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Abstra
tMultipli
ative bundle gerbes are gerbes over a Lie group whi
hare 
ompatible with the group stru
ture. In this arti
le 
onne
tionson su
h bundle gerbes are introdu
ed and studied. It is shown thatmultipli
ative bundle gerbes with 
onne
tion furnish geometri
al 
on-stru
tions of the following obje
ts: smooth 
entral extensions of loopgroups, Chern-Simons a
tions for arbitrary gauge groups, and sym-metri
 bi-branes for WZW models with topologi
al defe
t lines.Introdu
tionOver every smooth manifold one �nds the following sequen
e of geometri-
al obje
ts: smooth U(1)-valued fun
tions, prin
ipal U(1)-bundles, bundlegerbes, bundle 2-gerbes, and so on. If the manifold is a Lie group G, it isinteresting to 
onsider sub
lasses of these obje
ts whi
h are 
ompatible withthe group stru
ture. Clearly, a smooth fun
tion f : G // U(1) is 
ompatiblewith the group stru
ture if it is a group homomorphism. We may write thisas
p∗1f · p∗2f = m∗f
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withm : G×G // G the multipli
ation and pi : G×G // G the proje
tions.More interestingly, a prin
ipal U(1)-bundle P over G is 
ompatible with thegroup stru
ture, if it is equipped with a bundle isomorphism
φ : p∗1P ⊗ p∗2P // m∗Pover G×G, generalizing the equation above. Additionally, the isomorphism

φ has to satisfy a 
oheren
e 
ondition over G × G × G. Not every bundle
P admits su
h isomorphisms, and if it does, there may be di�erent 
hoi
es.Pairs (P, φ) are 
alled multipli
ativeU(1)-bundles and, indeed, an interesting
on
ept: Grothendie
k has shown that multipli
ative U(1)-bundles are thesame as 
entral extensions of G by U(1) [Gro72℄.There is a straightforward generalization to bundle gerbes. Basi
ally, amultipli
ative bundle gerbe is a bundle gerbe G over G together with anisomorphism

M : p∗1G ⊗ p∗2G // m∗Gof bundle gerbes over G×G and several 
oheren
e 
onditions. Compared togroup homomorphisms and multipli
ative U(1)-bundles, multipli
ative bun-dle gerbes are parti
ularly interesting. Namely, isomorphism 
lasses of bun-dle gerbes over an arbitrary smooth manifold M are 
lassi�ed by H3(M,Z)[MS00℄. For an important 
lass of Lie groups, namely 
ompa
t, simple andsimply-
onne
ted ones, this 
lassifying group is 
anoni
ally isomorphi
 to theintegers. Thus, these Lie groups 
arry a 
anoni
al family Gk of bundle gerbes,
k ∈ Z. It turns out that all these 
anoni
al bundle gerbes are multipli
ative[CJM+05℄.This arti
le is 
on
erned with subtleties that arise when one tries to equipa multipli
ative bundle gerbe G with a 
onne
tion. A priori, every bundlegerbe admits a 
onne
tion, and it seems natural to demand that the isomor-phism M has to be 
onne
tion-preserving. However, this turns out to be toorestri
tive.In order to see this, let us 
onsider the 
anoni
al bundle gerbes Gk. Everybundle gerbe Gk 
arries a 
anoni
al 
onne
tion 
hara
terized uniquely by�xing its 
urvature by the 
losed 3-form

Hk :=
k

6
〈θ ∧ [θ ∧ θ]〉 .Here, θ denotes the left-invariant Maurer-Cartan form on G, and 〈−,−〉 isan inner produ
t on the Lie algebra of G normalized su
h that H1 represents

1 ∈ Z = H3(G,Z) in real 
ohomology. Now, none of the 
anoni
al bundlegerbes equipped with its 
anoni
al 
onne
tion admits a 
onne
tion-preservingisomorphism M like above. 2



This is in fa
t easy to see: an isomorphism between two bundle gerbeswith 
onne
tion 
an only preserve the 
onne
tions if their 
urvatures 
oin
ide.In 
ase of the isomorphismM and the 
urvature 3-forms Hk, this is not true:only the weaker identity
p∗1Hk + p∗2Hk = m∗Hk + dρis satis�ed, for some 2-form ρ on G×G.In this arti
le we introdu
e a new de�nition of a 
onne
tion on a multipli-
ative bundle gerbe (De�nition 1.3), su
h that the 
anoni
al bundle gerbes

Gk provide examples. The idea is to in
lude the 2-form ρ into the stru
ture:
M is no longer required to be a 
onne
tion-preserving isomorphism, but onlya weaker stru
ture, an invertible bimodule of 
urvature ρ.The details of this de�nition and some examples are the 
ontent of Se
tion1. In Se
tion 2 we introdu
e a 
ohomology theory whi
h 
lassi�es multipli-
ative bundle gerbes with 
onne
tion. It 
an be seen as a slight modi�
ationof the simpli
ial Deligne 
ohomology of the 
lassifying spa
e BG of G. By
ohomologi
al methods, we show for 
ompa
t G (Proposition 2.9):(a) Every multipli
ative bundle gerbe over G admits a 
onne
tion.(b) Inequivalent 
hoi
es of 
onne
tions are (up to isomorphism) parame-terized by 2-forms Ω2(G) modulo 
losed 2-forms whi
h satisfy a 
ertainsimpli
ial integrality 
ondition.If one keeps the 
urvature 3-form H and the 
urvature 2-form ρ �xed, weshow (Proposition 2.5) for arbitrary Lie groups G:(
) Isomorphism 
lasses of multipli
ative bundle gerbes with 
onne
tion of
urvature H and 2-form ρ are parameterized by H3(BG,U(1)).In Se
tion 3 we des
ribe three geometri
al 
onstru
tions, all starting froma multipli
ative bundle gerbe with 
onne
tion over a Lie group G.1.) The �rst 
onstru
tion yields a smooth, 
entral extension of the loopgroup LG (Theorem 3.7). For this purpose we introdu
e a monoidal �trans-gression� fun
tor whi
h takes bundle gerbes with 
onne
tion over a smoothmanifold M to prin
ipal U(1)-bundles over LM . We show that wheneverthe bundle gerbe was a multipli
ative bundle gerbe with 
onne
tion, thetransgressed U(1)-bundle is also multipli
ative, so that Grothendie
k's 
or-responden
e applies. For the 
anoni
al bundle gerbe Gk, we obtain the dualof the k-th power of the universal 
entral extension of LG (Corollary 3.10).3



2.) The se
ond 
onstru
tion asso
iates to every multipli
ative bundlegerbe with 
onne
tion over any Lie group G and every prin
ipal G-bundlewith 
onne
tion A over a smooth manifold M a bundle 2-gerbe with 
on-ne
tion over M (Theorem 3.13). Its holonomy � evaluated on a three-dimensional 
losed oriented manifold � is (the exponential of) the Chern-Simons a
tion fun
tional de�ned by the 
onne
tion A (Proposition 3.14).This identi�es Chern-Simons theories with gauge group G with multipli
a-tive bundle gerbes with 
onne
tion over G. Our 
lassi�
ation results outlinedabove imply a 
lassi�
ation of Chern-Simons theories for arbitrary Lie groups(Proposition 3.15). Redu
ed to 
ompa
t Lie groups, we reprodu
e results dueto Dijkgraaf and Witten [DW90℄, but provide a more geometri
al explana-tion.3.) The third 
onstru
tion yields �rst examples of symmetri
 bi-branes.D-branes [CJM02℄ and bi-branes [FSW08℄ are additional stru
tures for bun-dle gerbes with 
onne
tion that extend their holonomy from 
losed orientedsurfa
es to more general 
lasses of surfa
es, namely ones with boundary andwith defe
t lines, respe
tively. Given a D-brane for a multipli
ative bundlegerbe with 
onne
tion over a Lie group G, we 
onstru
t a bi-brane in thedire
t produ
t G × G (De�nition 3.16). For appli
ations in 
onformal �eldtheory, so-
alled symmetri
 D-branes and symmetri
 bi-branes are parti
-ularly important. We show (Proposition 3.17) that our 
onstru
tion takessymmetri
 D-branes to symmetri
 bi-branes.A
knowledgements. I thank Urs S
hreiber, Christoph S
hweigert andDanny Stevenson for helpful dis
ussions, and a
knowledge support from theCollaborative Resear
h Centre 676 �Parti
les, Strings and the Early Uni-verse�.1 Geometri
al De�nitionWe start with a brief review on bundle gerbes. LetM be a smooth manifold.A bundle gerbe G over M is a surje
tive submersion π : Y // M togetherwith a prin
ipal U(1)-bundle L over Y [2] and an asso
iative isomorphism
µ : π∗

12L⊗ π∗
23L

// π∗
13Lof bundles over Y [3] [Mur96℄. Here we have denoted by Y [k] the k-fold �breprodu
t of Y over M , and by πi1...ip : Y [k] // Y [p] the proje
tions on those
omponents that appear in the index. A 
onne
tion on a bundle gerbe G is4



a 2-form C ∈ Ω2(Y ) � 
alled 
urving � together with a 
onne
tion ω on Lsu
h that the isomorphism µ is 
onne
tion-preserving and
π∗

2C − π∗
1C = curv(ω),where we identify the 
urvature of ω with a real-valued 2-form on the basespa
e Y [2] of L. The 
urvature of a 
onne
tion on a bundle gerbe is the unique3-formH ∈ Ω3(M) su
h that π∗H = dC. For a more detailed introdu
tion tobundle gerbes and their 
onne
tions the reader is referred to re
ent reviews,e.g. [SW08, Mur07℄ and referen
es therein.In this arti
le, all bundle gerbes 
ome with 
onne
tions. A 
lass of trivialexamples is provided by 2-forms ρ ∈ Ω2(M). Their surje
tive submersionis the identity id : M // M , so that M [k] is 
anoni
ally di�eomorphi
 to

M . The bundle L is the trivial U(1)-bundle I0 equipped with the trivial
onne
tion ω = 0, and the isomorphism µ is the identity. Finally, the 
urving
C is the given 2-form ρ. This bundle gerbe is 
alled trivial bundle gerbe anddenoted Iρ. Its 
urvature is H = dρ.Bundle gerbes with 
onne
tion form a stri
tly asso
iative 2-
ategory
BGrb(M). Most importantly, this means that there are (
onne
tion-preserving) 1-morphisms A : G // H between two bundle gerbes G and
H with 
onne
tion and (
onne
tion-preserving) 2-morphisms α : A +3 A′between those. Their pre
ise de�nition 
an be found in [Wal07℄; here weonly need to re
all some abstra
t properties.Like in every 2-
ategory, a 1-morphism A : G // H is 
alled invertibleor 1-isomorphism, if there exists another 1-morphism A−1 : H // G in theopposite dire
tion together with 2-isomorphismsA◦A−1 ∼= idH andA−1◦A ∼=
idG. The 1-morphisms between G and H and all 2-morphisms between thoseform a 
ategory Hom(G,H), and the restri
tion to 1-isomorphisms is a fullsub
ategory Iso(G,H).Proposition 1.1 ([Wal07℄, Se
. 3). For 2-forms ρ1, ρ2 ∈ Ω2(M) there is a
anoni
al equivalen
e

Bun : Iso(Iρ1 , Iρ2) // U(1)-Bun∇
ρ2−ρ1

(M),between the isomorphisms between two trivial bundle gerbes and the 
ategoryof U(1)-bundles over M with 
onne
tion of �xed 
urvature ρ2 − ρ1.This equivalen
e is useful in the following situation. A 1-isomorphism
T : G // Iρ is 
alled trivialization of G. If T1 : G // Iρ1 and T2 : G // Iρ2are two trivializations of the same bundle gerbe, one obtains a prin
ipal5



U(1)-bundle Bun(T2 ◦ T
−1

1 ) with 
onne
tion of 
urvature ρ2 − ρ1. Thus, twotrivializations �di�er� by a U(1)-bundle.The 2-
ategory BGrb(M) of bundle gerbes with 
onne
tion over M hastwo important additional stru
tures: pullba
ks and tensor produ
ts [Wal07℄.The tensor unit is the trivial bundle gerbe I0. Let us make the followingobservation: a �at U(1)-bundle L over M 
orresponds to a 1-isomorphism
L : I0

// I0 under the equivalen
e of Proposition 1.1. Its tensor produ
twith some 1-isomorphism A : G // H yields a new 1-isomorphism L ⊗ A :
G // H. This de�nes a fun
tor

⊗ : U(1)-Bun∇
0 (M) × Iso(G,H) // Iso(G,H). (1.1)It equips the 
ategory Iso(G,H) with the stru
ture of a module over the mo-noidal 
ategory of �at U(1)-bundles. Moreover, this a
tion of �at bundles onthe isomorphisms between two bundle gerbes G and H is �free and transitive�in the sense that the indu
ed fun
tor

U(1)-Bun∇
0 (M) × Iso(G,H) // Iso(G,H) × Iso(G,H) (1.2)whi
h sends the pair (L,A) to (L ⊗ A,A), is an equivalen
e of 
ategories,see [SSW07℄, Lemma 2.Parti
ular 1-morphisms are bimodules [FSW08℄. If G and H are bundlegerbes with 
onne
tion over M , a G-H-bimodule is a 1-morphism

A : G // H⊗ Iρ.The 2-form ρ is 
alled the 
urvature of the bimodule. A bimodule is 
alledinvertible, if the 1-morphism A is invertible. A bimodule morphism is just a2-morphism between the respe
tive 1-morphisms.Remark 1.2. The set of bundle gerbes with 
onne
tion subje
t to the equiva-len
e relation G ∼ H if there exists an invertible G-H-bimodule, is in bije
tionto the set of isomorphism 
lasses of bundle gerbes without 
onne
tion.Let G be a Lie group. There is a family of smooth maps Gp // Gr thatmultiply some of the fa
tors, drop some and leave others untou
hed. To labelthese maps we indi
ate the pres
ription by indi
es. For example:
m12,3,46,7(g1, g2, g3, g4, g5, g6, g7) := (g1g2, g3, g4g6, g7).Parti
ular 
ases are the multipli
ation m12 : G2 // G and the proje
tions

mk : Gp // G to the k-th fa
tor. Furthermore, we denote the pullba
k ofsome geometri
al obje
t X along one of the maps gI : Gp // Gr by XI .6



