR(A) is a weak equivalence.



For the following we recall a special case of the Morita theory developed in [4, section 1].
For a topological Azumaya algebra A over R we consider the category of left modules over the
endomorphism spectrum Fgr(A, A), M p,a,4) and we take a cofibrant replacement A of Ain
this category. The functor

F: .//R — ///FR(/LA)
that sends X to X Ar A has an adjoint

G: %FR(A,A) —>«//R

with G(Y) = Fpp(4,4)(4,Y). Then [4, theorem 1.2] implies that this adjoint pair of functors
passes to an adjoint pair of equivalences between the corresponding derived categories

F
-@R?> DFr(A,A)
and as a direct consequence we obtain the following result.

Proposition 1.3 ([4, proposition 2.3]). Ewvery topological Azumaya algebra A over R is homo-

topically central.

By proposition 2.3 and definition 2.1 of [4] we also see that any A topological Azumaya
algebra over R is dualizable as an A Ar A°-module and A Ag A° is A-local as a left module over
itself.

In classical algebra, Azumaya algebras are in particular separable. Using Morita theory we
can deduce the analogous statement for topological Azumaya algebras. Here an R-algebra is
separable in the sense of [30), definition 9.1.1] if the multiplication m: AARr A — A has a section
in the derived category of left A Ar A°-modules, Zanpa0.

Proposition 1.4. Let A be a topological Azumaya R-algebra. Then A is separable.
Proof. By the remark following [30), definition 9.1.1], it suffices to prove that the induced map
My - THHR(A, AANR A) — TI‘H‘IR(AA7 A)

is surjective on mp(—). Denote by A a cofibrant replacement of A in the category of A Ap A°-
modules. Morita equivalence yields the two weak equivalences

G o F(R) ~ THHR(A, A),
G o F(A) ~ THHR(A, A AR A).
The functoriality of G o F ensures that the unit n: R — A induces a map GoF (n) with

GoF(n)

R—Z>C~vY o ﬁ(R) Go ﬁ(A)<Z—A

This is given by sending the coefficient module of THH, A~ R/\RZ ~ RARA, to AANRA ~ A/\RZ
using 1. Therefore
To(my) o mo(G o F(n)) = id,

and so m(my) is surjective. O

We now describe the behaviour of Azumaya algebras under base change.

Proposition 1.5. Let A, B,C be R-algebras.
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(1) If A is an Azumaya algebra over R and if C is a commutative R-algebra, then A Ag C
is an Azumaya algebra over C.

(2) Conversely, let C' be a commutative R-algebra such that C' is dualizable and faithful as
an R-module. If ANg C is an Azumaya algebra over C, then A is an Azumaya algebra
over R.

(3) If A and B are Azumaya algebras over R, then A Ar B is also Azumaya over R.

Proof. If A is an Azumaya algebra over R, then it is formal to verify that A Ar C is dualizable
and faithful over C' (compare [30, 4.3.3,6.2.3]). It remains to show that

pangc: (AANRC) Ao (AANRC)® — Fo(AARC,ANR C)
is a weak equivalence. Note that since the multiplication in A Ag C' is defined componentwise,
(AAR C)° = A° AR C°.
The diagram

HAANRC

(1.1) (A/\RC) Ve (A/\RC)O Fc(A/\RC,A/\RC)
ANgp A° AR C Fh(AjflAR(j)
Fh(AvazﬁR(j

commutes. Here v: Fr(A,A) AR C — Fr(A, A Ar C) denotes the duality map. As A is
Azumaya over R we know that v and pu4 are equivalences, and thus we obtain that the top map
is an equivalence as well.

For the converse we assume that A Agr C is Azumaya over C and C is faithful and dualizable
as an R-module. If M is an R-module, then A Ap M ~ % implies that

(AARC) A M ~ (A AR C) Ac (C Ap M) ~ x.

Also, the faithfulness of A Ag C over C ensures that C' A M ~ x. But as we assumed that C
is faithful over R, we can conclude that M was trivial.

The fact that A is dualizable over R follows from [30, lemma 6.2.4]. Making use of dia-
gram (L)) we see that 4 is also a weak equivalence.

The proof of the third claim is straightforward. O

Later we will consider Azumaya algebras in a Bousfield local setting. Let L be a cofibrant

R-module.

Definition 1.6. An L-local R-algebra A is an (L-local) Azumaya algebra if

(1) Ais a dualizable L-local R-module,
(2) the natural morphism of R-algebras A Ap A° — FRr(A, A) is an L-local equivalence.
(3) A is faithful as an L-local R-module.



2. BRAUER GROUPS

Now suppose that M is a dualizable R-module as discussed in [30], 5]; a more detailed dis-
cussion of dualizability can be found in [I3]. Let Er(M) = Fr(M, M) be its endomorphism
R-algebra. Then there is a weak equivalence

(2.1) Er(M) ~ Fp(M,R) Ag M.

In order to identify endomorphism spectra of faithful and dualizable R-modules as trivial Azu-
maya algebras we need the following auxiliary result.

Lemma 2.1. Let M be a dualizable R-module.

(1) If M is a faithful R-module, then the dual Fr(M, R) is also faithful.
(2) If M is L-local with respect to a cofibrant R-module L, then Fr(M, R) is L-local.

