arXiv:0902.0779v1 [math.AG] 4 Feb 2009

THE TROPICAL VERTEX
M. GROSS, R. PANDHARIPANDE, AND B. SIEBERT

ABSTRACT. Elements of the tropical vertex group are formal families of symplecto-
morphisms of the 2-dimensional algebraic torus. We prove ordered product factor-
izations in the tropical vertex group are equivalent to calculations of certain genus
0 relative Gromov-Witten invariants of toric surfaces. The relative invariants which
arise have full tangency to a toric divisor at a single unspecified point. The method
uses scattering diagrams, tropical curve counts, degeneration formulas, and exact
multiple cover calculations in orbifold Gromov-Witten theory.

CONTENTS

Introduction

0.1. Automorphisms of the torus
0.2. Tropical vertex group

0.3. Commutators

0.4. Toric surfaces

0.5. Formula

0.6. Plan of the paper

0.7.  Acknowledgments

1. Scattering

1.1. Tropical vertex group (again)
1.2.  Scattering diagrams

1.3. Path ordered products

1.4.  Asymptotic diagrams and factorization

2. 'Tropical curves

2.1.  Definitions

2.2.  Scattering diagrams

2.3. Tropical counts

3. From tropical to holomorphic counts
3.1.  Holomorphic counts

3.2.  Equivalence

RIRIEIEIEE KK E mmeaesmemeeeise=s

3.3. Degenerate case

Date: February 4th, 2009.


http://arXiv.org/abs/0902.0779v1

2 M. GROSS, R. PANDHARIPANDE, AND B. SIEBERT

4. Gromov-Witten theory

4.1. Overview

4.2. Desingularization

4.3. Stable relative maps

4.4. Gromov-Witten theory for X°
5. Formulas in the tropical vertex group
5.1.  Simple blow-ups

5.2.  Gromov-Witten theory

5.3. Degeneration

5.4. First commutator formulas
5.5.  Orbifold blow-ups

5.6. Full commutator formulas

5.7.  Ordered product formulas

5.8.  Higher genus

6. BPS state counts

6.1. Log Calabi-Yau

6.2. Multiple cover contributions
6.3. Conjectures

6.4. Examples

Appendix: Tropical /holomorphic counts
References

EEEEEEEGEEEREEREREEERIEIE]

INTRODUCTION

0.1. Automorphisms of the torus. The 2-dimensional complex torus has very few
automorphisms

:C"xC"—-C"xC"

as an algebraic group. Since 6 must take each component C* to a 1-dimensional
subtorus,

AutET(C* x C*) = GLy(7Z).
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As a complex algebraic variety, C* x C* has, in addition, only the automorphisms
obtained by the translation action on itself

1 - C* x C* — Aute(C* x C*) — AutS'(C* x C*) — 1.

A much richer algebraic structure appears if formal 1-parameter families of auto-
morphisms of C* x C* are considered,

A = Autepy (C* x C* x Spec(C[[t]])).
Let z and y be the coordinates of the two factors of C* x C*. Then,
C* x C* = Spec(Clz, v, y,y']).
We may alternatively view A as a group of algebra automorphisms,
A = Autey (Cla, 2=y, y[[H]).

Nontrivial elements of A are easily found. Let (a,b) € Z? be a nonzero vector, and
let f € Clz,27 ', y,y ![[t] be a function of the form

f=1+ta""g(z"y" 1), g(z1) € Cl][[].

We specify the values of an automorphism on x and y by

(0.1) Owpyr () =02, Oupys (W) =1y .

The assignment (0.1]) extends uniquely to determine an element 6,4, r € A with

-1 -
e(a,b),f - e(avb),ffl'
0.2. Tropical vertex group. The tropical vertex group H C A is the completion with
respect to the maximal ideal (¢) C C[[t]] of the subgroup generated by all elements of
the form 6,4 . A more natural characterization of H via the associated Lie algebra
is reviewed in Section [l
The torus C* x C* has a standard holomorphic symplectic form given by
de d
w = & A _y.

T Y

Let S C A be the subgroup of automorphisms preserving w,

S={0e€A|0(w)=w}.
A direct calculation shows H C S.

I'We leave the elementary proof to the reader. An argument can be found by using the characteri-
zation
p(z)=A-2F NeC*, keZ

of all algebraic maps ¢ : C* — C*.
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A slight variant of the tropical vertex group H first arose in the study of affine
structures by Kontsevich and Soibelman in [I3]. Further development, related to mirror
symmetry and tropical geometry, can be found in [10]. Recently, the tropical vertex
group has played a role in wall-crossing formulas for counting invariants in derived

categories [14].

0.3. Commutators. The first question we can ask about the tropical vertex group is
to find a formula for the commutators of the generators. The answer, the main result
of the paper, turns out to be surprisingly subtle. The commutator formula is expressed
in terms of the relative Gromov-Witten theories of toric surfaces.

Perhaps the simplest nontrivial case to consider is the commutator of the elements

Sy, = 9(1,0),(1+t9c)51 and Tp, = 9(0,1)’(1+t9)l2

where (1,0, > 0. By an elementary result of [I3] reviewed in Section [[3] there exists

a unique factorization

(0.2) T, 08y 0Ty, 0 St :H 0. S

where the product on the right is over all primitive vectors (a,b) € Z? lying strictly in
the first quadrantE The order is determined by increasing slopes of the vectors (a,b).
The question is what are the functions f, ) associated to the slopes?

0.4. Toric surfaces. Let (a,b) € Z? be a primitive vector lying strictly in the first
quadrant. The rays generated by (—1,0), (0,—1), and jaa, b) determine a complete
with toric divisors

rational fan in R?. Let X,p be the associated toric surfac
Dy, Dy, Doy € Xap
corresponding to the respective rays. Let
Xop € Xap

be the open surface obtained by removing the three toric fixed points. Let DY, D, Dg .
be the restrictions of the toric divisors to Xg ;.

We denote ordered partitions Q of length ¢ by ¢; + ... + q,. Ordered partitions
differ from usual partitions in two basic ways. First, the ordering of the parts matters.
Second, the parts ¢; are required only to be non-negative integers (0 is permitted). The

size |Q| is the sum of the parts.

2A vector (a,b) is primitive if it is not divisible in Z2. Primitivity implies (a,b) # (0,0). Strict
inclusion in the first quadrant is equivalent to a > 0 and b > 0.
3Xa_’b is simply a weighted projective plane. Arbitrary toric surfaces will arise in the study of more

general commutators.
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Let k > 1. Let P, =p1+ ...+ pp, and P, = p) + ... +p2b be ordered partitions of
size ak and bk respectively. Denote the pair by P = (P,, Py). Let

v: Xap[P] — Xap
be the blow-up of X, along ¢, and ¢, distinct points of D} and Dg. Let
Z,b[P] = V_l( Zb)
Let B, € Hy(X4p, Z) be the unique class with intersection numbers
Br - Dy =ak, By Dy =0k, By Doy = k.

Let E; and E/ be the ¢ and j exceptional divisors over D{ and D3. Let

BiP) = v (5h) = Y pilE] = S B € Ha(XaalP],2).

i=1

By a parameter count, the moduli space 9(XZ,[P]/Dg,,) of genus 0 maps to X°[P]

out

in class (§;x[P] with full contact order k£ at an unspecified point of D2, is of virtual
dimension 0. In Section d] we will show the corresponding Gromov-Witten invariant

Nqp[P] € Q
is Well—deﬁnedH

0.5. Formula. Since the series fr in ([0.2) starts with 1, we may take the loga-
rithm. Homogeneity constraints determine the behavior of the variable t. We define
the coefficients ¢ ,(¢1,(>) € Q by

108 flapy = 3 _ k¢ y(01, La) - (ta)™* (ty)™.
k>1

The function f(, ) is linked to Gromov-Witten theory by the following result.

Theorem 0.1. We have
sl )= >0 D Nay[(Pa, Py)]
|Po|=ak |P,|=bk

where the sums are over all ordered partitions P, of size ak and length (1 and Py of
size bk and length (.

“The only issue to understand is the relative Gromov-Witten theory of the open geometry
X3 [P/ Dg

the usual way.

Out- We will show there is sufficient properness here to define Gromov-Witten invariants in
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Theorem is the first in a series of results. A refinement of Theorem proven
in Section [B.4] shows the invariants N, ,[P] are determined by ordered product fac-
torizations of commutators in the tropical vertex group. In fact, the tropical vertex
group calculations are much simpler (and much more conceptually appealing) than the
alternative methods available for calculating N, ,[P].

Commutator formulas for arbitrary generators 0 s and 6 ) s of the tropical
vertex group are proven in Section Bl For general functions f and f’, orbifold blow-
ups of toric surfaces replace the ordinary blow-ups discussed above. As a result, the
relations between generators of the tropical vertex group are completely described in
terms of Gromov-Witten invariants.

The tropical vertex group was used in [I3] to construct rigid analytic K3 surfaces from
affine 2-spheres with singularities. The group was similarly used in [I0] to construct
explicit degenerations of Calabi-Yau manifolds from integral affine manifolds with sin-
gularities. The latter work gives a precise description of the B-model for Calabi-Yau
manifolds (as well as manifolds with effective anti-canonical bundle). The commutator
formula of Theorem provides an interpretation of the tropical vertex group in terms
of curve counts on the A-model side. Hence, Theorem 0.1 should be viewed as a mirror
symmetry relation.

Special cases of commutators in the tropical vertex group have direct interpretation
in the wall-crossing work of [14] 22]. The

C=10; =1l

case of Theorem 0.1 is related to the quiver @, with two vertices and ¢ arrows (in
the same direction). Reineke [22] has proven the functions fy ) are then determined
by the Euler characteristics of the moduli spaces of semistable representations of @)y
with dimension vectors along the ray generated by (a,b). Whether such alternative
interpretations hold for more general commutators is an interesting question.

0.6. Plan of the paper. We start with a formal discussion of the tropical vertex
group and the associated scattering diagrams for path oriented products in Section [
The scattering diagram expansions connect the commutators to tropical curve counts
explained in Section [2l The tropical counts are related to the enumeration of holomor-
phic curves in Section B following [I8, [19]. The Gromov-Witten theory of open toric
surfaces is discussed in Section [l The commutator formulas are proven in Section
via degeneration and exact Gromov-Witten calculations.

The Gromov-Witten invariants N, ;[P] which arise in Theorem [0.1] are virtual counts
with complicated multiple cover contributions of excess dimension. The corresponding
(conjectural) BPS structure is discussed at the end of the paper in Section [6l The
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method also applies to neighboring questions such as the enumeration of degree d
rational curves in P? with full tangency at a single point to a nonsingular elliptic curve
E C P? studied in [7, 23].

0.7. Acknowledgments. We thank J. Bryan, T. Graber, J. de Jong, J. Kollar, M.
Kontsevich, D. Maulik, Y. Soibelman, and N. Takahashi for many related comments
and discussions. M. G. was partially supported by NSF grant DMS-0805328 and the
DFG. R. P. was partially supported by NSF grant DMS-0500187 and the Clay foun-
dation.

1. SCATTERING

1.1. Tropical vertex group (again). We begin by reviewing ideas from [10]. While
most of the material we need can be extracted from [10], the development there is in
much greater generality than we need, and a number of points simplify in our context.
We will give a completely self-contained exposition.

We fix once and for all a lattice M = Z? with basis e; = (1,0) and e; = (0,1). Let

N:HOmz(M,Z), MR = M@ZR, NR = N®ZR .
For m € M, let 2™ € C[M] denote the corresponding element in the group ring. Let
x =2 y=2z2%

Then, C[M] is simply the ring of Laurent polynomials in z and y.
In what follows, let R be an Artin local C-algebra or a complete local C—algebraﬁ
Let mg C R be the maximal ideal. We define the module of log derivations of

C[M]&cR = lim C[M] ®c R/mf,
to be
O(C[M]&cR) = Hom(M, C[M]Q¢R) = (C[M]&cR) ®z N.

A log derivation ¢ induces an ordinary derivation & of C[M]&c¢R over R via the formula

§(z") = §(m)z".
We will write ad, for a®@n € (C[M]&cR)®z N = O(C[M]&cR) and for the associated
ordinary derivation,
(ady)(z™) = a(m,n)z".
Let gr = mgO(C[M]@cR). Given any £ € gg, we obtain an element
exp(€) € Autz(C[M]®¢R)

®In the introduction, we took R = C[[t]].
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of the group of ring automorphisms defined by

)

7!

exp(€)(a) = Id(a) + ) |
i=1
The series makes sense by the assumptions on R.
In fact, gg is a Lie algebra under the natural bracket defined by
(2700, 2™ 0] = (2M0n(2™)0p — (2™ O (2™))D,
(1.1) = 2™ ()0 — (m,n')0,)

’

= Zm—l—m 8{m’,n>n’—(m,n’)n-
By the Baker-Campbell-Hausdorff formula, the subset

Gr = {exp(§) € € gr}
of Autz(C[M]®cR) is a subgroup.
The subspace hr C gr defined by
hR = @ 2™ (mR X ml)
meM\{0}

is closed under the Lie bracket, and hence via exponentiation defines a subgroup
Vg C Gpg

which we call the tropical vertex group. The subgroup Vg is closed in the mg-adic
topology.