An n-form ρ ∈ Ωn(G2) will be 
alled ∆-
losed , if
ρ2,3 + ρ1,23 = ρ1,2 + ρ12,3 (1.3)as n-forms over G3. In this 
ase we denote the n-form (1.3) by ρ∆. To inurethe reader to the notation, this means

ρ∆ := m∗
2,3ρ+m∗

1,23ρ = m∗
1,2ρ+m∗

12,3ρ,or, at a point (g1, g2, g3) ∈ G3,
(ρ∆)g1,g2,g3 = ρg2,g3 + ρg1,g2g3 = ρg1,g2 + ρg1g2,g3.De�nition 1.3. A multipli
ative bundle gerbe with 
onne
tion over a Liegroup G is a bundle gerbe G with 
onne
tion over G together with an invertiblebimodule

M : G1 ⊗ G2
// G12 ⊗ Iρover G×G, whose 
urvature ρ is ∆-
losed, and a bimodule isomorphism

G1 ⊗ G2 ⊗ G3

M1,2⊗id
//

id⊗M2,3

��

G12 ⊗ G3 ⊗ Iρ1,2

M12,3⊗id

��

α nnnnnnnnnnn

nnnnnnnnnnn

s{ nnnnnnnnnn

nnnnnnnnnn

G1 ⊗ G23 ⊗ Iρ2,3 M1,23⊗id
// G123 ⊗ Iρ∆over G×G×G that satis�es the pentagon axiom (Figure 1 on page 47).Noti
e that the diagram is well-de�ned due to the equality

Iρ∆ = Iρ2,3 ⊗ Iρ1,23 = Iρ1,2 ⊗ Iρ12,3whi
h follows sin
e ρ is ∆-
losed. If one forgets the 
onne
tions and puts
ρ = 0, the above de�nition redu
es 
onsistently to the one of a multipli
ativebundle gerbe [CJM+05℄.Example 1.4. Let ϕ ∈ Ω2(G) be a 2-form on G, and G := Iϕ the asso
iatedtrivial bundle gerbe over G. It 
an be endowed with a multipli
ative stru
turein the following ways:(a) In a trivial way. We put ρ := ∆ϕ := ϕ1 − ϕ12 + ϕ2, this de�nes a

∆-
losed 2-form ρ on G2. We obtain an equality
G1 ⊗ G2 = G12 ⊗ Iρ7



of bundle gerbes with 
onne
tion over G2, so that the identity 1-isomorphism M := idG12 is an invertible bimodule as required. To-gether with the identity 2-morphism, this yields a multipli
ative bundlegerbe with 
onne
tion asso
iated to every 2-form on G.(b) In a non-trivial way involving the following stru
ture: a U(1)-bundle Lwith 
onne
tion over G2 and a 
onne
tion-preserving isomorphism
φ : L1,2 ⊗ L12,3

// L2,3 ⊗ L1,23of U(1)-bundles over G3 satisfying the 
oheren
e 
ondition
(φ2,3,4 ⊗ id) ◦ (id ⊗ φ1,23,4) ◦ (φ1,2,3 ⊗ id) = φ1,2,34 ◦ (id ⊗ φ12,3,4) (1.4)over G4. Noti
e that the 
urvature of L is automati
ally ∆-
losed, sothat we may put ρ := curv(L) − ∆ϕ. Using the fun
tor Bun fromProposition 1.1, we set M := Bun−1(L) and α := Bun−1(φ). These aremorphisms as required in De�nition 1.3, and (1.4) implies the pentagonaxiom.A sub
lass of pairs (L, φ) as used in Example 1.4 (b) is provided by ∆-
losed 1-forms ψ on G2: we set L := Iψ, the trivial U(1)-bundle with ψ as
onne
tion, and φ := id. The 
hoi
e ψ = 0 reprodu
es Example 1.4 (a).Example 1.5. Let us now 
onsider the 
anoni
al bundle gerbes Gk withtheir 
anoni
al 
onne
tions. They are de�ned over 
ompa
t, simple andsimply-
onne
ted Lie groups G for any k ∈ Z. Expli
it �nite-dimensional,Lie-theoreti
 
onstru
tions are available [GR02, Mei02, GR03℄; here it willbe su�
ient to use abstra
t arguments. The 
urvature of Gk is given bymultiples Hk = kη of the 
anoni
al 3-form

η :=
1

6
〈θ ∧ [θ ∧ θ]〉 ∈ Ω3(G). (1.5)Here, 〈−,−〉 is a symmetri
 bilinear form on the Lie algebra g whi
h isnormalized su
h that η represents the generator of H3(G,Z) = Z, and θ isthe left-invariant Maurer-Cartan form on G. The 
anoni
al 3-form satis�esthe identity

η1 + η2 = η12 + dρ (1.6)for 3-forms on G2, where
ρ :=

1

2

〈

p∗1θ ∧ p
∗
2θ̄

〉 (1.7)8



for θ̄ the right-invariant Maurer-Cartan form. The 2-form ρ is ∆-
losed asrequired. We 
laim that there exist 1-isomorphisms
Gk1 ⊗ Gk2 // Gk12 ⊗ Ikρ. (1.8)This 
omes from the fa
t that isomorphism 
lasses of bundle gerbes with �xed
urvature over a smooth manifoldM are parameterized by H2(M,U(1)), butthis 
ohomology group is by assumption trivial forM = G2. Indeed, the 
ur-vatures of the bundle gerbes on both sides of (1.8) 
oin
ide due to (1.6);hen
e, 1-isomorphisms exist.Let M be any 
hoi
e of su
h a 1-isomorphism. Now we 
onsider thebundle gerbes H := Gk1 ⊗Gk2 ⊗Gk3 and K := Gk123 ⊗Ikρ∆ with 
onne
tion over

G3. These are the bundle gerbes in the upper left and the lower right 
ornerof the diagram in De�nition 1.3. The bimodule isomorphism α that remainsto 
onstru
t is a morphism between two obje
ts in the 
ategory Iso(H,K).We re
all that this 
ategory is a module over U(1)-Bun∇
0 (G3) in a free andtransitive way. Sin
e G is simply-
onne
ted, all obje
ts in the latter 
ategoryare isomorphi
, and so are all obje
ts in Iso(K,H). Hen
e α exists.Not every 
hoi
e of α will satisfy the pentagon axiom, but we 
an still a
twith an automorphism of the trivial U(1)-bundle I0 on the 
hoi
es of α interms of the fun
tor (1.1). These are lo
ally 
onstant fun
tions G3 // U(1),and sin
e G is simple � in parti
ular 
onne
ted � just elements of U(1). Now,the pentagon axiom 
ompares 
ompositions of pullba
ks of α to G4, namely

αl := α2,3,4 ◦ α1,23,4 ◦ α1,2,3 and αr := α1,2,34 ◦ α12,3,4.They di�er by the a
tion of a number z ∈ U(1), say z ⊗ αl = αr. Now
onsider the new 
hoi
e α′ := z ⊗ α; this evidently satis�es the pentagonaxiom
α′
l = z3 ⊗ αl = z2 ⊗ αr = α′

r.So, the 
anoni
al bundle gerbes Gk over a simple, 
ompa
t and simply-
onne
ted Lie group G are examples of multipli
ative bundle gerbes with
onne
tion.Remark 1.6. Any bundle gerbe G with 
onne
tion over a smooth manifold
M provides holonomiesHolG(φ) ∈ U(1) for smooth maps φ : Σ // M de�nedon a 
losed oriented surfa
e Σ. For (G,M, α) a multipli
ative bundle gerbeover a Lie group G, this holonomy has a parti
ular �multipli
ative� property[CJM+05℄: for smooth maps φ1, φ2 : Σ // G it satis�es

HolG(φ1) · HolG(φ2) = HolG(φ1 · φ2) · exp

(

2πi

∫

Σ

Φ∗ρ

) , (1.9)9



where φ1 ·φ2 is the pointwise produ
t, ρ is the 
urvature of the bimodule Mand Φ : Σ // G × G is de�ned by Φ(s) := (φ1(s), φ2(s)). In the physi
alliterature (1.9) is known as the Polyakov-Wiegmann formula.De�nition 1.7. Let (G,M, α) and (G′,M′, α′) be two multipli
ative bundlegerbes with 
onne
tion over G. A multipli
ative 1-morphism is a 1-morphism
A : G // G′ and a 2-isomorphism

G1 ⊗ G2
M //

A1⊗A2

��

G12 ⊗ Iρ

β rrr
rrr

rr

rrr
rrr

rr

t| rrrrrrr

rrrrrrr A12⊗id

��

G′
1 ⊗ G′

2 M′
// G′

12 ⊗ Iρ′

(1.10)su
h that β is 
ompatible with the bimodule morphisms α and α′ (Figure 2on page 47).The existen
e of the 2-isomorphism β requires that the 
urvatures ρ and ρ′of the bimodulesM and M′ 
oin
ide. The 
omposition of two multipli
ative1-morphisms
(G,M, α)

(A,β)
// (G′,M′, α′)

(A′,β′)
// (G′′,M′′, α′′)is de
lared to be the 1-morphism A′ ◦ A : G // G′′ together with the 2-isomorphism whi
h is obtained by putting diagram (1.10) for β on top ofthe one for β ′. This 
omposition of multipli
ative 1-morphisms is stri
tlyasso
iative. Thus, by restri
ting De�nition 1.7 to invertible 1-morphisms

A, one obtains an equivalen
e relation on the set of multipli
ative bundlegerbes with 
onne
tion over G. The set of equivalen
e 
lasses will be studiedin Se
tion 2.Example 1.8. We return to the multipli
ative bundle gerbe Iϕ from Exam-ple 1.4 (b) 
onstru
ted from a triple (ϕ, L, φ) of a 2-form ϕ, a U(1)-bundle Lwith 
onne
tion over G2 and a 
ertain isomorphism φ. Let α ∈ Ω1(G) be a1-form from whi
h we produ
e a new triple (ϕ′, L′, φ) 
onsisting of the 2-form
ϕ′ := ϕ + dα, the U(1)-bundle L′ := L ⊗ I∆α, and the same isomorphism
φ. Then, there is a multipli
ative 1-morphism between Iϕ and I ′

ϕ, whose1-morphism is given by A := Bun−1(Iα), and whose 2-isomorphism is theidentity.Con
erning the 
anoni
al bundle gerbes Gk from Example 1.5 there isa multipli
ative 1-isomorphism between (Gk,M, α) and (Gk,M′, α′) for alldi�erent 
hoi
es of the bimodule M and the bimodule morphism α. Thismeans that the 
anoni
al bundle gerbe Gk is multipli
ative in a unique way(up to multipli
ative 1-isomorphisms); see Corollary 2.6 below.10



2 Cohomologi
al Classi�
ationWe introdu
e a 
ohomologi
al des
ription for multipli
ative bundle gerbeswith 
onne
tion and derive a number of 
lassi�
ation results. Con
erning theexponential map of U(1) we �x the 
onvention that the exponential sequen
e
0 // Z

� � // R
e2πi

// U(1) // 1is exa
t, and we use the di�erential of e2πi to identify the Lie algebra of U(1)with R.2.1 Deligne CohomologyWe re
all the relation between bundle gerbes with 
onne
tion and degreetwo Deligne 
ohomology. For n ≥ 0, the Deligne 
omplex D•(n) [Bry93℄ ona smooth manifold M is the sheaf 
omplex
U(1)M

dlog
// Ω1

M

d // ... d // Ωn
M .Here, U(1)M denotes the sheaf of smooth U(1)-valued fun
tions, Ωk

M denotesthe sheaf of k-forms and d is the exterior derivative. Finally, dlog sends asmooth fun
tion g : U // U(1) to the pullba
k g∗θ ∈ Ω1(U) of the Maurer-Cartan form θ on U(1), whi
h is a real-valued 1-form a

ording to the above
onvention.The hyper
ohomology of the Deligne 
omplex is denoted byHk(M,D(n)).These 
ohomology groups 
an be 
omputed via �e
h resolutions: for anyopen 
over U of M one has a 
omplex
Delm(U , n) :=

⊕

m=p+k

Čp(U ,Dk(n)) (2.1)whose di�erential is
D|Čp(U ,Dk(n)) :=

{

δ + (−1)pd for k > 0

δ + (−1)pdlog else. (2.2)The Deligne 
ohomology groups 
an then be obtained as the dire
t limit
Hm(M,D(n)) = lim

−−→
U

Hm(Del•(U , n),D) (2.3)over re�nements of open 
overs. 11



Of most importan
e are the groups for m = n. H0(M,D(0)) is the groupof smooth U(1)-valued fun
tions on M . To see what H1(M,D(1)) is, let Uibe the open sets of U . Then, the transition fun
tions
gij : Ui ∩ Uj // U(1)and lo
al 
onne
tions 1-forms Ai of a prin
ipal U(1)-bundle with 
onne
tionde�ne a 
o
y
le ξ = (gij, Ai) ∈ Del1(U , 1). A 
onne
tion-preserving isomor-phism de�nes a 
o
hain η ∈ Del0(U , 1) in su
h a way that ξ′ = ξ + D(η).This establishes a bije
tion between isomorphism 
lasses of U(1)-bundles with
onne
tion and H1(M,D(1)), see [Bry93℄, Th. 2.2.11.Similarly, H2(M,D(2)) 
lassi�es bundle gerbes with 
onne
tion. For ev-ery bundle gerbe G = (π, L, C, µ) with 
onne
tion over M there exists anopen 
over U that admits to extra
t a 
o
y
le (g, A,B) in Del2(U , 2). It
onsists of smooth fun
tions

gijk : Ui ∩ Uj ∩ Uk // U(1)
oming from the isomorphism µ, of 1-forms Aij ∈ Ω1(Ui ∩ Uj) 
oming fromthe 
onne
tion on the bundle L, and of 2-forms Bi ∈ Ω2(Ui) 
oming from the
urving C. In terms of its lo
al data, the 
urvature of the bundle gerbe Gis given by H|Ui
= dBi, and the Dixmier-Douady 
lass DD(G) ∈ H3(M,Z)mentioned in the introdu
tion is the image of the �e
h 
ohomology 
lass of

g under the isomorphism
H2(M,U(1)) ∼= H3(M,Z).For any 1-isomorphism A : G // G′ one �nds a 
o
hain η ∈ Del1(U , 2)with ξ′ = ξ + D(η), and for any 2-isomorphism ϕ : A +3 A′ between su
h1-isomorphisms a 
o
hain α ∈ Del0(U , 2) with η′ = η + D(α). Conversely,one 
an re
onstru
t bundle gerbes, 1-isomorphisms and 2-isomorphisms fromgiven 
o
y
les and 
o
hains, respe
tively. This establishes a bije
tion [MS00℄