Proof. (1) Dualizability of M implies that the composition

M~ RAp M Y% M A Fr(M,R) Ag M 25 M AR R~ M

is the identity on M. Here §: R — M Ar Fr(M, R) is the counit, and e: Fr(M,R)AgM — R
is the evaluation map. Now if N is an R-module for which Fr(M, R)Ag N ~ *, then the identity
of M Ar N factors through the trivial map, hence N ~ % by faithfulness of M.

(2) A similar argument with the functor Fr(W, —) shows that if L A W ~ %, then the identity
map on Fr(W, Fr(M, R)) factors through

FR(W,FR(M,R) /\RM/\RFR(M,R)) NFR(W AR M Ngp M, M) ~ x. O

It was shown in [4, proposition 2.11] that if M is a dualizable, cofibrant R-module, then
Er(M) is a weak topological Azumaya algebra in the sense of [4, definition 2.1].

Proposition 2.2. If M is a faithful, dualizable, cofibrant R-module, then Er(M) is an Azumaya
R-algebra.

Proof. As Er(M) is a weak Azumaya algebra, it suffices to show that Er(M) is a faithful
R-module. Dualizability of M ensures that

Er(M) = Fr(M, R) Ng M,
and this is a smash product of two faithful R-modules which is also faithful. U

This result shows that we can take the R-algebras of the form Er(M) with M faithful,
dualizable and cofibrant, to be trivial Azumaya algebras when defining a topological version of
a Brauer group which we now do.

First we note that every Azumaya algebra is weakly equivalent to a retract of a cell R-module,
so the following construction yield a set of equivalence classes. Define Az(R) to be the collection

of all Azumaya algebras. Now we introduce our version of the Brauer equivalence relation = on
Az(R).

Definition 2.3. If A;, As € Az(R), then Ay =~ Ay if and only if there are faithful, dualizable,
cofibrant R-modules M7, My for which
A1 Ag Fr(My, My) ~ Az AR Fr(Ma, M>)

as R-algebras. We denote the sets of equivalence classes of these by Br(R).
5



Theorem 2.4. The set Br(R) is an abelian group with multiplication induced by the smash
product Nr. Furthermore, Br is a functor from the category of commutative S-algebras to

abelian groups.

Proof. The details involve routine modifications of the approach used in the case of Brauer
groups of commutative rings in [2, theorem 5.2]. Note in particular that we need faithfulness in
order to ensure the existence of inverses.

Functoriality for morphisms of commutative S-algebras R — R’ is achieved by sending an

R-algebra A to the R’-algebra R’ Ag A. O

For a cofibrant R-module L, we can similarly define the sets of L-local Azumaya algebras
Az, (R) and the associated L-local Brauer group Brp(R).
In order to relate Azumaya algebras to Galois theory, we require the following notions mod-

elled on algebraic analogues.

Definition 2.5. Let R — R’ be an extension of commutative S-algebras. Then the Azumaya
algebra R — A is split by R — R’ (or just by R') if R® AR A = R/, or equivalently if
A € Ker(Br(R) — Br(R')). We define the relative Brauer group

Br(R'/R) = Ker(Br(R) — Br(R')).
Similarly we can define a relative L-local Brauer group
Brp(R'/R) = Ker(Brp(R) — Brp(R')).

In practise, we will use this when R — R’ is a faithful G-Galois extension for some finite

group G.

3. GALOIS EXTENSIONS AND AZUMAYA ALGEBRAS

Consider a map of commutative S-algebras A — B, which we often denote by B/A. If A is
cofibrant as a commutative S-algebra, B is cofibrant as a commutative A-algebra, and if G is
a finite group which acts on B by morphisms of commutative A-algebras, then following John
Rognes [30], then we call B/A a G-Galois extension if the canonical maps i: A — B"® and
h: BNy B — F(G4, B) are weak equivalences.

In addition to these conditions, we will assume that B is faithful as an A-module spectrum.
This is a further restriction as there are examples of Galois extensions which are not faithful.

The following example is due to Ben Wieland (see [31]).
Remark 3.1. Let p be a prime. Then the Z/p-Galois extension
F(BZ/p+,HF,) — F(EZ/p4, HF),) ~ HF,

is not faithful. To its eyes the Z/p-Tate spectrum of HIF, appears trivial, but it is not.
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Let B (G) be the twisted group algebra over B, i.e., the A-algebra whose underlying A-module

is B A G4+ whose multiplication is the composition g

idAAAid idAvAid

BAGL ANBAG, BAGLNGLANBAG, BAG{ANBAGy

l (23)

BABAG4 NGy
~ lﬂB/\HG

BAG4
where A is the diagonal, v denotes the G-action on B, up is the multiplication of B and ug
the multiplication in G. Then g factors through (B A G4) Aa (B A G4) and turns B (G) into
an A-algebra. Note that B (G) is an associative algebra but in general it lacks commutativity.
More precisely, we know that the morphism j: B (G) — F4(B, B) is a weak equivalence of

A-algebras for every G-Galois extension A — B. In particular, B (G) gives rise to a trivial
element in the Brauer group of A.