1.2. Scattering diagrams. We will depict certain products of automorphisms of the
form 6,4, as introduced in the Introduction by diagrams in the plane Mg. Automor-
phisms of the form 0(,)  in fact generate Vg, and this will give us a way of describing
elements in Vg.

Definition 1.1. A ray or line is a pair (0, f,) such that
e 0 C My is given by
0 =mg + Rsomyg
if 0 is a ray and
0 = my + Rmyg

if  is a line, for some my € Mg and my € M \ {0}. The set 0 is called the
support of the line or ray. If 0 is a ray, my is called the initial point of the ray,
written as Init(?).

e fo € C[z™]|®¢R C C[M]®cR.

e f,=1 mod z"™mg.
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Definition 1.2. A scattering diagram © is a set of lines and rays such that for every
power k > 0, there are only a finite number of (0, f;) € ® with f, Z1 mod m%,.

If © is a scattering diagram, we write

Sing(@) = Joou (J wuno
0ED 01,09
dim21MN0o=0

Here 00 = {Init(d)} if 0 is a ray, and is empty if 9 is a line.

We are using a different sign convention than in [I0]. Here, we view a monomial 2™
as propagating in the direction m, while in [I0], monomials propagate in the direction
—m. The negative sign is necessary in [10]. We do not need the sign for our purposes
here, so we dispense with it.

1.3. Path ordered products. Consider a smooth immersion
7 :[0,1] — Mg \ Sing(D)

with endpoints not contained in the scattering diagram ®. If all intersections of v with
the rays and lines of © are transverse, we can define 0., o € Vg, the y-ordered product
of © as follows.

For each power k£ > 0, we can find numbers

0<t; <t <<ty <1
and elements 0; € ® with f,, Z1 mod m% such that

v(t:) € i,

0, #0;if t; = t; and ¢ # j, and s taken as large as possible. For each ¢, define ,, to be

932‘ = eXp(log(fDi )ano)

where ng € N is primitive, annihilates the tangent space to 0;, and is uniquely deter-
mined by the sign convention

(no,7'(t:)) > 0.
We define
0F o =0h, 0 00,,.
If t; = ti1q, then y(t;) € 9;MN0;11. Hence, dimd; N 0,41 = 1. The elements 6,, and 6,,,,

are easily seen to commute. Therefore, the product does not depend on any choices.
Let

— 1 k
0,0 = khm 0o -

—00
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01

02

FIGURE 1.1.

Example 1.3. A basic example for us is given by the scattering diagram

D = {(01, /1), (02, f2)},

where 01, 05 are transverse lines through the origin. A suitably chosen loop + around
the origin produces a commutator:

0,0 ="05"07"0:0,
where the elements 6; and 6, are obtained from 97 and 0, respectively, see Figure [Tl

The following result was obtained by Kontsevich and Soibelman in [I3] with a number
of variants proved in [I0]. Since the proof is so simple, we reproduce it here.

Theorem 1.4. Let ® be a scattering diagram. Then, there exists a scattering diagram
S(®) containing ® such that S(D)\D consists only of rays, and such that 0, 5oy = Id
for any closed loop ~y for which 0, sy is defined.

Proof. We proceed inductively on k, showing that there exists a ®j such that

0,0, =Id mod mi™

for all closed loops « for which 6, 5, is defined. We take ®, = ®. To obtain ©;, from
D1, we proceed as follows. Let ®)_; consist of those rays and lines ? in ®j_; with
fo #1 mod mkH. This is a finite set, so Sing(®D),_,) is finite also. Let p € Sing(D},_,).
Let 7, be a closed simple loop around p, small enough so it contains no other points
of Sing(®},_;). Certainly,

_ k+1
Oy o, , = H%Q;H mod my,".
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By the inductive assumption we can write uniquely
S
Oy | = exp(z ¢z 0p,)
i=1

with m; € M \ {0}, n; € mj- primitive and ¢; € m%. Let
Dp] = {(p+ Rxomi, 1 £ ¢;2™) [ =1,...,s}.

The sign is chosen in each ray so that its contribution to 6, g is exp(—c¢;2™0y,)

k1 mi 9 il
modulo mj;"™". Since ¢;2™0,, is in the center of bR/mgH, we see

Q’Y,QkflU@[P} =Id mod m'f{rl.

Similarly, any automorphism coming from ®[p] commutes with any automorphism

coming from ®;_; modulo m?l, and hence

Dy = D1 U D]

p

has the desired properties.
We take S(D) to be the (non-disjoint) union of the ®;’s. The diagram S(D) will
usually have infinitely many rays even if ® has finitely many. U

The scattering diagram S(®) is not unique. There are always trivial changes which
can be made to scattering diagrams.

Definition 1.5. Two scattering diagrams ©, ®’ over a ring R are equivalent if
Hry’@ — Hry’@’
for every curve « for which both sides are defined.

Every scattering diagram ® is equivalent to a unique minimal scattering diagram
which does not have two rays or lines with the same support and contains no trivial
rays or lines — rays or lines (9, fp) with f, = 1. In fact, if (01, f1), (92, f2) € © with
0 = 0y, then we can replace these two rays or lines with the single ray or line (04, f1 f2)
without affecting any automorphism 6., 5. In addition we can remove any trivial ray
or line. The diagram S(®) is easily seen to be unique up to equivalence. We will often
assume S(®) is minimal.

The operation S is functorial in the following sense. If ¢ : R — R’ is a ring homo-
morphism, and

0(®@) ={(0,9(f:)) | (0, fo) € D},
then ¢(S(®)) is equivalent to S(p(D)).
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z— /(1 +t2y)
Y=y z—x/(1+titazy)

y— y(1 + titezy)

xrr— T r— T
y—y/(1+tiz) y = y(l+tiz)

z — x(1 4+ t2y)
y—y

FIGURE 1.2. S(D) for ¢; = 1, ¢, = 1. Here the automorphisms are given
explicitly, and the identity 6, s is just the composition of the given

automorphisms.

Example 1.6. Let R = C|[[t, t2]] and consider for ¢1, {5 > 0 the diagram
D = {(R(1,0), (1 +t12)"), (R(0, 1), (1 + t21)")}.
Here, x = z°* and y = 22 as before. Theorem [[.4] produces a scattering diagram S(®).
We will later see that all elements of S(®) \ ® lie in the first quadrant. However,
S(®)\ ® can be very complicated
If ¢4 = {5 =1, then S(®) requires only a single additional ray,
S(O)\ D = {(R(1,1),1 + tytaxy)},
as can be easily checked by hand. See Figure
If {1 = {5 = 2, then the following is found:
S@I\D= {R(n+Ln), 1+ He)" (ty)")*)In € Z,n > 1}
U R0+ 1), (1+ (1) (tay)™ ) € Z,n > 1)
U {(R(1,1), (1 — titemy)™)}.

If ¢, = ¢ = 3, then computer experiments (the algorithm given in the proof of
Theorem [ 4] is easily implemented) suggest the following behavior for S(D). First, as
noticed by Kontsevich, S(®) has a certain periodicity. Namely,

(Rxo(ma, ma), f(z™72))) € S(D)

6The behavior of these scattering diagrams has also been studied by Kontsevich.
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if and only if
(Rzo(?)ml — My, ml), f(z(3m1—m2,m1)>> S S(@),
provided that mq, ms and 3m; — mqy are all positive. In addition, there are rays with

support R>o(3,1) and R>¢(1,3), hence by the periodicity, there are also rays with
support

R20(8,3), R20(21,8), and R20(3,8), R20(8,21),

which converge to the rays of slope (3 & /5)/2, corresponding to the two distinct

. . . 3 o
eigenspaces of the linear transformation Lo ) On the other hand, inside the cone

generated by the rays of slope (3 & 1/5)/2, it appears that every rational slope occurs.
The function attached to the line of slope 1 appears to be

<Z 3n1—|— 1 (4:) (tlx)n(tzy)n> :

n=0

1.4. Asymptotic diagrams and factorization. A scattering diagram ® viewed
from a great distance yields an asymptotic diagram.

Definition 1.7. The asymptotic scattering diagram 9,4 is obtained from 2 by replac-
ing each ray (my + Rsomy, f) with the ray (Rsomy, f) emanating from the origin, and
replacing each line (my + Rmy, f) with the line (Rmy, f) passing through the origin.

If v is a sufficiently large simple loop around the origin containing all points of
Sing(®), then

9'\/7@ = 9'\/7@048'

We can often understand scattering diagrams using a deformation technique as fol-
lows. Suppose © consists of a number of lines (9, f;) through the origin, and we wish
to understand S(®). Assume that each f; can be factored as f; = [] fi;. We replace
each line (9;, f;) with the collection of lines {(mj; +;, fi;) }, where mj; € Mg is chosen
generally. Thus each line is split up into a number of parallel lines. Calling this new
scattering diagram 5, we can now apply Theorem [[L4] to obtain a scattering diagram
S(®). Then $(D),, satisfies the conclusion of Theorem [ when applied to D, since
for a large simple loop around the origin, 9%5(5)“ = Id.

For example, in Example [LL8 we can split the two lines in ® into ¢; and ¢, parallel

lines respectively.

Definition 1.8. If m € M \ {0}, the index of m is a positive integer w such that
m = wm' for m’ € M primitive.
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The following simple calculation is closely related to the notion of multiplicity in
tropical geometry.

Lemma 1.9. Let R = C[h,h]/(t%,t%), and let
D = {(le, 1 + Cltlzwﬂm)’ (ng, 1 + 02t22w2m2)}

where my, my € M are primitive with my A mg # 0, wy,ws are positive integers and
c1,¢0 € C. The scattering diagram S(®) of Theorem is obtained by adding the
single ray

(12) (Rzo(wlml -+ w2m2), 1 + clcgt1t2wout\m1 A mQ\zwlmlerQmQ)

where |mq A ms| denotes the absolute value of my A my € /\2 M =7, and wyy is the

index of wimy + wams.

If wymy + wamy = 0 in (L2), no ray is added. The associated function then is just

1 since then mq A my = 0.

Proof. Labelling the two rays 0; and 05 respectively, choose a loop v as depicted in
Figure [T} so that
0,0 =050 "0:01,
where
0; = exp(cit; 2" 0y, )
with n; € N primitive, orthogonal to m;, n; negative on my and ny positive on m;.
The commutator is easily seen from ([L1]) or direct computation to be

wimi+wama
aw1n1<m1 n2)—wanz(ma,ni) )

(13) exp(clc2t1t2z

Thus S(®) needs to include exactly one additional ray, (Rso(wimy + wems), f), with
f chosen so the corresponding automorphism determined by the crossing of v is the

inverse of ([L3)).

First assume the basis my, my of My is positively oriented, as in Figure [[LIl If we
write m; = (my1,m;2) in some fixed basis of M, we can take n; = (m;2, —m;1) in the
dual basis. Then,

<m1,n2> = —<m2,n1> = M11M22 — M12M21 = |m1 A m2|
because of the positive orientation. So
w1n1<m1, n2> — WaN2 <m2, n1> = ‘m1 A m2|(w1m12 + wameog, —wiMmyy — w2m21)
- |m1 A m2|woutnout
where ngy is a primitive element of N pointing in the same direction as

winy (ml, nz) — Wang <m2> nl)-
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The automorphism we wish to attach to the new ray is

wimsi +U)2m28

exp(cy oty taWont|my A malz Mout)

Noting that —ngy is positive on mo, we see that we can take

f =1+ clc2t1t2wout\m1 N mg\zwlmﬁ“’?m?

as claimed.
If my, mo is negatively oriented, the argument is similar. Or, we can reduce to the
positively oriented case by switching labels. O

In fact, using factorization and deformation, Lemma is enough to understand a
scattering diagram to any order. We will demonstrate the method for the scattering
diagrams we require for the remainder of the paper, so the notation introduced here
will be used throughout.

Definition 1.10. A standard scattering diagram © = {(0;, f;)| 1 < i < n} over the
ring R = C[[t4,...,1,]] consists of a number of lines through the origin. We assume

e 0, = Rm,; with m; primitiveﬂ

e t; is the only power series variable occurring in f;, so

fi € C[z™®cC[[t]] .