Isomorphism 
lassesof bundle gerbes with
onne
tion over M 





∼= H2(M,D(2)). (2.4)A detailed a

ount of the relation between Deligne 
ohomology geometri
alobje
ts 
an be found in literature, e.g. [SW08℄ and referen
es therein.2.2 A Modi�
ation of Simpli
ial Deligne CohomologyThe dis
ussion of multipli
ative bundle gerbes (without 
onne
tion) over aLie groupG shows that the 
ohomology of the 
lassifying spa
e BG is relevant[Bry00, CJM+05℄. We shall review some aspe
ts that will be important.12



One 
onsiders the simpli
ial manifold G• = {Gq}q≥0 with the usual fa
emaps ∆i : Gq // Gq−1 for 0 ≤ i ≤ q. In the notation of Se
tion 1 these fa
emaps are given by
∆0 = m2,...,q , ∆q = m1,...,q−1 and ∆i = m1,...,i(i+1),...,q for 1 ≤ i < q.For A an abelian Lie group, let AM denote the sheaf of smooth A-valuedfun
tions on a smooth manifold M . The sheaf homomorphisms

∆ :=

q
∑

i=0

(−1)i∆∗
i : AGq−1

// AGq (2.5)de�ne a 
omplex
A{∗}

∆ // AG
∆ // AG2

∆ // AG3
∆ // ... (2.6)of sheaves. Following [Bry00℄ we denote the hyper
ohomology groups of this
omplex by Hm(BG,A). Indeed, if Aδ is the group A equipped with thedis
rete topology, Hm(BG,Aδ) is the singular 
ohomology Hm(BG,A) ofthe topologi
al spa
e BG.The same 
ohomology groups have been 
onsidered by Segal [Seg70℄; theyare furthermore related to the 
ontinuous 
ohomology Hm

ct (G, V ) of G: for
V a topologi
al ve
tor spa
e endowed with a 
ontinuous G-a
tion, this isthe 
ohomology of a 
omplex whose 
o
hain groups are the 
ontinuous mapsfrom Gq to V , and whose di�erential is a 
ontinuous analog of the one of�nite group 
ohomology. In the 
ase that V is �nite dimensional and G a
tstrivially,

Hm
ct (G, V ) = Hm(BG, V ),where V is on the right hand side 
onsidered as an abelian Lie group ([Bry00℄,Prop. 1.3).The homomorphisms ∆ from (2.5) generalize to arbitrary sheaves ofabelian groups, for example to di�erential forms,

∆ : Ωk(Gq) // Ωk(Gq+1). (2.7)In Se
tion 1 we have 
alled k-forms ρ ∈ Ωk(G2) with ∆ρ = 0 ∆-
losed . Wedenote the kernel of (2.7) by Ωk
∆(Gq).We 
ompute the 
ohomology groups Hm(BG,A) via �e
h resolutions.Let U = {Uq}q≥1 be a sequen
e of open 
overs of Gq, whose index sets form asimpli
ial set in su
h a way that its fa
e maps 
ompute with the fa
e maps ofthe simpli
ial manifold G•. It is des
ribed in [BM94℄ how to 
onstru
t su
h13



sequen
es from a given open 
over U1 ofG. If ne
essary, this 
onstru
tion 
aneven be for
ed to yield good 
overs. We form the double 
omplex Čp(Uq, AGq)and denote its total 
omplex by Totm∆(U, A), equipped with the di�erential
∆|Čp(Uq ,AGq ) := (−1)qδ + ∆.The 
ohomology of this total 
omplex 
omputes � in the dire
t limit oversequen
es of open 
overs � the groups Hm(BG,A).In order to 
lassify multipli
ative bundle gerbes with 
onne
tion over G,we 
onsider the simpli
ial Deligne 
omplex Del•∆(U, n). Its 
o
hain groupsare

Delm∆(U, n) :=
⊕

m=j+q

Delj(Uq, n), (2.8)and its di�erential is
D∆|Delj(Uq ,n) := (−1)qD + ∆. (2.9)Taking the dire
t limit over sequen
es of open 
overs U, one obtains the sim-pli
ial Deligne 
ohomology Hm(BG,D(n)) as introdu
ed in [BM94, Bry00℄.Noti
e that the 
urvature 2-form ρ of the bimodule M in the de�nition ofa multipli
ative bundle gerbe with 
onne
tion has not yet a pla
e in thesimpli
ial Deligne 
omplex.For this purpose, we modify the 
o
hain groups in degree n+ 1,

Deln+1
∆ (U, n)bi := Deln+1

∆ (U, n) ⊕ Ωn
∆(G2), (2.10)while Delm∆(U, n)bi := Delm∆(U, n) is as before in all other degrees m 6= n + 1.On the additional summand we de�ne the di�erential by

Dbi
∆|Ωn

∆(G2) : Ωn
∆(G2) // Deln(U2, n) : ρ � //

{

(1, 0, ..., 0,−ρ) n ≥ 1

e−2πiρ n = 0and keep Dbi
∆ := D∆ in all other 
ases. The new di�erential still satis�es

Dbi
∆ ◦ Dbi

∆ = 0. The 
ohomology of this 
omplex � in the dire
t limit oversequen
es of open 
overs � is denoted
Hm(BG,Dbi(n)) := lim

−−→
U

Hm(Del•∆(U, n)bi,Dbi
∆).The most interesting groups are those with m = n+1, of whi
h we shall nowexpli
itly des
ribe the �rst ones. 14



For n = 0, we have
Del1∆(U, 0)bi = Del0(U1, 0) ⊕ Ω0

∆(G2)

Del2∆(U, 0)bi = Del0(U2, 0) ⊕ Del1(U1, 0)and the di�erential Dbi
∆ sends a 
o
hain (g, ρ) to (∆g · e−2πiρ,−Dg). These
ond 
omponent Dg = 1 of the 
o
y
le 
ondition infers that g is a globallyde�ned smooth fun
tion g : G // U(1). The �rst 
omponent ∆g = e2πiρinfers that g is a proje
tive group homomorphism, i.e.

g(x)g(y) = g(xy)e2πiρ(x,y) (2.11)for all x, y ∈ G. The 
ondition ∆ρ = 0 imposed in (2.10) is here importantfor the 
ompatibility of (2.11) with the asso
iativity of G. Summarizing,
H1(BG,Dbi(0)) is the group of smooth proje
tive group homomorphisms
(g, ρ).For n = 1, the the �rst 
o
hain groups are

Del1∆(U, 1)bi = Del0(U1, 1)

Del2∆(U, 1)bi = Del0(U2, 1) ⊕ Del1(U1, 1) ⊕ Ω1
∆(G2)

Del3∆(U, 1)bi = Del0(U3, 1) ⊕ Del1(U2, 1) ⊕ Del2(U1, 1).The 
oboundary of a 
o
hain h in degree one is (∆h,−Dh, 0), and the oneof a 
o
hain (a, ξ, ρ) in degree two is (∆a,Da + ∆ξ − (1, ρ),−Dξ). The
o
y
le 
ondition for (a, ξ, ρ) has the following 
omponents: Dξ = 0 meansthat ξ is a 
o
y
le for a U(1)-bundle L with 
onne
tion over G. The next
ondition Da + ∆ξ = (1, ρ) means that a de�nes a 
onne
tion-preservingbundle isomorphism
α : p∗1L⊗ p∗2L

// m∗L⊗ Iρover G2, where Iρ is the trivial U(1)-bundle equipped with the 
onne
tion 1-form ρ. The remaining 
ondition ∆a = 1 is a 
oheren
e 
ondition for α whenpulled ba
k to G3. This way, a 
o
y
le in Del2∆(U, 1)bi de�nes a multipli
ative
U(1)-bundle with 
onne
tion. Examples of su
h bundles have appeared in[MS03℄.Two 
o
y
les (a, ξ, ρ) and (a′, ξ′, ρ′) are equivalent if they di�er by a 
o-boundary (∆h,−Dh, 0): this means that the 1-forms 
oin
ide, ρ = ρ′, the
omponent ξ′ = ξ − Dh means that −h de�nes an isomorphism ν : L // L′of U(1)-bundles with 
onne
tion, and a′ = a · ∆h means that ν respe
tsthe multipli
ative stru
tures de�ned by a and a′. So, 
obordant 
o
y
les in
Del2∆(U, 1)bi de�ne isomorphi
 multipli
ative U(1)-bundles with 
onne
tion.15



Summarizing, the 
ohomology group H2(BG,Dbi(1)) is in bije
tion to the setof isomorphism 
lasses of multipli
ative U(1)-bundles with 
onne
tion over
G. The most important 
ohomology group in this arti
le is H3(BG,Dbi(2)).The relevant 
o
hain groups are here

Del2∆(U, 2)bi = Del0(U2, 2) ⊕ Del1(U1, 2)

Del3∆(U, 2)bi = Del0(U3, 2) ⊕ Del1(U2, 2) ⊕ Del2(U1, 2) ⊕ Ω2
∆(G2)

Del4∆(U, 2)bi = Del0(U4, 2) ⊕ Del1(U3, 2) ⊕ Del2(U2, 2) ⊕ Del3(U1, 2).The 
oboundary of a 
o
hain (h, ζ) in degree two is (∆h,Dh + ∆ζ,−Dζ),and the one of a 
o
hain (a, µ, ξ, ρ) in degree three is
Dbi

∆(a, µ, ξ, ρ) = (∆a,−Da + ∆µ,Dµ+ ∆ξ − (1, 0, ρ),−Dξ).The last 
omponent Dξ = 0 of the 
o
y
le 
ondition means that ξ is a
o
y
le for a bundle gerbe G with 
onne
tion over G. The 
ondition Dµ +
∆ξ − (1, 0, ρ) = 0 means that µ de�nes a 1-isomorphism

M : p∗1G ⊗ p∗2G // m∗G ⊗ Iρof bundle gerbes with 
onne
tion over G2. The 
ondition Da = ∆µ meansthat a is a 2-isomorphism
α : (M12,3 ⊗ id) ◦ (M1,2 ⊗ id) +3 (M1,23 ⊗ id) ◦ (id ⊗M2,3),and the last 
ondition ∆α = 1 infers the pentagon identity for α. Summariz-ing, a 
o
y
le (a, µ, ξ, ρ) de�nes a multipli
ative bundle gerbe with 
onne
tionover G.Let (a, µ, ξ, ρ) and (a′, µ′, ξ′, ρ′) be 
o
y
les di�ering by the 
oboundaryof a 
o
hain (h, ζ) ∈ Del2∆(U, 2)bi. The 
omponent ξ′ = ξ − Dζ means that

−ζ is a 1-isomorphism A : G // G′ between the bundle gerbes G and G′
oming from the 
o
y
les ξ and ξ′. The two forms 
oin
ide, ρ = ρ′, and the
omponent µ′ = µ+ Dh+ ∆(−ζ) means that h is a 2-isomorphism
β : A12 ◦M +3 M′ ◦ (A1 ⊗A2).The last 
omponent a′ = a · ∆h guarantees the 
ompatibility of β with thebimodule morphisms α and α′. Hen
e, 
obordant 
o
y
les de�ne isomorphi
multipli
ative bundle gerbes with 
onne
tion.Conversely, sin
e we 
an extra
t lo
al data from bundle gerbes with 
on-ne
tion, 1-isomorphisms and 2-isomorphisms, we 
on
lude16



Proposition 2.1. There exists a 
anoni
al bije
tion






Isomorphism 
lasses ofmultipli
ative bundle gerbeswith 
onne
tion over G 





∼= H3(BG,Dbi(2)).We remark that similar bije
tions for multipli
ative gerbes without 
on-ne
tion, and with 
onne
tion but with vanishing 
urvature ρ, have beenshown before [BM94, Bry00, CJM+05℄.2.3 Multipli
ative ClassesIn this se
tion we derive four results on the groups Hm(BG,Dbi(n)). The�rst result is related to the proje
tion
pm : Delm∆(U, n)bi // Totm∆(U,U(1)) (2.12)onto those 
omponents of Delm∆(U, n)bi whi
h have values in the sheaf U(1).This is a 
hain map into the 
omplex whose 
ohomology is Hm(BG,U(1)).Together with the 
onne
ting homomorphism
Hm(BG,U(1)) // Hm+1(BG,Z) (2.13)of the exponential sequen
e, the map indu
ed by pm is a homomorphism

MC : Hm(BG,Dbi(n)) // Hm+1(BG,Z). (2.14)If (G,M, α) is a multipli
ative bundle gerbe with 
onne
tion over G that
orresponds to a 
lass ξ ∈ H3(BG,Dbi(2)) under the bije
tion of Proposition2.1, we 
all MC(ξ) ∈ H4(BG,Z) its multipli
ative 
lass.Another invariant of a multipli
ative bundle gerbe with 
onne
tion is thepair (H, ρ) 
onsisting of the 
urvature 3-form of G and the 
urvature 2-formof the bimodule M. In general, we have a proje
tion
Ω : Hn+1(BG,Dbi(n)) // Ωn+1(G) ⊕ Ωn(G2) (2.15)whose result is the pair (dωn, ρ) 
onsisting of the derivative of the top-formin the Deligne 
o
y
le (g, ω1, ..., ωn) in Deln(U1, n) and the n-form ρ on G2we have added in (2.10). A pair (H, ρ) of di�erential forms in the image ofthe homomorphism Ω satis�es
dH = 0 , ∆H − dρ = 0 and ∆ρ = 0. (2.16)17



