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ABSTRACT. We present conformal structures in signature (3,2) for which the
holonomy of the Fefferman-Graham ambient metric is equal to the non-compact
exceptional group Gg(g)-
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1. INTRODUCTION

In order to describe invariantly the geometry of a conformal structure on a
smooth manifold there are two tools. On the one hand, conformal geometry in sig-
nature (p, q) can be described as a parabolic geometry of type (B,so(p+1,q+ 1)),
where B is the stabiliser in O(p + 1,¢ + 1) of a null line. The main ingredient of
this description is the normal conformal Cartan connection defined on an B-bundle
with values in the Lie algebra so(p 4+ 1,¢ + 1). On the other hand, there is the
construction of the ambient metric by C. Fefferman and C.R. Graham [6] [7] gen-
eralising the situation in the flat model. To both constructions a holonomy group
is associated: the conformal holonomy of the normal conformal Cartan connection
and the holonomy of the ambient metric. One can show that the conformal holo-
nomy is always contained in the ambient holonomy (see Corollary[Il) and that both
are equal if the conformal class contains an Einstein metric [I4] [12].

In this paper we will study the ambient metrics of conformal classes introduced
in [I5], [16] for which the normal conformal Cartan connection reduces to a Cartan
connection with values in the Lie algebra of the non-compact exceptional Lie group
Gae2) C SO(4,3). In this way it defines a parabolic geometry of type (P,ga(2))
where P is the parabolic subgroup given by the stabiliser in G2y of a null line.
This situation is exceptional in the sense that a reduction of a Cartan connection to
a subalgebra g C so(p+ 1, ¢+ 1) imposes very strong algebraic restrictions to g and
the parabolic subalgebra, as recently shown in [5]. For conformal geometry, only
two cases arise: the one of go(s) described in [I5], and the one of s0(4,3) C s0(4,4)
described in [4]. In [I6] a remarkable feature of the Gg(s)-conformal structures was
noticed: Some of them have a truncated ambient metric, i.e. the ambient metric can
be explicitly calculated. Furthermore, examples of such conformal structures were
given that do not contain an Einstein metric. In this note we will show that for some
of these non-Einstein examples, in fact for a 7-parameter family and a 5-parameter
family of conformal classes, the ambient metrics have holonomy exactly Ggz). In
this way we obtain a 7-parameter family and a 5-parameter family of Gg(z)-metrics
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on a neighbourhood of the 5-manifold we started with. The idea of the proof is
to show that the ambient metric admits exactly one parallel spinor field. We use
the inclusion of the conformal holonomy in the ambient holonomy (Corollary [I),
and the fact that a metric in signature (4, 3) that admits two linearly independent
parallel spinors also admits a parallel vector field (Lemma [Il). As a final step we
calculate explicitly the line of parallel spinors and the parallel three-form defining
the Gy(g)-structure. The Gy(z)-metrics constructed in this way have the remarkable
feature that they are highly degenerate in the sense that the rank of the curvature
operator on 2-forms is very small, in fact < 4. This means that higher derivatives of
the curvature are needed in order to generate the 14-dimensional holonomy algebra.

2. CONFORMAL VERSUS AMBIENT HOLONOMY

A Cartan geometry of type (B, g) is given by the following data: a Lie group B
with Lie-algebra contained in g and a g-valued Cartan connection on a B-principle
fibre bundle called the Cartan bundle. A Cartan connection defines an invariant
absolute parallelism and hence, gives no horizontal distribution in TP as it is the
case for usual connections in principle fibre bundles. Nevertheless, it is possible to
define holonomy with respect to w in terms of the development map (see [17]).

The geometry of a smooth manifold equipped with a conformal class of metrics
with signature (p, ¢) can be described as a Cartan geometry of type (B,so(p+1, ¢+
1)) where B is the Lie subgroup with Lie algebra given by the isotropy algebra in
so(p+1,¢g+ 1) of a null line. Furthermore a uniquely defined normal conformal
Cartan connection exists. Its holonomy is called (normal conformal) holonomy.

Related to the conformal holonomy is the following notion of reduction [I]: As-
sume that H C SO(p+1,g+1) acts transitively on the Mobius sphere SO(p+1, g+
1)/B. H defines a Cartan reduction of conformal geometry if there is a Cartan
geometry given by H, H N B and a Cartan connection that pulls back to the nor-
mal conformal Cartan connection. Such a reduction to H exists if and only if the
normal conformal holonomy is contained in H. An example for this situation was
given in [I5] with a conformal class of signature (3,2) and H := Gy C SO(4,3)
being the non-compact form of Gbs.