We give here a method of computing S(®©) to kth order for a standard diagram .

We work over the ring

Cllt1, - .-, ts]]
(AL kY

Let ag : R — Ry be the projection, and define

Ry, =

Sk(®) = S(w(D))
We view Si(D) as S(®) to kth order.

A crucial role is played by the ring

5 _ CHugll<i<n1<j<k}
T W 1<i<n 1<) <k)

via the basic inclusion Ry, < Ry given by t; — Z?Zl u;;. While the f;’s may not factor

over Ry, there is a natural factorization of f; over Ry obtained as follows. We expand

"We do not assume the m; are distinct. Repetition is allowed.



16 M. GROSS, R. PANDHARIPANDE, AND B. SIEBERT

log f; in a Taylor series in t;,
k

lOg fz = Z Z waijwz“’mitg c Rk,

j=1 w>1
with a;;,, € C. For any given ¢ and j, a;;,, = 0 for all but a finite number of w. We
then make the substitution ¢; = 2521 u;; and expand, getting a sum of monomials

each having a coefficient in R whose square is zero. We find

k
log fi = Z Z Zj!waijwzwmi H Uil

J=1 #J=j w>1 leJ

where J runs over subsets of {1, ..., k}. Taking the exponential gives us a factorization
of f; as
k
fi= H H H (1 + jlwagj,2"™ Hu,l)
J=1#J=jw>1 leJ
We can now apply the deformation technique to the factorization to pull apart the
lines 9;. We obtain the scattering diagram

Dy = {(Dm, L+ (# D) waip =™ | [ ua) ‘ 1<i<nw>1JC{L,... k}#J> 1},

leJ
with 0, a line parallel to 9; and chosen generally.

We now describe rather concretely a process for producing S(@k) We usually only
considered S(@k) as an equivalence class of scattering diagrams. However, in Section 2,
we will use the representative of the equivalence class produced by the procedure given
here.

We produce a sequence of scattering diagrams

D, =D, DL, D7, ...
which eventually stabilizes, and we take S(Dy) = D' for i sufficiently large. We will
assume inductively:
(1) Each ray or line in D% is of the form
(0,1 + cyurey)2™,
with ¢y € C and uje) = H(m)d(b) u;;, for some index set
I(d) C{1,...,n} x{1,... k}.
(2) For each p € Sing(D%), there is no set of rays D[p] € D% of cardinality > 3
such that p € 9 for each ® € D[p] and 1(01) N I(v2) = O for any two distinct

01,02 € D[p|. Note that two rays 91,0, only produce a non-trivial new ray via
Lemma [[9if 1(01) N I(2s) = 0.
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Both of these conditions already hold for 5‘52 In particular, for general choice of ’}52,
each singular point of 352 is contained in only two lines.
To pass from 35};_1 to NZ, we simply look at every pair of elements 0,0, € ’}52_1
satisfying
(i) {01,092} € D},
(ii) 97 N0y consists of one point mg, which is neither the boundary of 9; nor s,
(iii) I(01) N1I(0q) = 0.
Writing
fDi - 1 + CZUI(DZ)ZU)ZmZ

with m; primitive, we follow Lemma and set

(1.4) 2(01,09) =

(m() + Rzo(wlml + wgmg), 1+ clcguj(al)ul(DQ)wout|m1 VAN m2|zw1m1+w2m2) .

We then take
NZ - 552‘1 U {0(01,02)[01, 02 satisfies (i)-(iii) above}.

Of course 5‘52 satisfies the inductive hypothesis (1), but we need to check condition
(2). To do so, we introduce some notation we shall also need later.

For any ray of the form d = 9(9,03), define Parents(d) = {94,02}. If 0 is a line,
then we set Parents(d) = ). Define recursively

Ancestors(0) = {d} U U Ancestors(?’)
¥’ eParents(?)
and
Leaves(0) = {0’ € Ancestors(2)[0’ is a line}.

If any element ?" € Leaves(0) is moved slightly by replacing ' = m+Rm; by m’+Rm;
with m—m/ small and m—m’ & Rm,, then 0 is replaced by some m” 40 for m” small and
m” & Rmy,. Now if there is a point p € Sing(D%) with D [p] C D violating condition (2),
we note Leaves(0;) NLeaves(0,) = () for all 91,05 € D, since 1(01)NI(02) = (. Thus by
deforming the lines in 352, the rays in ®[p| can be deformed in an independent manner.
Thus if p violates (2), then 352 has not been chosen generally. Thus for general choice
of DY, the inductive hypothesis (2) holds.

The process is easily seen to terminate as at each step the sets I(9) for new rays 0
increase in cardinality, and the cardinality of these sets is bounded by nk. Furthermore,
since automorphisms associated to rays 01, 02 with 1(0;) N I(03) # () commute, we
obtain from Lemma that 9%5}; = Id for ¢ > nk and ~, a small loop around any
singular point of 52
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We have proven 5(35 k) = 5 2 where stabilization occurs in the superscript for 7 > nk.
Then

Sk(D) = (D}2)as.

As we will see in the next section, we will use the above procedure to reduce the
computation of S;(®D) to a tropical calculation.

2. TROPICAL CURVES

2.1. Definitions. We relate here the calculations involving scattering diagrams in Sec-
tion [[.4 to tropical curve counts. We first recall the definition of a parameterized tropi-
cal curve in My from [18]. Let I be a weighted, connected finite graph without divalent
] =]
and I'

vertices. Denote the set of vertices and edges by T respectively, and let

wf:fm — N\ {0}

be the weight function. An edge E € T has adjacent vertices OF = {V,V,}. Let
f[m C T[O] be the set of 1-valent vertices. We set

P=T\TY
Denote the set of vertices and edges of I as ', Tl and let
wr : TH = N\ {0}

be the weight function. Some edges of I" are now non-compact — these are called
unbounded edges. Let FQJ C T be the set of unbounded edges.

Definition 2.1. A parameterized tropical curve in Mg is a proper map h : ' — My
satisfying the following conditions.

(1) For every edge E C T, the restriction h|g is an embedding with image h(FE)
contained in an affine line with rational slope.
(2) For every vertex V € T, the following balancing condition holds. Let

E\,...,E, el

be the edges adjacent to V', and let m; € M be the primitive integral vector
emanating from h(V') in the direction of h(E;). Then

m

Z wr(E;)m; = 0.

Jj=1
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An isomorphism of tropical curves h : I' — Mg and h' : I” — My is a homeomorphism
® : ' — I" respecting the weights of the edges and such that h = h' o ®. A tropical
curve is an isomorphism class of parameterized tropical curves. The genus of a tropical
curve h : I' — My is the first Betti number of I'. A rational tropical curve is a tropical

curve of genus zero.

Definition 2.2. Let h : I' — Mg be a tropical curve such that I' only has vertices of
valency one and three. The multiplicity of a vertex V € I'" in h is

Multv(h) = w1w2|m1 A\ m2| = w1w3|m1 A m3| = w2w3|m2 A\ m3|,

where ), Ey, B3 € Tl are the edges containing V, w; = wr(E;), and m; € M is a
primitive integral vector emanating from A(V') in the direction of h(E;). The equality
of the three expressions follows from the balancing condition.

Definition 2.3. The multiplicity of the tropical curve h is
Mult(h) = J] Multy(h).
Verlol

2.2. Scattering diagrams. Let © = {(Rm,, f;)} be a standard scattering diagram of
Definition [[L.TOL We follow the notation of Section [[L4] with scattering diagrams ©; and

S(Dy) = D
constructed from ®.

Theorem 2.4. For general choice of ’}5k, there is a bijective correspondence between
elements (0, f>) € S(Dy) and rational tropical curves h : T — My with the following
properties:
(i) There is an edge Eqy € W with h(Eou) = 0.
(i) If E € Tt \ {Eout} orif Egy is the only edge of I' and E = Eqyy, then h(E) is
contained in some 0,5, where

1<i<n, JCA{L,....k}, w>1
Furthermore, if E # Eqy, the unbounded direction of h(E) given by —m,.
(iii) If B, E' € T\ {Eow} and h(E) C ;70 and h(E') C 0y, then J O J = 0.

(iv) If E € Tl \ {Eow} or if Eou is the only edge of T' and E = Eqy, and h(E) C
07w, we have wr(F) = w.

Furthermore, if 0 is a ray, the corresponding curve h is trivalent and

(21) fa =1+ Wout Mult(h) H <(#J)'&Z(#J)w H uz’j) Zmout’

i, J,w jeJ
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where the i, J,w run over all indices for which 0, ,, € Leaves(?),
Mout = Z wms,
i, J,w

and Moy = WoutMl,e for ml . € M primitive and wey the index of Moy .

Proof. The bijective correspondence is constructed as follows. First, the elements of
5‘5k are all lines and are clearly in one-to-one correspondence with tropical curves h :
I' — Mg in which T" consists of just one edge satisfying properties (i)-(iv). So we just
need to worry about elements of $(®y,) \ Dy, all of which are rays.

Given a ray 0 € ’}52", define the graph I', by

'Y = {o'|o € Ancestors(d) and o a ray}
F[Dl] = Ancestors(?)

as abstract sets, writing the edge corresponding to 0’ as Fy and the vertex Vy. If
0’ € Ancestors(0) \ {0}, then ?’ is parent to a unique ray in Ancestors(d), which we
write as Child(?’). If 0 is itself a line, then we are in a degenerate case, and I'; is just
a line (an edge with no vertices). If 9 is a ray, then to define I';, we specify that for
0’ € Ancestors(0), either

e 0’ # 0 and 0’ is a ray, in which case the vertices of Ey are Vy and Veniaq)-

e ' =0, in which case Fy is an unbounded edge with vertex V;.

e 0’ is a line, in which case Ey is an unbounded edge with vertex Vepiiag)-
We next define the weight function wr, as follows. For any 9" € Ancestors(?), fy takes
the form 1 + ¢y 2™ for some ¢y € Ry and my € M\ {0}. We define wr, (Ey) to be
the index of my, with m}, given by

my = wr, (Ey)m,.

Finally, we define h in the obvious way, mapping Fy in the respective cases to the line
segment joining Init(?’) and Init(Child(?")), 9, and the ray R<omy + Init(Child(d’)).

Since ' is a tree, the genus 0 condition is clearly satisfied. We need to check the
balancing condition at every vertex V = V. Let Parents(d’) = {91,02}. From (L4]),
we see

My = My, + May,
or equivalently
wr, (Ey)my = wr, (Ey, )my, + wr, (Ey, )y,

which is the balancing condition at V', keeping in mind that mj} and mj, point towards

V and mj}, points away from V. By the generality condition on ®j, I'; has at most

trivalent vertices.
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Next, we check the expression given for f, inductively. If 0 is a line, then I' is just a
line, and Mult(h) = 1 since there are no trivalent vertices whatsoever. Formula (2.1I)
is correct by the definition of the original deformed scattering diagram ®; in Section

4
Suppose 0 is a ray and (2.0)) holds for both Parents(d) = {9,02}. Let hy and hy be
the tropical curves corresponding to the respective parents. By (L4]),

.fb =1 + wr, (ED1) Mult(hl)wpa (EDQ) Mult(hg)

. ’Ujout|m/a1 /\ m,D2| H ((#J)'al(#J)w H u’]) Zmout

i, Jw jed

where the first product is over all indices ¢, J,w for which 9,5, € Leaves(d). The
coefficient in front of the product is just

Mult(hq) Mult(hy) Multy, (h)wew = Mult(h)woy.

The derivation of (2] is complete.
Finally, by unravelling the definitions, each rational tropical curve satisfying condi-
tions (i)-(iv) is easily seen to correspond to a unique element of D5°. O

As we shall see, Theorem [2.4] implies that the scattering diagrams are computing a
tropical enumerative invariant. We shall relate the tropical enumerations which arise
first to holomorphic enumerations and then to relative Gromov-Witten invariants.

2.3. Tropical counts. Let mq,...,m, € M be primitive elements, and let
m = (my,...,my)
denote the n-tuple. Let the lines
0;; = my; + Rm,;, my; € Mg

be chosen generally for 1 <i<mand 1< j <I.
Let w; = (w1, . .., wy,) be weight vectors with

0<wiy Cwpp <--- < wy,, w;€L.