Lemma 3.2. Let B/A be a faithful G-Galois extension and let M be a B (G)-module which is
of the form B Ay N for some A-module N, where the B (G)-module structure is given by the
B-factor of BAs N. Then there is a weak equivalence of A-modules N ~ M"C .

Proof. Consider BApM = BApABAsN. As B is G-Galois over A, the latter term is equivalent

to F'(G4, B)Aa N and this in turn is equivalent to F'(G1, BAg N) because G is finite. As B is

dualizable over A, the homotopy fixed point spectrum (B Ag M )hG is equivalent to B Ay M"C.
There is a chain of equivalences of B-modules

BAsN = F(G4,BAp N = (BAsBAsN)'Y = (B Ay MY <= B Ay MM,
and the result follows by faithfulness of B over A. O

The following two results give analogues of Galois descent of algebraic Azumaya algebras as

in [32] proposition 6.11].

Proposition 3.3. Suppose that C is an Azumaya algebra over B for which the natural mor-
phism B Ag C"Y — C is a weak equivalence of B (G)-modules. Then C"C is also an Azumaya

algebra over A.

Proof. We know from [30, lemma 6.2.4] that the A-algebra C"C is dualizable as an A-module.
As C is Azumaya over B, we know that C' Ag C° ~ Fg(C,C). Also, dualizability of C"¢

over A guarantees that
B Ay Fo(CMC 0" ~ Fy(CMY B Ay CPE)
>~ Fg(B Ag C"C B Ay CO)
~ Fp(C,C) ~ C N C°,
and so
C ApC° = (BAsC") A (B s (C")°)

~ B Ay (ChG 4 (CHGYP).
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As B is faithful over A, this shows that
ChG Aa (ChG)o ~ FA(ChG, ChG).

Since C'is faithful as a B-module and B is faithful as an A-module, we know that C' is faithful
as an A-module. Assume that for an A-module M we have C"¢ A4 M ~ . This is the case if
and only if

BAACMYS Ay M ~C Ag M ~ %
because B is a faithful A-module. Now faithfulness of C' over A implies that C"C is also faithful
over A. O

Suppose that B/A is a faithful G-Galois extension in the sense of Rognes [30], where G is a
finite group. Now let H <« K < G so that B/B" is a faithful H-Galois extension, K acts on
B by B"E_algebra maps and BMS — B is a faithful K/H-Galois extension, in particular,

(3.1) BME (BhH)h(K/H).

By [30} lemma 6.1.2(b)], the twisted group ring B (H) ~ Fgnu (B, B) is an Azumaya algebra
over BM  and K acts on B (H) by extending the action on B by conjugation on H, so we will
write B (H,.) to emphasize this.

If K =@ x H is a semi-direct product or H is abelian, the quotient Q = K/H acts by
conjugation on H.

Note that as in algebra, there is an isomorphism of A[K]-modules
AR = ][ A
K

The algebraic version of this isomorphism is given by

Z akk: — (akfl)keK
keK

and we will use the topological analogue of this.
Our next result is based on [32, proposition 6.11(b)].

Proposition 3.4. Suppose that K = Q x H is a semi-direct product, or that H is abelian.
Then the B"K _algebra B (H,)"? is Azumaya, and

B A puk B(H)" ~ B (H,).
Hence the Azumaya algebra B (Hc>hQ over BME s split by B .

Proof. Note that we can assume that G = K and B"® = A. Making use of a faithful base
change, it suffices to assume that B is the trivial K-Galois extension, B = [, A.
There are isomorphisms of A[K]-modules

B <Hc> = diag(H A AA A[Hc])
K

= 1eft(HA Aa AlH])
K

= et (A[K] A4 A[H])
(32) = left(A[K X H])’
8



where giag(—) and je(—) indicate the diagonal and left K-actions respectively, the second
isomorphism is the standard equivariant shear map similar to the map sh of [30, section 3.5],
and K x H is viewed as a K-set through the action on the left hand factor. As a @Q-set, K
decomposes into free orbits indexed on H. On taking Q-homotopy fixed points we obtain an

equivalence of A-modules
(3.3) B(H)"? =~ A[H x H].
There is a map of A-modules
phtl 2t phH B(HN? — B (H,)

which is also a map of B"# (Q)-modules. Applying m.(—) and working algebraically with
7« (A)-modules, using [32], proposition 6.11(b)] it follows that we have an isomorphism

o (BM A4 B (H)"?) 2= (B (H.)),
and therefore a weak equivalence
B A4 B(H)" =5 B(H,)
of BM (Q)-modules. Now Proposition 53 shows that B (H,)"? is Azumaya over B"K. O

Here is an example which is analogous to the quaternions viewed as a real Azumaya algebra
which splits over the complex numbers. Recall that the quaternions can be generated as a real

algebra by the two complex matrices

b ) ()

Example 3.5. Let 4 = {1,2,3,4}, and let C = F(4,, KU), which is equivalent to four copies
of the complex K-theory spectrum KU. We view this as a KU-algebra by imposing 2 x 2-matrix

multiplication on C'. Then
C~Fgy(KUV KU,KUV KU),
so C'is a trivial Azumaya algebra over KU. Consider the group homomorphism
Kk:Z)2 — X4; k(1) = (14)(23),
and let Z/2 act on C by
To(f)(0) = Tf(K(T)(D)),

where ¥, acts on 4 through its defining action and Z/2 acts on KU via maps of commuta-
tive I O-algebras. The homotopy fixed point spectrum C"%/2 is a K O-algebra spectrum, and
furthermore we claim that