Note that if the Cartan connection reduces to G C SO(p + 1,¢ + 1), then its
holonomy is also reduced to this group. The converse is not true: The conformal
holonomy might be equal to G C SO(p+1, g+1) without the existence of a reduction
of the Cartan connection over the same manifold. This is the case, for example,
for the reduction of the conformal holonomy to SU(1,n+ 1) C SO(2,2n + 2) which
corresponds to the conformal geometry of a Fefferman space over a stricty pseudo-
convex CR-manifold. Other examples of this situation are conformal structures
that contain an Einstein metric, or which split into conformal Einstein structures
with certain relations between the Einstein constants [2], or Lorentzian conformal
structures for which the conformal holonomy admits an invariant null plane [12].

An easier way of describing the holonomy of the Cartan connection is via the
extension of the Cartan connection to a principle fibre bundle connection in the
usual sense. To this end one extends the Cartan bundle to a bundle P with structure
group O(p+1,g+1) viaP = P x5 O(p+1,q¢+ 1) on which the Cartan connection
w extends to a principle fibre bundle connection @. Then one can show that the
holonomy groups of the Cartan connection w and of @ have the same connected
component of the identity [3]. In the following we will only deal with this connected
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component referring to it as normal conformal holonomy. As @ is a connection in
the usual sense, there exists a holonomy reduction to the holonomy group of w.
Every Cartan reduction in the above sense gives a holonomy reduction, but there
are holonomy reductions that are not given by a Cartan reduction. Examples of
this are given by the situation where mentioned above.

By associating the standard representation RPT14+1 of SO(p+1,¢+ 1) to P we
obtain a vector bundle 7 of rank p + g + 2, called standard tractor bundle. T is
equipped with the covariant derivative V¢ induced by w. The holonomy of V¥ is
the same as the normal conformal holonomy and thus contained in SO(p+1,q+1).
Hence, there is an invariant metric A on 7. The triple (7, V¥, h) is called normal
conformal standard tractor bundle. In order to write down V* explicitly, we fix a
metric g in the conformal class [g] inducing a splitting

(T,h) ~Re (T'M,g) &R,

where each R denotes the trivial line bundle M x R. Both are totally null and
orthogonal to TM w.r.t. the bundle metric h. In this splitting V¥ is given by the
following formula,

« X(a) —PI(X,)Y)
(1) V| Y = VLY +aX + pPI(X)* |,
B X(B) - 9(X,Y)

P9 being the Schouten tensor of the metric g. A parallel section in 7 w.r.t. this
connection gives a local scale of g to an Einstein metric.

Another tool in conformal geometry is the so-called Fefferman-Graham ambient
metric (see [6] and [7]). For a conformal class [¢] in signature (p, ¢) on an n = (p+q)-
dimensional manifold M the ambient metric is a metric g of signature (p+1,q+1)
on the product of M with two intervals, M = (—g,e) x M x (1=46,1446),e >0,
0 > 0, that is compatible with the conformal structure and, moreover, is Ricci flat.
In the following we are only interested in the case where M is odd-dimensional.
In this case the ambient metric exists and the Ricci-flat condition ensures that it
depends uniquely on the conformal class [¢g]. Starting with a formal power series

(2) g =2 (tdp + pdt) dt + ¢ <g+zpkﬂk>
k=1

with p € (—¢,¢), t € (1 = 6,1+ 0) and py, certain symmetric (2,0) tensors on M,
Fefferman and Graham showed that if n is odd, the Ricci-flatness of the ambient
metric gives equations for pq, pa, ... that can be solved. However, the i have been
determined only for small k or for all £ but very special conformal classes. For
example, in general one finds that u; = 2PY9 and

3) pis = — B9 +tr(PY @ P9)

with BY being the Bach tensor of g. Furthermore, for an Einstein metric with
P9 = cg we have that us = c?g and all other y; = 0, i.e. the power series in the
ambient metric gg truncates at k = 2. Further calculations of the ambient metric
have been carried out for conformal classes that are related to Einstein spaces [g].
However, if the metric g is not conformally Einstein, then, except for a few examples
[8, 16, 13], no explicit formulae for ug, k > 3 are known.
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In order to compare the Levi-Civita connection of the ambient metric with the
normal conformal tractor connection we change the coordinate p to u := —pt, i.e.
du = —tdp — pdt and the ambient metric takes the form

~ U w2
g = —2dudt+t*g — 2utPI + u? <,u2 — M8 + (?) e — ... > .