The weight vector w; has length [; and size

l;
j=1
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Denote the n-tuple of weight vectors by w = (wy,...,w,). We only consider weight

vectors for which
n

Mout = Z |w;|m; # 0.

i=1
Definition 2.5. Let N"°P(w) be the number of rational tropical curves h : I' — Mg
counted with the multiplicity of Definition 2.2l where
TW=1{F;1<i<n1<j<l}U{Fu}
with
e h(E;;) C0;; and —m; pointing in the unbounded direction of h(E;;),
[ ] wp(Eij) = wij,
e h(E,yy) pointing in the direction of mgys.

Note that wr(Foy ), the weight of Euy, coincides with the index of my

Proposition 2.6. The numbers N2°P(w) do not depend on the (generic) choice of the

vectors my;.

Proof. The result follows from standard tropical arguments — for example the method
of [6] suffices. Alternatively, we will later show that these tropical invariants agree with
holomorphic counts which are independent of any choices. 0

Let ® = {(0;,fi)|1 < i < n} be a standard scattering diagram over the ring
Cl[t1,- .., ts]] consisting of a number of lines through the origin. Let 9; = Rm; with m;
primitive. Since t; is the only power series variable occurring in f;, we can write the

log f; = f: Z waijwzwmitf

=1 w>1

logarithm as

with Aijw e C.
Let S(®) be the associated scattering diagram. We assume S(®) has at most one
ray in any given direction.

Theorem 2.7. Let (2, f;) € S(D)\ D be a ray. Then,

(2.2) log fo = ZZ ontAut ]‘\:r: ( H Qi 2”) > lwilm;

1<i<n
1<5<1,;
where
e The first sum is over all n-tuples of weight vectors w = (W, ..., W,,) satisfying

0# >, |wilm; € 0. Let l; = length(w;).
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e The second sum is over all n-tuples of vectors k = (ky,...,k;,) where
ki = (ki, ..., ka,)
for positive integers k;; satisfying
kij < kigivry of wij = wig+1).-

Note length(k;) = length(w;).

o > |Wilmy = wou(W)m,, with m! . € M primitive.

o Aut(w;, k;) denotes the subgroup of the permutation group %, stabilizing the
data

(wir, kir), - - - (Wi, k)
| Aut(w;, k;)| denotes the order, and
| Aut(w, k)| = ] | Aut(w; k)] .
i=1

Proof. We will prove (ZZ) modulo the ideal I, = (51 . t5+1) and let k — oo.
Modulo [, the diagram S(®) is equivalent to (D¢°)as. Thus modulo I,

(2.3) log fo =Y _1og fu,

where the sum is over rays 0 € 55,;’0 parallel to .
Theorem 2.4] gives a correspondence between such rays and tropical curves

h:1T'— Mpg.

Consider one such ray 9" and the corresponding tropical curve h : I' — Mpg. Then,
there are weight vectors wy(h), ..., w,(h) of lengths Iy, ...,l,, and sets

Jy(h) C{1,... K}, 1<j<l
with J;1(h), ..., Jy,(h) pairwise disjoint, such that we can write
Leaves(d') = {0is,,(nywy, ) |1 <7 <n, 1 < <}
and
T ={E;|1 <i<n1<j<L}U{Eou}
with h(Ei;) € 9is,;(hyw,, ). Moreover, the contribution from 0’ to ([23) is
l0g for = wr(Eow) Mult(h) T[] ((#J5(0)! aierympunay ] )z

1<i<n .
isisn 1Ji; (h)
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The contribution from all tropical curves h giving rise to the same weight vectors w;
and the same sets J;; with k;; = #.J;; defining vectors ky, ..., k,, is then

wOUt(W)Nttrliop(W) H (kZJ' aikz‘jwz‘j H uzl)ZZz ‘Wi|mi.
1<i<n lEJij

1<5<y;

We first keep both w and k fixed and choose sets Ji,...,J, C {1,...,k} with
#J; = |k;|. We then sum over all possible ways of writing .J; as a disjoint union of sets
Jij with #J;; = k;;. There are |k;|!/ Hj k;;! ways of writing J; as such a disjoint union.
However, we have overcounted curves. If o € Aut(w;, k;), we have

{(@, Jij, wij) |1 < j <length(w;)} = {(2, Jio(j), Wio(j))|1 < J < length(w;)}.
Thus the contribution from a choice of the sets J; is

wOUt(W)N;ﬁOp(W) s |kl|' . > Iwilm;
| Aut(w, k)| H ( H k! alkijwij)W Huzl z :

1<i<n  1<5<l; /

g leJ;

Summing over possible J;’s, we get

Wout W NItII;Op W o
|A(ut)(w,k)(| )< IT CIT aes) > |k,-|!Huﬂ)Zz@ s

1<i<n  1<j<; Ji led;
#J=kql
But
|kL| o k;
= (g A4 4y
Jj leld;

#Jz‘;\kz‘\
from which we find the total contribution from curves with given w; and k; is

Wout (W) NP (w) ki \ S, jwilm
i wt / arme
R | L et )2

1<i<n
1<5<y,

giving the desired result. U
3. FROM TROPICAL TO HOLOMORPHIC COUNTS

3.1. Holomorphic counts. We now describe the holomorphic analogue of N°P(w).
Following the notation of Section 2.3}, let

m = (my,...,my,)

be an n-tuple of primitive vectors of M. Let w = (wy, ..., w,) be an n-tuple of weight

vectors

w; = (wila cee awili)



THE TROPICAL VERTEX 25

with

n

0 7& Mout = Z |Wz|mza Mout = woutm:)ut
i=1

for m/,, € M primitive.

To match the conventions set for standard scattering diagrams in Definition [L.T0, we
do not require the my, ..., m, to be distinct. However, we will only treat the distinct
case since the multiplicities here will not matter (and complicate the notation). A more
subtle issue concerns my,;. Either the ray generated by mg, is distinct from the rays
generated by —my, ..., —m, or not. We will present a treatment of the former case.
The discussion in the degenerate case where the ray generated by mgy, coincides with
a ray generated by —my is almost identical. We state the results there and leave the
details to the reader.

So we assume the ray generated by myy is distinct from the rays generated by the
—m,;. Let ¥ denote the complete rational fan in Mp whose rays are generated by

=M1, ..., =My, Mout-
Let X denote the corresponding toric surface over C. Let
Dla"'aDnaDout g X

be the toric divisors corresponding to the given rays. Let X° be the complement of the
0-dimensional torus orbits in X, and let

D?=D;NX° D°

out

= Doy N X°.
Let By € Hy(X,Z) be the homology class defined by the conditions
D; - fo = [Wil,  Dout - Bw = Wout-
Define the open subspace
M(X°,w) € Moysr,1,(X, Bw)
of the moduli space of genus 0 stable maps represented by maps of the form

gp:(Pvallu"'7@1[17’"7Qn17”'7inn7Q)_)X

satisfying the following properties:

(i) ©(Qi;) € D¢ and ¢*(t;) has a zero of order w;; at @;; for a local defining
equation t; for D;.

(i) (Q) € Do, and ¢*(tout) has a zero of order wyy at @ for a local defining
equation tqy for Dyy;.
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Since all the intersections of ¢ with the toric divisors of X are accounted for, there

is a factorization
p:P' - X°C X.
We may equivalently view 9t(X°, w) as an open subspace of the moduli space of genus

0 stable maps to X° of class [y relative to the divisors DY, ..., Dy, D, with relative

conditions specified by w and w,,;. The relative perspective will be pursued in Sections
@ and B

Definition 3.1. There is an evaluation map
(3.1) ev: M(X°, w) — [[(D9)"
i=1

If the evaluation map is generically finite, then we define N2!(w) to be the degree.
Otherwise we define N2°!(w) to be 0.

The count N'Y(w) is invariant under refinement of the fan . The curves which
appear in M(X° w) are disjoint from the 0-dimensional torus orbits of X, and hence
lift to any toric blow-up of X. Conversely, any curve on a toric blow-up of X disjoint
from the exceptional divisors is the lifting of a curve on X. As a consequence, we can
always assume that X is nonsingular by adding additional vectors m; with associated
weight vectors of length 0.

By the following result, the dimensions of the domain and the target of the evaluation

map (B.I)) coincide.

Proposition 3.2. M(X° w) is a nonsingular Deligne-Mumford stack of dimension
>, length(w;).

Proof. We first review the standard quotient presentation of X, which we assume to
be non-singular. Let T be the free abelian group generated by S, the set of rays of
Y. Let

Te =T ®7 C.
We may view T¢ as an affine space,
T = Spec C[{z* | p € B},

Given a subset S C XM define A(S) to be the subspace of Tt determined by the
equations {z” =0]p € S}. Set

Z =|JA(S)
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where the union is over all subsets S C Y which are not the rays of some cone in 3.
Set
U="1Tc\Z.

There is a natural map r : T — M taking a generator p € X1 of T to m, € M, the
primitive generator of the ray M. This yields an exact sequence

0—s K —T—5M—0.
The algebraic torus K ®z C* acts on T¢, and we have
X = U/K ®gz C*.

Because X is nonsingular, the K ®7 C* action on U is free.

We write the coordinates on Tt as z1, . . ., 2, Zout corresponding to the rays generated
by —my, ..., —m, and mq,. These are our homogeneous coordinates on X. The divisor
D; is given by z; = 0 and the divisor Dy is given by zou = 0.

A parameterized map ¢ : P! — X with image of class 3 yields (up to an action of
K ® C*) homogeneous polynomials ¢1, .. ., ¢, @out in the coordinate ring Clu, v] of P*
with deg ¢; = |w;| which avoid Z. Conversely, such polynomials ¢ = (1, ..., ©n, Pout)
determine a unique parameterized map.

If ¢ € M(X°, w), we can always apply an element of PGL(P!) so that
Q=(1:0)ecP.
Then, we must have
(i) @i = ¢ H;Zl(u — a;;v)"% for some ¢; € C*,a;; € C.
(i) Pout = Cout?V™*"*, Cous € C*.

Furthermore, such a choice of ¢;, oy gives rise to ¢ € M(X°, w) if and only if all the
a;;'s are distinct. The space of choices of ¢;, Yoy is therefore an open subset of

(C*)™ % f[(clength(wi).
i=1
We then have to divide out by the action of K ® C*, which is of dimension (n+ 1) —2,
as well as the 2-dimensional subgroup of PGL(P') keeping (1 : 0) fixed (to remove
the parameterization). Since these actions have at most finite stabilizers, we obtain a
nonsingular Deligne-Mumford stack of dimension > | length(w;). O

We will need later a dimension bound for the same toric geometry X°, but with
different curve classes. Let Og € H2(X° Z) be a class defined by the conditions

Dzﬁv’?/: |V/‘\’z|a Dout'/@v’?/:O
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for weight vectors w = (Wq,...w,) satisfying

n
> [Wilmi = 0.
i=1

Then, the proof of Proposition immediately yields the following result.

Proposition 3.3. M(X° W) is a nonsingular Deligne-Mumford stack of dimension
—1+4 >0 length(w;).

3.2. Equivalence. The following result relating the holomorphic and tropical counts
will play a crucial role for us.

Theorem 3.4. NZP(w) = N\(w) - [, H?:l wij

Tropical counting of holomorphic curves on toric varieties with incidence conditions
occurs in [I8, [19]. The latter reference already includes higher order tangency con-
ditions with the toric boundary. The only difference between [19] and the present
situation is the treatment of point conditions — here we impose point conditions on
the toric boundary instead of in the big cell. Very little has be to added to [19] to
obtain Theorem 3.4l The required modifications are straightforward. A more detailed
discussion is presented in the Appendix.

3.3. Degenerate case. Suppose the ray generated by mg, coincides with the ray
generated by —my. Let ¥ denote the complete rational fan in Mg whose rays are
generated by

—Myy ..y, =My .
Let X denote the corresponding toric surface over C. Let

Dy,....D, C X

be the toric divisors corresponding to the given rays and let Dy = Dy.
Let By € Hy(X,Z) be the homology class defined by the conditions

Di'ﬁwz |Wz| fOI"i?ék', Dk/@w: |Wk|+wout-

We define moduli spaces (X, w) of maps of class [y, evaluation maps, and invariants
NEol(w) in exactly the same manner as before. The only difference is the contact point

Q of
()0:(]P)1>Qlla"'7@1117'"aQn1>"'ainn>Q)_>X

shares a divisor with Q1, ..., Q. The rest is straightforward. All the parallel results
hold including Theorem [B.4
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4. GROMOV-WITTEN THEORY

4.1. Overview. We will now connect the holomorphic counts N2 (w) defined in Def-
inition Bl to Gromov-Witten theory. Usually, the latter subject is studied for compact
geometries. For us, the open target consisting of X° relative to the disjoint divisors

0, ..., D2, D¢ . is much more natural. In order to define relative invariants for our

open geometries, properness of the associated evaluations maps will be proven. We
will obtain another equivalence

(4.1) Now' (W) = N (w)

where the term on the right is a relative Gromov-Witten count for X°.
In fact, Gromov-Witten theory provides a direct interpretation of the entire sum-
mation of Theorem 2.7 We will find log f; is simply a summation of genus 0 Gromov-

Witten invariants of blow-ups of X relative to D¢ .. The result will be proven in

out*
Section [B] from Theorem 27 by the equivalences, the degeneration formula, and exact

multiple cover calculations in Gromov-Witten theory.