KU Ago CM"? ~ C.
As KU is dualizable over KO and 4 is finite, we have
KU Ago F(4y, KU)"? ~ (KU Ago F(44, KU))M/?
~ F(4,., KU Ao KU)M/2,
Since KU is Z/2-Galois over KO,

KU Ago KU ~ F(Z/2Z., KU)
9



and thus the above term is weakly equivalent to
F(4+7F(Z/2+7KU))hZ/2 = F((4 X Z/Q))-i-?KU)hZ/Q'
Here the Z/2-action on 4 x Z/2 is given by

(i, 2) = (k(7)(2), 7(x))

for i € 4, x € Z/2. Thus the homotopy fixed point spectrum is equivalent to C' = F(4,, KU).
Using the homotopy fixed point spectral sequence we can calculate the algebra structure on
F(4,,KU)"2/2_ This spectral sequence has the form

(34) Ey' = H™(Z/2,m(F (44, KU))) = mps(F (44, KU)"/?).

The homotopy groups of F(4,,KU) give KU} with the multiplicative structure of the 2 x 2-
matrices over KU,. Here the action of 7 on (Aju”, Aeu”, Agu”, \qu”) with A; € Z is given by

T, Ao, Mg, Agu”) = ((—1)" g, (—=1)" A", (1) Aout”, (—1)" Agul”).

We consider the standard resolution for calculating the cohomology of Z/2. The cocycles
with respect to the coboundary that is induced by (id — 7) are given by elements of the form
(A", pu”, (=1)"pu”, (—1)" Au”) for integers A and p and such 4-tuples are equal to the image of
(A", pu”,0,0) under the coboundary that is induced by (id + 7). Similarly, the cocycles with
respect to the norm (id + 7) can be seen to be coboundaries.

Thus the Eo-term is trivial in positive cohomological degrees, so we only have to determine
the invariants in KU} under the Z/2-action. Here, additively two copies of KU, remain, but

the multiplication arises from matrix multiplication:

( au™ bu™ ) ‘ ( cu™ du™ )
(=D)"bu™ (—=1)"au™ (=1)™mdu™ (=1)"cu™
_ (ac+ (=1)™bd)u"™+™ (ad + (—=1)™be)ut™
L (=D)"be + (=)™ ad) ™™ ((=1)bd + (—1)" 7 ac)u T

4. AZUMAYA ALGEBRAS OVER EILENBERG-MAC LANE SPECTRA

In this section we consider the case of Azumaya algebras over the Eilenberg-Mac Lane spec-
trum of a commutative ring. In Toén [35], the algebraic notion of a derived Azumaya algebra
over a commutative ring is introduced as a special case of the more general notion for simplicial
rings. First we explain how the topological and algebraic notions are related.

In [15] section IV.2], an equivalence of categories
(4.1) V: Yur — IR

is constructed, where W is defined on a CW H R-module M to be the cellular chain complex
C.(M). By [15, proposition IV.2.5], for CW H R-modules M, N there are isomorphisms of chain
complexes of R-modules

C*(M ANHR N) = C*(M) XRr C*(N),

The inverse functor ® = U1 also preserves the monoidal structure, this is an equivalence of

symmetric monoidal categories.
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Following Toén [35], see remark 1.2, we find that an Azumaya algebra A over H R, corresponds
to a derived Azumaya algebra over R. Note that as we are working with associative (but not
commutative) H R-algebras, a cofibrant H R-algebra is a retract of a cell HR-module relative
to HR by [15], theorem VIIL.6.2].

We get the following correspondence.

Proposition 4.1. Let R be a commutative ring such that for any finitely presented R-module
M with Tor®(M, M) =0 for k > 0 we can deduce that M is flat over R.
Let T be an R-algebra. Then the HR-algebra HT is a topological Azumaya algebra if and

only if T is an algebraic Azumaya R-algebra.

Proof. One direction is easy to see: if R — T is an algebraic Azumaya extension, then HR —
HT is topologically Azumaya without any additional assumptions on R.

For the converse, from [15] theorem IV.2.1] we have
(4.2) Tn(HT Ay HT®) = Torl(T, T°),
(4.3) To(Fur(HT,HT)) = Extp" (T, T).
Because Tor® = 0 = Ext% when s < 0, the Azumaya condition

p: HT Ay HT® — Fyr(HT,HT)

implies that for n # 0,
(4.4) T (HT Agp HT®) = Tor®(T, T°) = 0 = Ext}(T,T) = 7 (Fur(HT, HT)).
In particular,
(4.5) TRrT°=my(HT ANgr HT®) 2 no(Fygr(HT,HT)) = Hompg(T,T).

According to [35, remark 1.2], the R-module T is finitely presented and flat by assumption,
therefore it is finitely generated and projective by the corollary to |25 theorem 7.12].