Now we calculate the Levi-Civita connection V of § along Q = {u = 0} and obtain
that the only non-vanishing terms are

Vadn = —iP/X)
@ VxV = Ux¥ 41 (g(X.Y)g ~PUXY)E) |
Vx2 = 1X

for X, Y € T(TM) and V being the Levi-Civita connection of g. Restricting these
formulae further to M = {t = 1,u = 0} C Q@ C M and comparing it to () shows
that over M the ambient connection is the same as the normal conformal tractor
connection. We arrive at

Proposition 1. Let (M, [g]) be conformal manifold with ambient space (M, g) and
normal conformal standard tractor bundle (T,V*). Then there is a vector bundle
isomorphism
D T]TﬂM -7
which is affine w.r.t. V and V¥, i.e.
B(VxU) = V52(U),
for X e TM and U € F(TM|M). In particular, Holy(T,V") = HOZI(TM|M, V).

Clearly, ® sends 2 to (0,0,—1) € 7, £ to (1,0,0), and X € TM to (0,X,0).
Since the full holonomy of the ambient metric contains the holonomy of the re-
stricted bundle, i.e. Hol,(T M|y, V) C Holy(M,g), we end up with the following

result.

Corollary 1. Let (M,[g]) be a conformal manifold with ambient space (M, g)-
Then the mormal conformal holonomy Hol%(P,w) is contained in the holonomy

Hol, (M, g) of the ambient space.

For a conformal class containing an Einstein metric it can be shown that both
holonomy groups are equal because in this case the ambient metric truncates after
terms of second order in u. In particular, for a Ricci-flat metric, the ambient metric
is given as some kind of Brinkmann wave,

(5) g = —2dudt + t3g,

admitting a parallel null vector field, whereas for an Einstein metric with P = cg
the ambient metric becomes

g = —2dudt + (t2 — 2cut + 62u2) g.
This metric splits into a line and a cone which becomes evident in new coordinates

r=1t—cuand s =t + cu yielding

(6) i= 5

5g (dr? — ds?) + rg.
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Using this truncation of the ambient metric it was proven in [I4] for the ¢ # 0 case
and in [12] for the Ricci-flat case that the normal conformal holonomy is equal to
the holonomy of the ambient metric.

3. Gg(g)—CONFORMAL STRUCTURES WITH TRUNCATED AMBIENT METRIC

In [I5] a conformal structure [gp] in signature (3,2) was introduced that origi-
nated from a first order ODE for two functions y, z of one variable z. We will now
describe this construction briefly. Every solution to the first order ODE

Y =F(x,y,y,y'2)  with  Fye £0,.

is a curve in the five-dimensional manifold M parametrised by (z,y,z,p = y',q =
y'"), on which the one-forms

(7) wl =dz — F(z,9,p,q, 2)dz, w?=dy—pdz, w*=dp—qdz

vanish. Two triples of three-forms on R® are considered to be equivalent, if there
is a local diffeomorphism ® of R® and a GL(3,R)-valued function A = (a;;) on
the domain of ® such that ®*&' = Z?:l a;;w’. Cartan showed that an equiv-
alence class of a triple of one-forms given by () with F,, # 0 corresponds to a
Cartan connection w on a 14-dimensional principle fibre bundle P over the five-
manifold parametrised by (z,y, z,p,q). This Cartan connection has values in the
non-compact exceptional Lie algebra go(2), and P is the bundle with structure
group given by the 9-dimensional parabolic P := Gy() N B, where B is the isotropy
group in SO(4,3) of a null line. The conformal structure on the five-manifold is
now constructed as follows: Write the Cartan connection w as w = (6,), where
Q has values in the Lie algebra p of P and 6 in the five-dimensional complement
of p in go(g). Write 0 = (61,...,05) and Q = (1,...,Q) and let X;,..., X5 and
Y1,...,Yy be the vector fields on P dual to ¢; and €2, respectively. The Y, are
tangential to the fibres of P — M. Defining the bilinear form

G =20'0° — 26%0* + 3(93)2

on P we note that along the fibres G is degenerate and merely scales, i.e.