4.2. Desingularization. Following the notation of Section 2.3] let

m = (my,...,my,)
be an n-tuple of primitive vectors of M. Let w = (wy,...,w,) be a n-tuple of weight
vectors

w; = (Wi, ..., wi,)
with

n
0 % Mout = Z ‘Wz|m27 Mout = woutm;ut
=1

for m],, € M primitive. We again treat the nondegenerate case where the ray generated
by Moy is distinct from the rays generated by —m;.
Let X be the fan with rays generated by

—Mi, .., =My, Moyt -
Let X be the toric surface over C associated to X with toric divisors D1, ..., D,, Dgyu.

Let 3 be a refinement of ¥ satisfying the following two properties:

(i) the toric surface X associated to ¥ is nonsingular,
(i) the proper transforms of Dy, ..., D, Doy, under the birational toric morphism
X — X are pairwise disjoint.
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Let 151, ce ﬁn, ﬁout C X denote the respective proper transforms of the divisors.
Let Oy € Ho(X,Z) be as in §3l The class (y is determined by intersection numbers

with toric divisors,
Di'/@w - |WZ|7 Dout'/@w = Wout

and D -3y, =0if D & {151, e 15”, Eout}. The full toric boundary B C X represents
the anticanonical class of X. Hence

/ a(Ty) = Z |W;| + Wout-
w =1

Let X be the complement of the 0-dimensional torus orbits in X, or equivalently,

X°=X\|JD,
D

where the union is over all toric divisors D of X with D ¢ {51, e 5n, 50ut}. Every

map

0: (PO, .., Quys s Quise oy Qui, Q) — X
in M(X°, w) yields a divisor p(P') N D; on each D;.
Lemma 4.1. The n divisors
(PYNDy C Dy, ..., p(P')ND, C D,
determine p(Q) € Doy up to weyy choices.

Proof. The full toric boundary
1B — X
is a simple loop of P'’s each meeting two others. Hence, B has arithmetic genus 1 and

Pico(B) = C*. We have

Z p(P') N D; + wou - 9(Q) = *(Bw) € Pic(B),

where [y here is considered an element of Pic(X'). We conclude ¢(Q) is a woug-root of
C(Bw) = Y p(B)Y N D;
i=1

in Pic(B). There exactly wy,; possibilities for ¢(Q) in Dgys. O
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4.3. Stable relative maps. We first describe a partial compactification by stable
relative maps,

M(X%,w) CIM(X%,w).

equipped with an evaluation morphism

ov f)ﬁ(Xo, W) _ H(Dio>longth(w1') .

i=1
Consider the geometry of X relative to the union of the divisors
(4.2) Di,....,Dp, Dow C X.

Since X is nonsingular and the nonsingular divisors (£2]) are disjoint, the moduli
space of stable relative maps to the geometry is a well-defined Deligne-Mumford stack
[T, (15, (16

Let ﬁ()? ,w) denote the moduli space of stable relative maps of genus 0 curves
representing the class (B, with tangency conditionsH given by

e the weight vector w; along 152-,
e full tangency of order wy, at a single point along D,.

The moduli space ﬁ()? , W) parameterizes maps ¢ from connected curves C' of arith-
metic genus 0 with at worst nodal singularities to destabilizationsﬁ 7w of X along the

relative divisors,

(43> (C7Q11,---,Qlll,...,in,...’inn’Q)i}%ijz i

The relative conditions require ¢ to be tangent to Eout at () with order wy,; and
tangent to D; at Q);; with order w;;.
Let 91(X°,w) be the open Deligne-Mumford substack consisting of genus 0 stable

relative maps to X° C X. More precisely, 9(X°, w) consists of maps (4.3 for which
the composition 7 o ¢ has image contained in X°. Evaluation maps

(4.4) ev: M(X% w) — H(Dg)li.

are naturally obtained. The moduli space 9(X° w) defined in Section B.lis an open
subscheme of M(X°, w).

8The relative conditions specified here are simply the orders of the tangencies at the marked points.
The order of the tangency is the local intersection number. Order 1 is transverse intersection, order 2
is usual tangency, and so on. The locations of the tangencies on the relative divisors are not specified

yet.
9A destabilization along a relative divisor is obtained by attaching a finite number of bubbles each

of which is a P'-bundle over the divisor.
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While 90T(X°, w) is typically not a proper stack, the evaluation maps (4] are proper

morphisms.
Proposition 4.2. The evaluation map ev is proper.

Proof. We use the valuative criterion for properness, so let R be a valuation ring with
residue field K, and suppose we are given the left-hand square in the following diagram:

T =Spec K — MX°w) — MX,w)

l B

S=SpeckR — [[L(DY)" — I, Dy

where ev is the corresponding evaluation map. Since ﬁ()? , W) is proper, ev is certainly
proper. Thus, we obtain a unique family of relative stable maps

c 2 xXg 5 X xS

I

S — S

where %s is a destabilization of X x S relative to the divisor Sy 152 + ﬁout. We will
show ¢ is in fact a family of stable relative maps to X°.
Let 0 € S be the closed point, and consider the morphism

WOOQOO:CO—>)?.

The marked points of Cy all map to X°. Suppose ¢q intersects a toric divisor D C X
at a point of D\ X°. Since the intersection number of Cy with D is accounted for in
X?, there must be an irreducible component of Cy dominating D.

If mp o ¢y does not factor through X° — X , we have shown that there must be an
irreducible component C of Co dominating a toric divisor D of X. Let

05X x S
be the Stein factorization of mg o , so that £ has connected fibers and ¢ is finite. Let
C" = £(C). Since C' dominated D, & cannot contract C'. Hence C” is an irreducible
component of Cj.

Let E; and E, be the two distinct toric divisors of X intersecting D only at two
distinct toric fixed points of D. We will now show that there are irreducible components

! ! /
1702 g C(]

intersecting C" and dominating E; and Fs respectively.
For ¢ € {1,2}, let £; be the line bundle on X x S corresponding to the divisor
E; x S. Let s; € I'(L;) be a global section vanishing on E; x S. If 1)*(s;) vanishes on
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an irreducible component C; of C’, then the generic fiber (C])r of C; — S dominates
E; x T, contradicting the assumption that the generic fiber Cr of C — S maps to X°.
Hence, 1*(s;) must define an effective Cartier divisor E! on C’. The support of *(s;)
is codimension 1 in C" and intersects C”.

By assumption, all points of ¢y~'(E; x T') must be the images under £ of a marked
point of Cr. Hence, the closure of 1)~1(E; x T') in C’ consists of images of marked points.
Since the evaluation map S — [[ D! factors through [](D?)% by assumption]@ the
closure of ¥ "'(E; x T) in C’ cannot intersect C’. Thus E! must contain an irreducible
component C! of C) intersecting C’. Then, ¥(C!) C E;. Since v is finite, C] must
dominate Ej;.

By applying the above argument repeatedly, replacing C’ with Cf or C}, we find
that either C) has an infinite number of components or Cj contains a cycle of compo-
nents dominating the union of toric divisors of X. The first possibility is absurd. In
the second case, the genus of C) would have to be at least 1. Since &|¢, : Co — (|
has connected fibers, Cy would also have genus at least 1, contradicting the genus 0
assumption.

We have shown by contradiction that ¢ : C — X must in fact be a family of relative
stable maps to X°. 0

Maps parameterized by 9T(X°, w) have a rather simple structure. Let
(45) (Ca Qllv R Q1l17 sty inu s 7inn7 Q) i %0 l> X

be an element of M (X, w). Then, the irreducible components P C C' are of exactly
two distinct types

(i) mop|p: P — X is a constant map, or
(i) T o ¢|p : P — X°is an element of M(X° w’) for possibly different weight
vectors w¥' = (wl, ..., w?), with not all w!’ = 0.
The possibilities are restricted to (i) and (ii) because no components of C' may both
map to a destabilizing component and surject onto the corresponding relative divisor.
The following result shows the domain C' is irreducible if the locations of the relative

conditions are specified generically.

Proposition 4.3. The general fiber of

n
ev : M(X°, w) — [ [ (D)ot
i=1
10 e assumption covers all the marked points except Q. However, the image of () is constrained

by the images of the other marked points by Lemma [T and therefore cannot intersect C’ even in the

closure.
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is contained in M(X°, w).

Proof. Let C % X° 5 X° be an element of the general fiber of the evaluation map.
Consider first the component P C C' containing the point ). Suppose P is of type (i).
Let

BluB27"'7Brg%0

be the destabilizing components over DJ,, with

X°N By #0)

and
BiﬂBH_l?é@, 1§Z§7’—1

Each B, is a P! bundle over D9, relative to two disjoint sections. Since P contains Q,
the image of P lies in B,. By the definition of a stable relative map, we conclude

(a) The intersection of the image of C' with Uj_, By is a single chain of P'-fibers

o
out’

which intersects X° at a point x € D
(b) There are at least two type (ii) components of C' intersecting D2, at x.

The conclusion (b) follows from the stability assumption on the maps of components
of C' to Uj_, By.

Let Py, P, C C be two components of type (ii) intersecting D9, at x. The restrictions
of mop to P, and P, determines elements of 9(X°, w’) and M (X°, w?) respectively.
By the genericity assumption, both restrictions lie in the general fibers of the evaluation
maps

eV:ﬁ(X‘),WPI) N H(Df)length(wfl)’

ev . ﬁ(XO’ WP2) N H(Dzo)length(wfb) ‘

But the incidence point x for the two restrictions is easily seen not to agree for elements
of general fibers of the evaluation maps by Lemma (4.1
We have shown the component P containing ) must be of type (ii) and no destabi-

lization occurs over DJ,. Any other component P’ C C' of type (ii) cannot intersect

out*
D¢ . since all intersection have been accounted for. But by Proposition and the
genericity statement, no such curves P’ exist. Hence, P is the unique type (ii) compo-
nent.

There are now only two possibilities for type (i) components P C C. First, P could

be contracted to a point of X? away from the toric divisors. However, then P would
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have to intersect P in an least three points, violating the genus condition on C'. Second,
P could be contracted to a point of DY. Then, let

Bi.Bi ... B Cx°

be the destabilizing components over Df. The component P distinguishes a chain of
P!-fibers of Uj_, B;. which intersect X° at a point y € D?. Let Py C C be a component
which maps to the last element of the chain in B’. By the genericity of the fiber of the
evaluation map, P, is unique. The components of C' mapping to the chain connect P,
with P. These components must themselves be a chain by the genus 0 condition on C.

The last argument applies to every component P of type (i) mapping to D¢. Hence,
we conclude the stability of relative map is violated over D?. Therefore, C' has a single
type (ii) component and no type (i) components. O

4.4. Gromov-Witten theory for X°. The moduli space 91(X°, w) carries a perfect
obstruction theory and a virtual class

(X, w)]"" € A (MM(X?,w),Q)

of dimension

n l;

/ TXo -1 - Z Z Wij — wout - 1 i length(wz)v
B(W) i=1

i=1 j=1
see [11J [15], [16].

Since M(X°, w) is not a proper Deligne-Mumford stack, obtaining numerical in-
variants from the virtual class is not always possible. However, the properness of the
evaluation map

(4.6) ev : M(X — H Do)t

proven in Proposition may be used to deﬁne the invariants we will need.
Select a point of [[;,(D?)", and let

n

v : Spec(C) — [ [ (D))"

i=1

be the associated inclusion map. The properness of (6] implies
F(y) = Spec(C) xppn (peys M(X®, w)
is a proper Deligne-Mumford stack. Define the relative Gromov-Witten invariant

(4.7) N (w) = / AR W)

where integration is given as usual by proper push-forward to a point.
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Since the codimension of the inclusion 7 equals the virtual dimension of 9T(X°, w),
definition (7)) is sensible. The properness of the evaluation map (AL6) implies N:(w)
is independent of the point ~.

The invariant Ni¢(w) is the virtual count of genus 0 maps to X° of class 3y with
tangency conditions w; at specified points of D{ and a tangency condition wey,, at

o

o+ The actual moduli spaces of such maps may vary with

an unspecified point of D
different choices of the locations of the tangency conditions. For example, dimensions

may jump. But the virtual count N¢(w) does not change.
Theorem 4.4. NM(w) = N*\(w).