For faithfulness, suppose that M is a non-trivial R-module. Since HT is a faithful HR-
module, HT Agr HM ~ *. Flatness of T over R together with [I5] theorem IV.2.1] yields the

isomorphisms

m«(HT ANgr HM) = ng(HT Agr HM) =T ®r M,
and therefore T'®pr M is not trivial. O
Proposition 4.2. For any commutative ring with unit R there is a functor
H: Br(R) — Br(HR)
induced by the functor which sends a ring to its Filenberg-Mac Lane spectrum.

Proof. Let [A] be an element of Br(R), then Proposition Al identifies HA as an H R-Azumaya
algebra. If [A] = 0, i.e., if there is a finitely generated faithful projective R-module M with
A = Hompg(M, M), then

HA ~ HHomp(M, M) ~ Fyr(HM, HM)

and therefore HA is trivial in Br(HR). O
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For instance, the assumptions of Proposition [1] are satisfied if R is a principal ideal domain.

The situation is drastically different if we consider arbitrary H R-algebra spectra A. For
instance, for every R, every R-module spectrum X" H R is faithful and dualizable, and therefore
Fyr(HRVYX"HR,HRVYX"HR) is a trivial topological Azumaya H R-algebra whose homotopy
groups spread over positive and negative degrees. This indicates that the Eilenberg-Mac Lane
functor of Proposition will not induce an isomorphism in general.

We will discuss this for the case of a field k. If A is Azumaya over Hk, then as A is dualizable
over Hk we know that the homotopy groups of A are concentrated in finitely many degrees,
say m.(A) # 0 only when —m < r < n for some m,n > 0. As k is a field, we have

(A N A°) = 1 (A) @ T (A)°.

Using the fact that p induces an isomorphism, we can deduce that n = m because otherwise
the kernel of 7,(u) would be nontrivial.

A derived Azumaya algebra over the field k is a differential graded k-algebra B, whose
underlying chain complex is a compact generator of the derived category of chain complexes of
k-vector spaces 2 and the natural map

pB, : Be @1 BY — Homp(Bx, By)

is an isomorphism in %. Here B, ®j B? agrees with the derived tensor product because we
are working over a field, and similarly, Homy (B, B,) is the graded k-vector space of derived
endomorphisms of B,. Now we can relate topological Hk-Azumaya algebras to derived Azumaya

algebras over k.

Proposition 4.3. If A is a topological Azumaya algebra over Hk, then m.(A) is a derived

Azumaya algebra over k.

Proof. As A is dualizable over Hk, its homotopy groups build a finite dimensional graded

k-vector space and hence 7,(A) is a compact generator of Z. The weak equivalence
p: AN A° — Frp(A,A)
yields isomorphisms
Hor, ()t Tx(A) @k me(A)° = m (A Apg A°) = mFp (A, A) = Homy (A, Ay)
and so 7.(A) is a derived Azumaya algebra over k. O
Using Proposition [£3] together with Toén’s results of [35] section 1] we obtain the following.
Theorem 4.4. For any algebraically closed field k, the Brauer group of Hk is trivial.

Proof. Let A be a derived Azumaya algebra over k. We know from [35, corollary 1.11] that
every derived Azumaya algebra over an algebraically closed field k, in particular m,(A), is quasi-
isomorphic to a graded k-vector space Homy (V, V') for some finite dimensional graded k-vector
space V.
Let
n
M=HV =\/S™Hk

=1
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be the Hk-module spectrum such that 7, M = V as graded k-vector spaces. Then A is weakly

equivalent to F(A, A) since there are isomorphisms

Therefore [A] is trivial in the Brauer group Br(HEk). O

5. REALIZABILITY OF ALGEBRAIC AZUMAYA EXTENSIONS

Using Vigleik Angeltveit’s obstruction theory [I theorem 3.5], we can import algebraic Azu-
maya algebra extensions into topology. Let R be a commutative S-algebra and let 1R — Ay

be an algebraic Azumaya extension. Then

A, = m R RnoR AQ

~

is a projective module over R, = m,R and there is an R-module spectrum A’ with 7, (A") = A,
which can be built as a mapping telescope of an idempotent corresponding to viewing A, as
a direct summand of a free R.-module. The methods of [5] carry over to give a homotopy
associative R-ring spectrum A that realises A, as the homotopy ring m, A.

Angeltveit’s obstruction theory [I] then yields the following.

Theorem 5.1. There is an As R-algebra structure on A, i.e., there is a unique rigidification
r(A) of A to an associative R-algebra. The resulting extension R — r(A) is an Azumaya

algebra.

Proof. The existence of the Ay, structure on A is given by [Il, theorem 3.5], because 7, (AAgr A°)
is separable over A, and hence the possible obstructions to an A..-structure on A (which
live in Hochschild cohomology groups of m.(A Ar A°) over A,) are trivial. The possibility of
rigidification follows from [15, II.4]. Uniqueness also follows from the vanishing of all higher
Hochschild cohomology groups.

As Ay is finitely generated projective and faithful over moR, r(A) is dualizable and faithful

as an R-module spectrum. The Azumaya condition
w: Ao @ror Ay = Homy,r (Ao, Ao)

for Ag guarantees that the py-map

p: r(A) AR 1(A)° — FRr(r(A),r(A))
is a weak equivalence. O
Corollary 5.2. There is a natural group homomorphism

r: Br(Ryg) — Br(R); [A] — [r(4)].