Ly, G = \G
for some functions A,. Hence, G projects to a conformal class of metrics [gp]
of signature (+ + + — —) on M. This means that the normal conformal Cartan

connection for [gr]| reduces (in the Cartan sense) to Gg(z). Hence, the conformal
holonomy of [gF] is contained in this group. Of course, this inclusion might be
proper.

Then, in [I6], the following remarkable feature of [gr] was noticed.

Proposition 2. There exist functions F' such that the ambient metric of a gr € [gr]
truncates after terms of second order, i.e.

(8) gr = —2dtdu + t*gp — 2utP + u*g,
with P the Schouten tensor of gr and B = po defined as in Eq. (3)

Examples of such F’s given in [16] include F = F(q) and F = ¢>+3"0_ a;p’ +bz.
The proof is based on the form and the uniqueness of the ambient metric in odd
dimensions proved in [7] and the observation, that the metric (&) is Ricci-flat.
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This concise form of the ambient metric makes it possible to study the relation
between the conformal holonomy of these structures and the holonomy of the am-
bient metric. This is done by distinguishing situations where the conformal class
contains an Einstein metric or does not contain an Einstein metric. Also in [16]
several examples of such conformal structures depending on the function F in ()
with Fy, # 0 were considered. On the one hand it was shown that for F' = F(q)
the conformal class given by F' contains a Ricci flat metric. We have seen that for
a conformal class that contains a Ricci flat metric, the ambient metric is a certain
Brinkmann metric, and that the holonomy of the ambient metric is the same as
the holonomy of the conformal Cartan connection. Based on the result in [16] we
obtain:

Proposition 3. Let [gr] be a conformal class where F = F(q) with Fyq # 0. Then
[gr] contains a Ricci flat metric, the ambient metric is given by Equations (&), the
holonomy of the ambient metric is equal to the conformal holonomy and contained
in the eight-dimensional stabiliser in Go(oy of a null vector.

This shows that the ambient metric of conformal classes gr(q) are Gg(a)- met-
rics that admit a parallel null vector field, and thus can be considered as Go(s)-
Brinkmann waves.

Furthermore, in [16] a conformal structure [gr| in signature (3, 2) was introduced
that still has an ambient metric in the truncated form () but does not contain an
Einstein metric. This is defined by

6
9) F=¢+ Z aip’ + bz.
i=0

Explicitly,
(10) gr = 20605 — 20%0* + (63)?,
where the co-frames 6; are defined as

6! = dy—pdx

6> = dz— Fda —2q(dp — qdx)

4/3
6 = —2\/5 (dp — qdx)
gt = 2713z
15(2)/30° = (9 (a2 + 3asp + 6asp?® + 10asp® + 15a6p*) + 20%) (dy — pda) +

10b(dp — ¢gdz) — 30dg +
15(a1 + 2a2p + 3azp? + 4asp® + 5asp* + 6agp® + 2bq)dz.
Proposition 4. If ay + 5asp + 15a6p* # 0, then the conformal class [gr] corre-

sponding to F = ¢* + Z?:o a;p* + bz does not contains an Einstein metric.

Proof. First, observe that a metric which is Einstein also has vanishing Cotton
tensor. Hence, a metric which is conformal to an Einstein metric is also conformally
Cotton. But it is known (see e.g. [9]) that the latter implies the existence of a vector
field T such that

(11) C(T):=C+W(T,.,.,.)=0.

Assuming ay + Sasp + 15a6p? # 0, we solve this equation for 7 = gp(T,.) = 7;0°.
Using the coframe ', ... 6° we get that the {112} component of C(T) is C(T)112 =
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—%(a4+5a5p+15a6p2)7'2. Hence, 75 = 0. Using this we obtain C(T")214 = —%(aﬁ-
5asp + 15a6p?)7s, and thus 75 = 0. After imposing this condition C(T)314 =

—¥(G4 + Basp + 15agp?). This means that with our assumptions about F, the
metric gr cannot be conformally Cotton. O

Remark 1. Observe the remarkable fact that for any F' as in (@) the Riemann
tensor of gr considered as an endomorphism of A2T*M has rank < 4. In some
cases it can be even more degenerate. Hence, in order to obtain the 14 dimensional
group Go(2) as holonomy group also derivatives of the curvature have to contribute
to the holonomy algebra.