Proof. We can compute N'¢(w) for a general point

n

v : Spec(C) — [[(D9)".

i=1
By Proposition 3] the fiber product F(vy) embeds in 9(X° w). By Proposition
B2 M(X° w) is a nonsingular Deligne-Mumford stack of the expected dimension.
Hence, the virtual class of M(X° w) is the usual fundamental class. By Bertini, the
fiber product F(7y) is a finite set of reduced points. By definition, N (w) equals the
cardinality of F'(y). On the other hand, the cardinality of F'(7) is simply the degree of

ev: M(X°, w) — [[(D)"
i=1
which is NIol(w). O

5. FORMULAS IN THE TROPICAL VERTEX GROUP

5.1. Simple blow-ups. Let P = (Py,...,P,) be an n-tuple of ordered partitions

where
P; =pi+...+ Di,.

We continue to treat the nondegenerate case where the ray generated by

n
0 7"é Mout = Z |Pz|mza Mout = poutm;ut
i=1
is distinct from the rays generated by —m,. Following the notation of Section [£2] let
X? be the corresponding open toric surface with divisors DY, ..., Do, D¢ ..

Select distinct points x;1, ..., T, € DY corresponding to the parts of P;. Let

v: X[P]— X
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be the blow-up of X along all the points z;;, and let
X°[P] = v 1(X°).

Let E;; C X[P] be the exceptional divisor over z;;. Let § € Hy(X,7Z) be determined
by intersection numbers with toric divisors,

ﬁi : ﬁ - |P2‘7 5out ' 6 = Pout
and D-3=0if D €{51,...,5n,50ut}. Let
n l; N
=3 pilEy] € Ho(X[P],Z),
i=1 j=1

Let M(X[P]/Doy) be the moduli of stable relative maps of genus 0 curves repre-
senting the class Op with full tangency of order p,,; at an unspecified point of Dout.
Let

M(X°[P]/ D) € M(X[P]/ Do)
be the open subspace of maps which avoid X [P]\ X°[P]. Unlike the theories considered

in Section Ml the geometry X°[P]/D¢,, is relative to a single irreducible divisor.

5.2. Gromov-Witten theory. The virtual dimension of M(X°[P]/Dg,,) is calculated
by unwinding the definitions,

virdinme TCCPYDG) = [ rTtm) = 1= (pow = 1)

- Z|P|_Zzplj+pout_1_(pout—1)

=1 j=1

= 0.
Proposition 5.1. 9(X°[P]/D?2,,) is proper over Spec(C).
Proof. The argument exactly follows the proof of Proposition [£.2l Let
(C,Q) % X°[P] & X"[P]

be an element of M(X°[P]/D2,,). Here, X°[P] is a destabilization of X°[P] along the

relative divisor D¢ .. If we consider the composition

out*

1/o7rog0:C'—>X°§)z,
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then the intersections with all the toric divisors of X are specified — occurring at
The limits in MM(X[P]/Dey;) of

l-parameter families of elements of M(X°[P]/D?,,) cannot meet points of

the points z;; in DJ and the image of @) in D¢

out”

X[P]\ X°[P].

Otherwise, an entire strict transform of a toric divisor of X would lie in the image of
the limit, and the loop construction of the proof of Proposition can be made. [

We define the Gromov-Witten invariant Ny, [P] by the usual integral,

N, [P] = / 1.
[M(X°[P]/Dg, )]

out
The properness Proposition [.Ilholds relatively as the centers z;; € D of the blow-ups
of X are moved along D?. Hence, the integral N,,[P] is independent of the locations
of the distinct points z;; € Dy.

5.3. Degeneration. Let C be the affine line. Let
(5.1) XxC—=C

be the trivial family over C. The standard degeneration of X° relative to D{, ..., D2, D¢

out

over C,
(5.2) e: F—C,

is obtained by blowing-up the loci DY, ... D¢, D¢ . over 0 € Cin (&1]). After blowing-up

out

the sections of € corresponding to the points z;;, we obtain
(5.3) ep : F[P] — C.
For ¢ # 0, we have ep'(¢) = X°[P]. The special fiber has a different form

ep' (0) = XU | B[P,
i=1
where B°[P] is the blow-up of P(Ope & Normyo,/pe) at the limits

Eila"'afiﬁ

of the points z;;.

The moduli spaces of stable relative maps to the fibers of ep over £ # 0 are canonically
isomorphic to 9 (X°[P]/D?,.). The limits of stable relative maps to ep'(£) as & — 0
are well-understood in relative Gromov-Witten theory [IT) (15} [I6]. The limit is a union
of stable maps to the relative geometries determined by the components of the special

fiber over 0. A priori, the limit may leave the open subspaces we are considering.
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However, the properness argument (used twice already) easily shows the limit is a
union of stable maps to the following n + 1 open relative geometries

X°/D}U...DCUDS, . B°[P/DS, ..., B°[P,]/D,

with matching conditions along the common relative divisors.
Relative maps to B°[P;]/D? are simple to describe. Let E;; C B°[P;] be the excep-
tional divisor of
B?[P;]—=P(Op. & Normxo,pe)
over T;;. Let C;; C B°[P;] be the strict transform to B°[P;] of the unique fiber of
]P)(O[)f ) NOI"IIlXo/Df) — DS

containing 7;;. A relative map to B°[P;]/D¢ with a connected domain and class d[C;]
must be a d-fold multiple cover of Cj;.

We can calculate all the invariants of B°[P;] relative to D¢ which we will require.
Let

M(B°[P;]/ D7, d),
be the moduli space of genus 0 relative maps of class d[C;;] with full tangency of order

d along DY. Let M(C;;/o0,d) be the moduli space of genus 0 relative maps of degree
d with ramification of order d over oo = Cj; N DY. As spaces,

(5.4) M(B°[Py]/ Dy, d); = M(Ci;/00,d) .

However, the two moduli spaces (5.4]) carry obstruction theories which differ by
HY(C, ¢*(Normporp,j/c;;))s

at the moduli point [¢ : €' — Cj;]. The virtual dimension of M(B°[P;]/ D¢, d); is easily

seen to be 0. Let
Ry = / 1.
(DU Be[P;]/D2,d) ]V

1)d 1

Proposition 5.2. Ry = 3

Proof. The integral R, is

R, = /_ e(Hl(C',gp*(NormBo[incﬁ)))
IM(Ci5 /00,d)] Vi

_ / H'(C,¢*(Op: (-1))))
Zm(]P’l/ood vir

d2




40 M. GROSS, R. PANDHARIPANDE, AND B. SIEBERT

The evaluation in the last equality is the genus 0 part of Theorem 5.1 of [2].

The local Gromov-Witten theory of curves is proven in [3] to determine a TQFT.
As such, the entire theory is specified by values on the cap, the tube, and the pair of
pants. The integral Ry arises in the genus 0 part of the cap contribution. In fact, the
full genus ¢ cap is computed in [2] by Hodge integral techniques. 0

An n-tuple w of weight vectors is of the same type as an n-tuple P of ordered

partitions if |w;| = |P;| for all i. A set partition of w; compatible with P; is a disjoint
unio

IlUU[[l :{17711}
satisfying

for all 5. Let

RP [w; — Z H Rwlj

Ie j=1
where the sum is over all set partitions I, of w; compatible with P;.
The degeneration formula for relative Gromov-Witten theory [11], (15 [16] applied to

our setting yields the following result.

Proposition 5.3. We have

T wy
Nrol =LY R s
Z 1—! |Aut(w;)] P;lw;

where the sum is over all n-tuples of weight vectors w of the same type as P.

Proof. We simply apply the degeneration formula of relative Gromov-Witten theory to
the family ep of (B.3]). Our properness results show the formula both makes sense and
is valid in the open geometry at hand. The left term N¢/(w) is the contribution of X?.
The numerator l

I T]ws

i=1 j=1
is the standard multiplicity in the degeneration formula. The ratio

is exactly the correct automorphism weighted contribution of the component B°[P,].
O

HRecall the length of w; is [; and the length of P; is £;. The set I; is allowed to be empty if p;; = 0.
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5.4. First commutator formulas. We can now prove our first formulas in the tropi-
cal vertex group. Let 91 # 05 be two lines through the origin in M. Let m = (mq, mo)
be the two associated primitive vectors. Let

51 62
(55) fo, = H(l + S§Zm1)7 fon = H(l + tﬁzm2)
£=1 £=1
be functions over the complete ring C[[s1, ..., S¢,, t1,...,ts]]. Consider the scattering
diagram
(56) D= {(017f01)7(027f02)} :

Let S(®) be the unique minimal scattering diagram (obtained by adding rays to @)
for which the path ordered product around the origin is trivial. Let m., € M be a
primitive vector. What is the associated function f,, 7

We may write the scattering diagram (5.6]) equivalently with ¢; + (5 lines,

D = {(Dl, 1+ slzml), ey (01, 1+ Sglzml), (02, 1+ tlzmz), ceey (02, 1+ tg2Zm2)} .
Then, D is standard by Definition [LI0, and Theorem 2.7l determines f,,, —in terms of
tropical geometry. There are three possibilities

(i) mou & Qsoma + Qxome,
(i) ml, = my or m, , = ma,

(iil) Moy, € Qsomy + Qsomea,
The outcomes in cases (i) and (ii) are straightforward. By Theorem 2.7, f,, = 11in
case (i) and f,, = equals either f;, or f,, respectively. The interesting case is (iii).

For ordered partitions Py = p11 + ...+ p1e, and Py = po; + ... 4 pay,, let
1 123
R E
&=1 &=1
be the corresponding monomials.

Theorem 5.4. If m/ , € Qsomi + Qsoma, then
oth =30 X0 NalP] PP
k=1 P=(P1,P2)

where the sum is over all ordered partitions P; of length {; satisfying

/
out*

|P1|my + |Pao|mg = km

Proof. To apply Theorem R.7], we first calculate the Taylor series

m (D
log(1 + s¢z 1):Zd —n 1
d=1
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m = (_1)d_1 dms 4d
log(l +t§Z 2) = Zd TZ th

In both of the above cases, the a coefficients of Theorem 2.7l match the relative invari-
ants Ry computed in Proposition [5.2]

-1 d—1

Qedd = Rd = %

By Theorems 2.7, B4l and [4.4]

10g frnr . = Z Z Zk Nel(w (H |Ait1v7fzy Rp, |w1) GP1 P2 ki,

k=1 P=(P1,P2) W
where the second sum is over all ordered partitions P = (P, Psy) of lengths ({1, (5)
satisfying

[Pyfmy + [Pa|ma = kmg,,
and the third sum is over all weight vectors w = (wy, wy) of the same type as P. The
result then follows from Proposition (.3l U

Theorem [B.4] computes the commutators of 0y, f, and 65, f,, via slope ordered prod-
ucts in the tropical vertex group in the form discussed in Section Theorem [5.4]
specializes to Theorem [0.1] but is a much better statement. By working over the ring
Cl[s1,---,Se,,t1, - -, Lg,]], we see computing the commutator is precisely equivalent to
calculating all the Gromov-Witten invariants Ny [(P1, P3)] for ordered partitions P; of
length ¢;.

Of course, functions f; and f, may not be in the form specified by (5.5]). The general
commutator formula is expressed in terms of orbifold blow-ups of toric surfaces.

5.5. Orbifold blow-ups. Let D C S be a nonsingular divisor contained in a surface.
Let p € D. Let p}, be the unique length r subscheme of D with support p. Let

S, — S

be the blow-up of S along p’,. Of course, S; is the usual blow-up of S along p. For
r > 2, S, has a unique A,_;-singularity. Hence, S, admits a unique structure as a
nonsingular Deligne-Mumford stack S, — S,. We call the composition

0 : S, — S

the r-orbifold blow-up of S along (p, D)
The exceptional divisor £ C S, of 6, is a P! with a single r-fold stack point lying
above the original A,_;-singularity. The self-intersection is
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A graded partition consists of a finite sequence (P!, P2 ... P%) of ordered partitions
for which every part of P" is divisible by r. The length of a graded partition is given
by a d-tuple (¢}, ...,¢%). The size of a graded partition is Zle |P7|.

Let G = (Gq,...,G,) be an n-tuple of graded partitions,

G, = (PL, P ... P

We treat the nondegenerate case where the ray generated by

n

0 % Mout = Z ‘Gz‘mw Mout = goutmgut

i=1
is distinct from the rays generated by —m,. Let X° be the corresponding open toric

surface with divisors DY, ..., D¢, D¢ ..