For instance in the presence of enough roots of one, we can build generalized quaternionic

extensions of ring spectra or consider cyclic extensions.
13



6. ToPOLOGICAL HOCHSCHILD COHOMOLOGY OF GROUP RINGS

We will consider Azumaya algebra extensions that arise as follows. For a finite discrete group
G and a commutative S-algebra A, we consider the group A-algebra spectrum A[G] = AN G
Note, that if G is not abelian, then A[G] is not commutative. We want to identify the extension
THH A (A[G]) — A[G] as an Azumaya extension in good cases. To that end we document a well-
known identification of topological Hochschild cohomology of group rings, see for instance [24]

6.3]. This can we viewed as a topological version of Mac Lane’s isomorphisms [23, 7.4.2].
Lemma 6.1. For A and G as above we have

THH.(A[G], A[G]) =~ (A[G])" = Fa(EG., A[G]°).
Here A[G]¢ denotes the naive G-spectrum A[G], where G acts by conjugation on G.

Proof. Topological Hochschild cohomology of A[G] can be described as the totalization of the

cosimplicial spectrum that has
Fa(A[G)1, A[G)) = F(G4, A[G])

as g-cosimplices [27]. First, we mimic the identification that is used in the Mac Lane isomor-
phism for usual Hochschild cohomology in order to identify this cosimplicial spectrum with the
one that has F(GY, A[G]¢) as g-cosimplices. In algebra this identification is given by f — f’
where
fg1s- 5 99) = f(917---7gq)9;1---9f1-

An analogous identification works on spectrum level. The coface maps in the cosimplicial
structure in F(G*, A[G]¢) are given by

do(f)(915---.9¢) = 91f (92, .- agq)gl_lv

di(f)(g1---99) = f(91, -+, 9igit1, - 9q), (0 <i<q)

)

dg(f)(91,---, 9= (a1, 9g-1)-

)
)

Consider the simplicial model of EG with g-simplices G¢t!, with diagonal G-action, and
where the i-th face map in FG is given by omitting the i-th group element. We can write the
homotopy fixed point spectrum Fg(EG,, A[G|¢) as

Fg(BEG., A[G]) = Tot(lg] = Fa(G™, A[G]%)).
Let p: F(G*, A[G]¢) — Fa(EG4+, A[G]°) be the map that we can describe symbolically as

(f)(g0---9¢) = 90f (90 91+ - -+ 9, 199) 90 -
q

It is then straightforward to check that ¢ in fact respects the cosimplicial structure. O

Now fix a prime p. Let k be an algebraically closed field of characteristic p and let Hk be
the corresponding Eilenberg-Mac Lane spectrum realised as a commutative S-algebra. We also
adopt the notation of [7]. Thus E,, is the Lubin-Tate spectrum associated with the prime p and
the Honda formal group of height n and E}" is its maximal unramified Galois extension. These
commutative S-algebras have ‘residue fields’ in the sense of [5] [6], namely K, and K" respec-
tively, and these are algebras over F, and E}' respectively, but only homotopy commutative

when p # 2 and not even that when p = 2.
14



Theorem 6.2. Let G be a non-trivial finite discrete group whose order is not divisible by p.
Suppose that A is either Hk or E)".
(1) If G is abelian, then (A[G]°)"¢ — A[G] and the trivial extension id: A[G] — A[G]
are equivalent.
(2) If G is non-abelian, then A[G] is a non-trivial (A[G))"Y -Azumaya algebra.

Proof. In all cases, we will consider the homotopy fixed point spectral sequence
Ey' = H™*(G; Ai[G]°) = mers((A[G])").

If p does not divide the order of the group G, then this spectral sequence collapses and the only

surviving non-trivial terms are the G-invariants
By = (4[G])°
which can be identified with the center of the group ring Z(A[G]). In particular, m, ((A[G]¢)"%)

is a graded commutative A,-algebra.

If G is abelian, then the conjugation action is trivial and as p does not divide |G| we obtain
(A[G)"” = F(BGy., AlG)) ~ A[G],

so we have the trivial Azumaya extension. If G is not abelian, then the center of the group ring
A,[G] is a proper subring of A.[G].

For A = Hk we can use Artin-Wedderburn theory to obtain a splitting of the semisimple
ring k[G] into a product of matrix algebras over the algebraically closed field k,

k[G] 2 [ [ M, (k).
1=1

where r agrees with the number of conjugacy classes in G. Thus the center of k[G] is a product
of copies of k and is therefore an étale k-algebra. By the obstruction theory of Robinson or
Goerss-Hopkins [29, [16], there is a unique E., Hk-algebra spectrum that is weakly equivalent
to (A[G]°)"“. By abuse of notation we denote the corresponding commutative Hk-algebra by
(A[G])C.

We have to describe A[G] as an associative (A[G]¢)"“-algebra. For this we use [ theorem 3.5]

again. Starting with our commutative model of (A[G]¢)"“

we can build a homotopy associative
ring spectrum B with 7. (B) = A.[G], and as G is finite and discrete this extension is of the
form
m(B) = m(A[G]9)"Y @y (a1c1eyne Bo,

with 7(A[G]*)"Y — By being algebraically Azumaya. Thus we can apply Theorem B.1] to
see that there is an associative (A[G]¢)"“-algebra B which models A[G] and such that B is
Azumaya over (A[G])"C.