Proposition 5. For F = g% 4 asp® + asp?® + a1p + ag + bz with as # 0 the metric
gr 1s not conformally Finstein but conformally Cotton. Furthermore, the Riemann
tensor of the ambient metric gr acting on 2-forms has in general rank 2.

Proof. First one shows that if a3 = 0 then gp is conformal to an Einstein metric.
As in the previous proof we evaluate the conformal Cotton condition (III). Here,
under the assumption a3 # 0, we also obtain that 7 = 75 = 0. In fact, as the most
general 7 solving Equation ([l we get
4/3 4/3
:2/b/\91+)\93_2/b
V3 3
where A is an arbitrary function. The metric gp is conformally Cotton if and only
if the form 7 is closed. One checks that this is equivalent to A = 0. In fact, the
metric e~ ***/3¢gp is the unique (up to constant rescaling) Cotton flat metric in this
[gr]. After this condition has been imposed we calculate

E:=P—-Vr+12%

which has to be a multiple of the metric if g is conformally Einstein. Since the
tensor FE is given by

94

T

9as 1,4 9az+ 27azp + 2b*

_ 4y2
T 10-22/3 45 -91/3 (Chol
we get a contradiction to as being nonzero. Determining the rank of the curvature
operator is a straightforward calculation with Mathematica. (Il

We can summarise the results of this section in

Theorem 1. Let F be given by F = ¢* + Z?:o a;p® + bz with at least one of as,
ay, as, ag not equal to zero. Then the conformal class [gr] does not contain an
FEinstein metric. If furthermore, ay = a5 = ag = 0, then [gr| contains a Cotton flat
metric.

4. AMBIENT METRICS WITH HOLONOMY Gg(2)

For those conformal classes introduced in the previous section that are not con-
formally Einstein the relation between the holonomy of the ambient metric and the
conformal holonomy is more involved than in the conformally Einstein case. We
will now show that the ambient metric has holonomy exactly Gy(z). The strategy
is to show that the ambient manifold admits exactly one parallel spinor which is
not null. Before verifying the existence of this parallel spinor, we will recall some
facts about spin representations in signature (4, 3) and describe the situation in the
presence of two parallel spinors.
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On the complex spinor module Agg for the Clifford algebra Cl(4,3) there is a
Spin(4, 3)-invariant hermitian product (.,.) of signature (4,4) defined by
(12) <907¢> =i (64 * €5 €6 - @7¢) ’

where (., .) is the standard hermitian scalar product on C%, X -¢ denotes the Clifford
multiplication, and ey, €5, eg are orthogonal time-like unit vectors squaring to the
identity. Then (.,.) satisfies

This implies that for two spinors ¢ and ¢ and any vector X the number (X -, )+
(X -1, ) is real because

Recall that in dimension 7 and signature (4,3), the spin representation is real,
meaning that the irreducible complex spinor module Agg = C** is the complexi-
fication of an irreducible real module Ay 3. Furthermore, the invariant hermitian

scalar product restricts to a real scalar product (.,.) of the same signature (4,4),
ie. Ay =R Equation ([3) then reads as

(.,.) gives a metric (.,.) on the spin bundle that is parallel w.r.t. the lift of the
Levi-Civita connection V. It also satisfies the relation

(15) Y ((X-0,9)) = (Vy X - 0,9) + (X - Vyp,9) + (X - ¢, Vy 1))

for two spinor field ¢ and v, and two vector fields X and Y. In the proof of the
following lemma we will use this real representation and the real spinor bundle.

Lemma 1. If a 7-dimensional spin manifold with metric g of signature (4,3) admits
two linearly independent spinor fields, it also admits a parallel vector field.

Proof. Let 11 and ¥5 be two linearly independent parallel spinors. We may assume
that (11, 12) = 0. We associate to them a vector field V' via transposing the Clifford
multiplication, i.e.

gV, X) = (X -¢1,¢2)
for all X € TM. Because of Equation (I5]), V is a parallel vector field, but it might
happen that V is everywhere zero. We will show that this contradicts ¥; and
being linearly independent. Assume that

(16) gV, X) = (X -¢1,¢2) =0
for all X € TM. At each tangent space T, M = R*3, for i = 1,2 consider the linear
maps
®; R 35X — X -9 € RM.