These equations mean that (H, ρ, 0, ..., 0) is a 
o
y
le in the total 
omplex ofthe simpli
ial de Rham double 
omplex Ω•(G•), whose di�erential is
d∆|Ωk(Gq) = ∆ + (−1)1+qd,with the signs 
hosen 
ompatible with the 
onventions (2.2) and (2.9). The
ohomology of this 
omplex 
omputes the real 
ohomology of BG via ex-tended de Rham isomorphisms H•(BG,R) ∼= H•(ΩG) [BSS76℄.Our �rst result on the groups Hm(BG,Dbi(n)) is:Proposition 2.2. The image of the multipli
ative 
lass MC(ξ) of a 
lass ξin Hn+1(BG,Dbi(n)) under the homomorphisms

Hn+2(BG,Z) // Hn+2(BG,R)
∼= // Hn+2(ΩG) (2.17)
oin
ides with the 
lass de�ned by Ω(ξ).Proof. The extended de Rham isomorphisms 
an be de�ned as follows.The in
lusions

Ωk(Gq) � � // Č0(Uq,Ω
k) and Čp(Uq,R) � � // Čp(Uq,Ω

0)de�ne 
hain maps from the double 
omplexes whi
h 
ompute, respe
tively,
Hm(ΩG) and Hm(BG,R), into the triple 
omplex Čp(Uq,Ω

k) whi
h has adi�erential DΩ with the signs arranged like the ones in (2.9). By de�ni-tion, two 
o
y
les 
orrespond under the extended de Rham isomorphism
Hm(BG,R) ∼= Hm(ΩG) to ea
h other, if the sum of their in
lusions is a
oboundary in this triple 
omplex.The triple 
omplex Čp(Uq,Ω

k) is similar to the 
omplex Del•∆(U, n)bi, ex-
ept (a) it has for k = 0 the sheaf Ω0 instead of U(1), (b) it is not trun
atedabove k = n, and (
) has not the additional n-form. Thus, by taking ex-ponentials, trun
ating and putting zero for the additional n-form, we havea 
hain map from Čp(Uq,Ω
k) to Del•∆(U, n). Conversely, if we assume open
overs Uq on whi
h one 
an 
hoose smooth logarithms of U(1)-valued fun
-tions, one has a se
tion of this 
hain map, whi
h is itself not a 
hain map:a straightforward 
omputation shows that the 
oboundary of the image of a
o
y
le ξ ∈ Delm∆(U, n) under this se
tion is pre
isely the sum of the in
lusionof Ω(ξ) and of the in
lusion of a 
o
y
le

κ := 1
2πi

(−δlogα1,∆logα1 + δlogα2, ...,∆logαn)in Totm∆(U,R), where (α1, ..., αn) = pm(ξ) under the proje
tion (2.12).18



It remains to noti
e that κ represents the image of pm(ξ) under the
onne
ting homomorphism (2.13), and is thus a �e
h-representative of themultipli
ative 
lass of ξ. Hen
e MC(ξ) and Ω(ξ) 
orrespond to ea
h otherunder the extended de Rham isomorphisms. �As a 
onsequen
e of Proposition 2.2 we see that any pair Ω(ξ) of di�er-ential forms is 
ontained in subspa
es
Mn+1

Z
(G) ⊂Mn+1

R
(G) ⊂ Ωn+1(G) ⊕ Ωn(G2),whereMn+1

R
(G) 
onsists of those pairs (H, ρ) whi
h satisfy the 
o
y
le 
ondi-tions (2.16), andMn+1

Z

onsists of those whose asso
iated 
lass in Hn+2(ΩG)lies in the image of the integral 
ohomology under (2.17).In preparation of the next result it will be useful to 
onsider the following
hain map of 
omplexes of sheaves

ι : U(1) � � // D•
d(n) : g � // (g, 0, ..., 0). (2.18)Here, the sheaf of lo
ally 
onstant U(1)-valued fun
tions is 
onsidered as asheaf 
omplex 
on
entrated in degree zero, and D•

d(n) denotes the Deligne
omplex in whi
h the last sheaf Ωn is repla
ed by the sheaf Ωn
d of 
losed

n-forms. We re
all that ι is a quasi-isomorphism [Bry93℄, i.e. it indu
esisomorphisms
Hm(M,U(1)) ∼= Hm(M,Dd(n)). (2.19)This follows from the Poin
aré-Lemma; the same is true in the simpli
ial
ontext, as we shall se next. We introdu
e the 
omplex

Delm∆(U, n)d :=
⊕

m=p+q+k

Čp(Uq,D
k
d(n)).Lemma 2.3. For all m ≥ 0 and n > 0, the in
lusion

Totm∆(U,U(1)) � � // Delm∆(U, n)dis a quasi-isomorphism, i.e. it indu
es isomorphisms
Hm(BG,U(1)) ∼= Hm(BG,Dd(n)).Proof. We show that for n ≥ 1 the in
lusions

Delm∆(U, n− 1)d
� � // Delm∆(U, n)d and Totm∆(U,U(1)) � � // Delm∆(U, 1)dare quasi-isomorphisms. Then the 
laim follows by using the �rst quasi-isomorphism (n− 1) times and then the se
ond one time.19



To see that the �rst in
lusion is a quasi-isomorphism, suppose
ξ = (ξ1, ..., ξm) ∈ Delm∆(U, n)dis a simpli
ial Deligne 
o
y
le with a Deligne 
o
y
le ξm ∈ Delm−1(U1, n) ontop. Ifm ≤ n, ξ 
ontains no n-forms and (if at all) only a 
losed (n−1)-form;it is thus also a 
o
y
le in Delm∆(U, n−1)d. Ifm > n, we have ξm = (ω1, ..., ωm)with an n-form ωm ∈ Čm−n−2(U1,Ω

n). Assuming a good 
over U1, we 
an
hoose η ∈ Čm−n−2(U1,Ω
n−1) su
h that (−1)m−ndη = ωm. We 
an thenregard η as a 
o
hain in Delm−1

∆ (U, n)d, and obtain a new 
o
y
le
ξ′ := ξ + D∆(η),whi
h has by 
onstru
tion no n-forms supported on the 
over U1, and sin
eit is still a 
o
y
le, only a 
losed (n − 1)-form. Now we 
an repeat thispro
ess indu
tively over all Uq, sin
e the 
hanges there only a�e
t n-formssupported on Uq+1. We have then asso
iated to any simpli
ial Deligne 
o
y
lein Delm∆(U, n)d an equivalent one in Delm∆(U, n− 1)d. On 
ohomology 
lasses,this is obviously an inverse to the in
lusion.The proof that the se
ond in
lusion is a quasi-isomorphism is similar, justthat one has to use U(1)-valued fun
tions instead of 0-forms. For su
h a fun
-tion, being 
losed is the same as being lo
ally 
onstant, whi
h is the 
laim. �We also need the following te
hni
al Lemma that relates the extended deRham isomorphism to the quasi-isomorphism we have just dis
ussed.Lemma 2.4. The 
omposite

Mn+1
R

(G) // Hn+2(BG,R) // Hn+2(BG,U(1)) // Hn+2(BG,Dd(n))sends a pair (H, ρ) ∈ Mn+1
R

(G) to a simpli
ial Deligne 
lass represented bya 
o
hain of the form (0, ...0, ξn, ξn+1). Moreover, with B ∈ Č0(U1,Ω
n) su
hthat dB = H, one 
an take

ξn = (1, 0, ..., 0,∆B + ρ) and ξn+1 = (1, 0, ..., 0,−δB).Proof. The 
o
y
le (H, ρ, 0, ..., 0) asso
iated to (H, ρ) ∈Mn+1
R

(G) 
orre-sponds under the extended de Rham isomorphism to a 
o
y
le (t0, ..., tn+1)in Totn+2
∆ (U,R), i.e. there exists a 
o
hain η in the triple 
omplex Čp(Uq,Ω

k)with
(t0, ..., tn+1) + DΩ(η) = (H, ρ, 0, ..., 0). (2.20)20



Noti
e that ι(e2πit0 , ..., e2πitn+1) is the image of (H, ρ) under the 
omposite weare about to understand. The 
o
hain η is a 
olle
tion ηkq ∈ Čn+1−q−k(Uq,Ω
k)and among the relations implied by (2.20) are

−dηn1 = H and ∆ηn1 + dηn−1
2 = ρ.Now denote by η̃ the same 
o
hain but with allΩ0-valued parts exponentiatedand ηn1 := 0. Then η̃ is in Deln+1

∆ (U, n)d, and
ι(e2πit0 , ..., e2πitn+1) + D∆(η̃) ∈ Deln+2

∆ (U, n)dis the 
laimed 
o
y
le (0, ..., 0, ξn, ξn+1) with B := −ηn1 . �Now we are prepared to prove our se
ond result on Hm(BG,D(n)bi).Proposition 2.5. The in
lusion ι indu
es isomorphisms
Hm(BG,U(1)) ∼= Hm(BG,Dbi(n))for m ≤ n. For m = n + 1 the indu
ed map �ts into the exa
t sequen
e

0 // Hn+1(BG,U(1))
ι∗ // Hn+1(BG,Dbi(n)) // Mn+1

Z
(G) // 0.Proof. For a sequen
e U of open 
overs Uq of Gq as used before, wede�ne the following 
omplex Ω•(U, n). We put Ωm(U, n) = 0 for m ≤ n,

Ωn+1(U, n) := Č0(U1,Ω
n+1
d ) ⊕ Ωn(G2)and

Ωm(U, n) :=
⊕

m−n=p+q

Čp(Uq,Ω
n+1
d )for m > n + 1. The di�erential is on a summand Čp(Uq,Ω

n+1
d ) given by

(−1)qδ+∆, and on the summand Ωn(G2) by −d : Ωn(G2) // Č0(U2,Ω
n+1
d ).The 
omplex Ω•(U, n) satis�es two purposes. The �rst is that the 
oho-mology of Ω•(U, n) is trivial in degree m ≤ n and isMn+1

R
(G) in degree n+1.The se
ond is that we have a 
hain map

d : Del•∆(U, n)bi // Ω•(U, n) (2.21)whi
h is the derivative on all n-forms that o

ur in Del•∆(U, n)bi, and theidentity on the additional summand Ωn(G2) from (2.10). We may assumethat all open 
overs Uq are su
h that the Poin
aré Lemma is true. Then,21



the 
hain map (2.21) is surje
tive, and its kernel is pre
isely the 
omplex
Del•∆(U, n)d. Summarizing,

0 // Del•∆(U, n)d
// Del•∆(U, n)bi

d // Ω•(U, n) // 0 (2.22)is an exa
t sequen
e of 
omplexes.Due to the vanishing of the 
ohomology of Ω•(U, n) in degree m ≤ n, thelong exa
t sequen
e in 
ohomology indu
ed by (2.22) splits into isomorphisms
Hm(BG,Dd(n)) ∼= Hm(BG,Dbi(n)),whi
h show together with Lemma 2.3 the �rst 
laim. It remains an exa
tsequen
e

0 // Hn+1(BG,U(1)) // Hn+1(BG,Dbi(n)) // Mn+1
R

(G) EDBC
GF@A

// Hn+2(BG,Dd(n)) // . . .whose 
onne
ting homomorphism is pre
isely the homomorphism des
ribedin Lemma 2.4. Thus, it fa
tors as
Hn+2(BG,R) // Hn+2(BG,U(1)) // Hn+2(BG,Dd(n)). (2.23)The last arrow is an isomorphism by Lemma 2.3; hen
e, any element

(H, ρ) ∈ Mn+1
R

(G) whi
h lies in the kernel of (2.23) must already lie inthe kernel of Hn+1(BG,R) // Hn+2(BG,U(1)), and thus in the image of
Hn+2(BG,Z). This means, by de�nition, (H, ρ) ∈ Mn+1

Z
(G), whi
h provesthe se
ond 
laim. �Corollary 2.6. For G 
ompa
t, simple and simply-
onne
ted, there exists a(up to isomorphism) unique multipli
ative bundle gerbe with 
onne
tion forevery element in M3

Z
(G).This follows from Proposition 2.5 and the identity H4(BG,Z) ∼= Z, whi
himplies
H3(BG,U(1)) ∼= TorH4(BG,Z) = 0.We re
all from Example 1.5 that the 
anoni
al bundle gerbe Gk with
onne
tion of 
urvature Hk over G is multipli
ative with a bimodule of 
ur-vature kρ. In parti
ular (Hk, kρ) ∈M3

Z
(G). Corollary 2.6 shows now that Gkis multipli
ative in a unique way. 22



In preparation of the third result on the groups Hm(BG,D(n)bi) we 
on-tinue the dis
ussion of the multipli
ative 
lass, i.e. the group homomorphism
MC : Hm(BG,Dbi(n)) // Hm+1(BG,Z)indu
ed by the 
hain map pm that proje
ts onto all 
omponents of

Delm∆(U, n)bi whi
h have values in the sheaf U(1). The kernel ker(pm) to-gether with the restri
tion of D∆ is again a 
omplex, so that
0 // ker(pm) // Delm∆(U, n)bi

pm

// Totm∆(U,U(1)) // 0 (2.24)is an exa
t sequen
e of 
omplexes.In the following we restri
t our attention to the 
ase n = 2, whi
h isrelevant for multipli
ative bundle gerbes with 
onne
tion. If we denote the
ohomology of ker(p•) by Hm, the interesting part of the long exa
t sequen
eindu
ed by (2.24) is:
. . . // H2(BG,U(1)) EDBC ω

GF@A
// H3 // H3(BG,Dbi(2)) // H3(BG,U(1)) EDBC

GF@A
// H4 // . . .