For E}" we pass to the residue field K)}'. The homotopy fixed point spectral sequence gives

r (E[G)9)) = Z(E).[G)
>~ Z(WE[lus, . ., w1 J][GD[u*"]

Reducing modulo the maximal ideal m = (p,u1,...,u,—1) gives the homotopy groups of the

G-homotopy fixed points of KX¥[G] with respect to the conjugation action, Z(F,[G])[u*!] and

again we can identify this term as [[;_, Fp where r denotes the number of conjugacy classes

in G. The idempotents that give rise to these splittings can be lifted to idempotents for
15



Z(WFp[[u1, ... un—1]][G]) and WFp[[u1,...,u,—1]][G] and therefore these two algebras also

split into products with r factors:

WFyl[u, ..., un1]][G] = [ Bs,
i=1

ZWhp([ur, ..., un1]J[G) =[] Ci,
=1

where

Bl/m = Mmz (FP)’
while for 1 < ¢ < r, the C; are commutative and satisfy
Ci / mC, = Fp.

Additively we know that Z(WTFp[[u1,...,u,—1]][G]) is the free module on the conjugacy

classes and so we can conclude that (E2[G]¢)"

is weakly equivalent to [[;_, ER" and the latter

spectrum can be modelled by a commutative E;"-algebra spectrum and E)"[G] is dualizable
r nr

over [[_; EXT.

Artin-Wedderburn theory gives a semisimple decomposition

T
FP[G] = H Mg, (Fp)’
i=1
and the centre Z(F,[G]) can be identified with the product of the centres of the matrix ring
factors. There are associated central idempotents of Fp [G] accomplishing this splitting. By the
theory of idempotent lifting described in [21] section 21] for example, these idempotents lift to
give an associated splitting

r
W {[ur, 1 1]](G] = [ Ma, Wy, - -, tn 1),
i=1
and again the centre of WF,[[u1, . .., u,—1]][G] can be identified with the product of the centres of
the matrix factors. Notice that My, (WTF,[[u1, ..., u,—1]]) is Azumaya over WF,[[u1, ..., un—1]].
The rest of the proof involves realising the central idempotents as morphisms of S-algebras, but
this is well known to be possible since the projections are Bousfield localisations, see [33]. O

Remark 6.3. For A = HF), and G = C), the extension F'(BC),_,

Azumaya: Wieland’s example of Remark . IIshows that HF,, is not faithful over F'(BC)_,

HF,) — HF, is not always
HF,).

7. AZUMAYA ALGEBRAS OVER LUBIN-TATE SPECTRA

From now on will use E to denote E,, E;' or any commutative Galois extension of E,
obtained as a homotopy fixed point algebra E = (E™)"T" for some closed normal subgroup
I <Gal(F,/Fpn). Similarly, K will denote the corresponding residue field of F, so when E = E,,
or EY we have K = K, or K;".

We will work with dualizable K-local E-modules. By [7, section 7] we know that such modules
are retracts of finite cell E-modules. If W € .# i, then since m,(K A W) is a graded vector
space over the graded field K, = m,(K), it follows that

KAgW ~ LK\/zd@)K,

7
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where the right hand wedge is non-trivial if and only if W is non-trivial in Zg k. In particular,
if W is dualizable this wedge is finite and

KAgW ~ \/zd(“K

since W is K-local. For any X € .# i,
K Ag (W ApX) ~Lg \/ S'VK Ap X,
i

so W Ag X is trivial in Zf g if and only if both of W and X are trivial in g i. Thus every
E-module W which is non-trivial as an element of Zf k is faithful and cofibrant as a K-local
E-module; furthermore, every X € .#g i is W-local.

By [1], there are many examples of K-local Azumaya algebras over E which have K as their
underlying F ring spectrum. These examples have no analogue in the algebraic context since
they are not projective E-modules, nor do they split over suitable Galois extensions. Instead we
focus on split examples. A good source of these can be found in the situation of [30), section 5.4.3],
based on work of Devinatz and Hopkins [12] and we will discuss these in Section Bl

For background ideas on Azumaya algebras graded on a finite abelian group, we follow [9].
We will only consider the case where the grading group is Z/2 with the non-trivial symmetric
bilinear map Z/2 — {£1} determining the relevant signs.

Over a field k, an (ungraded) Azumaya algebra A is a central simple algebra, so by Wedder-
burn’s theorem, there is an isomorphism of k-algebras

A = MT(D)’
where D is a central division algebra over k. If d = dimg D, then
dimg, A = (rd)?,

so dimy A is a square. In the graded case, such restrictions do not always apply, and this has
consequences for the topological situation.

Theorem 7.1. Suppose that p is an odd prime and let A be a K-local Azumaya algebra over
E. Then m.(K Ng A) is an Azumaya algebra over K,.

Proof. Thering K, is a 2-periodic graded field which we will view as Z/2-graded, and 7,.(KAgA)
will also be viewed as a Z/2-graded K,-algebra.