If G C Spin(4,3) denotes the isotropy group of both spinors, these maps are G-
equivariant. Hence, their images V; and their kernels N; are invariant under the
corresponding representations of G. Furthermore, recall that the subspaces N; of
R*3 are totally null or trivial. Using the transitive action of Spin(4,3) on spheres
and the light cone in R**, one can show [10] that ); is null if and only if N; is three
dimensional, and that ; is not null if and only if N; is trivial.

First consider the case that v is not null. Because of

(17) 22X 1, Y - ihn) = —g(X,Y) (Y1, ¢1),
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Vi C R** is non-degenerate. Equation (I6) shows that Riyy = Vit implying
(9,19) = (1,11). Hence, V5 is non degenerate as well and we get a G-invariant,
non degenerate, 6-dimensional subspace Vi NVy C R*%. The pre-image under either
isomorphism ®; is a 6-dimensional, non-degenerate, G-invariant subspace of R*3
with a G-invariant time-like or space-like line as orthogonal complement. But this
leads to a parallel time-like or space-like vector field on M.

Now, assume that ¢ is null. In this case V; is 4-dimensional and Equation (1)
shows that V; is totally null. This means that V;* = V;, and thus, relation (I6))
then shows that vs € V7. Hence, 12 has to be null as well. Since N7 and N, are
three-dimensional, 1 and - are pure spinors. As they are linearly independent,
this implies that Ny # N3 (see for example [I1]). Hence, there is a null vector
Z € R*3 such that Z € N; but Z ¢ N,. The relation

(Z 2, X - th1) = —(Z - tho, X - Z - 1) — 9(X, Z) (41, ¢2) = 0
shows that 0 # Z - ¢, € Vf‘ = V1. To Z we can find another null vector Z* € N5
with ¢(Z,Z*) =1 and Z* ¢ N;. Using Z* we can write 1o € Vi- =V} as
Yo=2" 1+ X -
with X orthogonal to Z. But this implies that
Z -y = —(Z, 27" )1 = —n,
and thus ¥, € V4. But this is a contradiction. Indeed, if ¥ = X - ¢; € V4, then
=X = —g(X, X))y
and therefore g(X, X) = —1. On the other hand, for Y € N; we get that
—g(X, Y)Y =Y - X - =Y -1 =0,
i.e. X € Ni*. But Ni- contains only space-like and null vectors. (]
Note that this lemma is also true in the Riemannian signature following imme-
diately from the Berger list.
Returning to our original situation, a parallel vector field of the ambient metric
implies that the ambient holonomy admits an invariant vector, and by Corollary [l
the same is true for the conformal holonomy. Therefore, the normal conformal trac-

tor connection admits a parallel section that, on the other hand, locally corresponds
to an Einstein scale. We get

Proposition 6. Let [g] be a conformal structure in signature (3,2) such that the
ambient metric admits two linearly independent parallel spinors. Then g is locally
conformally Finstein.

Now we return to the conformal structures and the ambient metric of the previous
section. First we have to find a suitable co-frame for the ambient manifold. Recall
from [I6] that the ambient metric for gr was given as

gF = t2gF — 2 dtdu —
2 tu | %(—2&2 + 4b2 + 3asp + 6asp? — 20asp® — 120agp™)da? —
(a3 — 10asp® — 40a¢p”)dady — % (as + Sasp + 15aep®)dy® | +

u? [ W((M — 10asp + 60aep®)dz? + 4(2—?2/3(% — 12a6p)dady + ﬁaﬁdy2 ]

Note that this ambient metrics has no u? terms for the conformal classes [gF], if
ay = a5 = ag = 0. This means that for such F' it truncates at the same order as
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the ambient metric of a conformal class with an Einstein metric, although it does
not contain an Einstein metric if ag # 0.

In order to absorb the terms in the ambient metric coming from the terms of
first and second order in u, we introduce the following co-frame on M:

= o

n
,'72 — t92
+( 3 (2b2—a2—3a3p 6asp? — 10asp® — 15a¢p ) - “ (“4 + asp + 3agp )) ub?
3
,'73 _ 93
,'74 _ 94
9 /a 9 wu
5 5 4 2 Ly
= 46 — | = 3 0
Ui +2<5+a5p+ aep +4.23t)u

9 a 4a u?
to—5m (—3 + —p+2a5p* + 4a6p3) uby + ——= (as + 6agp) 794

9
2-.22/3\ 5 5 8.21/3
Then we write the ambient metric as
gr = —2dtdu + 2n'n® — 2°n* + (n?)2.