(2.25)
The following lemma 
ontains straightforward 
al
ulations 
on
erned withthis long exa
t sequen
e.Lemma 2.7. There are 
anoni
al isomorphisms

H3 ∼=
(

Ω2(G) ⊕ Ω1
∆(G2)

)

/ (−d ⊕ ∆)Ω1(G)

H4 ∼= Ω1
d,∆(G3) / ∆Ω1(G2).Under these identi�
ations, the 
onne
ting homomorphism ω of (2.25) isgiven by the 
omposite

H2(BG,U(1)) // H3(BG,Z) // H3(BG,R) ∼= H3(ΩG) // H3,where the last arrow is the map
H3(ΩG) ∋ [(ϕ2, ϕ1, ϕ0)]

� // (ϕ2, ϕ1) ∈ Ω2(G) ⊕ Ω1
∆(G2).whi
h is well-de�ned in the image of H2(BG,U(1)). The homomorphism

H3 // H3(BG,Dbi(2)) sends a pair (ϕ, ψ) to the family (ξ0, ξ1, ξ2) of Deligne
o
hains ξk ∈ Delk(U3−k, 2) given by
ξ0 := 1 , ξ1 := (1, ψ) and ξ2 := (1, 0, ϕ)and to the additional 2-form ρ := dψ + ∆ϕ ∈ Ω2(G2).23



Remark 2.8. The homomorphism H3 // H3(BG,Dbi(2)) in the sequen
e(2.25) has the following geometri
 
ounterpart under the bije
tion of Proposi-tion 2.1: a pair (ϕ, ψ) is mapped to the multipli
ative bundle gerbe (Iϕ, Iψ, id)
onstru
ted in Example 1.4 (b). If (ϕ, ψ) is 
hanged to (ϕ − dα, ψ + ∆α)by a 1-form α ∈ Ω1(G), the 
orresponding multipli
ative bundle gerbe isrelated to the previous one by the multipli
ative 1-isomorphism 
onstru
tedin Example 1.8.We denote by Ωn
d,∆,Z(G) the spa
e of n-forms ϕ on G whi
h are 
losedand ∆-
losed, and whose 
lass (ϕ, 0, ..., 0) in Hn+1(ΩG) ∼= Hn+1(BG,R) liesin the image of the integral 
ohomology Hn+1(BG,Z). Equivalently, the pair

(ϕ, 0) lies in Mn
Z
(G).Proposition 2.9. For G 
ompa
t, the sequen
e

0 // Ω2
d,∆,Z(G) // Ω2(G) // H3(BG,Dbi(2))

MC // H4(BG,Z) // 0is exa
t, where the third arrow sends a 2-form ϕ to the 
lass of the bundlegerbe Iϕ, whi
h is trivially multipli
ative with 2-form ρ = ∆ϕ.Proof. We re
all two important results on the 
ohomology of 
om-pa
t groups G. First, the homomorphism (2.13) is a
tually an isomorphism([Bry00℄, Prop. 1.5):
H3(BG,U(1)) ∼= H4(BG,Z).The se
ond result is due to Bott [Bot73℄: the 
ohomology of the 
omplex

Ωq(∗)
∆ // Ωq(G)

∆ // Ωq(G2)
∆ // ...is given by Hp(Ωq) = Hp−q

ct (G, Sqg∗), where Sqg∗ is the q-th symmetri
power of g∗, 
onsidered as a G-module under the 
oadjoint a
tion. Sin
e
Hm

ct (G, V ) = 0 for m > 0 and G 
ompa
t [Sta78℄, we have Hp(Ωq) = 0 for
p 6= q. It follows that the identi�
ations of Lemma 2.7 simplify to

H3 ∼= Ω2(G) / dΩ1
∆(G) and H4 = 0.All what remains now is to 
ompute the kernel of the map from Ω2(G) to

H3(BG,Dbi(2)).Suppose �rst that ϕ ∈ Ω2
d,∆,Z(G). By de�nition, there is a 
orre-sponding element in H3(BG,Z) ∼= H2(BG,U(1)) whi
h is mapped to

[(ϕ, 0, 0)] ∈ H3(ΩG). A

ording to Lemma 2.7 it is a preimage of ϕ under24



the 
onne
ting homomorphism ω. By the exa
tness of the sequen
e (2.25),it is hen
e in the kernel. Conversely, suppose ϕ is in the kernel. Then, itmust be in the image of ω, whi
h implies by Lemma 2.7 that it 
omes froma 
lass in H3(BG,Z). �Proposition 2.9 makes two important 
laims for multipli
ative bundlegerbes with 
onne
tion over 
ompa
t Lie groups. The �rst is that for any
lass ξ ∈ H4(BG,Z) there exist multipli
ative bundle gerbes with 
onne
tion,whose multipli
ative 
lass is ξ. The se
ond is that � unlike for multipli
ativebundle gerbes without 
onne
tion (see Proposition 5.2 in [CJM+05℄) � theremay be non-isomorphi
 
hoi
es.We will derive one further result on the groups Hm(BG,Dbi(n)). Were
all that for any Lie group G and any abelian group A there is a homo-morphism
τ : Hm(BG,A) // Hm−1(G,A) (2.26)
alled transgression and de
lared as follows. For a 
o
y
le ξ in the sin-gular 
o
hain 
omplex of BG, the pullba
k p∗ξ to the universal bundle

p : EG // BG is � sin
e EG is 
ontra
tible � a 
oboundary, say p∗ξ = dβ.For ι : G � � // EG the 
anoni
al identi�
ation of G with the �bre over the basepoint of BG we have d(ι∗β) = 0, so that ι∗β de�nes a 
lass τ([ξ]) := [ι∗β].This 
lass is independent of the 
hoi
es of the representative ξ and of β.Classes in the image of the transgression homomorphism are 
alled trans-gressive.It is interesting to rewrite the transgression homomorphism in terms ofthe simpli
ial model of BG we have used before. For this purpose we 
onsiderthe obvious proje
tion
v : Totm∆(U, A) // Čm−1(U1, A)from the 
omplex that 
omputes Hm(BG,A) to the 
omplex whose 
oho-mology is Hm−1(G,A). Using the simpli
ial model for the universal bundle

G � � // EG // BG one 
an expli
itly 
he
kLemma 2.10. τ = v∗.Now we 
onsider the homomorphism
τ∞ : H3(BG,Dbi(2)) // H2(G,D(2))whi
h is indu
ed by the proje
tion v∞ : Del3∆(U , 2)bi // Del2(U1, 2). Interms of geometri
 obje
ts, it takes a multipli
ative bundle gerbe (G,M, α)with 
onne
tion and forgets M and α. By 
onstru
tion, v∞ lifts the 
hainmap v from Lemma 2.10, so that we have25



Proposition 2.11. The homomorphism τ∞ lifts transgression, i.e. the dia-gram
H3(BG,Dbi(2))

MC
��

τ∞ // H2(G,D(2))

DD
��

H4(BG,Z) τ
// H3(G,Z)is 
ommutative. Here, MC is the multipli
ative 
lass and DD is the Dixmier-Douady 
lass.Corollary 2.12. A bundle gerbe with 
onne
tion over a 
ompa
t Lie groupis multipli
ative if and only if its Dixmier-Douady 
lass is transgressive.This follows from the surje
tivity of MC for G 
ompa
t, see Proposition2.9. This 
orollary extends Theorem 5.8 of [CJM+05℄ from bundle gerbes tobundle gerbes with 
onne
tion.Example 2.13. Consider the universal 
over p : SU(2) // SO(3). We havea 
ommutative diagram

H4(BSO(3),Z)
Bp∗

//

τSO(3)

��

H4(BSU(2),Z)

τSU(2)

��

H3(SO(3),Z)
p∗

// H3(SU(2),Z).All four 
ohomology groups 
an 
anoni
ally be identi�ed with Z. With re-spe
t to this identi�
ation it is well known that τSU(2) is the identity, τSO(3)and p∗ are multipli
ation by 2, and Bp∗ is multipli
ation by 4. Now supposethat G is a bundle gerbe over SO(3). It follows that p∗G ∼= G2k where Gkis one of the 
anoni
al bundle gerbes over SU(2). Suppose further that Gis multipli
ative with some multipli
ative 
lass ξ ∈ H4(BSO(3),Z). It fol-lows that the Dixmier-Douady 
lass of G is 2ξ, and the one of its pullba
k is
4ξ. Hen
e, p∗G ∼= G4k. Put di�erently, only those bundle gerbes over SU(2)whose level is divisible by 4 des
end to multipli
ative bundle gerbes with
onne
tion over SO(3).3 Appli
ationsThis se
tion 
ontains three 
onstru
tions of geometri
al obje
ts, all startingfrom a multipli
ative bundle gerbe with 
onne
tion: 
entral extensions ofloop groups, bundle 2-gerbes for Chern-Simons theories and symmetri
 bi-branes. 26



3.1 Central Extensions of Loop GroupsFirst we 
onstru
t a prin
ipal U(1)-bundle TG over the loop spa
e LM , as-so
iated to every bundle gerbe G with 
onne
tion over M . We show that in
ase that M is a Lie group G (not ne
essarily 
ompa
t, simple or simply-
onne
ted) and G is a multipli
ative bundle gerbe with 
onne
tion, TG is aFré
het Lie group and a 
entral extension of LG by U(1).We equip the free loop spa
e LM := C∞(S1,M) with its usual Fré
hetstru
ture ([Ham82℄, Ex. 4.1.2). Let us re
all how the 
hart neighborhoods are
onstru
ted. One identi�es loops τ : S1 // M with se
tions τ̃ : S1 // S1 ×
M in the trivial bundle with �bre M over S1. The goal is that se
tions areembeddings, so that one has for ea
h τ a tubular neighborhood Eτ of theimage of τ̃ in S1 ×M . A 
hart neighborhood of τ is now de�ned by

Vτ := {γ ∈ LM | Im(γ̃) ⊂ Eτ} ;it is di�eomorphi
 to an open subset of the Fré
het spa
e Γ(S1, τ ∗TM). Were
all the following standard fa
ts.Lemma 3.1 (e.g. [Bry93℄, Prop. 6.1.1). The holonomy HolP : LM // U(1)of a prin
ipal U(1)-bundle P with 
onne
tion over M is a smooth map. Itsderivative is
dlog(HolP ) =

∫

S1

ev∗F ∈ Ω1(LM),where F ∈ Ω2(M) is the 
urvature of P , ev : LM×S1 // M is the evaluationmap and ∫

S1 denotes the integration along the �bre.Let G be a bundle gerbe with 
onne
tion overM . For a loop γ : S1 // Mwe 
onsider the 
ategory Iso(γ∗G, I0) of trivializations of the bundle gerbe
γ∗G over S1. Su
h trivializations exist: the Deligne 
ohomology group that
lassi�es bundle gerbes with 
onne
tion over S1 in terms of the bije
tion (2.4)vanishes:

H2(S1,D(2))
(⋆)
= H2(S1,Dd(2))

(∗)
∼= H2(S1,U(1)) = 0,where (⋆) expresses the fa
t that all 2-forms on S1 are 
losed and (∗) is thequasi-isomorphism (2.19).We re
all from Se
tion 1 that the 
ategory Iso(γ∗G, I0) a module over

U(1)-Bun∇
0 (S1), the 
ategory of �at U(1)-bundles over S1. On isomorphism
lasses, this yields an a
tion of the group Pic∇0 (S1) of isomorphism 
lassesof �at U(1)-bundles over S1 on the set Iso(γ∗G, I0) of equivalen
e 
lasses oftrivializations. Moreover, sin
e the equivalen
e (1.2) indu
es a bije
tion on27



isomorphism 
lasses, this a
tion is free and transitive. Due to the 
anoni
alidenti�
ations
Pic∇0 (S1) ∼= Hom(π1(S

1),U(1)) ∼= U(1), (3.1)we see that the set Iso(γ∗G, I0) is a U(1)-torsor. This torsor will be the �breof the U(1)-bundle TG over the loop γ, i.e. we set
TG :=

⊔

γ∈LM

Iso(γ∗G, I0),and denote the evident proje
tion by p : TG
// LM .Let us brie�y tra
e ba
k how U(1) a
ts on the total spa
e TG . A number

z ∈ U(1) 
orresponds under the isomorphism (3.1) to a �at bundle Pz over
S1, 
hara
terized up to isomorphism by HolPz(S

1) = z. Using the a
tion(1.1) of su
h bundles on 1-isomorphisms, z takes a trivialization T to thenew trivialization Pz ⊗ T in the same �bre.Next we want to de�ne lo
al se
tions of p : TG
// LM , de�ned on the
hart neighborhoods Vτ of LM . Let Eτ be the tubular neighborhood of Im(τ̃ )in S1 ×M whi
h has been used to de�ne Vτ . Let t : S1 ×M // M denotethe proje
tion on the se
ond fa
tor. Sin
e Eτ is a strong deformation retra
tof Im(τ̃), whi
h is in turn di�eomorphi
 to S1, we see that H2(Eτ ,U(1)) =

H2(S1,U(1)) = 0. Hen
e, every bundle gerbe with 
onne
tion over Eτ isisomorphi
 to one of the trivial bundle gerbes Iρ. This allows us to 
hoose atrivialization
Tτ : t∗G|Eτ

// Iρτ .Consider now a loop γ ∈ Vτ . By de�nition γ̃ is a map γ̃ : S1 // Eτ , and by
onstru
tion we have t ◦ γ̃ = γ. Thus, we obtain a well-de�ned se
tion
sTτ : Vγ // TG : γ � // γ̃∗Tτ .We use these lo
al se
tions to equip TG with the stru
ture of a Fré
hetmanifold.Sin
e the �bres of TG are U(1)-torsors, the se
tions sTτ de�ne lo
al trivi-alizations, i.e. bije
tions

ϕτ : Vτ × U(1) // p−1(Vτ ) : (γ, z) � // Pz ⊗ γ̃∗Tτ .These bije
tions indu
e a Fré
het manifold stru
ture on ea
h of the opensets p−1(Vτ ) ⊂ TG . The indu
ed topology on TG is Hausdor�, so that itremains to show that the transition fun
tions are smooth. For interse
ting28



sets Vτ1 and Vτ2 the trivializations Tτ1 and Tτ2 determine by Proposition 1.1a prin
ipal U(1)-bundle
P := Bun(Tτ1 ◦ T

−1
τ2

) (3.2)with 
onne
tion over the interse
tion Eτ1 ∩Eτ2 with P ⊗Tτ2
∼= Tτ1 . It followsthat the transition fun
tion ϕ−1

τ2
◦ ϕτ1 is given by

(γ, z) � // (γ, z · HolP (γ̃)),so that it is smooth by Lemma 3.1.The same 
al
ulation shows that a 
hoi
e of di�erent trivializations T ′
τgives rise to a 
ompatible Fré
het stru
ture. Summarizing, we have shownProposition 3.2. For G a bundle gerbe with 
onne
tion over M , TG is aprin
ipal U(1)-bundle over LM .We 
onsider next a 1-isomorphism A : G // H between bundle gerbeswith 
onne
tion over M , and the asso
iated prin
ipal U(1)-bundles TG and