Now we have isomorphisms of K,-algebras
T«(K Ng A) @k, m(K ANp A)° 2 (K Ap A) @k, . (K° Ag A°)

> (K Ag (AAg A®))

=~ 1. (K Ag Fr(A, A)).

Since A and K are strongly dualizable, using results of [I5] we have

KNANg Fp(A A) ~ Fr(K N\g A, K Ag A),

so the universal coefficient spectral sequence over K yields

m«(K Ng Fg(A, A)) = Endg, (m.(K Ag A)).

Therefore 7.(K Ap A) is a K,-Azumaya algebra. O
17



Corollary 7.2. If m.(K Ag A) is concentrated in even degrees then its dimension is a square,

i.e., for some natural number m,
dimg, 7.(K Ap A) = m?.
In fact we have

Proposition 7.3. If m.(K Ag A) is concentrated in even degrees then m.(A) is a Z/2-graded
algebra Azumaya algebra over Eg. In particular, as an E-module A is equivalent to a wedge of

m? copies of E, where
m? = dimg, 7.(K Ap A) = rankg, m.(A).

Proof. By [7] (see section 7 and the proof of theorem 5.1), the E,-module m,(A) is finitely

generated, free and concentrated in even degrees, hence
T(A) @, m(A)° = m(ANg A°) = 1 (Fp(A, A)) = Hompg, (1.(A), m(A4)),

where the last isomorphism follows from the collapsing of the universal coefficient spectral

sequence. U

We define Azg (E) to be the collection of all cofibrant K-local topological Azumaya algebras
over E, and introduce the following equivalence relation ~ on Az (FE).

o If A/B € Azg(F), then A ~ B if and only if there are faithful, dualizable, cofibrant
FE-modules U,V for which there is an equivalence in the derived category of K-local
FE-algebras

ANg FE(U, U) ~ B Ag FE(V, V).
We will denote the set of equivalence classes of ~ by Brg (FE); this is indeed a set since every
dualizable K-local E-module is a retract of a finite cell F-module. We could equally well require
that
AAg Fe(U,U) ~ BAg Fp(V,V),
where Fg(U,U) = Fg(U,U) and Fg(V,V) = Fg(V,V) are cofibrant replacements.
The following lemma is a topological analogue of a standard algebraic result, see [2] for

example.

Proposition 7.4. If A,B € Azx(F) and A =~ B, then there is a faithful, dualizable cofibrant
E-module W for which

AANg B® ~ FE(VV, W)
In particular, if A € Azg(F) and A =~ E, then there is a faithful, dualizable, cofibrant E-
module W for which A ~ Fg(W,W).
Proof. 1t is easy to reduce this the second case, so we will assume that as FE-algebras,

ANg FE(U,U) ~ FE(V,V)

This means that given a cofibrant replacement

Fp(U,U) = Fg(U,U)
in the category of F-algebras, there is a weak equivalence of E-algebras

o A/\EFE(U,U)/ ;FE(V,V)
18



Let o : Fg(U,U) — Fg(V,V) be the induced morphism. Then we can consider V as a module
over AAg Fg(U,U), denoted o*V in the notation of [I5, theorem I11.4.2], where

* .
& Dry(vv),K — DANpFp(UUY K

is the pullback functor.
If U is a cofibrant replacement of U as an Fg(U,U)-module, we set W = Fg(U,V). Then
by [, theorem 1.2], there is a Morita equivalence between the derived categories Zg i and

Dry,uy K, and under this equivalence we have
WARU~V

as Fg(U,U)"-modules. Now applying K (—) we find that
KFPA@yg, KF(Fp(U,U)) = Endg, (KEW K, Kfﬁ).

Since KZ(Fg(U,U)) = Endg, KFU and there is a monomorphism K¥A —s Endg, KEW, we
have

KFPA=~Endg, KFW
by [9, lemma 2.9]. Using this we see that the morphism of E-algebras A — Fr(W,W) is a

K-equivalence and hence an equivalence since A is K-local. O

8. SOME EXAMPLES OF K,-LOCAL AZUMAYA ALGEBRAS

We now recall Proposition B4l By work of Devinatz and Hopkins [12], and subsequently
Davis [10], as explained in [30 theorem 5.4.4], for each pair of closed subgroups

H < G <G, = Gal(Fpn /F,) x S,y

of the Morava stabilizer group, there is an associated pair of homotopy fixed point spectra
EMG — EMand if H <1 G then this is a K-local G/H-Galois extension. In particular, when
H < G, is finite, EM — E is a K-local H-Galois extension.

A particularly interesting source of examples is provided by taking GG to be a maximal finite
subgroup of G,. If p is odd and n = (p — 1)k with p { k, or p = 2 and n = 2k with k odd,
then such maximal subgroups are unique up to conjugation and then the homotopy fixed point

spectrum E" is denoted EO,,. Here is an example, studied in [30} section 5.4.3].

Example 8.1. At the prime p = 2, G5 has a maximal finite subgroup Gyg = Cs X @1, where
A\4 >~ (3 x Qg is the binary tetrahedral group. Therefore Ey/EQO; is a G4s-Galois extension.
Applying Proposition [3.4] we see that there are Azumaya algebras over EO5 of the form

(E» <A\4>)h027 (E2<Q8>)h(02 XCs)’ (E, <CZ>)h(CQI><A4).
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