Select a distinct pomt Ty of Dy for each part of p;; of P. Let
v:X[G] — X
be obtained from X by taking r-orbifold blow-ups along (z7
X°[G] = v H(X").
Let Ej; C X[G] be the exceptional divisor over xy;. Let B € Hy(X,Z) be determined

by intersection numbers with toric divisors,
52/8:|G7,|a Eout'ﬁ:gout
and D-3=0if D ¢ {51,...,5n,ﬁout}. Let

D?) for all 4,7, 5. Let

2]7

n d 4
ﬁG - V*(/@) - Z Z ZPU[ET] S HQ(X[G] Z)
i=1 r=1 j=1
Let 9(X[G]/Dout) be the moduli of stable relative maps of genus 0 curves represent-

ing the class fg with full tangency of order g, at an unspecified point of Dout. The
moduli space of stable maps to orbifold targets is defined in [Il 4]. Since the relative
divisor Eout does not meet the orbifold points of X [G], there is no difficulty in defining
the moduli space of relative maps!q1 Let

M(X[G]/Dgyy) S M(X[G]/ Do)

be the open subspace of maps which avoids X[G] \ X°[G].
Since the curve class Bg accounts for all the intersections of the image of the map
in X, the argument for properness is still valid.

Proposition 5.5. M(X°[G]/D?,,) is proper over Spec(C).

out

20rbifold stable maps are allowed also to have nontrivial prescribed orbifold structure on the

domain. Our maps to X[G] have no such prescribed orbifold structure.
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The virtual dimension of 9(X°[G]/D2,,) is 0. Define the orbifold Gromov-Witten

invariant as before
Nou[G] = / 1.
[M(X°[G]/Dg, )]

The integral Nuy[G] is independent of the locations of the distinct points zj; € Dy.

5.6. Full commutator formulas. Let 0; # 05 be two lines through the origin in Mg.
Let m = (mq, my) be the two associated primitive vectors. Let

o

d o
(57) ]jH 1+ST rm1 7 foy = HH 1+tr rmz

r=1¢=1 r=1¢=1

e’ e

]
For graded partitions Gy = (P!,...,P%) and G, = (PL, ..., P%), let

G1_1—1[H Sg Tlg’ th_ﬁH tg
e=1

r=1 r=1¢=1

over the complete ring C[[s],#]] in all the variables sf, tf.

be the corresponding monomials.
Again, we consider the unique minimal scattering diagram S(®) associated to

D= {(ala fbl)a (02> .f?lz)} :
Theorem 5.6. If m/ . € Q-om; + Qsoma,
log f,, =D D K Nu[G] s G 2o
k=1 G=(G1,G2)

where the sum is over all graded partitions Gy of length (3, ... ,Efl) and Gq of length
(08, ... 08 satisfying

Gilma + [Galma = kg,
Proof. We follow the proof of Theorem (.4l After factoring the diagram ® into
S 5% | 05 Tines, we will match the formula for log fmz, from Theorem 2.7 with a

degeneration calculation of the orbifold Gromov-Witten invariants of X°[(G1, Ga)|/ D3y
The geometric setting here is just as before. First, the degeneration

e: F—C
defined in (5.2) is taken. The points 27, € D7 and x5, € D§ specialize to points of
(58) P(OD;J ) NOI"IIlXo/Df) and P(OD;J ) NOI"IIlXo/Df)

respectively. The projective bundles (5.8) each contain two distinguished sections.
The first section is the limit in F of the divisor Dy and carries the limits of the z7;.
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The second section meets X°. There is no difficulty in taking the r-orbifold blow-ups
relative to €. The resulting family,

eq : F|G|] — C,

has orbifold structure in the total space F[G] with support disjoint from the relative
divisors in the special fiber eg'(0). Therefore, the usual degeneration formulas in
relative Gromov-Witten theory hold unchanged.

A crucial fact used in Theorem [5.4]is the surprising match between the a coefficients
and the multiple cover contributions Ry of Proposition We need to be even luckier
now. Since

OO -1 d—1
log(1 + serml) = Zdr 7( sz zdrml(SZ)d,
d=1

OO -1 d—1
log(1 4 tg2"™?) = Zdr ( ”32 22 (tg)e,
d=1

the a coefficients in both cases are

r _ (_1)d_1
Q¢ drd = Y

These exactly match the orbifold multiple cover calculation in Proposition (5.7 below.
The remaining steps are identical to those taken in the proof of Theorem 5.4l The
formula of Theorem 2.7 matches exactly the degeneration computation. U

Let P be the fiber of the projective bundle
]P)(OD:) D NOI"IIlXo/D:_)) — Df

containing the limit 7. Let Cj; be the strict transform of P after taking the r-orbifold
blow-up along (f;."f, D?). Then,

z'rf = ]P)l [Tv 1]
with a single orbifold point of order r at 0. The normal bundle of Cj; in the r-orbifold

blow-up is simply Ocr, (—[0]/Z;) of degree —L. For any ma from a genus 0 curve

p:C— C,

the degree of ¢ must be a multiple of r. Let
Ri= [ e(HY(C, 0" (Ocy, (—[0)/2.)))),
(0P [r,1] /00, rd)] Ve

where 9U(P![r, 1]/oc, rd) is the moduli space of genus 0 stable relative maps of degree
rd with full ramification rd over oo.

13We mean here a representable map. The domain C has no stack structure.
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eps o (=194t
Proposition 5.7. R} = “— 25—

Proof. There is a C* action on P'[r, 1] with tangent weights [1, —1] at the fixed points
[0,00]. The orbifold line bundle Ocr, (—[0]/Z;,) is canonically linearized with fiber
weights [—1, 0] over the respective fixed points.

We compute the integral R’ via the induced C* action on 9 (P*[r, 1]/co, rd) and the
Bott residue formula. There are many C*-fixed loci in the moduli space. However, the
above linearization leads to the Vanishin of all contributions except for the single
Cr-fixed Galois cover

0:C —Pr1]
of degree rd. The product of the weights of C* on H'(C, ¢*(Ocr,(—[0]/Z;))) are
-1 .
I1 v
paley rd
The product of the weights of C* on the tangent space to [¢] in 9 (P'[r, 1]/oc0, rd) is

d .
[io1 74

1

rd

where the bottom factor is obtained from reparameterization over 0 € P[r,1]. The
above weight calculations are standard, see [12] for more detailed treatment.

By the Bott residue formula, R equals the ratio of the above weights together with
a stack automorphism factor of %,

Our calculation is just a minor modification of Theorem 5.1 of [2]. O
Consider the tropical vertex group over the ring C|[¢]]. A function
f=141tz"-g(z"t) g€ C"][[t]]
attached to the ray with primitive m can always be factored as
(5.9) f= 0457214 s722™)(1 + s32°™) ...
for s7 € t"C[[t]] with
lim n, = oco.

r—00

1Gee the proof of Theorem 5.1 in [2] where the same vanishing is explained.
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To any finite order in ¢, a suitable finite truncation of the factorization (£.9) suffices
for any calculation. Therefore, we view Theorem as an ordered product formula
for an arbitrary commutator in the tropical vertex group.

We have written Theorem for functions (&) in slightly more complicated form
than (5.9) to capture all of the possible Gromov-Witten invariants which arise.

5.7. Ordered product formulas. Let © be a scattering diagram with n lines through
the origin,
D =A{(,fi)|1<i<n}.

Let S(®) be the unique minimal scattering diagram obtained by adding rays to ©
for which the path ordered product around the origin is trivial. Let m], € M be
a primitive vector. The function f,, is determined by the method used to prove

Theorems [0.4] and [5.6]

Let mq,...,m, be the primitives corresponding to the lines of ®. Either m/ , is

!/

tut = my for some k. Consider the n = 3 case with functions

fl(S:)> f2(t:)> f3(u:)
of the form (B7). If m/ , is distinct, then

=Y >k Nu[G] Gt 92 4G o
k=1 G=(G1,G2,G3)

distinct from the m; or m

(5.10) log fou

out

where the sum is over all graded partitions G; of lengths (¢1, ..., (%) satisfying

/
out*

|G1|my + |Ga|mg + |Gs|ms = km,

The same result holds for all n.

/

It = My, the definition of the invariant Ny, [G] must be

For the degenerate case m,
changed slightly. The only difference is the outgoing contact point @) is placed on the
divisor Df instead of D2, (as discussed in Section B.3). Then, equation (5.10) holds
as written. We leave the straightforward details in the degenerate case to reader

5.8. Higher genus. The higher genus analogues of the genus 0 invariants NV, [G] are
not hard to construct. Let 90,(X°[G]/D?,,) be the moduli space of genus g stable

out

relative maps representing the class fg defined as in the genus 0 case. There are now
two difficulties:

(i) 9M,(X°[G]/D2,,) is not proper,

out

(ii) M, (X°[G]/Ds,,) is of virtual dimension g.

out

5For the commutator formulas of Theorem [5.4] and [5.6], nontrivial degenerate cases do not appear.

The full arguments have been given there.
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The issues are resolved simultaneously by defining

N2 = / (=1,
[y (X°[G]/DS,)]vir

where ), is the top Chern class of the Hodge bundle Limits out of the moduli space
M, (X°[G]/D2,,) lead to loops in the domain curve by the proof of Proposition
However, the class A\, vanishes on the locus of curves with loops. Hence, N [G] is
well-defined. A very interesting question is whether the relative invariants Ng [G] can

be related to the tropical vertex group.

6. BPS STATE COUNTS

6.1. Log Calabi-Yau. Let S be a nonsingular surface and let D C S be a nonsingular
divisor. The pair (S, D) is log Calabi- Yau with respect to 0 # 3 € Ho(S,Z) if

D-p=c(9)-p.
Two basic examples are:

o (X°[P],Dg,.), constructed in Section 5.1l is log Calabi-Yau with respect to the
class Op.

e (P2, E), where F is a nonsingular cubic, is log Calabi-Yau with respect to every
class 8 € Hy(P?,Z).

The moduli space 9(S/D,w) of genus 0 stable relative maps to S/D of class 3
and full tangency of order w = D - § at a single unspecified point of D is of virtual
dimension 0. Let

N S [w] € @
be the associated relative Gromov-Witten invariant. If

(6.1) t:P— S

is a rigid element of MM(S/D,w), we can ask what is the contribution of d-fold multiple
covers of P to the Gromov-Witten invariant Ng[dw] in class d3?

6.2. Multiple cover contributions. We pursue here multiple cover calculations and
BPS state count definitions following the perspective of [20, 2I]. In particular, we
assume the map ¢ of (6.1]) is as well-behaved as possible.

Let co € P be the point of contact with D. Let

M(P/oco,d)* C MM(S/D, dw)

16Sce [17] for a parallel definition of higher genus invariants in the case of K3 surfaces.
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be the locus of genus 0 relative stable maps
(C,Q) = P/oc — 5/D

which factor as d-fold covers of P. The moduli space MM(P/oo,d)* is a nonsingular

Deligne-Mumford stack of dimension d — 1. The superscript * is used since the locus

differs slightly from the standard moduli space of stable relative maps 90(P/oo, d).

The reason is the w-tangency of P with D forces the ramification orders of maps over

the destabilizations to all be divisible by w. We leave the details here for the reader.
The contribution Mp|d| of d-fold multiple covers of P to Ng[dw] is defined by

M(P/00,d)*]

Mpld) = /[ (Ba)

where B, is the obstruction bundle of rank d — 1. On the open locus of M (P/oo,d)*
consisting of maps

p:(C,Q) = P/oo

with no destabilizations of the target, the obstruction space is

(6.2) H' (C, ¢"(Normg)p)(—(dw — d)Q)) .

By adjunction, the degree of the normal bundle Normg,p is w — 2. Hence, the degree
of ¢*(Normg/p)(—(dw — d)@Q) is —d and the obstruction space (6.2) has rank d — 1. A
description of the obstruction space for relative maps can be found in [9].

Proposition 6.1. We have

Mpld] = % (d(wd—_1)1— 1) |

If w=1, then (_1)

1 (—1)4! by definition and the contribution

Mpla) = E

specializes to the genus 0 cap of [2].