TH. For a trivialization T : γ∗G // I0 of G over a loop γ ∈ LM , we have atrivialization
T ◦ γ∗A−1 : γ∗H // I0of H over the same loop. This is well-de�ned on equivalen
e 
lasses of trivi-alizations, and thus de�nes a map TA : TG

// TH.Proposition 3.3. Let G and H be bundle gerbes with 
onne
tion. The map
TA : TG

// THasso
iated to a 1-isomorphism A : G // H is an isomorphism of prin
ipal
U(1)-bundles over LM . Moreover:(a) It respe
ts the 
omposition: if A : G // H and B : H // K are 1-isomorphisms, TB◦A = TB ◦ TA.(b) It respe
ts identities: TidG

= idTG
.(
) The existen
e of a 2-isomorphism β : A +3 B implies that the isomor-phisms TA and TB are equal.Proof. The map TA is by de�nition �bre-preserving. It respe
ts the

U(1)-a
tions be
ause the trivializations P ⊗(T ◦γ∗A−1) and (P ⊗T )◦γ∗A−1are equivalent. In order to 
he
k that TA is smooth, we 
onsider a 
hart29



neighborhood Vτ of LM , and the 
hart ϕτ of TG de�ned by a trivialization
Tτ : t∗G|Eτ

// Iρτ as explained above. We may 
onveniently 
hoose thetrivialization
T ′
τ := Tτ ◦ t

∗A−1 : t∗H|Eτ
// Iρτto determine a 
hart ϕ′

τ of TH. Then,
Vτ × U(1)

ϕτ // p−1
G (Vτ)

TA // p−1
H (Vτ )

ϕ′−1
τ // Vτ × U(1)is the identity, and hen
e smooth. Assertion (
) follows dire
tly from thede�nition. (a) and (b) follow by applying (
) to the 
anoni
al 2-isomorphisms

(B ◦ A)−1 ∼= A−1 ◦ B−1 and A ◦ idG
∼= A, respe
tively. �The two pre
eding propositions 
an be summarized in the following way.We denote by hBGrb∇(M) the �homotopy� 
ategory whose obje
ts are bun-dle gerbes with 
onne
tion over M and whose morphisms are 2-isomorphism
lasses of 1-isomorphisms. This way we have de�ned a fun
tor

T : hBGrb∇(M) // U(1)-Bun(LM)that we 
all transgression. Moreover, this fun
tor is monoidal. Indeed, bun-dle isomorphisms
TG ⊗ TH

∼= TG⊗H and TI0
∼= I (3.3)
an be de�ned as follows. The �rst sends a pair (T1, T2) of trivializations of

γ∗G and γ∗H, respe
tively, to their tensor produ
t T1⊗T2 : γ∗(G⊗H) // I0.The se
ond is a parti
ular 
ase of the more general fa
t that the U(1)-bundle
TIρ asso
iated to any trivial bundle gerbe Iρ is 
anoni
ally globally trivial-izable: a global se
tion of TIρ is de�ned by γ � // γ∗id, where id : Iρ // Iρis the identity isomorphism. It is straightforward to 
he
k that these isomor-phisms are smooth and that the 
oheren
e axioms for monoidal fun
tors aresatis�ed.We observe furthermore, for f : N // M a smooth map, that the iden-ti�
ation γ∗f ∗G = (f ◦ γ)∗G indu
es natural isomorphisms

Lf ∗
TG

∼= Tf∗G (3.4)of U(1)-bundles over LN . Summarizing, we have shownProposition 3.4. Transgression is a monoidal fun
tor
T : hBGrb∇(M) // U(1)-Bun(LM).30



Suppose G and G′ are the same underlying bundle gerbe, but equippedwith di�erent 
onne
tions. A

ording to Remark 1.2, there exists an inver-tible bimodule A : G // G′ ⊗ Iρ, whose 
urvature 2-form ρ 
ompensatesthe di�eren
e between the two 
onne
tions. The transgression of A de�nesan isomorphism TA : TG
// TG′⊗Iρ

∼= TG′ ⊗ TIρ
∼= TG′ . Thus, the prin
i-pal U(1)-bundle TG depends on the 
onne
tion on G only up to 
anoni
alisomorphisms.As a 
onsequen
e, we have realized a well-de�ned group homomorphism

µ : H3(M,Z) // H2(LM,Z), (3.5)whi
h sends the Dixmier-Douady 
lass of a bundle gerbe G with 
onne
tionto the �rst Chern 
lass of the U(1)-bundle TG .Lemma 3.5. The homomorphism µ 
overs integration along the �bre in deRham 
ohomology up to a sign, i.e. the diagram
H3(M,Z)

µ
//

��

H2(LM,Z)

��

H3
dR(M)

−
R

S1

// H2
dR(LM)is 
ommutative.Proof. We de�ne a 
onne
tion on TG and show that its 
urvature isthe integration over the �bre of the 
urvature of G. Let τ ∈ LM , and let

sTτ : Vγ // TG be a lo
al se
tion de�ned on the neighborhood Vτ from a tri-vialization Tτ : t∗G|Eτ
// Iρτ as explained above. Noti
e that the evaluationmap ev : LM × S1 // M lifts to a 
ommutative diagram

Vτ × S1 evτ //
� _

��

Eτ

t

��
LM × S1

ev
// M . (3.6)We de�ne a lo
al 1-form

Aτ := −

∫

S1

ev∗
τρτ ∈ Ω1(Vτ )by integration along the �bre. For ea
h interse
tion Vτ1 ∩ Vτ2 , we have theprin
ipal U(1)-bundle P from (3.2), whi
h has 
urvature F = ρτ1−ρτ2 . Thus,

Aτ2 − Aτ1 =

∫

S1

ev∗F = dlog(HolP )31



by Lemma 3.1. Sin
e the holonomy of P is a transition fun
tion for TG, we
on
lude that the lo
al 1-forms Aτ de�ne a 
onne
tion on TG . The 
urvatureof this 
onne
tion is
dAτ = −

∫

S1

ev∗
τdρτ = −

∫

S1

ev∗
τ t

∗H = −

∫

S1

ev∗H ,with H the 
urvature of the bundle gerbe G, where the �rst equality followssin
e integration along a 
losed �bre is a 
hain map, the se
ond be
ausethe two isomorphi
 bundle gerbes t∗G|Eτ and Iρτ ne
essarily have equal
urvatures, and the third is due to the 
ommutativity of diagram (3.6). �In the following we 
onsider the prin
ipal U(1)-bundle TG asso
iated toa multipli
ative bundle gerbe (G,M, α) with 
onne
tion over a Lie group G.We show that its total spa
e is a 
entral extension of its base spa
e, theFré
het Lie group LG.To do so, we use Grothendie
k's 
orresponden
e between 
entral exten-sions and multipli
ative U(1)-bundles [Gro72℄. We shall brie�y review this
orresponden
e. As mentioned in the introdu
tion, a multipli
ative U(1)-bundle over a Fré
het Lie group H is a prin
ipal U(1)-bundle p : P // Htogether with a bundle isomorphism
φ : p∗1P ⊗ p∗2P

// m∗Pover H ×H su
h that the diagram
p∗1P ⊗ p∗2P ⊗ p∗3P

m∗
12φ⊗id

//

id⊗m∗
23φ

��

m∗
12P ⊗ p∗3P

m∗
12,3φ

��
p∗1P ⊗m∗

23P m∗
1,23φ

// m∗
123P

(3.7)over H×H×H is 
ommutative. Con
erning the various multipli
ation mapswe have used the notation introdu
ed in Se
tion 1. A 
entral extension of His obtained by de�ning the following Fré
het Lie group stru
ture on the totalspa
e P .1. The produ
t is the top row in the 
ommutative diagram
P × P

p×p

��

// p∗1P ⊗ p∗2P

��

φ
// m∗P

��

// P

p

��

H ×H H ×H H ×H m
// H ,32



whi
h is a smooth map and 
overs the multipli
ation of H . As a 
on-sequen
e of the 
ommutativity of (3.7), the produ
t is asso
iative.2. To look for the identity element, we restri
t to the �bre of P over 1 ∈ H ,where the isomorphism φ is an isomorphism φ1,1 : P1 ⊗ P1
// P1 of

U(1)-torsors. Any su
h isomorphism determines an element e ∈ P1with φ(p, e) = p for all p ∈ P1. Using the 
ommutativity of (3.7) it isstraightforward to see that e is a right and left identity for the produ
tde�ned by φ.3. The inversion of P is de�ned using the fa
t that P has a 
anoni
al dualbundle P ∨, namely P ∨ := P but with U(1) a
ting by inverses. It hasalso a 
anoni
al isomorphism d : P ∨ ⊗ P // I de�ned by d(p, p) = 1for all p ∈ P . Now, the inversion of P is the top row in the diagram
P

��

id // P ∨

��

e // P ∨ ⊗ P1
id⊗j∗φ−1

//

��

// P ∨ ⊗ P ⊗ i∗P

��

d⊗id // i∗P

��

// P

��

H H H H H
i

// H ,in whi
h i : H // H is the inversion of H , e sends p ∈ P ∨ to (p, e), and
j : H // H × H is the map t(h) := (h, i(h)). The inversion de�nedlike this is a smooth map and 
overs i. One 
an 
he
k that it providesright (and thus also left) inverses for the produ
t de�ned by φ.It remains to noti
e that the map ι : U(1) // P1 : z // e.z is a di�eomor-phism onto its image P1, and that the sequen
e

1 // U(1) // P // H // 1is exa
t; it is hen
e a 
entral extension of Fré
het Lie groups.In order to apply this 
onstru
tion to the transgressed prin
ipal U(1)-bundle P := TG over H := LG, we only need to de�ne the isomorphism
φ. This is done using the transgression of the 1-isomorphism M and the
anoni
al isomorphisms (3.3) and (3.4): we obtain a bundle isomorphism

Lp∗1TG ⊗ Lp∗2TG
∼= Tp∗1G⊗p

∗
2G

TM // Tm∗G⊗Iρ
∼= Lm∗TGover LG× LG, whi
h we denote by φM.Lemma 3.6. Let (G,M, α) be a multipli
ative bundle gerbe with 
onne
tionover G. Then, (TG, φM) is a multipli
ative prin
ipal U(1)-bundle over LG.33



Proof. We have to show that the asso
iated diagram (3.7) 
ommutes.This is due to the 2-isomorphism α in the stru
ture of the multipli
ativebundle gerbe, whose transgression gives by Proposition 3.3 (
) an equality.Expli
itly, we obtain a 
ommutative diagram
Lp∗1TG ⊗ Lp∗2TG ⊗ Lp∗3TG

((QQQQQQQQQQQQQQQQ

id⊗m∗
23φM

��

m∗
12φM⊗id

// Lm∗
12TG ⊗ Lp∗3TG

m∗
12,3φM

��

TG1⊗G2⊗G3

TM1,2⊗id
//

Tid⊗M2,3

��

TG12⊗G3⊗Iρ1,2

88qqqqqqqqqqqq

TTM12,3

��
TG1⊗G23⊗Iρ2,3 TM1,23

// TG123⊗Iρ∆

&&MMMMMMMMMMMMMM

Lp∗1TG ⊗ Lm∗
23TG

66mmmmmmmmmmmmmmm

m∗
1,23φM

// Lm∗
123TGof bundle isomorphisms over LG × LG × LG: the small subdiagram in themiddle is the transgression of α, and the other subdiagrams are 
ommutativedue to the naturality and the 
oheren
e of the isomorphisms (3.3) and (3.4).

� Summarizing, we haveTheorem 3.7. Let (G,M, α) be a multipli
ative bundle gerbe with 
onne
tionover a Lie group G. Then, TG is a Fré
het Lie group and
1 // U(1) // TG

p
// LG // 1is a 
entral extension of LG.Let us brie�y write out the multipli
ation on TG in terms of trivializationsof G. Suppose T1 and T2 are trivializations representing elements in the �bresof TG over loops γ1 and γ2. Then, their produ
t φM(T1, T2) is represented bythe trivialization

(γ1γ2)
∗G

∆∗
γ1,γ2

M−1

// γ∗1G ⊗ γ∗2G
T1⊗T2 // I0, (3.8)where ∆γ1,γ2 : S1 // G2 is the loop ∆γ1,γ2(z) := (γ1(z), γ2(z)).Remark 3.8. There exists an algebrai
 
onstru
tion of multipli
ative U(1)-bundles over loop groups due to Brylinski and M
Laughlin, whi
h is based34



on simpli
ial Deligne 
ohomology [BM94℄. They also provide a geometri-
al 
onstru
tion for simply-
onne
ted Lie groups G in terms of sheaves ofgroupoids. Theorem 3.7 extends their 
onstru
tion in two aspe
ts: the �rstis that our 
onstru
tion works in 
ases where the 
urvature ρ of the bimodule
M is non-zero, so that there is no 
orresponding 
lass in simpli
ial Deligne
ohomology, and the se
ond is that it is valid for all Lie groups G.We re
all from Example 1.5 that for G 
ompa
t, simple and simply-
onne
ted there exist 
anoni
al multipli
ative bundle gerbes Gk with 
onne
-tion for ea
h k ∈ Z. Thus, Theorem 3.7 produ
es a family TGk of 
entralextensions of LG. The following dis
ussion shows what they are.In general, 
entral extensions of a (Fré
het) Lie group H by a Lie group
A are 
lassi�ed by H2(BH,A) (e.g. [Bry00℄, Prop. 1.6). A

ording to ourdes
ription of the 
ohomology of 
lassifying spa
es in terms of �e
h 
ohomol-ogy we 
hoose open 
overs U1 of H and U2 of H2, whi
h are 
ompatible withthe fa
e maps in the sense of Se
tion 2. A 
o
y
le in H2(BH,A) 
onsiststhen of �e
h 
o
hains

g ∈ Č1(U1, A) and h ∈ Č0(U2, A)su
h that the 
o
y
le 
onditions
δg = 1 , ∆g = δh and ∆h = 1are satis�ed. The �e
h 
o
y
le g is a 
lassifying 
o
y
le for the prin
ipal A-bundle whi
h underlies the given 
entral extension. Thus, the homomorphism