Then, for the calculation of the parallel spinor we use the orthonormal basis

502%((%—01@, ¢ = \%(n +1°), &= %(n -, &€=n’
54:%(772%74), &= \%(n -n°), &= ﬁ(dterU)

in which gr reads as
F= ()7 (€2 + (€2 +(€2)7 - (€)= (69" = ()%,

and the following representation of the Clifford algebra Cl(4,3) via the Gamma-
matrices

o0 0 0 0 os 0 0 0
1 0o o 0 0 0 o2 0 0
=0 0 o 0|0 TN 0o 0 o 0 |
0 0 0 o 0 0 0 o
0 o3 0 0 0 o3 0 0
oy 0 0 0 B R )
=T 0 0 00 a3 [0 BTl o0 0 0 o |7
0 0 a3 0 0 0 —o3 0
0 0 —o3 0 0 0 —o3 0
0 0 0 o 0 0 0 o3
M=l 65 0 0 o > BT ey 0o o0 o0 |
0 o3 0 0 0 —ag3 0 0
o3 0 0 0
0 —o3 0 0
=1 0 0 —o3 0
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The o’s are the standard Pauli matrices

0 1 0 —i 1 0
o1 = 1 0 , 02 = i 0 ,and 03 = 0 —1 .

Then we have to solve the parallel spinor equations

6
~ 1 ~
(18) 0=Vy=dy—7 > Sy
k,1=0
Here & are the Levi-Civita connection 1-forms for the ambient metric gz in the

orthonormal co-frame £°. Le., @% are determined by &% = —&7?, d¢? —i—&ij NET =0,
and Y = @', gM.

Proposition 7. Let F = ¢? + E?:o a;p' + bz with b= 0. The non-null spinor
¥ = (1(7 +2v6),5, =5, —i(T + 2v6), —i(7 + 2v/6), 5,5, —i(7 + 2\/6)) .
is a solution of the parallel spinor equation (LJ]).

Proof. To see that 1 is parallel, one checks that if b = 0 then v; is annihilated by
221120 & yevi. Obviously, di is also zero. A direct calculation using (IZ) shows

that [[¢1]|? = —16(1 + v/6)(6 + v/6) # 0. O

Corollary 2. Let F = g%+ Z?:o a;p' +bz with b = 0. If at least one of a3, a4, as,
or ag is not zero Y1 spans the space of parallel spinors for gg. In particular, the
ambient holonomy of the conformal class [gr] defined by F' has holonomy Go(g).

Proof. If the ambient metric admits two linearly independent spinors, by Propo-
sition [0l we know that there exists an Einstein metric in the conformal class. But
this was not possible if at least one of a4, a5, or ag is not zero, or if ag # 0 and all
the other a;’s zero (see Propositions [ and [{ of the previous section). O

Note the fact that the parallel spinor written w.r.t. the frame £°,...,¢% has
constant coefficients. This shows that this frame is a section of the holonomy
bundle of (M,g), i.e. obtained by parallel displacements along a path.

Remark 2. We remark that the validity of the above result can also be checked
by a direct integration of equation (I8). Indeed, if ¢ is a solution of this equation,
it must satisfy the integrability conditions

ﬁijkl”ﬂc’}/ﬂ/’ =0,

where ﬁijkl are the components of the Riemann tensor of gr in the orthonormal
co-frame £°. Assuming the parameter b in gr is zero and that one of a4, as, or ag
is non zero, we find that there is a two-dimensional space of spinor fields satisfying
this algebraic condition. This space is spanned by 7 and
. ATV 12iau . 12icu . 12iau
1/}2 = 151_ y1— 5_15 y1— y1— ’
Bt + au Bt + au Ot + au Bt + au
where o = 6++/6 and 3 = 6(1+\/6). Hence, every parallel spinor v has to lie in the
span of ¢1 and 99, i.e. ¥ = fi91 + forpe with smooth functions fi and f; satsifying

the PDE 0 = V1. Setting Vi) = 0% + ... + x6£° with spinor valued functions
Xi, we solve xg = 0 obtaining fo = 0. Then on checks that ) itself is parallel,
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therefore f; is a constant. Hence, the space of parallel spinors is one-dimensional
spanned by 1 = 1.