Proof. The C*-action on P fixing oo lifts to a C*-action on the moduli space 90(P/oo, d)*.
Once the lifting of C* to Normg,p is chosen, a lifting of C* to the obstruction bundle
By is determined by the characterization of the obstruction space [9]. Let [1,—1] be
the tangent weights of C* at the fixed points 0,00 € P. We chose a lifting of C* to
Normg,p by specifying fiber weights [w — 2, 0] over the respective fixed points.
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We compute the integral Mp[d] via the Bott residue formula. There are many C*-
fixed loci in the moduli space MM(P/oco, d)*. However, the above linearization leads to
the vanishing of all contributions except for the single C*-fixed Galois cover

(6.3) ¢:(C,Q) — P/oo

of degree d. If w = 1, the vanishing is the same as in the proof of Theorem 5.1 of [2].
If w > 1, a different argument is needed. Consider a C*-fixed locus of

£ CM(P/o0,d)’
for which the target is destabilized. For
[p: (C,Q) — P/oo] € &,

let C’,C" C C be the subcurves mapped by ¢ to the original and destabilizing com-
ponents of the target respectively. The C*-action on the pull-back to C” of Normg,p is

nontrivial. However, since w > 1,
H(C', ¢"(Notmgyp)) = 0.

The C*-action on the pull-back to C” of Normg,p is trivial by our choice of lifting.
The C*-action on the destabilizing components of the target is trivial. The point @
must map to a destabilizing component of the target, hence the C*-action on O¢(—Q)
is trivial. By examining the obstruction space [9], we conclude the C*-action on By is
trivial over £. By dimension considerations, the contribution of £ vanishes in the Bott
residue formula — specifically the Euler class e(By) is 0 when restricted to £. The
Galois cover (6.3) is the unique C*-fixed locus for which the target is not destabilized.

We compute the contribution of the Galois cover to the Bott residue formula. The
weights of C* on the fibers of ¢*(Normg,p)(—(dw—d)Q) over the respective fixed points
on C are [w — 2,w — 1]. The weights of C* on H"' (C, ¢*(Normg,p)(—(dw — d)Q)) are

The weights of C* on the tangent space to [p] in 9 (P/oo,d)* are

d .
ITioi g
1

d

where the bottom factor is obtained from reparameterization over 0 € P. By the Bott
residue formula, Mp[d] equals the ratio of the above weights,

Mgl — M= 25 fdw —1) =1
e A Y

d
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together with a stack automorphism factor of é. O

6.3. Conjectures. Let (S, D) be a log Calabi-Yau pair with respect to a primitive
class 0 # 0. Let w = D - 3 as before. Consider the generating series

NS = ZNs[k’w] qk.
k=1

Using the multiple cover calculation, we can write

6.4 T S % (d(k:wd—_ 11> - 1) 4

for unique numbers nglkw| € Q. Equation (6.4) defines the ng|kw].
Conjecture 6.2. The nglkw| are integers for all k > 1.

Extracting integers from genus 0 Gromov-Witten theory by removing multiple cover
contributions is a basic idea in the subject — first pursued in the study of genus 0 curves
on the quintic 3-fold. By the string theoretic work of Gopakumar and Vafa [7, 8], the
resulting integers can often be interpreted as BPS state counts in related theories. We
interpret ng[kw] here as the associated BPS count. Unfortunately, in almost every
case, integrality statements of the form of Conjecture are not provable by existing
techniques

Conjecture applies to the geometries (X°[P], D2,,) associated to the functions
Jm . in Theorem .4l Kontsevich has conjectured an equivalent integrality@ for the
functions f,, —associated to such commutators. Conjecture applies to other quite
different situations as well. The most interesting case is perhaps the log Calabi-Yau
pair (P?, E) studied in [5, 23]. In all the examples we have considered, there is good
numerical evidence supporting Conjecture [6.21

Conjecture [6.2 does not apply as stated to the orbifold geometries (X°[G]/D2,;) of

Theorem (.6l The orbifold structure leads to more complicated multiple cover contri-
butions which we have not yet calculated.

6.4. Examples. Consider the ¢; = ¢, = 3 case of the commutator (0.2) of the Intro-
duction. The corresponding scattering diagram is discussed in Example of Section

170One exception is the Fano 3-fold case settled in [24]. Calabi-Yau cases such as ours here are more
difficult.

BKontsevich’s conjecture, in our language, would posit a multiple cover contribution of the form
(—1)4=1/d? independent of w. As we have seen, the multiple cover contributions are more subtle (and

depend upon w). But, the associated integrality is the same.
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Focus on the function attached to the line of slope 1. By direct calculation in the
tropical vertex group, we find

63
log fou = 9(trtazy) +2 - = (tatawy)” + 3 - 55(titawy)”
4095 100947
4. ——(trtpay)' +5-
T g ) 45

Consider P? with the coordinate axes D;, Dy and Dy and pick points

(trtawy)® + - -

Ti1, Ti2, T13 € D1, Ta1, g, Tag € Dy .

Sums of the relative Gromov-Witten invariants Ny, [(P1,P2)] are determined by The-
orem 5.4. For example,
Z Nu[(P1,P2)] = 9.
[P1]=1, [P2|=1

We can easily interpret the answer in the following way. Given a choice of one of the
three points on D; and one of the three points on Dy, there is precisely one line through
these two points, which of course is maximally tangent to D,,. There are nine such
configurations, hence the correct answer is 9.

The next coefficient of fu,; yields

Y Nl Po)) =2
[P1]=2, [P2|=2
The double covers of the lines mentioned above count for —9/4, leaving a contribution
of 63/4+9/4 = 18 from conics passing through two of the three points on D; and two
of the three points on D,. Indeed, given any choice of two points each on D; and D,
there are two conics through these four points tangent to Dgy.
The third coefficient is more interesting. We have

> Nul(Py,Py)] = 55.
[P1|=3, [P2|=3

The contribution from triple covers of the lines is 9/3? = 1, hence we expect 54 non-
multiply covered cubics. A refined scattering diagram calculation reveals more specif-
ically the following numbers:

Nm[l+1+1,14+1+1] = 18

Nm[2+140,1+1+1] = 3
The first number can be interpreted as the number of nodal cubics passing through
all six of the chosen points and maximally tangent to D,,;, while the second number

can be interpreted as the number of nodal cubics passing through z1; twice (so that
the node is at w11), passing through 12, T91, 22 and x93 once, and again maximally
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tangent to Dyy. There are a total of 12 partitions P = (P4, P3) involving the numbers
2,1,0,1,1,1 of this sort, so the total accounting is

54 =18 + 12 x 3.

In the above cases, the Gromov-Witten invariants (corrected for multiple covers) solve
straight counting problems.

APPENDIX: TROPICAL/HOLOMORPHIC COUNTS

The purpose of this Appendix is to discuss the modifications of [19] necessary to
obtain a proof of Theorem [B.4. We do not try to be self-contained and rather just
indicate what has to be changed.

First, some conventions of [I9] conflict with the notation adopted in the present
paper. Most importantly, the roles of M and N are reversed. The reason is that fans
and tropical curves traditionally live in N, but the tropical vertex group naturally acts
on polyomial rings with exponents on the dual lattice M. Moreover, n denotes the
rank of NV in [I9], while now we work in dimension 2 and n denotes the number of
incoming directions. In [19], our toric variety X is written X (X) and X denotes the
total space of a toric degeneration. Another irrelevant difference is that in [19] we do
tropical geometry over Q while here we work over R. In the Appendix, we follow the
notation of [19] except for swapping N and M.

The degree of the tropical curves to be considered is fixed by the number and direc-
tions of the incomming edges. Rather than imposing incidence of a marked edge with
an affine subspace as in Definition 1.3 of [19], we constrain the incoming unbounded
edge E;; by the choice of an element m;; € Mg/Qm,;. The latter is equivalent to the

condition
h(Eij) € 05 = my; + Qmy
of Definition The tuple A = (m;;) with m;; € Mg/Qm,; determines a constraint.
A marked tropical curve (I', (E;;), h) matches the constraint A if for all i, j
h(Ei;) = {my} in Mg/Qm.

The finiteness and transversality results in Section 2 of [19] carry over without difficulty,
but are partly already contained in Theorem 241 The gluing map (4) in [I19] now reads

® : Map(T'%, M) — H Mg /Qus-E,E) X HMQ/Qmi,
(6.5) perinrlY g
h +— ((M(O*E) = h(0 E))g, M0 Ei;) —my;).
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In Section 3 of [19] we need to adapt the treatment of incidence points, which in the
present situation lie on the toric boundary. Let

X =X(2y) — Al

be the toric degeneration defined by an integral polyhedral decomposition & of Mg,
and let X; = 771(¢). Let D C X be the union of those toric divisors of X not contained
in Xy, that is, corresponding to rays of 5 2 contained in Mg x {0}. The intersection
D, = DN X, for t # 0 is the toric boundary of X;, while Dy C X is the union of
those 1-codimensional toric strata not contained in the singular locus of Xy. We thus
consider Dy as the toric boundary of Xj.

The asymptotic fan X4 of & is the fan defining X, for any ¢ # 0. Thus if w = Q>¢-u
is a ray of ¥4, then w x {0} is a ray of 3. The fan describing the associated toric
divisor D,, C D consists of the images under the projection

Mg x Q — (Mg/Qu) x Q
of the cones 0 € ¥ containing w x {0}. This is again a fan of cones over the cells of

a polyhedral decomposition Z,,, now of Mg/Qu. The associated toric degeneration is
m|p,- The vertices of &, or equivalently the irreducible components of

D, := D, N Xo,

are in bijective correspondence with the unbounded edges of & in direction w. If w is
such an unbounded edge and Dz C D, the corresponding irreducible component, the
linear space generated by w x {1} in (Mg/Qu) x Q defines a 1-dimensional subtorus
Gy of G((M/Zu) x Z), the stabilizer of Dz C D,,. By Corollary 3.8 of [19], given a
closed point @) € D, for t # 0 and assuming & integral, the closure of the orbit Gg - Q)
is a section @ of
ﬁw — Al

with @ﬂXO C Dg. Summarizing, the choice of [; unbounded edges in direction u = —m;
in a polyhedral decomposition with asymptotic fan ¥ readily defines a degeneration
of our incidence points @1, ..., Qy, to points Q?j € Xy on disjoint toric strata of 15%.,
w; = —Qx¢m;, the degeneration of the toric divisor D; C X; = X (X).

For a general constraint A, the affine map (G3]) is an isomorphism. If ©® € N is
the index of the corresponding inclusion of lattices, Proposition 5.7 of [19] about the
existence of exactly ® isomorphism classes of maximally degenerate curves matching
the incidence conditions on X, works as before. The only difference is that the ij-th
incidence condition is now a torsor under G(M/Zm;).

In the deformation theory of Section 7 of [19], the discussion of the situation at
the toric boundary is somewhat hidden. In the notation of [19], the above discussion
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provides the degeneration of toric boundaries D C X. Now there are functions on X
vanishing along D, but not on X,. These force the introduction of special (marked)
points in the log-structure of Cp, and the order of tangency of yy with D at such a
point = € Cj is fixed by the induced map of ghost sheaves

ﬂ*MX — Mco.

In fact, My wo(x) has a direct summand N generated by a local equation for D, and
similarly Mg, has a direct summand N coming from a local equation for the marked
point. The map on these direct summands is multiplication with the order of tangency.
Log deformation theory preserves this map and hence considers deformations with fixed
tangency conditions from the outset. Thus there is nothing to be changed here.

The only difference is again the discussion of the incidence conditions via the transver-
sality argument in Proposition 7.3 of [19]. In our situation, the point is to show sur-
jectivity of the evaluation map

(66) HO(NSDO) - HTX/A17@(96¢J')/D()OO(TCO/OO,%‘J')?
2
just as in (9) of [19]. This is the same as the second component
Map(T'®, M) — T M/Qm;
2%

of ([E3)), tensored with C, so is surjective for tropical curves that are general in the
sense of Definition 2.3 of [19].

Therefore, fixing A general, the arguments of Section 8 of [19] produce a bijective

correspondence between holomorphic curves contributing to N2°'(w) in X, for small ¢
and certain stable log-maps to X, for a fixed degeneration

X — Al

Each stable log map yields a tropical curve contributing to N2 (w), computed with the
asymptotics provided by A. Conversely, a tropical curve (I', E, h) has © (T, E, h) - w(T")
stable log maps associated to it. Here ©(I', E, h) is the lattice index associated to (G.3]),
and w(I") is the product of all weights of bounded edges. Thus (I', E, h) contributes

w(l) - D, E, h)
to Niol(w). Now D (T, E, h) is the same as the lattice index D (T, E, h, P) of [19] for
imposing pointwise incidence conditions P = (F;;) on h(E;;). Proposition 8.8 of [19]
thus implies

w(,E)-D(T,E, h) H Multy (h

verlo
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where we used the notation of Definition and w(I'E) = w(l') - T]; ;wi; in the
present case Hence,

1 Ntrop
NE (w) = TT Mty (h) = S0,
Hi,j wl] {(T'\E,h)} vVerlol H’LJ wl]
finishing the proof of Theorem [3.4] U
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