H2(BH,A) // H1(H,A) (3.9)whi
h is indu
ed by the proje
tion (g, h) � // g takes the 
lass of the 
entralextension to the 
lass of the underlying prin
ipal bundle. From the 
o
hain
h one extra
t the 
hara
teristi
 
lass of the underlying Lie algebra extension[Bry00℄.Now we spe
ialize to the 
entral extensions of Theorem 3.7, in whi
h 
ase
H := LG and A = U(1). Here we 
an 
ombine (3.9) with the 
onne
tinghomomorphism of the exponential sequen
e and obtain a homomorphism

H2(BLG,U(1)) // H2(LG,Z). (3.10)If we regard Theorem 3.7 as a homomorphism
µ̃ : H3(BG,Dbi(2)) // H2(BLG,U(1)),we obtain immediately 35



Proposition 3.9. The homomorphism µ̃ lifts the homomorphism µ, i.e.
H3(BG,Dbi(2))

DD
��

µ̃
// H2(BLG,U(1))

(3.10)
��

H3(G,Z) µ
// H2(LG,Z)is a 
ommutative diagram.Now we re
all ([PS86℄, Prop. 4.4.6) that for G 
ompa
t, simple andsimply-
onne
ted, there is a universal 
entral extension 
hara
terized su
hthat the �rst Chern 
lass of the underlying prin
ipal U(1)-bundle is the imageof the generator 1 ∈ Z = H3(G,Z) under the integration over the �bre. Sin
ethis generator is the Dixmier-Douady 
lass of G1, we see from Lemma 3.5 that

TG1 is the dual of the universal 
entral extension. Thus,Corollary 3.10. Let G be 
ompa
t, simple and simply-
onne
ted. Then, the
entral extension TGk is the dual of the k-th power of the universal 
entralextension of the loop group LG.This duality 
an alternatively be expressed in a ni
e geometri
al way. Theuniversal 
entral extension of LG has another realization due to Mi
kelsson[Mi
87℄, emerging from 
onformal �eld theory. It is de�ned as the set of pairs
(φ, z) 
onsisting of a smooth map φ : D2 // G de�ned on the unit dis
 anda 
omplex number z ∈ U(1), subje
t to the equivalen
e relation

(φ, z) ∼ (φ′, z′) ks +3 φ|∂D2 = φ′|∂D2 and z′ = z · e2πiSWZ(φ♯).Here φ♯ : S2 // G is the 
ontinuous and pie
ewise smooth map obtained bygluing the domains of φ and φ′ along their 
ommon boundary S1 (the latterwith reversed orientation), and SWZ is the Wess-Zumino term, whi
h is well-de�ned for simple and simply-
onne
ted Lie groups. We have a proje
tion
p : E // LG : (φ, z) � // φ|∂D2,and one 
an show that its �bres are U(1)-torsors, and that E is a lo
allytrivial bundle over LG.The pairing between E and TG1 that expresses the duality of Corollary3.10 is a bundle isomorphism

E ⊗ TG1 // LG× U(1) (3.11)over LG, whi
h we de�ne as follows. For representatives (φ, z) and T :
γ∗G1 // I0 of elements in the �bre over a loop γ, let S : φ∗G // Iσ be any36



trivialization of the pullba
k of G1 to D2, and let T be the U(1)-bundle over
∂D2 de�ned as T := Bun(T ◦ S−1|∂D2). Then, the pairing (3.11) is given by

(φ, z) ⊗ T � // z · exp

(

2πi

∫

D2

σ

)

· HolT (∂D2) ∈ U(1).This is a
tually nothing but the D-brane holonomy [CJM02℄ for oriented sur-fa
es with boundary, and hen
e independent of the 
hoi
e of S, see [Wal07℄.The 
hoi
e of another representative T ′ leads to an isomorphi
 bundle T ′with the same holonomies as T . For the 
hoi
e of another representative
(φ′, z′) let R : φ∗

♯G
// Iω be a trivialization with restri
tions S and S ′ onthe domains of φ and φ′, respe
tively. Now,

e2πiSWZ(φ♯)
(∗)
= HolG1(φ♯)

(⋆)
= exp

(

2πi

∫

S2

ω

)

= exp

(

2πi

∫

D2

σ − 2πi

∫

D2

σ′

)where (∗) is the relation between the Wess-Zumino term and the holonomyof the bundle gerbe G1 whi
h underlies all the appli
ations of bundle gerbesin 
onformal �eld theory [CMM00℄ and (⋆) is pre
isely the de�nition of thisholonomy. All together, we see that the pairing (3.11) is well-de�ned.It is obvious that (3.11) is U(1)-equivariant; in parti
ular it is an iso-morphism. Let us �nally equip the U(1)-bundle E with a produ
t, whi
h isde�ned [Mi
87℄ by
(φ1, z1) · (φ2, z2) := (φ1φ2, z1z2 · exp

(

2πi

∫

D2

Φ∗ρ

)

),with Φ : D2 // G × G de�ned by Φ(s) := (φ1(s), φ2(s)), and ρ the 2-form(1.7). It is left to the reader to verify that the pairing (3.11) indeed respe
tsthe produ
ts on E and TG1 .3.2 Bundle 2-Gerbes for Chern-Simons TheoryWe 
onstru
t from a multipli
ative bundle gerbe with 
onne
tion over a Liegroup G and a prin
ipal G-bundle with 
onne
tion A over some smooth ma-nifold M a bundle 2-gerbe G with 
onne
tion over M . We show that theholonomy of this 2-gerbe around 
losed oriented three-dimensional manifolds
oin
ides with (the exponential of) the Chern-Simons a
tion for the 
onne
-tion A.Let G be a Lie group and g its Lie algebra. Let p : E // M be a prin
ipal
G-bundle over a smooth manifold M , and let A ∈ Ω1(E, g) be a 
onne
tion37



on E. We re
all that for every invariant polynomial P on g of degree l thereexists a 
anoni
al invariant (2l − 1)-form TP (A) on E su
h that
dTP (A) = P (Ωl

A), (3.12)where ΩA := dA + [A ∧ A] is the 
urvature 2-form of A ([CS74℄, Prop. 3.2).Commonly, Chern-Simons theory refers to the study of the form TP (A) inthe 
ase l = 2. In this 
ase, TP (A) is
TP (A) = P (A ∧ dA) +

2

3
P (A ∧ [A ∧ A]) ∈ Ω3(E),and (3.12) be
omes

dTP (A) = p∗FA, (3.13)where FA ∈ Ω4(M) is the Pontryagin 4-form 
hara
terized uniquely by the
ondition that p∗FA = P (ΩA ∧ ΩA).In 
ase that the manifold M is 
losed, oriented and three-dimensional,and the prin
ipal bundle E admits a global smooth se
tion s : M // E, theChern-Simons a
tion is de�ned by
ZM(A) :=

∫

M

s∗TP (A). (3.14)A su�
ient 
ondition for the existen
e of the se
tion s is that G is simply-
onne
ted, but one is also interested in the non-simply 
onne
ted 
ase.Dijkgraaf and Witten have made the following proposal [DW90℄. One as-sumes that there is a four-dimensional 
ompa
t oriented manifold B with
∂B = M , together with a prin
ipal G-bundle Ẽ with 
onne
tion Ã over Bsu
h that Ẽ|M = E and Ã|E = Ã. Then,

ZM(A) :=

∫

B

FÃ (3.15)repla
es the old de�nition (3.14). The ambiguities 
oming from di�erent
hoi
es of B, Ẽ or Ã take their values in Z so that 2πiZM(A) is well-de�ned in
U(1). By Stokes' Theorem and (3.13), the old expression (3.14) is reprodu
edwhenever the se
tion s exists.The de�nition of the Chern-Simons a
tion due to Dijkgraaf and Wittenis analogous to the de�nition of the Wess-Zumino term given by Witten[Wit84℄. This term 
ould later be identi�ed as the holonomy of a bundlegerbe with 
onne
tion [CMM00℄. One advantage of this identi�
ation is thatthe possible Wess-Zumino terms have the same 
lassi�
ation as bundle gerbeswith 
onne
tion, whi
h is a purely geometri
al problem [GR03℄.38



Motivated by this observation, also the Chern-Simons a
tion (3.14) shouldbe realized as a holonomy; now of a bundle 2-gerbe and taken around thethree-manifold M . Let us �rst re
all some fa
ts about bundle 2-gerbes.De�nition 3.11 ([Ste04℄). A bundle 2-gerbe over a smooth manifold M is asurje
tive submersion π : Y // M , a bundle gerbe H over Y [2], a 1-isomor-phism
E : π∗

12H⊗ π∗
23H // π∗

13Hof bundle gerbes over Y [3], and a 2-isomorphism
p∗12H⊗ p∗23H⊗ p∗34H

p∗123E⊗id

��

id⊗p∗234E // p∗12H⊗ p∗24H

µ kkkkkkkkk
kkkkkkkkk

qy kkkkkkkk
kkkkkkkk p∗124E

��
p∗13H⊗ p∗34H p∗134E

// p∗14Hsu
h that µ satis�es the natural pentagon axiom. A 
onne
tion on a bundle2-gerbe is a 3-form C ∈ Ω3(Y ) together with a 
onne
tion on H of 
urvature
curv(H) = π∗

2C − π∗
1C, (3.16)su
h that E and µ are 1- and 2-isomorphism of bundle gerbes with 
onne
tion.Generalizing the Dixmier-Douady 
lass of a bundle gerbe, every bundle2-gerbe G has a 
hara
teristi
 
lass CC(G) ∈ H4(M,Z). Generalizing thetrivial bundle gerbes Iρ asso
iated to 2-forms ρ onM , there are trivial bundle2-gerbes IH asso
iated to 3-forms H ∈ Ω3(M) with CC(IH) = 0.Suppose that S is a 
losed oriented three-dimensional manifold and φ :

S // M is a smooth map. The pullba
k of any bundle 2-gerbe G with
onne
tion over M along φ is isomorphi
 to a trivial bundle 2-gerbe IH forsome 3-form H . Then,
HolG(S) := exp

(

2πi

∫

S

H

) (3.17)is independent of the 
hoi
e of H , and is 
alled the holonomy of G around
S. The 
urvature of a bundle 2-gerbe G with 
onne
tion is the unique 4-form curv(G) ∈ Ω4(M) whi
h satis�es π∗curv(G) = dC. A fundamentalrelation between the holonomy and the 
urvature of a bundle 2-gerbe with
onne
tion is the following: if B is a 
ompa
t, four-dimensional, orientedsmooth manifold and Φ : B // M is a smooth map,

HolG(∂B) = exp

(

2πi

∫

B

Φ∗curv(G)

) . (3.18)39



An example of a bundle 2-gerbe with 
onne
tion related to Chern-Simonstheory has been 
onstru
ted in [CJM+05℄. There, a multipli
ative bundlegerbe over G (without 
onne
tion) is used to 
onstru
t a bundle 2-gerbe over
BG, whi
h is pulled ba
k to M along the 
lassifying map ξ : M // BGof a prin
ipal G-bundle E. This bundle 2-gerbe over M is then equippedwith a 
onne
tion de�ned using the 1-form A. The goal of this se
tion is to
onstru
t more examples using multipli
ative bundle gerbes with 
onne
tion.For preparation, we re
all that any prin
ipal G-bundle E over M de�nesa simpli
ial manifold E• whose instan
es are the �bre produ
ts E[k] of E over
M . There is a 
anoni
al simpli
ial map g : Ek // Gk−1 into the simpli
ialmanifold G•, whi
h extends the �transition fun
tion� g : E[2] // G, whi
h isde�ned by x · g(x, y) = y for all (x, y) ∈ E[2]. It is useful to re
all that thegeometri
 realization

ξ := |g| : |E•| // |G•|of g is a 
lassifying map for the bundle E under the homotopy equivalen
e
M ∼= |E•| and with BG := |G•|.Di�erential forms on the simpli
ial manifold E• arrange into a 
omplex

0 // Ωk(M)
p∗=∆

// Ωk(E)
∆ // Ωk(E[2])

∆ // Ωk(E[3]) // ...whose di�erential is the alternating sum (2.5). It 
ommutes with the exteriorderivative so that
d∆TP (A)

(3.13)
= ∆(p∗FA) = ∆2(FA) = 0.Hen
e, ∆TP (A) de�nes a 
ohomology 
lass in H3

dR(E[2]), and one 
an 
al
u-late that this 
lass 
oin
ides with the 
lass of g∗H , where
H :=

1

6
P (θ ∧ [θ ∧ θ]). (3.19)This 
oin
iden
e 
an be expressed expli
itly by

∆TP (A) = g∗H + dω, (3.20)where the 
oboundary term is provided by the 2-form
ω := −P (g∗θ̄ ∧ p∗1A) ∈ Ω2(E[2]).It will be important to noti
e that there exists a unique 2-form ρ ∈ Ω2(G2)whi
h satis�es

g∗ρ+ ∆ω = 0. (3.21)40



One 
an 
he
k expli
itly that this 2-form is given by
ρ :=

1

2
P (p∗1θ ∧ p

∗
2θ̄). (3.22)For the following 
onstru
tion of the bundle 2-gerbe CSE(G,M, α) weassume that the following stru
ture is given:1. A multipli
ative bundle gerbe (G,M, α) with 
onne
tion over some Liegroup G.2. An invariant polynomial P of degree two on the Lie algebra g, su
h thatthe 
urvature H of G and the 
urvature ρ of M are given by (3.19) and(3.22).3. A prin
ipal G-bundle E with 
onne
tion A over a smooth manifoldM .Example 3.12. For G 
ompa
t, simple and simply-
onne
ted, one 
an
hoose one of the 
anoni
al bundle gerbes Gk equipped with their 
anon-i
al multipli
ative stru
ture from Example (1.5). If 〈−,−〉 is the bilinearform on g normalized like des
ribed there, one 
hooses P (X, Y ) := k 〈X, Y 〉.The �rst step in the 
onstru
tion of the bundle 2-gerbe CSE(G,M, α) isthe bundle gerbe