Note also that if b = 0 but the a;’s are arbitrary, the spinors 97 and 1o are
always in the solution space of the integrability condition, which might in general
have dimension bigger than two.

Now, we will give a formula for the parallel three-form ¢ that defines the Gy(y)
structure. ¢ is related to the spinor ¢ by the following relation (see for example
[10]): First one defines a skew (2, 1)-tensor A¥ depending on ¢ via

XY 9 +g(X,Y)) = A(X)Y) ¢
and obtains ¢ by dualising it
P(X,Y, Z) = G(X, A¥(Y, 2)).
Calulating this with Mathematica we get that ¢ is a constant multiple of
5 (5012 _ 045 | gl46 5256)4_7 (5014 025 | 126 5456)4_26 (5036 iy 5234)
where
(12 + 7v/6)(73 4 28V/6)
847 + 342V/6

and £9F .= ¢ AEI A ER. A direct calculation verifies that ¢ and its Hodge dual are
closed.

Corollary 2 confirms our belief that for conformal classes with truncated ambient
metrics the conformal holonomy should be equal to the ambient metric holonomy.
However, in principle, for the remaining cases with b # 0 the ambient metric holo-
nomy could be bigger than the conformal holonomy. So far we focussed on the case
b = 0, because here the formulae turned out to be simple enough in order to deter-
mine explicitly the solution to the spinor field equation. For b # 0, the equations
are much more complicated and we were not able to find a parallel spinor.

However, some statements can be made for a conformal class given by F' =
q% + azp® + azp® + a1p + ag + bz with a3 # 0.

We recall that in this case g is conformally Cotton for every b € R (see Propo-
sition [), and that if b = 0 it is Cotton flat. The coincidence of the two facts,
(1) that when b = 0 the metric gr is Cotton flat and (2) that in this case it is
possible to find a parallel spinor explicitly, suggests that it is the Cotton flatness
of gr that simplifies the integration of the parallel spinor equations. Thus in all
cases when g is conformally Cotton, one should start solving the parallel spinor
equations only after rescalling the metric to the Cotton flat form. It turns out that
the application of this idea to the F = ¢% + asp® + aap® + a1p + ao + bz, b # 0,
as # 0 case enormously simplifies the calculations and leads to the explicit formula
for the parallel spinor.

Indeed, from the proof of Proposition[f] we know that the Cotton scale is o(z) =

e~2%%/3 with the Cotton flat metric o2gp. In this scale, using the coframe o6 of
the metric 0?gr, we consider a spinor 1) with components ¢ = (s1, ..., sg) given by
s = —sg — ie 3 (25/6301 + (21/3 +4bC3) e%)
Sg = Sy = 6%21/601 (22/33 — 21/6616%)

—bx 2bx
S3 = —S¢ = e 3 (—25/6301+026 3 ),
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where the constants c1, ¢z, ¢5 are defined by ¢; := /3+b25/6, ¢y := 21/33 —4b%, and
¢z := 2Y/63/3+b. One can check by a direct calculation that 1 is parallel in o2gp. It
is nonzero if b # —25% with length square given by ||¢||? = —241/6-35/2-(6—#25%)2 #

0. In the case b = —25%, the components of a parallel spinor are given by
s1 = isg = isy = —s5 = c¢(x)

53 = —sg = i<c(3:)— %c(—:z:))

- <c(33) + @C(_@) ,

where c(x) = V5270 | This spinor has length square —8 - /2/3 #£ 0.
Since we are in the conformally non Einstein case, in both cases the spinor is
unique by Proposition[6l Thus, we have the following proposition.

S4 = Sp

Proposition 8. Let F = ¢ + asp® + asp? + a1p + ag + bz with b # 0 and az # 0.
Then the ambient metric ggp admits a parallel spinor and hence, has holonomy equal

to G2(2).
Concluding, we end up with

Theorem 2. Let F = ¢? +Z?:o a;p' +b and let [gr] be the conformal class defined
by the metric gr as in (Id). Then the holonomy of the ambient metric gr for [gr)
is equal to Goeg) provided that

(1) b =0 and at least one of as, a4, as, or ag is not zero,

(2) b#0, as #0 and ay = a5 = ag = 0.

We do not know what happens in the remaining open cases with b # 0 and at
least one of a4, as, or ag nonzero. In this case we were not able to find the parallel
spinor, mainly because we have no preferred scale (like the Cotton flat one) in which
the spinor can be calculated.
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