H := g∗G ⊗ Iωwith 
onne
tion over E[2]. Using the 
ommutation relations between thesimpli
ial map g and the proje
tions E[3] // E[2], namely
∆3 ◦ g = g ◦ p12 , ∆1 ◦ g = g ◦ p23 and ∆2 ◦ g = g ◦ p13, (3.23)one obtains a 1-isomorphism E of bundle gerbes over E[3] by
p∗12H⊗ p∗23H = g∗(p∗1G ⊗ p∗2G) ⊗ Ip∗13ω+ρ

g∗M⊗id
// g∗m∗G ⊗ Ip∗13ω = p∗13H.Finally we de�ne a 2-isomorphism µ of bundle gerbes over E[4] by

p∗12H⊗ p∗23H⊗ p∗34H

MMMMMMMMMMM

MMMMMMMMMMM

p∗123E⊗id

��

id⊗p∗234E // p∗12H⊗ p∗24H

yy
yy

yy
yy

yy
yy

yy
yy

p∗124E

��

g∗(G1 ⊗ G2 ⊗ G3 ⊗ Iρ̃)

g∗M1,2⊗id

��

id⊗g∗M2,3
// g∗(G1 ⊗ G23 ⊗ Iρ1,23)

g∗M1,23

��
g∗α hhhhhhh

hhhhhhh

ow hhhhhhh
hhhhhhh

g∗(G12 ⊗ G3 ⊗ Iρ12,3) g∗M12,3

// g∗G123 ⊗ Ip∗14ω

EE
EE

EE
EE

EEE
EE

EE
E

p∗13H⊗ p∗34H

qqqqqqqqqqq

qqqqqqqqqqq

p∗134E
// p∗14H.41



Theorem 3.13. The surje
tive submersion p : E // M , the 3-form TP (A)over E, the bundle gerbe H with 
onne
tion over E[2], the 1-isomorphism Eand the 2-isomorphism µ de�ne a bundle 2-gerbe CSE(G,M, α) with 
onne
-tion over M . It has the following properties:(a) Its 
hara
teristi
 
lass is the pullba
k of the multipli
ative 
lass of
(G,M, α) along a 
lassifying map ξ : M // BG for the bundle E,

CC(CSE(G,M, α)) = ξ∗MC(G,M, α).(b) Its 
urvature is the Pontryagin 4-form of the 
onne
tion A,
curv(CSE(G,M, α)) = FA.Proof. To prove that we have de�ned a bundle 2-gerbe it remains to
he
k the 
ondition (3.16) and the pentagon axiom for the 2-isomorphism

µ. The latter follows dire
tly from the pentagon axiom for α, see Figure 1.Condition (3.16) is satis�ed:
curv(H) = g∗H + dω

(3.20)
= ∆TP (A) = p∗2TP (A) − p∗1TP (A).Property (a) follows from the fa
t that � apart from the forms � all thestru
ture of the bundle 2-gerbe is pullba
k of stru
ture of the multipli
ativebundle gerbe along the simpli
ial map g whi
h realizes the 
lassifying map

ξ. (b) follows dire
tly from (3.13). �Let us now study the holonomy of the bundle 2-gerbe from Theorem 3.13.Proposition 3.14. Let CS := CSE(G,M, α) be the bundle 2-gerbe with
onne
tion from Theorem 3.13, asso
iated to a prin
ipal G-bundle E with
onne
tion A.(1) Let φ : S // M be a smooth map where S is a three-dimensional, 
losedand oriented manifold, and assume that E has a se
tion s along φ, i.e.a smooth map s : S // E su
h that p ◦ s = φ. Then,
HolCS(S) = exp

(

2πi

∫

S

s∗TP (A)

) .(2) Let Φ : B // M be a smooth map where B is 
ompa
t, oriented andfour-dimensional. Then,
HolCS(∂B) = exp

(

2πi

∫

B

Φ∗FA

) .42



Proof. In the �rst 
ase there exists a trivialization T : φ∗CS // Is∗TP (A)sin
e the surje
tive submersion of the bundle 2-gerbe φ∗CS has a se
tion.Then (3.17) proves the assertion. The se
ond 
ase follows from (3.18). �Putting S = M and φ = id, (1) reprodu
es the original de�nition (3.14)of the Chern-Simons a
tion. Putting B = M and Φ = id, (2) reprodu
esthe extended de�nition (3.15) of Dijkgraaf and Witten. This motivates thefollowing de�nition of a Chern-Simons theory.1. For G any Lie group, a Chern-Simons theory with gauge group G is aninvariant polynomial P on the Lie algebra of G of degree two and amultipli
ative bundle gerbe (G,M, α) with 
onne
tion over G whose
urvature forms are
H =

1

6
P (θ ∧ [θ ∧ θ]) and ρ =

1

2
P (p∗1θ ∧ p

∗
2θ̄). (3.24)Two Chern-Simons theories are 
onsidered to be equivalent if theirpolynomials 
oin
ide and their gerbes are multipli
atively isomorphi
in the sense of De�nition 1.7.2. The �elds are triples (M,E) of a 
losed, oriented three-dimensionalmanifold M and a prin
ipal G-bundle E over M with 
onne
tion.3. A Chern-Simons theory assigns to ea
h �eld (M,E,A) the number

A(M,E) := HolCSE(G,M,α)(M) ∈ U(1),where CSE(G,M, α) is the bundle 2-gerbe from Theorem 3.13.One 
onsequen
e of this de�nition is a pre
ise 
lassi�
ation of Chern-Simonstheories with gauge group G. We obtain as a 
onsequen
e of Proposition 2.5Proposition 3.15. Let G be an arbitrary Lie group and P be an invariantpolynomial on g of degree two.1. There exist Chern-Simons theories with polynomial P if and only if thepair (H, ρ) ∈M3
R
(G) de�ned by P lies in the integral latti
e M3

Z
(G).2. If so, inequivalent Chern-Simons theories with polynomial P are pa-rameterized by H3(BG,U(1)). 43



Additionally, every Chern-Simons theory de�nes a 
lass in H4(BG,Z),namely the multipli
ative 
lass of its multipli
ative bundle gerbe with 
on-ne
tion. For G 
ompa
t, the a
tion of Ω2(G) on multipli
ative bundle gerbeswith 
onne
tion from Proposition 2.9 preserves this 
lass, and if we restri
tthis a
tion to Ω2
d,∆(G), it also preserves the 
urvature forms η and ρ. Hen
e,Chern-Simons theories with �xed 
lass in H4(BG,Z) are parameterized by

Ω2
d,∆(G)/Ω2

d,∆,Z(G), and one 
an 
he
k that there is a bije
tion
Ω2

d,∆(G)

Ω2
d,∆,Z(G)

∼=
H3(BG,R)

H3(BG,Z)
.Sin
e G is 
ompa
t we have H3(BG,R) = 0 so that there is no ambiguity;this reprodu
es a 
entral result of Dijkgraaf and Witten [DW90℄.If G is additionally simple one 
an also introdu
e a level : this is the ratiobetween the pullba
k of H to the simply-
onne
ted 
over G̃, and the gen-erator of H3(G̃,Z) = Z. For example, we have already found (see Example2.13) that for G = SO(3) the level of a Chern-Simons theory is divisible byfour, whi
h is in agreement with the results of [FGK88℄.3.3 Symmetri
 D-Branes and Bi-BranesEvery bundle gerbe with 
onne
tion has a notion of holonomy around 
losed,oriented surfa
es. This notion 
an be extended to surfa
es with boundary byrequiring additional stru
ture, 
alled D-branes. A D-brane is a pair (Q, E)of a submanifold Q of M and a G|Q-module: a (not ne
essarily invertible)1-morphism E : G|Q // Iω, see [CJM02, Gaw05, Wal07℄.In a similar way, surfa
e holonomy 
an be extended to surfa
es withdefe
t lines: these are embedded oriented 
ir
les that divide the surfa
e intoseveral 
omponents. Ea
h of these 
omponents 
an be assigned individuallyto a manifold Mi with a bundle gerbe Gi with 
onne
tion. In this situation,the additional stru
ture is a 
olle
tion of bi-branes, one for ea
h defe
t line[FSW08℄. If a defe
t line separates 
omponents assigned to M1 and M2,a bi-brane is a submanifold Q̃ ⊂ M1 ×M2 together with a p∗1G1|Q̃-p∗2G2|Q̃-bimodule, where pi are the proje
tions M1 ×M2

// Mi. As mentioned inSe
tion 1, the bimodule is a 1-morphism
D : p∗1G1|Q̃

// p∗2G2|Q̃ ⊗ Iω̃,and the 2-form ω̃ ∈ Ω2(Q̃) is 
alled its 
urvature.The goal of this se
tion is the 
onstru
tion of bi-branes in G × G fromgiven D-branes in G. We 
onsider the twisted multipli
ation m̃(g, h) := gh−144



and the map
µ : G×G // G×G : (g, h) � // (m̃(g, h), h),whi
h satisfy the relations m ◦ µ = p1, p1 ◦ µ = m̃ and p2 ◦ µ = p2.De�nition 3.16. Let (G,M, α) be a multipli
ative bundle gerbe with 
onne
-tion over G, and let (Q, E) be a D-brane 
onsisting of a submanifold Q ⊂Mand a module E : G|Q // Iω. We de�ne a bi-brane DM(Q, E) with the sub-manifold

Q̃ := m̃−1(Q) ⊂ G×Gand the bimodule
p∗1G|Q̃

µ∗M−1
// m̃∗(G|Q) ⊗ p∗2G|Q̃ ⊗ I−µ∗ρ|

Q̃

m̃∗E⊗id⊗id // p∗2G|Q̃ ⊗ Iω̃of 
urvature ω̃ := −µ∗ρ|Q̃ + m̃∗ω.In their appli
ations to Wess-Zumino-Witten models, D-branes and bi-branes are required to satisfy 
ertain symmetry 
onditions. For a symmetri
D-brane (Q, E) the submanifold Q is a 
onjuga
y 
lass Q = Ch of G, and thegerbe module E has the parti
ular 
urvature
ωh :=

〈

θ|Ch
∧

Ad−1 + 1

Ad−1 − 1
θ|Ch

〉

∈ Ω2(Ch). (3.25)For 
ompa
t simple Lie groups G, all (irredu
ible) symmetri
 D-branes areknown: the 
onjuga
y 
lasses are �quantized� to those who 
orrespond tointegrable highest weights, and the gerbe modules E with 
urvatures ωh havebeen 
onstru
ted expli
itly [Gaw05℄. Our aim is to use these available D-branes to 
onstru
t symmetri
 bi-branes via De�nition 3.16.In [FSW08℄ we have found 
onditions for symmetri
 bi-branes in G×G.From observations of s
attering bulk �elds we have dedu
ed the 
onditionthat the submanifold Q̃ ⊂ G × G has to be a bi
onjuga
y 
lass. These arethe submanifolds
Bh1,h2 := {(g1, g2) ∈ G×G | g1 = x1h1x

−1
2 and g2 = x1h2x

−1
2 ; x1, x2 ∈ G}of G×G. Bi
onjuga
y 
lasses are related to 
onjuga
y 
lasses by

Bh1,h2 = m̃−1(Ch1h
−1
2

) (3.26)for m̃ the twisted multipli
ation used above. Another 
ondition we havefound in [FSW08℄ is that the 
urvature of a symmetri
 bi-brane with sub-manifold Bh1,h2 has to be the 2-form
ω̃h1,h2 := m̃∗ωh1h

−1
2

−
1

2
〈p∗1θ ∧ p

∗
2θ〉 ∈ Ω2(Bh1,h2)with ωh1h

−1
2

the 2-form on Ch1h
−1
2

from (3.25).45



Proposition 3.17. Let (G,M, α) be a multipli
ative bundle gerbe with 
on-ne
tion over G with 
urvature η (1.5) and 2-form ρ (1.7), and let (Ch, E) bea symmetri
 D-brane. Then, the bi-brane DM(Ch, E) is symmetri
.Proof. By (3.26), the submanifold of DM(Ch, E) is a bi
onjuga
y 
lass.Its 
urvature ω̃ is a

ording to De�nition 3.16 given by ω̃ = −µ∗ρ + m̃∗ωh.For h1, h2 ∈ G su
h that h1h
−1
2 = h, the 
oin
iden
e ω̃ = ω̃h1,h2 
an be
he
ked expli
itly. �In 
on
lusion, we have 
onstru
ted �rst examples of symmetri
 bi-branesin Wess-Zumino-Witten models, whose target spa
e is a 
ompa
t and simpleLie group G.Remark 3.18. Topologi
al defe
ts in a 
onformal �eld theory have a naturalfusion produ
t. It is to expe
t that symmetri
 bi-branes also 
ome with anotion of fusion � some aspe
ts have been developed in [FSW08℄. The ringof topologi
al defe
ts is in turn 
losely related to the Verlinde ring, and thereare 
on
rete manifestations of this relation in terms of bi-branes [FSW08℄.Proposition 3.17 allows now to apply the fusion of symmetri
 bi-branes tosymmetri
 D-branes, whenever the underlying bundle gerbe is multipli
ative.The observation that symmetri
 D-branes only have a ring stru
ture in thismultipli
ative situation is indeed well-known, both in a setup with bundlegerbes [CW08℄ as well as in twisted K-theory [FHT03℄.
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M1,234 ◦ (idG1
⊗ M23,4) ◦ (idG1

⊗ M2,3 ⊗ idG4
)

id◦(id⊗α1,2,3)

+3 M1,234 ◦ (idG1
⊗ M2,34) ◦ idG1

⊗ idG2⊗M3,4Figure 1: The Pentagon axiom for the bimodule mor-phism of a multipli
ative bundle gerbe with 
onne
tion(De�nition 1.3).
A123 ◦ M12,3 ◦ (M1,2 ⊗ idG3

)
id◦α +3

β12,3◦id

��

A123 ◦ M1,23 ◦ (idG1
⊗ M2,3)

β1,23◦id

��
M′

12,3 ◦ (A12 ⊗ A3) ◦ (M1,2 ⊗ idG3
)

(β1,2⊗id)◦id

��

M′
1,23 ◦ (A1 ⊗ A23) ◦ (idG1

⊗ M2,3)

id◦β2,3

��
M′

12,3 ◦ (M′
1,2 ⊗ id) ◦ (A1 ⊗ A2 ⊗ A3)

α′◦id

+3 M′
1,23 ◦ (id

G′
1

⊗ M′
2,3) ◦ (A1 ⊗ A2 ⊗ A3)Figure 2: The 
ompatibility axiom between the bi-module morphisms α and α′ and the 2-isomorphism βof a multipli
ative 1-morphism (De�nition 1.7).
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